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Illanoeéni decamurknacnuyi ma decamuKiachurw!

MaTtemaTtnka € oOCHOBHUM 3acoboM y BaraTbox ranys3sx Hayku i TEXHIKM.
Bes matrematvku He MOXYTb iCHyBaTV MeauumMHa, eKOHOMiKa, MalMHOOY-
AyBaHHS. [MeBHMX 3HaHb 3 MaTeMaTuKM Ta rOTOBHOCTI iX 3acTOoCcOByBaTW BU-
Marae  BMBYEHHSI GaraTboX LLUKINbHUX HaBYanbHUX npegMeTie. Hanpuknag,
0e3 MaTeMaTVKn HEMOXIMBO YABUTU (Di3UKy, Ximito, iHpopmaTuky. CydacHui
PUHOK npaLi, OTPUMaHHSA AKICHOI NPodeCcinHOI OCBITU, NPOAOBXEHHS OCBITU
Ha HacCTyMHWX eTanax TakoX MOTpebytoTb BOMOAIHHA MEBHUMWU NPUIAOMaMm
MaTeMaTuUyHOI AiANbHOCTI Ta HaBMYKaMM 1X 3aCTOCYBaHHSA 0O PO3B’sA3yBaH-
HS NPaKTUYHWUX 3agdadvy. ToMy ofHe 3 ronoBHUX 3aBOaHb Kypcy matemaTtuky
CTapLUOi LWKOMNW — JONOMOITU KOXXHOMY 3 Bac JOCAITU Takoi NPaKTU4HOI KOM-
NeTeHTHOCTI, ska 6 3abe3neymna roToBHICTb 4O MOBCAKOEHHOTO XUTTS, A0
HaMBaXIMBILLMX BMAIB CYCNiNbHOI 4iSNbHOCTI, 4O 0BONoAiHHA obpaHor npo-
decieto. MMigpyyHUK, 9KMiA BU TpUMaETe B pykax, 4OMNOMOXE BaM Y LIbOMY.

[ns 3py4HOCTi MaTepian nigpyvyHnKa CTPyKTypOBaHO 3a AOMNOMOroK po3-
ainis, naparpacis, pyopuk. KoxeH naparpad MiCTUTb TEOPETUYHMI MaTe-
pian, 3pasku po3B’A3yBaHHA 3adad i BUKOHaHHS BMNpaB, 3anuTaHHA OO0 Te-
OpEeTMYHOro MaTepiany, 3aBAaHHA ANs KNacHol i 4OMalwHboi pobiT ToLwlo.
TeopeTnyHMn matepian nigpyYHUKa aBTOp HamarasCsi BUKMAcTU MPOCTOHo,
[OCTYMHOI MOBOIO, MPOINIOCTPYBATU MarnoHKaMy Ta npyknagamy 3actocy-
BaHHS MaTemMaTuKu B MOBCAKOAEHHOMY XUTTI.

BuBuyeHHs matemaTtukm notpebyBaTtume Bid Bac HanomnernmBoCTi, FOriku
MUCIIEHHS, NPOCTOPOBOI YABU.

Y nigpy4HuKy B nobaumTte yMoBHi No3HaueHHsi. Ocb O BOHM 03HAYatoTb:

—03Ha4YeHHs Ta MaTeMaTUYHi TBEPOKEHHS, Aki Tpeba 3anam’ataTy;

&'? —3anuTaHHA | 3aBaaHHA 0O TEOpEeTUYHOro maTepiany;
T — Teopewma; M - wHacnipok; B - [0BedeHHs 3aBepLUEHO;

&% — «knovoBa» 3afjava (3agada, BUCHOBKM SIKOI BUKOPUCTOBYHOTLCS
0N po3B’A3yBaHHS iHLWMX 3a4a4);
1.23 — BnpaBa g5 BUKOHAHHSA B KNaci;
1.24 — BnpaBa AN BUKOHAHHS BOOMA.
Yci 3agadyi i Bnpaew poO3no4ineHo BignoBigHO OO0 PiBHIB HaBYanbHUX AO-
CSITHEHb | BUOKPEMIMEHD TaK:

3 nosHaukn & nouuHaOTLCA BNpaBM MOYATKOBOTO PIBHSI;
3 nosHaukun {2 NOYNHAIOTLCA BNPaBN CepeaHbOro PIBHS;
3 no3Hauky {§ NOYMHAKOTLCA BNPaBM JOCTATHLOTO PIBHS;
3 nosHauky @) nounHalOTLCA BNPaBM BUCOKOTO PIBHS.

Py6puka $ «Po3B’saXiTb 3aAayi Ta BMKOHaWTe BnpaBuU» MiCTUTb

3HaAYHY KiNbKiCTb 3aBAaHb AN KMNacHOI i AOMaLUHbOi pobiT, yCHMX BMpas,
NpakTU4YHMX 3aBhaHb, WO BigNoBifawTb TeMi naparpada Tta AONOMOXYTb

pobpe il onpautosatn. Y pybpuL H «MigroTynteca o BMBYEHHA HOBO-

ro marepiany» NpoMnoOHYETLCSH BUKOHATU BNpaBu, HEOOXiOHI ONS BUBYEHHS

3

MpaBo Anst 6e3onnaTHOro PO3MilLleHHs MigpyYHUKa B Mepexi IHTepHeT mae
>TBO OCBITW i Haykn YkpaiHu https://mon.gov.ua Ta [HCTUTYT MoaepHi3alii 3amicTy ocBiTu https://imz



HacTynHoi Temu. Y py6puLi @ «KutTeBa maTemaTtuka» 3ibpaHo 3agaui,

AKi BigobpaxaloTb pearnbHi MUTTEBI CUTYyaUil, NOB’A3aHi 3 EKOHOMIYHO rpa-
MOTHICTIO i NiANPUEMNMBICTIO, EKONOriYHO 6e3nekoto, 30opoBUM crnocobom
XWUTTS, FPOMaAsiHCLKOLO BignosiganbHicTio, TO6TO BCiM TUM, 6€3 4oro HeMoXx-
TNINBO YABUTM JIIOOUHY B Cy4aCHOMY CBITi.

Migpy4HMK MicTUTb GaraTo uikaBux akTiB 3 iCTOpil CTAHOBNEHHSA Ta pPo3-
BUTKY MaTeMaTtu4yHol Hayku, BUHUKHEHHA OCHOBHUX 11 MOHATb, XWTTEBOrO
LUNSAXY YKPAiHCbKMUX YYEHUX, SKi JONYyYUnncea 4O TBOPEHHS LLKINTbHOMO Kypcy
MaTeMaTuKu.

Gaxxaemo sam ycriixige y Hag4aHHi!

Illanosni 6uumenvku ma éwumeni!

Mporpama 3 maTtemMaTuKn PiBHS CTaHOApTy CKNagaeTbCH 3 ABOX HaByanb-
HWUX KypciB: anrebpa i novatku aHanisy Ta reomeTpid. Tomy nNponoHoBaHWI
NiapyYHVK, BiANOBIOHO 4O NPOrpamMum, TakoX CKNagaeTbCa 3 ABOX YaCTWH.

CnogiBaemocs, WO NigpyyYHUMK CYTTEBO [OOMOMOXE BaM B oOpraHisauii
npouecy HaB4aHHSA MaTemaTuku. ABTOp HamaraBCsi CTBOPUTU MOM0 TakuM,
Wwob BiH y MOBHIN Mipi peanidyBaB MeTy Aep>aBHOI Nnporpamm 3 maremaru-
K1, OpMyBaB B YYHIB HAyKOBUI CBITOIMSAA, YCBIAOMIMEHHS WO MaTeMaTUyHi
3HaHHA € HeBif'€MHOI0 CKNaJoBO 3aranbHOI KynsTYpWU NIOAWHN | HeobXia-
HOIO YMOBO MOBHOLIIHHOIO XXMTTS B Cy4aCHOMY CyCnifnbCTBi, 4ONOMIr OBOMO-
AiTV CUCTEeMOK MaTeMaTUYHUX 3HaHb, HAaBUYKaMM Ta BMiHHAMM, NOTPiIGHMMM
B MOBCSAKAEHHOMY XMWTTi Ta B ManbyTHiN npodecinHin gisnbHocTi, 3abeane-
YMB PO3BUTOK JTOMYHOFO MUCIIEHHS, IHTYIiLii, NPOCTOPOBOI YSBW, anropuTmiy-
HOI, iHpopMaUinHOi Ta rpadivHOl KynbTYpK, OPMyBaB XUTTEBI 1 NpegMeTHI
KOMMETEHTHOCTI, 3aranbHONACHKI LiHHOCTI 0COBUCTOCTI, BUXOBYBaB Hauio-
HanbHy CamoCBigOMICTb.

Okpim TpaguuinHoi cTpykTypu (po3ginu, naparpadwu, pybpuku), noginy
HaBYarnbHOro mMartepiany Ha TEOPETUYHY Ta MPaKTUYHY CKNadoBi, NigPYyYHMK
MiCTUTb pyOpuky «KuTtteBa matemaTukar», WO CNpusaTMMe peanisauii Ha-
CKpi3HMX MNiHiA Nporpamu 3 martemMaTvku Ta gornoMoxe opmMyBaTh B Y4YHIB
NPaKTUYHY KOMNETEHTHICTb. Y MiAPYYHUK BKIIOYEHO BEMUKY KiNbKiCTb 3adad
i BNpaB., 3agay npakTn4Horo amicty. [AndepeHuinoBaHicTb 3agav i Bripas 3a
YoTMpMa PIBHAMW CKNagHOCTI 3abe3neunTb 0COBUCTICHO OpieHTOBaHWUIA Nia-
Xig 0o opraHisauii npouecy HaB4aHHA Ta cnpuATMMe POpPMYBaHHIO NO3UTUB-
HOi MOTMBALil Y4YHIB 4O HaBYaHHS.

HopatkoBui OMOAKTUYHUMI MaTepian ansd ysaranbHeHHs, cuctematu-
3auii Ta NepeBipkM 3HaHb MOXHa 3HAWTK Ha cawTi BMAaBHUUTBA «[eHe3a»
geneza.ua.

Ujacmu eam y eawit Heneakiti npay,!
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IX BAACTU BOCTI
TA TPAGIKU :::I

Y IbOMY PO3IIJII MU

© npuzadaemo, Mo Take 06JaCTDb
BU3HAUYEHHSA Ta MHOKHWHAa B3Ha-
YeHb, B3POCTAHHA 1 CcIagaHHA
¢byHKIil; AK 3HAUTHM B3HAUEHHA
GyHKIII OI4 JaHOTO 3HAYEHHSA
apryMeHTy i 3HaUeHHA apryMeH-
Ty 3a BiAHOBiZHUM HOMY 3HaUeH-
HAM (QYHKIIIT;

© 0disnaemoca, 1Mo TaKe MAPHICTB,
HeNapHiCTh, HellepepBHiCTH, MO-
HOTOHHicTH  (yHKIiI; KOpiHB
n-ro CTeleHs i3 4Ymcia; CTeIiHb
3 pallioHaJbHUM ITOKa3HUKOM;
cTerieHeBa QYHKILiA;

© HaswuMmoOCA OINCYBATH BJIACTH-
BOCTi (DyHKIIii, y TOMY UucJi 3a
ii rpadikom; cupoiryBaTtu, 00-
YHCJIIOBATH, OI[IHIOBATHU I IOPiB-
HIOBATH 3HAYeHHA BUpasiB, IO
MiCTATL cTelleHi 3 palioHab-
HUMU IIOKa3HUKaAMHK Ta ippailio-
HaJbHI BUpasu.
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{l HNCIIOBA ®YHKUIA.
O TPA®IK ®YHKUII

1. ITonammasa pynkuyii,
il o6racmi 6u3HaAYeHHA
i MHOMCUHU 3HAYEeHb

3 @yuKyiclo MU moYaIu 3HAWOMUTH-
¢ B Kypci ainrebpu OCHOBHOI IIKOJIH.
Haragaemo osmauenua GyHKILII.

\ Yucnoeor ¢ynryiero (a60 (DyHKIiOHATHHOIO 3aJeKHiCTIO)

s HA3WBAIOTHh TAKy 3aJIeKHICTh MiK TBOMAa 3MiHHUMU, IPH
AKIA KOKHOMY 3HAYEHHIO He3aJIeKHOI 3MIiHHOI 3 JesaKoi
MHOKMHM BiJIIOBiZae 3a NMeBHHM NPABUJIOM €OWHE 3HaA-
YeHHS 3aJIe;KHOI 3MiHHOI.

Haragaemo, mo yHKIil, 3a3Buuail, mMOo3HAYAOTH JIATUHCHKHU-
MU (iHKOJIM TpenbKUMU) JIiTEpaMu.

Posrasmemo ¢yHKIiO f, ¥ AKOI KOX-
HOMY HaTypaJIbHOMY 3HaueHHIO X Bixg 1 mo
5 BigmoBizmae umcio y, yaBiui Oinbime 3a x
(man. 1.1). Crpinka BKasye Ha 4YUCJIO Y,
fAKe Bignosimae uumcay x. Yucio y Hasu-
BaIOTh 3HAYeHHAM QYHKyii f y Toumi x i
mo3HauamTs uepes f(x). Ha manouky 1.1,
30KpeMa, f(3) = 6.

Haragaemo, mio HesajleXHY 3MIiHHY X
Ile Ha3WBAKOTh apzymenmom (PyHKIII, a mpo 3ajlexXHy 3MiHHY Y
KaKyTh, III0 BOHA € PYHKUiE 8i0 Ub020 apzymeHnmy.

X

Man. 1.1

Ob6nacmio éu3navienns Qynkyii y = f(x) Ha3UBaIOTH MHO-
s SKMHY BCiX 3HAUeHb, AKUX MOKe HaO0yBaTH apryMeHT X.

ITosnauators 06sacTh BudHauUeHHA cuMBoJioM D(f) a6o D(y).

Hanpukaazn, obiacTio BusHaYeHHS (BYHKIII, AKYy MH DPO3IJId-
HYJU BUIIE, € MHOXKMHA, ITO CKJamaeTbcA i3 uwmcen 1, 2, 3, 4,
5, TooTo D(f) = {1; 2; 3; 4; 5}, a 001acTi0O BU3HAUEHHA (PYHKIIiI
y =x2 — 2x + 3 € MHOKHHA BCiX AiMCHEX YMceJI, 1[0 MOKHA 3a-
nucatu Tak: D(y) = R.

3HalTH 00JIaCTh BUBHAUECHHA (PYHKILII:
1)y:x_2; 2)y:m.
x+1

PosB’s3amud. 1) OckinbKu 3HAMEHHUK APOOY He MOKe I0-
piBHIOBATH HYJIIO, TO 00JACTIO BU3HAUEHHA (PYHKIII € MHOMKMU-
Ha ycix sHaueHb X, Aasa Axkmx x +1# 0, Tobro x # —1. OTKe,
D(y) = (=°05-1) U (=1; +9).

2) OckinbKu TigKOpeHeBUWH BuUpa3 Mae OyTw HeBilT €éMHUM, TO
00JIacTIO BUBHAUEHHS (PYHKIII € MHOMMHA BCiX THX 3HAUYEHb X,
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oia akux x — 2 2 0, Tobro x > 2. Ormxe, D(y) = [2; +0).
Bigmosizgs. 1) D(y) = (=°0;-1) U (=1; +0); 2) D(y) = [2; +0).

Mnoxcunoro (abo obracmio) 3navwendb Qyrkryii y = f(x)
HAa3MBAIOTh MHOKMHY, III0 CKJIATa€EThCA 3 ycix umcen f(x),
ne x € D(f).

ITosnauaioTs MHOXKUMHY 3HaueHb cuMBOJIOM E(f) abo E(y). Hua
¢pyurmii Ha mamouky 1.1 maemo: E(f) = {2; 4; 6; 8; 10}. II1o6
3HAWTH MHOXKMHY 3HAauYeHb QyHKIII y = x2 — 2x + 3, mepeTBOpHU-
MO BHUPAa3, AKUI 3allncaHo y GopMyJi QyHKITII:

x2-2x+3=x2-2x+1+2=(x—-1)2+ 2.

Omxe, QPYHKIII0O MOMHA 3allMCATH y BATJIALL: y = (x — 1)2 + 2.

Ockinbru (x — 1)2 > 0, To (x — 1)2 + 2 > 2. Tomy E(y) = [2; +0).

sEheh AN 3HaiiT 001acTh 3HAUEHb QYHKINT Yy = 3 — Jx.

PosB’a3aHHdA. 3a 03HAUEHHAM apu(PMETUUYHOTO KBAAPATHOI'O

KOpeHsd: Jx > o0. Tomi: —\/; < 0. Haxi momamo a0 000X YaCTUH

miei HepiBHOCTI uMcio 3, oTpuMaeMo: 3 — Jx < 3, TobTo y < 3.

Tomy E(y) = (—°°; 3].

Bigmosigs. E(y) = (—o°; 3].

Ax Bimomo, PyHKIII € MaTeMATHUYHUMN MOAEJLIAMU PealbHUX

IpoIeciB i ABUMIN HABKOJUIIHBLOTO cBiTy. Tomy ix uacTo 3acToco-

BYIOTH IIiJi Uac JOCJiAKeHHS PisHOMaHITHMX mpobJjeMm y (ismiii,
eKOHOMIiIli, 6iosorii ToIo.

sEneyeisiy IlouaTkoBa BapTiCTh AEAKOro OOJaAHAHHS CKJIALAE

200 000 rpu. IITopoky BoHa 3MeHIITyeTbCA Ha 5 % . 3HANTH:

1) ®ymukiito P 3ame:KHOCTI BapTOCTi 00JaJHAHHSA BiJ TepMiHY eKc-

miayaratiii ¢ (pokiB).

2) Baprictb obsaguanHa uepes 4 POKM, BUKOPUCTOBYIOUM (BYyHKITiO P.
PosB’as3anmud. 1) 3a yMOBOIO IIOPOKY BapTicThb 00JagHAHHS
cragouTume 100 % — 5 % = 95 % Bix BapTocTi 00JagHAHHS 3a
muryaui pik. Tomy BapricTs 00sIafHAHHA CKJIaJaTIMeE:
uepes pik — 200 000 - 0,95,
gepes 2 poxu — 200 000-0,95-0,95 = 200 000 - 0,952, ...,
yepes ¢t pokiB — 200 000 - 0, 95%.

Maemo GpyHKIIiIO:
P(t) =200 000-0,95% ne t € N.
2) fIxmo t = 4, To P(4) = 200 000 - 0,95% = 162 901,25 (rpH).

BigmoBigs. 1) P(¢) = 200 000-0,95%  2) 162 901,25 rp=.
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3ayBasKuMO, MI0 (QYHKIIiI0O 3aJeKHOCTi BapTOCTi oOJiagHaH-
HA P Big TepMmiHy ekcinryarailili Mo)KHa OyJio 3HaiiTu i 3a Qop-

¢
MyJol0 cKJamHuX Bigcorkisl: P(#) = 200 000 - (1 - %} , TOOTO
P(t) = 200 000 - 0,95¢.

eyl 3anucatu GopMyay O O0YMCIeHHA KiHeTHWYHOL
emeprii kyapKu macoio 50 r. 3’saAcyBatu, uu 3ajae I popmysaa
GYHKIIiO, i, AKIO TaK, YKasaTHu il apryMeHT.

Poss’asamma. fk Bimomo, kKimetmuny enepriro W, obGumc-

2 2
JO0TH 3a (hopmynoro W, = % Tomy maemo: W, = %, TOO-

T0 W, (v) = 250%
Bigmosiages. W, e dyukrnicio Bix aprymenty v, ne v = 0.

------------- Haragaemo, mo ¢pyHKIIil0 MOKHa 3a-

2. Cnoco6u 3adanns JaBaTU DPisHMME crmocobamu: hopMmy-
DYHEULU J010, rpadikom, TabsInIle0, CIOBECHO
TOLIIO.

Hampuknaan, KoxXHY 3 (GYHKIIH, AKI MU pPO3TJIAHYJU BUIIE,
x—2
y = x2 - 2x + 8, y=—1, y=vJx-2, y=3-1x, W, = 2502,
X+

P(t) = 200 000 - 0,95, 3adano opmynow. lleit cmocib samaHHA
GYHKIII € ToCcUTh 3PYYHUM, aJ’Ke Ja€ 3MOTYy IJis JOBLILHOTO 3Ha-
YeHHs apryMeHTy 3 00JIacTi BU3HaUeHHsA (GyHKIIII 3HaliTH BimmmoBigHe
oMy sHaueHHs1 PYHKIIII, a yacTo poss’s3aTu ii 00epHeHy 3aJauy.

. x+3
DynKIi0 3aKaH0 (GOPMYJIOID Y = 5
x —

1) 3uaiiTu 3HaYeHHA QYHKII 1 x = 4.

2) IlopiBaaru y(0) i y(1).

3) 3uaiiTu, Ipu AKOMY 3HAUEHHi apryMeHTYy 3HaueHHA (QYHKITil
mopisHioe 0.

4+3 7
Poss’ 1)y = =—=-T
3B ’sasanug. 1) y(4) 1.5 1
2)001cim>}c1/1y(0):g+§:—0,6,ay(1)=1+§:=—1, 0 y(0) > y(1).

. . x + .
3) Ockinbru y = 0, MaeMO PiBHAHHS: —5 =0, 3BigKm;m x = —3.

BigmoBigs. 1) y(4) =-7; 2)y(0) > y(1); 3) x = -3.

1 dopmyny CKIagHUX BifICOTKiIB MOKHa B3HAHTH B MHOiAPYYHUKY
«Anrebpa. 9 kmac» («I'emesa», 2017, aBrop Ictep O.C., c. 178-179) a6o
B iHMIi#l MaTeMaTuuHi# JiTepaTypi.
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ety Popmysa omucye 3MiHY TeMmepaTypu BOAM B 0aKy
(v °C) samesxHo Big uacy t (y XB):

2t + 20, sk 0 < t < 40,
p(t) =100, axmio 40 < ¢t < 50,
-0,8t + 140, axmo 50 < t < 120.

3uanTtu: 1) p(10); 2) p(45); 3) p(80).

PosB’aszanuda. 1) Ockinbku 0 < 10 < 40, to p(10) obuuciioe-
Mo 3a ¢dopmyaoro p(t) = 2t + 20. Orxe, p(10) =2 - 10 + 20 = 40.
2) Ockimbru 40 < 45 < 50, To p(45) = 100.

3) Ockimbru 50 < 80 < 120, To p(80) obumcaroemo 3a Gopmy-
goio p =—0,8¢t+140. Orxxe, p(80)=-0,8-80+ 140 = 76.
Bigmosigs. 1) 40; 2) 100; 3) 76.

DyHKIIiII0 TAaKOXK MOKHA 3agaBaTu Tadbaunen. TabauiHuil cno-
ci6 3a0aHHs MO3BOJIsIE Oes3mocepelHbO BKas3aTu 3HAUEHHS (DYyHK-
1ii, aye jauIre AJs CKiHUeHHOro HabOpy 3HAUEHbL apryMEHTY.

ITpunycrumo, mioroguHM, IMOYMHAIOUM 3 JOeB’sATOl paHKy i 1o
I’ ATHAAIATOI, BUMipOBaan aTMoc(epHUN THCK i pe3yabTaT 3aHO-
CUJIN B TaOJUITIO:

Yac t, rox 9 10 11 12 13 14 15
Armocepruit THCK P, | 754 | 755 | 757 | 755 | 754 | 753 | 754
MM. PT. CT.

Y pesyabrari orpumanu (GyHKI[i0, 00JaCTh y
BU3HAUEHHS AKOI CKJagaeThca i3 umcea 9; 10; ----1y = f(x)

11; 12; 13; 14; 15 (umcya mepiIoro pAgKa Ta-
Osmiti), a MHOKWHA 3HA4YeHb — i3 umces 75H3;
754; 755; 757 (ducya gpyroro pAagkKa TabJJIMUINi).
YacTo (PyHKIIiIO0 3a1aI0Th 3a JOIIOMOTOIO rpadi-
Ka. I'pagivnuil cnoci6 3a0anHs Tae MOKJIUBICTD Max. 1.2
VHAOUHUTY BJIACTHUBOCTI (PYHKITI. s
Hanpuraazn, sa maamoHKY 1.2 300paxeHo, K
3a rpagikom QyHKIII MoyKHaA 3HaiiTu Ii 0bJacTh I
BU3HAUEHHA i MHOKUHY 3HAUEHbD.
Ha manorky 1.3 300paskeHO BOJIbT-aMIIEPHi
XapaKTePUCTUKU AeSIKUX eJeKTPUUHUX eIeMeH-
TiB, TOOTO 3aJIE;KHICTL CHUJIM CTPYMY Big Hampy- 0 U
ru 3axaHo rpagiuno. 110 3ajeXHICTH OTPUMAHO
He 3a JOIMOMOT0I0 (hOpMYyJiH, a eKCIIePUMEeHTAaJb- Mas. 1.3
HUM IILJIAXOM.
Ha wmamonrky 1.4 300paeHo Kapjaiorpamy
gionuau. Kappiorpamy mo:kHa BBasKaTu rpadi- M
KOM 3MiHM eJIeKTPUYHOTO MOTEeHI[iaJly Ha BOJIOK-
HaX CeplieBoro M’ssa IIijJ yac Moro CKOpPOUYeHb. Mau. 1.4
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3a rpadixkom bysKnii y = f(x) Ha M™MamoHKY 1.5
sHanTu: 1) obsacTh BuU3HAUEeHHA (PYHKINI; 2) MHOMKUHY 3HAUYeHb
dbyukmii; 3) sHavenHa QyHKIIl 1ag x = —1; x = 2; 4) 3HaUeHHA
apryMeHTy, Ipu Akux y = —1; y = 3.
PosB’sazanusa. 1) Copoexryemo Bci
Touku rpadika Ha Bick x. OTpmmaemo
mpomixkok [—2; 5]. Orke, D(y) = [-2; 5]. 3
2) CopoexTyeMo Bci Touku rpadika Ha 2
1
2

y i

\

y=3 \)7
o \i /e

Bick y. Orpumaemo mpomixkok [—2; 4].
Orxe, E(y) = [-2; 4].

3) 3a rpadirkom: y(—-1) = —1; y(2) = 0. 2-1) 34 X
4) Ockinbru npsama y = —1 mepetunae ] y=-1
rpagik y Toukax 3 abcmucamm x = —1

ix=1, 10 f(x) = -1 gna x = —1 ab6o Maur. 1.5

x = 1. Ilpama y = 3 neperunae rpadik y

rourii 3 abemucoro 4. OT:xe, f(x) = 3, akmo x = 4.

Bigmosigs. 1) D(y) =[-2; 5); 2) E(y) =[-2; 4]; 3) y(-1) = —1;

y(2) = 0; 4) f(x) = -1, sarmo x = —1 abo x = 1; f(x) = 3, axio x = 4.

Cnosecruil cnoci6 3a0anHs @QYHKUYII TOJSATAaE B TOMY, IO

byHKIIOHATBHY 3aJIe’KHiCTh GOPMYJIIOIOTH caoBamu. Hanpukaam,
«KOKHOMY YKCJIY X CTaBMMO Yy BiIIIOBifHiCTh KBaApaT IILOT'O YKC-
Jga, sameHmenu# Ha 10». Akimo ckasame samaTu (POPMYJIO, TO
BOHA BUIUIAZaTHMe Tak: y = x2 — 10. CioBecHuii cmoci6 3amaHHS
GyHKIII BUKOPHUCTOBYIOTh AY2Ke PigKO.

= L 0 B B B I'pagixom ¢Pynryii Ha3MBaIOTH MHO-

4. Tpagix pyniyii Q JKMHY BCiX TOYOK KOOPAMHATHOI ILIO-

IUHKM, al0cuycH AKX JOPiBHIOIOTH

3HAYEHHAM apryMeHTYy, a OPAMHATH — BiIIMOBiZTHHM iM 3HaYeH-
HAM (PyHKIII.

Pawnimnre mu Bike mpaioBanau 3 QyHKIIAMY BUTIAAY Y = kx + b,
k

y=x2 y=+x, y=—, y = ax?2 + bx + c. BukopucroByouu 10-
x

BiIKOBY JIiTepaTypy Ta KOMII'IOTePHi IIporpaMu IJs MTOOYIOBU
rpadikiB GyHKIIiN, mpuragaiTe BJaCTUBOCTI IuX (GyHKIi Ta BU-
raan ix rpagikis.

ey

W —— ——= ; . ;

A' 7 paﬂlme--- Pynkcyis — 00He 3 HAUSANCNUSIULUX NOHAML
. cyuacnoi  mamemamuxu. Hozo  noasy
Sl y XVII cm. no6’a3yiomv i3 po36uUmxom Mexamni-

Kl ma emiseHHaM Y Jcumms ilel BUKOPUCMAHHA NOHAMMS 3MIHHOI.

Taw, ppanyysvri mamemamuxu Pene [Jexapm (1596—1650) ma
IT'ep ©Pepma (1601-1665) poseasdanru PYHKYIIO AK 3ALEHCHICME
opdunamu mouku kpusoi 8id il abcyucu.
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Tepmin «pynruis» (6i0 nam. functio — 6UKOHAHHS, 36EPULEHHS)
0n HA36U 3aJeldcHOCmell énepule 86i6 HimeybKuil Qinocod, Qisukx i
mamemamur I'omgpio Jleiibniy (1646—1716 ). Bin no6’a3ysas pyrnk-
uito 3 epadikamu. .

Iseiiyapcori mamemamurxu Hoezann Bepuyaai (1667-1748) ma
itozo sudammnuii yueudv Jleonapd Eiinep (1707-1783) poseasadanru Qyrnk-
yito AK aHarimuyHuil eupas, mobmo 6upas, Ymeoperuil 3i 3MiHHUX
yuces 3a 00NOMO20I0 MUX YU [HWUX AGHAJLIMUYHUX onepauill (mame-
mamuyHux 0iit). PynKuyio K 3a1eHHicmb 00HIET 3MIHHOL 8eAUYUHU
8i0 iHw ol 88i8 uecvkuili mamemamuk Beprnapd Boavyano (1781-1848).

HaiizazanvHiwe cyiacHe 03HAYeHHs @QYHKUIL 3anponoHysana
8 cepeduni XX cm. epyna mamemamukis, axa npaywsana nio
ncesdonimom Hirxora Bypbaxi.!

@ lo HasuBaoTb uMcnoBol dyHkuiew? @ Lo HasuBaoTe obnac-

Q THO BU3HAYEHHs] QOYHKUIT i O MHOXMHOI 3HayeHb (pyHKLUii? @ Ha-
3BiTb CMocobu 3agaHHsA (PYHKLIA, 4O KOXHOFO HaBeAiTb NPUKNaaw.
@ Lo HasuBatoTb rpachikom GyHKUii? @ MNpuraganTe, sk OyayBaTtu
rpacpikv 3a JONMOMOrOI0 NepeTBOpeHb rpadpikiB yHKLIR.

% Fosb’sximo 3agaui ma bukoHaime bnpabu

(ﬂ; 1.1. (Vcno). Yu € QyHKITI€EIO 3aT€KHICTD:
1)p:m2+p, 2)x—2x2:y’ 3)t=2+\/22+1;
Hx=—2 5) ab = a + b; 6) (p2 — p3): 7 = ¢?

x+a

Haa GyHKIiil HasBiTh HesaJe:KHY 3MiHHY (apryMeHT) Ta 3a-
JeKHY (3HaueHHA QYHKILIT).

1.2. Ina ¢ysrnoii f(x) = (x — 2)3 smaizaite f(2), f(1).

1.8. Ina ¢yeKIii g(x) = (x + 1)2 3raiiaite g(0), g(—1).

1.4. (Vcrno). Ha mamonkax 1.6 i 1.7 300pakeHo BimmoBigHicTb
Mixk umciaamu. AKa 3 Hux € QpyHkiicn? Yomy?

. Y
L
[

Mai. 1.6 Man. 1.7

1 JleTanbHillle PO BUHMKHEHHS i PO3BUTOK VueHHS IIPO (PYHKILiiO
MOJKHA IIPOYMTATH B IiAPYYHUKY «Anrebpa. 9 Kjac» (BHIaBHUIITBO
«I'enesa», aBrop O.C. IcTep, c. 71-72) Ta B momaTKoBiii JiTepaTypi.
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{g 3HaiaiTh 3HaveHHA QyHKIi (1.5—1.6):

1.5. 1) f(x) = 3x +% y Toukax —1; 2; 0,1;
2) g(x) = \/m y Toukax 0; 2; —2.

1.6. 1) f(x) =

2 1 +x y Trouxkax 0; —1; 0,8;

2) g(x) = V3x — x2 y Toukax 0; 1; 3.

1.7. (Veno). Yu e rpadikamu pyskIin y = f(x) dirypu, 300paskeHi Ha
maoHkax 1.8—-1.117

O A Q/ y
ol x  Jo| | % o )%

Mau. 1.8 Maua. 1.9 Max. 1.10 Max. 1.11

IToGynyiiTe rpadik dpynkmii (1.8—1.9):

1.8. 1)y =2x-3; 2)y:—§; 3)y=\/;; 4) y = x2 - 2x.
x

1.9. 1) y = 2x; 2)y = é; 3)y=x% 4) y = x% + 4x.
x

1.10. ®dyukiio 3agano gopmyioio f(x) = ud

1) f(5); 2) Take 3HAUYeHHA X, IpHU KoMy f(x) = 3
9 _
1.11. dyuxkiio 3agano popmyaow g(x) = 2_x 3HaANIITh:
+x

1) g(-1); 2) Take 3HAUEHHA X, IPU AKOMY g(x) = —5.

3HalaiTh 00sacTh BusHaueHHA GyHKII (1.12—1.13):
2—-x 3

112. 1) f) =x - 2 2) [(x) = B ) = 5o
1 1
4) f(JC)— x2_4, 5) f(X)—m, 6) f(x)=\/x+3.
118, 1) fm) = 2x - 15 2) f(x) = S0 8) f(x) = ——;
x+1

DD - 5= 6) f(x) =2,
1-x x4 —-x—06
12
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1.14. dyuxkIiro 3agaHo TabJIUIEIO:

x | 1] 2| 3| 4|5 |6
y | 5 | -1 0| 5 |0 4

3uaiigiTe: 1) sHaueHHA (GYHKINI, AKII0 X = 2; 5; 2) 3HaUeH-
HsI apIr'yMeHTy, IIPU AKOMY 3HAueHHs (PYHKIII gopiBHioe 4; 5;
3) obsiacTh BusHaAUEeHHS (DYHKIIiI; 4) obsacTh 3HAUEHb (QDYHKITII.

1.15. dyukiriro 3agaHo TabIUIIEIO:

x -3 -2 -1 0 1
y 4 -1 0 5 3 4 0

3HangiTe: 1) 3HaueHHA QYHKINI, AKI0 x = —2; 3;

2) 3HAUEHHA apryMeHTy, IPU AKOMY 3HAUEHHSA (PYHKIII mO-
piBuioe 0; 4;

3) obsacTh BU3HAUEHHA QPYHKIIII;

4) obsacTh 3HAUEHb (PDYHKILiI.

@ 1.16. 3a gomomorow meperBopeHb rpadika QyHKHmII y = x2

nooyayiTe rpadik QyHKINII:
DHy=x2+1; 2)y=x2-2;
3) y = (x — 3)% 4)y=(x + 2%

1.17. 3a momomoroio mepeTBopeHb rpadira GyHrmii y = \/; 1o-
oyayiiTe rpa@ik QYyHKIIII:
Dy=+x+2 2)y=+x-3;
y=+x+1; Y y=+x-2.

1.18. IIig uac BisBLHOTO mamiHHA Tijo moJae Bimcramb S = 0,58t2,
Ie t — 4ac y ceKyHAax, & ~ 10 m/c2. IlobynyiiTe rpadik miei
dyukmii. Aky Bimcranb momosiae Tijo 3a 1 ¢? 3a aAxwuit uac
Tij0o momosae 20 m?

1.19. Ha manorkax 1.12-1.14 ¢pyuxuii sagamo rpadikamvu. s
KOKHOI 3 QYHKI[IA YKaXKiTh:
1) obsacTs, BU3HAUEHH; 2) obsacTh 3HAUYEHD;
3) KOOPAMHATH TOUOK MEPEeTHHY 3 OCAMU KOOPIAUHAT.

y y y
3 3
8 2 2
i
-3- 01 23\4% 2/ 0] 1 2 3™ ~\]x
3-2-1[0123 * Is \ /_21
Mau. 1.12 Mau. 1.13 Maui. 1.14
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1.20. ITo6yxyiiTe rpadik gesakoi dyHKIii y = f(x), obsacTs BU3HA-
yeHHS AKoi — mpomixkok [0; 5], a ob6yacTs 3HAYEHb — HIPOMi-

KoK [—-3; 3].

3HalAiTh 00acTh BusdHaUeHHsa QyHKII (1.21—1.22):

1.21. 1) f(x) = ’x‘%;

31 = s
Nx+1

5
2) f(x) = 3+—|x|;

1 x+1
4) f(x) = ——+ ——;
) 1) x—-1 x%2+3x

3
5)f(x):x2+x—2’ 6)f(x):ﬁ;
7)f(x)=%+ﬁ; 8) f(x) = Jx + 1 + V-x.

1.22. 1) f(x) = %; 2) (x) = ﬁ;
DW=t fw =
5) f(x) = 1 +/x; 6) f(x) = Jx -2 + /4 — x.

2—x

) —x2 + 4, axmpo x <1,
1.23. ano dyukmiio f(x) =
x—3, akmoio x = 1.

3naizgits f(—2); £ (0); £ (1); f (—3).

. x2 -3, axmo x < -1,
1.24. Nano dpyuknio g(x) =
X+ 5, axmo x > —1.

3uaiigite g(—3); g (-1); g (0); g (2).

1.25. Hasezith npukaas PyHKIII, 00JIaCTI0 BU3HAYEHHS AKOI €:
1) MHOKMHA BCiX miliCHUX YHCeJ;
2) MHOKHWHA BCix mificHMX umces, KpiMm umciaa 2;
3) MHO:KMHA BCixX AificHMX 4mceJ, Kpim umcea 1 i —3;
4) MHOXKMHA BCiX TiCHUX YMceJ, OiabIInX a00 piBHUX UuCIy 4.

3HalIiTh MHOKUHY 3HaUeHb QyHKII (1.26—1.27):

1.26. 1) f(x) = x2; 2) f(x) = x2 - 3; 3) f(x) = x2 + 4;
4) f(x) = Vx; 5) f(x) = Jx - 2 6) f(x) = Vx + 3.
1.27. 1) f(x) = |x]; 2) f(x) = |x| + 5 3) f(x) = |x| - 3.

14

MpaBo anst 6e3onnaTHOro Po3MilLleHHs MigpyYHUKa B Mepexi [HTepHeT mae
>TBO OCBITY i Hayku YkpaiHu https://mon.gov.ua Ta [HCTUTYT MoaepHi3alii 3amicTy ociTu https://imz



1.28. 3HailiAiTH KOOPAWHATH BepIIUHK mapabonu y = 3x2 — 6x + 5.
IToGynyiiTe cxemaTuuuo rpadix GpyHKIii Ta 3HaimiTe ii 00-
JIaCTh 3HAYEHb.

@ 1.29. Ilob6ynyiiTe rpadirk QyHKIII:

x, AKmo x<1, x2+2x+1, akmpo x<0,
1) f(x)={x, axmo 1< x < 4, 2) g(x)=42x, axmpo 0 < x<2,
|x—6|, armo x> 4;

8
—, AKIIO X = 2.
x

—2x, ario x < 0,
1.30. ITo6ymyiiTe rpadir pyrrmii f(x) = 2x, akmo 0 < x < 4,

x2 —4x + 4, axmo x > 4.

3HaAiTh MHOXKUHY 3HaueHb QyHKIi (1.31—1.32):

1.31. 1) f(x) = Jx + —x; 2) f(x) = J—(x - 1)?%;

3) f(x) = VA - %; 1) f(x) = — 2
x4 +1

5 /0 =V 19-2 6 f@)= 5.
x?+2x+3

1.32. 1) f(x) =v—x2; 2)f(x) = L; 3) f(x)=+vx2+4 +1.

x2+1
ITo6ynyiiTe rpadik pyukmii (1.33—1.34):
1.33. 1) y = x2 - 2x - 3;
2) y:|x2 -2x - 3|;
3) y = x2 - 2|x| - 3;
4) y:|x2 —2|x|—3
1.34. 1) y = x2 — 2x; 2) y = |x? - 2af;
3) y = x% - 2|x]; 4) y =|x? - 2]x].

@ Xummeba mamemamuka

1.35. Ilnameuka mamnoyHoo xoiitye 40 rpa. AKy
HAWDIIBITYy KIJIBKICThP TaKWX IUISAIIEYOK MOYKHA
npumgbatu Ha 170 rpH mig wac mii akmii, Koam
SHIDKKA Ha Iell maMnoyHb criaagae 25 % ?
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Migzomyimecs go bubuenns Hobozo mamepiany

1.36. IloGyayiiTe cxemaTtuuHo rpadik (GyHKIII Ta 3HAKIITHL HPO-
MiKKJ 3pOCTAHHSA Ta IPOMIMKKM CHaZaHHsa PYHKITII:

Dy=x+3; 2)y=5-3x; 3)y=x%
8 10
4) y = x; 5)y=—; 6)y=-——.
1.37. Dano: f(x) = x*. IlopiBuaiiTe:
\
prpie: a3 (-5

Yu Mo:xkHA SiliTM BUCHOBKY, IO AJIA OyIb-IKOTO 3HAUEHHS X
CIPaBAKYEThCA PiBHiCTE: f(—x) = f(x)?
1.38. ITano: g(x) = x3. IlopiBHsAiiTe:
. 1) . 1
1) g3) i —&(-3); 2) g(—gj i-g (5]

Yu MoKHA OiNTH BUCHOBKY, IO IJA OYIb-AKOTO 3HAUEHHS X
CIpPaBIKYEThCA PiBHiCTB: g(—x) = —g(x)?

MOHOTOHHICTb | HENMEPEPBHICTb ®OYHKUII.
MAPHI TA HENAPHI ®YHKLII

Y npomy maparpadgi Mu mpuragzaeMo BiKe BimoMmi HamM Ta BH-
BUMMO HOBi BJIACTHBOCTi (DYHKIIii.

............. ¥ kypci anrebpu 9 ki1acy Mu BiKe 03-
1. Monomonnicmo HaflOMUJIMCH 3 TAKUMHU BJIACTUBOCTS-
PYHKYLL My QYHKI[IH, AK 3pOCTaHHA i criagaH-

ua. IIpuragaemo ix.

dysKnio y = f(x) HasuBawTh 3pocmarvor Ha TeIKOMY
e TIIPOMIiKKY, AKIIO OiJBIIOMY 3HAYE€HHIO apPryMEHTY i3 IbO-
0 MPOMIKKY BigmoBimae Oinbpuie 3HaueHHA (PYHKILII.

Imakmre xkamkyuu, pyHKIiI0 y = f(x) HasMBaOTh 3POCTAIOUOIO
Ha JeAKOMY IPOMIXKKY, AKIO A OyAb-AKHUX X; i X, i3 1b0O-
ro NIPOMIXKKY TaKux, IO X, > X;, CIOPAaBIKYETHCA HEPiBHICTH
f(xy) > f(x;). Ha mamosky 2.1 300paskeHo rpadik GQyHKII
Yy = f(x), aika 3pocTae Ha IPOMiKKY [a; b], IpU IIBOMY IPOMiKOK
[a; b] HaBUBAIOTH NPOMINHCKOM 3PDOCMAHHA PYHKUIL.

®Dynknio y = f(x) Ha3uBawTH cnadHo Ha AEAKOMY IIPO-
o MIiKKYy, AKIIO OiIBIIOMY 3HAUYEHHIO apryMeHTy i3 IIbOro
IPOMiKKY BiflIoBigae MeHIIe 3HaYeHHA (QYyHKIIII.
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y=1(x) |
(G ] BN i fxep}
fe)r- i f(x)
0 d ’IC1 chz b X 0 x

Maix. 2.1 Maia. 2.2

Tob6To, (pyHKII0 y = f(x) HasWBAalOTh CIAAHOI HA IEeAKOMY
IPOMiXKY, AKINO AJIA OyJb-AKHX X; 1 X, i3 IILOTO MPOMIXKKY Ta-
KHUX, III0 X, > X, CIPaBIKYyeTbCA HepiBHicTh f(x,) < f(x,). Ha
MaJiHKY 2.2 sobpakeHo rpadik dyHKUii y = f(x), AKka cnanae
Ha mpoMixkRYy [a; b], mpu mboMy IIPOMiKOK [a; b] Ha3UBAIOTH NPoO-
MIHCKOM cnAd0aHHA QYHKYITL.

HeBaxko momiTuTu, mo mpu pyci B3moB:k rpadika sJiBa Ha-
npaBo (TOOTO B HAIPAMKY 3POCTaHHS apryMeHTy X), rpadik 3po-
cTamyoi Ha MesSKOMY MIPOMiIKKY (GYHKIII «mpsamye Bropy» («3po-
cTae»), a rpadik cnagHol GYHKIII — «IpAMye BHU3» («cIIamae»).

DyHKIiI0 y = f(x) Ha3MBAaIOTh MOHOMOHHOIW HA [ETKOMY
IPOMIiKKY, SIKIIO BOHA Ha IIbOMY IIPOMIiKKy a00 3pocrae,
abdo cmagae.

Ha romxuaomMy 3 masionkiB 2.1 i 2.2 ¢pyurnia y = f(x) za npo-
MiKKY [a; b] € MOHOTOHHOIO. ¥ TaKOMy pasi mpoMiKok [a; b] Ha-
3UBAIOTH NPOMIHCKOM MOHOMOHHOCMI PYHKUIL.

3HaAWTKU MPOMIiKKM 3POCTAHHSA i CIafaHHSI QYHKITII:
Dy=+x; 2y=-8x+2; 3)y=x2-2x+4.

PosB’aszauua. 1) I'padik dysKUii y = \/; 300paskeHo Ha

MaaioHKY 2.3. @YHKIIiA 3pocTae Ha IPoMiKKy [0; +00).

2) I'padikom pysKIii y = —3x + 2 € mpama, Ayid MOOYJ0BU AKOI

MaJIIOHKY 2.4. @yHKIiA crmazae Ha (—00; +00),

3) I'padikom pysrmii y = x2 — 2x + 3 € mapabosa, TJIKK AKOI

HampAMJeHi Bropy. 3HaiigeMo abcIuCy i OpAMHATY BepPIINHU
-2

—=1; =y(x)=1-2-1+3=2.

51" B Y= ux)

I'padik sobpaskeHo Ha MaNOHKY 2.5. @YHKIiA cmajae Ha IPO-

MisKKYy (—°0; 1] i 3pocrae Ha mpoMimKKYy [1; +00).

mapabosau: x, = —
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? 1 |1 y=x2—2x+4
0] \ X 1 !
0/ 1234 «x M\ y=-3x+2 !
ol 1 x
Max. 2.3 Mam. 2.4 Man. 2.5
LEEREEEEEEEEE. O6sracTh Bu3HauUeHHA QYHKIII y = f(x)
2. Hapuicme ma 6yneMO HasHUBATU CUMEMPUULHON 6i0-
HenapHicmds QyHKyiu HOCHO HYJLA, AKIIO0 Pa30M 3 KOKHUM

YUCJIOM X 00JIaCTh BUBHAUYEHHS QYHK-
mii mictuTh Takox i umcio (—x). Cepen pyHKIIii, 06JacTh BU3HA-
YeHHA AKUX CHMETPUYHA BiJHOCHO HYJA, PO3PiI3HAIOTH IIapHi Ta
HemapHi.

®dysruio y = f(x) Ha3uBaXOTHh NApPHOI, AKIIO i 00JACTh
BU3HAYEHHSI CHMETPUYHA BiTHOCHO HYJS i IJIA KOJKHOrO X
3 00J1aCTi BUSHAUYEHHSI CIIPABIKYETHCA PiBHICTH:

f(=x) = f(x).

IocaizuTu Ha HapHicTb QyHKIIO f(x) = x2.

PosB’asaumuda. D(f)= (-0 +00), ToOTO 06IaCTH

BU3HAYEHHA (PYHKIIII cuMeTpUYHA BiJHOCHO HYJISA. Y o
Kpim Toro, f(-x) = (-x)% = x2 = f(x). ;"
Orxe, pyrkmia f(x) = x2 — napHa. N
Bigmosings. ®yHKIia mapua.
Ha maamosry 2.6 cxemaTuuHo 300paskeHo rpadik 0 *
(yrKmii y = x2. BiH € cHMMeTPUYHUM BiHOCHO OCi y. Mai. 2.6

VYsaraui,

‘ rpacik 0yab-AKol mapHoi (GyHKIIII CHMMeTPUYHMI BiTHOCHO
oci y.

Hiticro, xoau GyHKIia y = f(x) — mapHa, TO OyAb-AKUM IBOM
IPOTHUJICKHIM 3HAUEHHSIM apryMeHTy X i —Xx BiAmoBimae omme it
Te caMe 3HaAYeHHA QYHKII y, a Tourku (x; y) i (—x; y), AK Bigo-
MO, — CUMETPHUYHI BiTHOCHO OCi opaMHAT.

®DyHKLiI0 Yy = f(x) HA3MBAIOTH HeNApPHOI0, AKIIO Ii 00JIACTH
BU3HAUYEHHA CHMETPUYHA BiTHOCHO HYJIS i IJIA KOKHOTO X 3
00J1acTi BUBHAUYEHHA CIPABIKYETHCS PIBHICTH:

f(=x) = —f(x).

18
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. . 6
gy eied  JlocaiguTy Ha mapHicTh QyHKIIO f(x) = —.
x

PosB’aszaumuasda. D(f)=(-o0; 0) U (0; + o0). ObsacTs BUBHAUEH-
HA PyHKIL] cuMmerpruna BigHocHo Hyasa. Kpim Toro,
6

f(-x)= 6 = _S =—f(x). Orke, f(x)=— — HemapHa.
- x x

Bigmosingbs. ®yHKIiaA HemapHa.

Ha maaouky 2.7 cxeMaTHYHO 300pasKeHo rpa-

. 6 _. .
dik ¢ysKIil y =—. Bin € cumeTpuuHuUM BigHOC-
x
HO IIOYATKy KOooOpAWHAT. ¥3arali, Max. 2.7

rpadik Oygb-AK0i HemapHOoi (PyHKIiI cMMeTpUYHNNA BigHOC-
k. HO IIOYATKY KOOPIWHAT.

HiticHo, Koamum GyHKIiA y = f(x) — HemapHa, TO OyIb-AKUM
OBOM TIPOTHJICKHUM 3HAUEHHSIM apryMeHTy X i —X BigmoBigaioTh
npotuJieskHi 3HaueHHA GyHKOIT y 1 —y, a Touku (x; y) i (—x; —y),
AK BiJOMO, — CUMETPHUUYHI BiTHOCHO MOUYATKy KOOPAMHAT.

Ao obsacTs BusHaueHHA QYHKINL y = f(x) He € cumeTpuy-
HOIO BiZHOCHO HYyJIg ab00 He BUKOHYETLCA JKOAHA 3 piBHOCTel
f(=x) = f(x) i f(-x) = —f(x), To KamyTs, WO QYHKYIL Y = f(x)
Hi napHa, Hi HenapHa.

gy i JlocaignuTy HA HapHicTh QYHKILIIO:
1
1) f(x)=——  2)f(x)=x2+x.
x—-1
Poss’asaumuda. 1) D(f) = (-o0; 1) U (1; +°0). Obsacts BuU3HA-
YeHHA (DYHKIIiI He € CUMETPUYHOI BiJHOCHO HYJIA, OCKIJIbKU
-1 € D(f), a1l ¢ D(f). Tomy dyHuKIlig — Hi mapHa, Hi HemapHa.
2) D(f) = (—o0; +00). Ob6sacTh BUBHAUEHHS CUMETPUYHA BiTHOCHO
Hyas. 3uaigemo f(—x). Maemo:
f(=x) = (%)% + (—x) = 2 — x = —(—x2 + x).
Ockinbru f(-x) # f(x) i f(—x) # —f(x), To GyHKIia — Hi mapHa,
Hi HemapHa.
Bigmosigs. 1) Hi napua, Hi HemapHa; 2) Hi mapHa, Hi HemmapHa.

------------- BaxauBoro BiacTusicTio (pyHKIII € i1

3. Henepepenicmo Henepep8ricmb. IHTYiTUBHE YysBJIEH-

dynryii HfA IIPO HeIepepBHIiCTh PYHKITII MOXK-
Ha oTpuMaTH, Oyayroun ii rpadixk.

Byznemo HasmBaTu QYHKIIiIO HenepepsHow HA 0esKOMY NPOMidHC-
KY, AKIINO i rpad)ik Ha IIbOMY IPOMIiKKY — HellepepBHA JIiHid.
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Hanpuxknazx, dysrnia y = —3x + 2, rpadik axoi 3o6pakeHO Ha
MaJgiOHKY 2.4, € HeepepBHOIO HA IPOMIKKY (—00; +0), a QYyHK-

. 6 . ..
iga y = —, rpadik axoi 300parkeH0 HA MaJIOHKY 2.7, € Helepeps-
x

HOI0 Ha KOXKHOMY 3 IPOMiXKKIB (—o0;0) i (0; +0).
Bynemo kasartu, mo @yHKIig y = f(x) HemepepBHa B TOYIIi X,
AKIIO IS TOUKA HaJEKUTh JesIKOMY IIPOMIiKKY, Ha AKOMY (DYHK-

. . 6
mia y = f(x) € HemepepBHOIO. DPYHKIiA Y = — € HEHEPEPBHOIO,
x
HaAIPUKJIAL V TOUIl X = —8, amiKe I TOUKA HAJIEKUTH IPOMiKKY
. 6 .
(—o0; 0), Ha AKOMY DYHKIIisT y = — HeIepepBHA, Ta B TOUIL X = 5,
x
aJpKe I TOYKA HAJEKUTh NPOMiKKY (0; +0°0), Ha KoMy (QYHKITiA

Y = — TaKOXX € HeIlepepBHOIO.
X

. . 6
Y rTourni x = 0 pyHKIiA y = — He € HeIepepBHOIO, aaKe I
x

TOUKA He HAJEKUTH KOSHOMY 3 IPOMiKKiB (—00; 0) abo (0; +00),
Ha AKUX (QYHKIIA HemepepBHa. ¥ TaKOMYy pasi KamyTb, IO B

. . 6
Tourti x = 0 QyHKIiA y = — Mae po3puB, a Touxky x = 0 mpu 1KO-
x

My Ha3UBAaIOTh MOYKOW PO3PUBY.

3ayBasKuUMO, IO 8¢i 8i0omi Ham QYyHKUIL, aki 3adaombcs 00Hi-
€10 PopMYynoi0, Henepeperi 6 KoXCHiil mouuyi c60€i obaacmi 6U3HaA-
YeHHS, OCKIAbKU [X 2paiku HA KOMHOMY 3 NPOMIHKiI6 obaacmi
6U3HAUeHHA — HenepepsHi ainil. lle 3ayBarkeHHs Ja€ MOMKJIUBICTH
OOCHiIKyBaTH HecKJamHi (PYHKIII Ha HemepepBHICTHP Ta TOUKH
pospuBy 6e3 mobymoBu ix rpadikis.

Hocaimutn QpyHKIiIO Yy =

HICTB 1 TOUKHU PO3PUBY.

———— Ha HeIepeps-
x2 +2x-8

PosB’sazanua. Ob6macTio BusHaueHHS (GYHKII € MHOKMHA
BCix 3HaUeHB X, Mg akux x2 +2x -3 =0, Tobro x #1; x # —3.
Orxe, D(y) = (-00; —3) U (-3; 1)U (1; + ).

1
x2+2x-3
npoMiskKiB (—90;-3), (-3;1) Ta (1;+°), a Toukm x = 1 i x = -3
€ TOYKaMM PO3PUBY (PYHKIIIi.

BigmoBigsb. (—90;-3), (-3;1), (1; +°°) — OpoMiKKU HellepepB-
HocTi, 1 i —3 — TOUKH PO3PUBY.

Tomy ¢yHKOiA y = € HellepepBHOIO Ha KOXXHOMY 3

HocaimmMo Ha HelepepBHICTh i TOUKM pPo3puBYy (MYHKIIii, AKi
IJIs1 PiBHUX 3HAUEHb apryMeHTY 3aJaHo pisHmMu (hopMyJIaMu.
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ey JlocmiguTy Ha HeHepepBHICTh 1 TOYKU PO3PUBY
GYHKIIiIO:

3x — 5, AKIIo x < 2,

x2, axmo x < 1,
1)y-= 2)y =
—2x + 3, Ao x > 1; —, AKIIo x = 2.
x

Poss’aszamuda. 1) I'papik ¢PyHKIil 300parkeH0 Ha MAaJIOH-
Ky 2.8. @yHKIIia HenlepepBHA Ha (—00;+00), TOUOK PO3PUBY HEMAE.
2) I'padik ¢dyHKIil 300pakeHo Ha MaJdHKY 2.9. PyHKIia He-
ImepepBHA Ha KOXKHOMY 3 IPOMiKKiB (—o°; 2) i (2; +00), a B TOU-
i x = 2 Mae Po3puB.

i
1/2 x

o

0 1 \ X
Max. 2.8 Maux. 2.9

Bigmosigs. 1) HenepepBHa Ha (—00;+00), TOUOK PO3PUBY HEMAE.
2) (—0o0; 2); (2; +00) — mpoMiKKK HEIepepBHOCTi, 2 — TOYKA PO3-
puBy.

@ fFKy YHKUiIO HasMBalTb 3POCTaYOI0 Ha OESAKOMY MPOMIKKY,
Q a sKy — cnagHo? @ FAky yHKLil0 Ha3nBaTb MOHOTOHHOIO Ha Ae-
AKOMY MPOMiKKY? @ FKy obnacTb BU3HaYeHHS hyHKLUii Ha3uBatoTb
CYMETPUYHOIO BiAHOCHO HymNA? @ AKy dyHKLiH0 Ha3nBakTb NapHO0,
a sKy — HenapHow? @ FAKy BMacTMBIiCTb Mae rpadik napHoi yHK-
Lii, @ Ky — HenapHoi? @ AKy dyHKLit0 Ha3nmBalTb HENMEPEPBHO HA
NPOMIKKY? @ AKY (PyHKLiIO0 Ha3nBaOTb HEMEPEPBHOK B TOYLLI?

$ Fosb’axims 3agavi ma bukonaime bnpabu

) 2.1. Ha mamonkry 2.10 sobpaxeno rpadik GyHKIii, BusHa-
yeHOI Ha IpoMikKYy [—5; 6]. 3HalifiTs IpoMiKKU 3pocTaHHS
i mpoMisKKU craffaHHsa QYHKITiI.

2.2. Ha mamouky 2.11 3o06pakeHo rpadik ¢yHKIii, BusHaueHOI
Ha IPOMiKKY [—5; 6]. 3HAUAITH TPOMiKKYM 3pOCTAHHA i IIpO-
MiKKM cragaHHsa QYHKITII.

2.3. Bigomo, 1o f(—1) = 7. 3uaiigits f(1), akmo GyaKIia f:
1) mapmua; 2) HemapHa.
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Q y Q y
9 9
N[ 2 ) /
0 1
5-140\-2/]1123/456x 5 | —3/20[\123/M56x
2 2 4
Mag. 2.10 Maax. 2.11

2.4. Bigomo, mio g(2) = 9. 3uaiigite g(—2), Ao QyHKIid g:
1) mapwua; 2) HemapHa.

2.5. (Vcno). Cepen dyHKIIIH, rpadikyu SKUX 300pakeHO HAa MAJIIOH-
Kax 2.12-2.17, sHaiiaiTh Ti, 1110 € HeIepepBHUMU B Toulli x = 1.

Mau. 2.15 Mau. 2.16 Mau. 2.17
@ 2.6. ®yukrnia f(x) spocrae Ha mpomixkKy [—3; 3]. ITopiBHsiiTe:

1) f(1,2)i /(1 2) f(—%} i f(—ij.
2.7. ©yurnia g(x) cnagae Ha npomizkky [0; 4]. IlopiBuaitiTe:
1)@ ieg@l); 2 g(%j i g(%)

2.8. ®dyukmiio f(x) samano ma mpomixKkKy [—4; 4], mpuuomy Ha
npomixkky [—4; 0] Boma 3pocrae, a Ha mpomixkky [0; 4] —
cuagae. ITopiBHATE:

1) f(=3) i f(-1); 2) 1(1) i f(3,2).

2.9. 300pasits cxemaTuuHo rpadix GyHKIii f(x), AKIITO:

1) f(x) spoctae Ha mpomikKy [—5; 1] i cmamae Ha mpomikKy [1; 4];
2) f(x) cnamae Ha mpomixkKax [—6; —2] Tta [2; 6] i apocTae Ha
npoMixkKy [—2; 2].
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2.10. 3o06paziTe cxemaTuuHO rpadik GyHKIII g(x), AKIIO:
1) g(x) cuamae Ha mpomizkKy [0; 3] i 3pocTae Ha mpoMizKKYy [3; 7];
2) g(x) spocrae Ha mpoMmimkkax [—5; —1] ta [2; 5] i cnamae Ha
npomixkky [—1; 2].

SHaANIiTh MPOMIMKKI 3POCTAHHA 1 MPOMIMKKHN CHafaHHA (PYHKII,

moIepeqHbO MO0y aAyBaBIIu cxeMaTuuHo ii rpadik (2.11-2.12):

2.11. 1) f(x) = 2x - T; 2) g(x) =3 — x; 3) h(x) = x2;
4) 1(x) = g; 5) p(x) = Vx; 6) o(x) = —%

212. 1) f(x) = 5x;  2) gx) = —x;  3) p(x) = % 4) y(x) = —%

HoBenits, mo napHom € GyHKIig (2.13—2.14):

2.13. 1) f(x) = x5; 2) f(x) = x2 - 2;
1
3) f(x) = 3lx]; 4) f(x) = 24
2.14. 1) f(x) = x*%; 2) f(x) = |x| - 3;

1
3) f(x) =~x2+2; 4)f(x)= PR
HoBenits, 110 HemapHoio € QyHKIA (2.15—2.16):

2.15. 1) f(x) = 5% 2) f(0) = =3 8) f(x) = ¥+ x5 4) F(x) = ——.
x x
5 5 1

2.16. 1) f(x) =x; 2)f(x) = — V@ =x-x% 4 f(x) = =

2.17. (Veno). Ski 8 dyuKuiin Ha mamionkax 2.18-2.23 e mapuu-

MU, AKi — HeIapHUMH, a AKi — Hi mapuumu, Hi HemapHUMHA?

Y Yy Yy
2 1
0 X

0 x 100 x -1

Maun. 2.18 Mau. 2.19 Maun. 2.20
Yy Yy Yy
VA
159 /155 21 Jlo 27 2 0] 2%
-2 :

Max. 2.21 Mag. 2.22 Max. 2.23
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3HalOiTh MPOMIKKI HEIepepBHOCTLI i TOUKM pO3PUBY (PYHK-
mii (2.18—2.19):

218. ) y=2x—T; 2)y=—2 ; 3)y:l+ 1 s Dy = L .
x-1 x x+2 x2 +1
2.19. 1) y=-8x +1; 2)y=—7 ;
x+1
1 1 1
3 = ——; 4 = .
)Y x-3 x )Y 5+ x6

@ 3HAUOIThP IPOMIMKKM B3pOCTAaHHS 1 NOPOMIKKU CcIagaHHSI
dbyuxrmii (2.20—2.21):

2.20. 1) y = x2 - 2x; 2)y=—-x2+4x - 1.

2.21. 1) y = —x2 + 6x; 2) y = x2+8x + 3.

2.22. M’a4 pyxaeThcs 3a 3aKoHOM s(t) = 8t — 4¢2, ne s — BifgcTaHb
y MeTpax BiJg moBepxHi 3emJIi, ¢ — yac y ceKyHmax, t = 0.
1) IToOynyitiTe rpadik pyxy M’ dua.
2) BusHauTe, y AKUH MOMEHT 4Yacy M’ sS4 Oyae Ha 3eM.JIi.
3) 3HaliAiTh TPOMIKKM 3POCTAaHHA i criafaHHA QYHKIIT S(f).
4) 3HalaiTh HAWOIIBINTY BUCOTY, HA AKY MigHIMeThCA M’ AY.

Hocximits GyHKIIiI0O HAa mapHicTh (2.23—2.24):

2.23. 1) f(x)=5+x  2)f(x)=x2-0,1; 3) f(x) = Tx5;
4) f(x) = x* - x; 5) f(x) = 6x5 + 8x8; 6) f(x) = x3 + x;
2 _
DR =——5 B0 ="%  9)f() = 1- 7
x+ 2 x*+3

10) f(x) = x2 + 2x - 3;
11) f(x) = (x + 2)(x — 3) + x;
12) f(x) = (x — 2)2 — (x + 2)2.

2.24. 1) f(x) = -Tx; 2) f(x) = 3x2 + 2x; 3) f(x) = 2x8 — x%
HiW=-——  HIW-—m 6=
x—-3 xt+1 x

7) f(x) =x2 +38; 8) f(x) = x2 — 4x;
9) f(x) = (x — 3)(x + 5) — 2x.
2.25. Yu ¢ pysrnoia g(x) = x* napraoo, Akmo ii o61acTi0 BU3HA-
YeHHA € MHOKUHA:
[-2 1% 2)[~4: 4% 3) (-0 0 4) (-9 0) U (0; +90)?

2.26. Yu ¢ pyuKnia g(x) = x3 HemapHO0, AKII0 ii 00JIaCTIO BH-
3HAYEHHSA € MHOKUHA:
D [-1;1]; 2)[-1; 2] 3) (-00; —1];  4) (—00;-2] U [2; +00)?
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2.27. dyuKIio y = f(x) 3a0aHO Ha IPOMiXKKY Ly
[-6; 6]. HacTuny ii rpadika sobpaskeno | )
Ha MamoHKY 2.24. Ilo6ynyiite rpadik < pd
miel pyHKIil, SKII0 BOHA: LA
1) mapHa; 2) memapHa. 0l 123456
SHaNIiTh IPOMIKKM HeIlepepBHOCTI Ta TOY- Mau. 2.24
KU pos3puBy GyHKIII (2.28—2.29):
-1, akmo x <1, 2, armo x <0,
2.28.1) y = . 2)y = -
1, axmpo x >1; x + 2, akmo x = 0.
1, axmo x < 0, x+3, aKmo x <1,
2.29. 1) y = - 2y = o
-1, akio x > 0; 4, agkmo x > 1.

@ ITo6ynytiTe rpadik QyHKII Ta 3HAUAITH TPOMIMKKM, HA AKUX
BOHA 3POCTA€E, Ta IPOMiKKU, HAa AKUX — cuanxae (2.30—2.31):

8
—, AKI0 X < — 4,
x

2.30. f(x) =:0,5x, axmo —4 < x < 4,
\/;, AKIo X = — 4.

—4x, axmo x < 0,
2.31. f(x) = {x2, axmo 0 < x < 2,

5—%x, AKII0 X > 2.

HocaigiTe pyHKIIiT0 HA mapHicTh (2.32—2.33):

1 4 _
232.1) f(x) = 2) f(x) == - ad

3) f(x) = |x — 2| +|x + 2; 4) f(x) =|x—1| = |x +1].

6
2.33. 1) f(x) = ﬁ; 2) f(x) = 15

; 4) f(x)=|x+1|+|x—1|.

3) f(x)=|x+7|-|x-7

2.34. dyurmii f(x) i g(x) BusHaueHi Ha MHOMKUHI BCix ificHUX
yucea. Yu € QyHKIia u(x) mapHoo abo HelapHO0, SKIIO:
1) u(x) = f3(x) - g(x), f(x) — mapmna, g(x) — HemapHa;
2) u(x) = 4f(x) - 2g(x), f(x) i g(x) — mapHi;
3) u(x) = M, f(x) — HemapHa, g(x) — mapHa;
g(x)
4) u(x) = f(x) - g%(x), f(x) i g(x) — memapmi?
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2.35. IIpu axomy 3HaueHHI a QyHKIig y = f(x) € HemepepBHOIO
Ha MHOXKUHI R, AKIIO:

1) f(x) = {

4x +1, axmo x # 1, x2 +1, axmo x < -1,

2) f(x)={

a, armo x =1; X +a, akmo x > —-1?

2.36. IIpu axomy sHaueHHi a QYHKIiA y = g(x) € HelmepepBHOIO
Ha MHOKUHI R, AKIIO:

1) g(x) ={

x2 -3, axmo x # 2, 4 + x, akmo x < 1,

2) g(x) = {

a, AKI0 X = 2; 2x —a, aKmo x >1?

g\ XKummeba mamemamuxka

2.37. MamwuHa Takci 3a micans npoixama 6000 kM. Burpartu
HaJIbHOI'O IJdA I[iel aBTiBKU B cepefHbOMY CKJIAZAIOTh 9 JiTpiB Ha
100 kM. Bapricts mampHOTO — 22 TpH/JA. CKiAbKU GyJi0 BUTpaue-
HO Ha OeH3UH 3a Iell Micanb?

Tligzomydmecs g0 bubuenns Hobozo mamepiany

2.38. O6unciIiTs:

1) V25; 2) V16 - 20,01;  3) %\/100 (3
40 + i(z\/i)z; 5) 5(—/7)% 6) (\/5)* + /23 +1.

2.39. Ilpu axux 3HaUEHHSAX X Ma€ 3MiCT BHUpas:
DVx;  2V2x-T7;  3)V1+8x; 4)Jx-2+Vx+72?

2.40. Po3B’sa:KiTh PiBHAHHS:
1) x2 = 36; 2) x2 = 0; 3) x2 = -9; 4) x2 ="1.

@ KOPIHb n-ro CTEMEHA.
APUO®OMETUYHUN KOPIHb n-ro CTEMNEHSA

------------- Posrnsuemo dyuKIio y = x*, ne n —
1. Dynkyin y = x", HaTypajgbHe UHCJIO. li Ha3MBAOThH
den e N cmenenesow QYHKUIEID 3 HaAmMypasv-
HUM NOKA3HUKOM.
CreneneBi Gyl mia n = 1 Ta n = 2, rod6to QyHKIIT y = x Ta
y = x2, HaM BigoMmi me 3 Kypcy aarebpu momepesHix Kiacis. Ix rpa-
dixm 300pakeHo Ha mMadOHKax 3.1 Ta 3.2.
3’scyeMo BIacTUBOCTI QYHKINT y = x" Ta Buraaxn ii rpadika
I OyaAb-IKUX 3HAUEHb 7.
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CmouaTKy pO3IJISTHEMO BHUIIQOK, KOJU 7 — IIapHe YHCJO.
Ha mamonry 3.2 momaso rpadik QyHKII y = x2, a Ha MaJIOH-
Ky 3.8 — rpadik dysKnii y = x*. Ockinbku (—x)" = x", AKIIO N —
napHe, TO QYHKIiA y = x" € mapHOIO, a OT¥XKe, ii rpadik cumer-
pUYHUI BiZTHOCHO OCi OopamHAT.

y y y
+ 2 4
v =x =x
3 Yy Yy
1
Oi x
1.
0l 1 x 0| 1 x
Mai. 3.1 Maua. 3.2 Maaz. 3.3
Poarigremo BUIIQZOK, KOJIU N — y y

HemapHe uwucyo. Ha wmamioHKy 3.4
300paxkeno rpadik QyHKOii y = x3,
a Ha MaJIOHKY 3.5 — rpadik QyHKIii

— 4D

y = x°. y=x3 y=x

Ockinmbru (—x)* = —.x”, KOoJim n — 0 x 0 e
HemmapHe, TO QYHKIIA Yy = x" €

HeIlapHOIO, a OT:Ke, ii rpadik cumeT-
PUYHHUI BiJHOCHO TOYATKY KOOPIU-
HAT.

T'padik dyurnii y = x" 3 napauM
HaATypaAJIbHUM IIOKA3HUKOM 7 300pa- Main. 3.4 Maun. 3.5
JKeHO Ha MaJIloHKY 3.6.

T'padik pysrmii y = x” 3 HemapHUM HATYPaJIbHUM IOKAa3HU-
KOM n mpu n > 3 300paskeHo Ha MaJOHKY 3.7.

Y Y
y=x",
y=x", n — HemapHe
n — mapue 0 HaATypajbHe
1 HaTypaJbHe %
0| 1 X
Mau. 3.6 Mau. 3.7

VsaraabHUMO BIACTUBOCTI QYHKINI iy = X", Ae n — HaTypajJbHe
YHCJ0, i mogamMo ix y Tabuamiii.
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dynrnia y = x", n € N
BaacruBocri n — mapHe n — HemapHe

1 |O6siacTh BUBHAUEHHS (—00; +00) (—00; )
2 |O0macTh 3HaYEeHDb [0; +o0) (—00; +9)
3 |Hyuni dyarmii x=0 x=0

4 |3uakocramuicts (y > 0) x <0abox>0 x>0

5 |3makocramicts (y < 0) - x <0

6 |ITapuicTs, HemapHicTb mapHa HelmapHa

7 |IIpomiKkKu 3pocTaHHs [0; +00) (—00; +0)
8 |IIpoMixkKM cnagaHHsa (—o0; 0] -

SITIIIIIIISSS Haragaemo, 1o xeadpamunum Kope-
2. Kopino Hem i3 uucla a4 HA3UBAIOMb MAKe
n-20 cmenens yucsno, keadpam sK0z0 OOPiBHIOE Q.
Hanpurknaan, umcaa 4 i —4 — xBan-
paTHi KopeHi iz umcaa 16, 6o 42 = 16 i (-4)2 = 16; 0 — xBaz-
paTHHUI Kopieb i3 ymeaa 0, ockinbkm 02 = 0. KBagpaTHOrOo Kope-
Ha i3 umcma —9 He icHye, 60 He icHye umciia, KBagpaT SKOTO
JopiBHIOE —9.

VY Toif camuii coci6 BU3HAUMMO i KOPiHb 7-TO CTelleHsd i3 uuc-
daa,penc N,n>1.

‘ R'openem n-z0 cmenena i3 4ucja a HA3WBAIOTh TaKe YHC-
s JIO, N- ¥ CTeIiHb IKOTro I(OplBHlOG a.

Hanpurnaazn, KopiHb TpeThoro cremneHs i3 uwmcia 64 mopiBHIOE
4, ockinpku 43 = 64. Yncaa 3 i —3 € KOpeHAMU 4eTBEpPTOTO CTe-
neHd i3 umcaa 81, 60 34 = 81 i (—3)* = 81. Kopernem m’aToro cre-
IeHd i3 umcaa —32 € umceyao —2, ockiapru (—2)° = —32.

------------- JAK 1 gn1a KBagpaTHOTO KOPeH:, IJIsA
3. Apugpmemuunui KOpeHs n-T'0 CTeleHA PO3IJISHEMO II0-
KOpiHb N-20 cmenens HATTSA apu@MeTUYHOTO KopeHs. Ha-
raJja€mMo, IO apu@memuiHuM Keaod-

PAMHUM KOpeHem 3 He8id’€MH020 HUCIA G HA3UBAWMb MaAKe
Hesid’eMHe Yucno, keadpam sAK0z20 00pi6HI0E a. ApudMeTUUHUNA

KBaJApaTHUHA KOPiHBb i3 Umcyia a IMO3HAYAIOTh A i YUTAIOTh TaK:
Keadpamruil KopiHv i3 uwucaa a (CI0BO «apumemuyHuUily TPU
IIbOMY [OMOBUJINCS He BXKUBATH).
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Apugpmemuinum KopeHem n-zo cmenexns 3 HeBix €MHOrO
k. yycJia @ Ha3MBAIOTh HEBil €MHE UHCJIO, N-# CTeIliHb AKOro
JIOPiBHIOE @.

ApudmernyHUl KOPiHBb 1n-TO CTENEeHs i3 Ymcja @ IMO03HAYAI0Th
(L/E, IIPU IILOMY YKCJIO 71 HA3WUBAIOTb NOKA3HUKOM KODEHS, a YUC-
J0 @ — nidkopernesum 8upa3om. 3HaAK KOPEHS N II1e Ha3WBalOTh

paduranom. 3amnuc Ya wurarore Tak: KOpPiHb n-ro cremeHda i3
yucyaa a (TYyT TaKOK CJIOBO «aAPU@MemuyHUil» He BiKUBAIOTH).
Agmo n = 2, matumMeMo apu@MeETUUYHNNA KBaApPaTHUN KOPiHB

i3 umcaa a, AKUN HO3HAYAIOTh VA (IIOKA3HUK KOPEHS B IIbLOMY
3

BUIAAKY He MUIIYyTh). AKIIo n = 3, MaTuMeMO \/a_ — apu@me-

muuHuill KYyoiuHuil Kopiny i3 yucsa a (CJIOBO apupmemuiHuil mix

Yyac YNTAHHA He BJKUBAIOTH).

Smaiiru: 1) 327;  2) ¥16; 3)5%; 1) 1.

Posp’sizanua. 1)¥27=8,603 >0 i 33 =2T;

2)416 =2,602>0 i 2¢ = 16;
5
3)sL -1 6o 1>01[1j -1
32 2 2 2) 32
4)Y0=0,600>01i 07 =0.

3 o3HAaueHHS BUILIMBAE, IO piBHicTh Va =b, ne a > 0, € mpa-
BUJIbHOIO, SKINO BUKOHYIOTHCSA OMHOUYacHO ABi ymoBu: 1) b = 0;
2) b" = a. Tomy, sAKIMOo B piBHicTh " = a 3amicTs b mimcTaBUTH

Q/E, TO OTPUMAEMO TOTOXKHICTH ((‘/E)” =a.

, ‘ daa oyap-axoro a > 0, n € N, n > 2 Ma€eMO TOTOKHICTH

> Ha)" = a.
Hanpuxaan, (Z/ﬁ )Y =17;
4Byt = (-1-4B)* = (-1* (¥B)* =1-8=8;
1 0 1° 1
[-516) =[5 o -

Lo16=1_0,9.
64 4
ETITWP)) 3Buaiitu sHaueHHS BUPasy: Y34 + 52 +137,

PosB’aszanuga. Coouarky Tpeba 3HalTH 3HaUeHHS IiTKOpe-
HeBoro Bupasy 3% +52 +137, a moTiM 3 OTpUMAaHOIO 3HAUEHHS
IO0OYyTH KOPiHB 5-T'0 cTeleHs:

¥/34 +52 +137 = 381+ 25 +137 = ¥/243 = 3,
Bigmosigs. 3.
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TSI I ITTIIITI Yy 3Hak kKopeHa (pazmkana) Y Buko-

4. Tomoxcnocmi PHUCTOBYIOTH He TiJIBKUM IJId 3alucy
ona apu¢memuq,nozo apI/I(l)MeTI/IIIHOI"O KOpeHda n-ro crele-
KOpens n-20 cmenens Hs 3 HEeBig eMHOTO Uucia, a i1 1 3a-

OUCY KOPeHA HenapHozo CmeneHs
3 6i0’emnozo wucaa. Hanpurmnam, Y-32 =-2, 6o (-2)° = —32;

3
U1 =1, 60 (-1)" =-1; 3-> = -2 6o (_3] __8
27 3 3 27

Tomy piBHiCTB '\z/g = X, me a — OyIb-sIKe YMCJO, N — HelapHe,
€ MpPaBUJILHOIO, AKINO BUKOHYETHCA JHIIE OJHA yMOBa: X" = 4.
ITpuxomuMo 10 BUCHOBKY:

‘ IS OyAb-AKOr0 UNCJa d, HeIaPHOTr0 HATYPAJIBLHOT'O YHCJIA
n, e n > 3, Ma€MO TOTOKHICTH: (%)" =a.

Ockinprn -8 =-2 1 -3/8 = -2, To 3-8 =-38. Vsaraui,

d IJIA KOpPeHiB HeIIapHOTO0 CTEIeHA MAa€EMO TOTOKHICTh:
Y—a = Ya.

Oroxe,

1) akwo a 2 0,n € N, n 2 2, mo supas Ya osnauae apugme-
MUYHUL KOPiHb N-20 CMenerns i3 yucaa a;

2) akwo a < 0, mo npu HenapHomy n 8upas Ya osnauae KOpiHb
n-20 cmenens i3 yucaa @, npu napHomy n yei. eupas3 He MA€ 3Mi-
cmy.

ITpuxoxpumo 10 BUCHOBKY:

‘ BHUpas Ya Ipu mapHOMY n Mae€ 3mict gag a > 0, a mpu
&. HENMapHOMY n — A Oyab-IKOro 3HAYEHHS d.

BEheveisly Ilpu axux 3HaUeHHAX X Mae 3MiCT BUpas:

1) Yx + 2; 2) Y2x -10?

Poss’ssamuda. 1) Kopias 7-ro (HemapHOro) CTemeHs iCHYeE
I OyIb-AKOTO 3HAUEHHS IIiTKOPEHEeBOTO0 BUPA3y, TOMY BHUpas
Ma€ 3MicT AJid OyAb-IKOTO 3HAUEHHS X.

2) Kopiub 4-ro (mapHOTO0) CTelleHd MAa€ 3MiCT JHIIe B TOMY BH-
HajgKy, KOJU IIigKopeHeBUil BUpas — HeBim emuuii. Po3s’s:xemo
HepiBHicTb: 2x — 10 > 0, 3BigKu x > 5.

BigmoBiagsw. 1) x — Oyab-ake umeio; 2) x = 5.

------------- Posraamemo piBHAHHA X" =a, mOe

5. Piéusanna x™ = a, acR,neN,n>2.
neN,n>2 Hexa#i wMaeMo BUIIaJOK, KOJIHU
n — mnapHe. Poss’soxemMo piBHAH-
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Ha X" =a rpadiuno. [iaa mporo mobyayemo rpadikm (GyHK-
it y = x", ne n — mapHe, i y =a (maxa. 3.8). dAxmo a > 0, To
rpa@iky HepeTHHATHUMYTBCSA y MABOX TOYKAX, TOOTO pPiBHAHHA
x" = a maTuMe naBa KopeHi. OcCKinibKu ((‘/E)” = (—{‘/5)" =a, Ipu
IapHOMY 7, TO X; = (‘/a_ ixy= —{‘/E — KOpeHi piBHAHHA X" =a y
BUIIAAKy mapHoro n. fAkimo a = 0, To piBuauua x" =0 mae equ-
HU Kopiuk — umciao 0. dAxmo a < 0, To piBHAHHA X" = a, IpHu
mapHOMY N, KOPeHiB He Mae.

Yy Yy y=x"
y = x", n — HellapHe
n — mapHe HaTypaJibHe
HaTypaJibHe
ry=a
.'\ " y=a,a>0 0|/,
1 I
| | Ya X
g 0 a x Ya
y=a,a<0
Mau. 3.8 Mau. 3.9
Hexait n — Hemapae, Tomi nanA OyIb-AKOTO a4 pPiBHAHHSA

x" = a mae eamHUN KopiHb (Maa. 3.9). Ockinbku (’%/a_)" =a, TO
x =Va - egunuii KopiHp piBHAHHA X" = a, KOJU N — HellapHe.
CucremMaTu3yeMO AaHi IPO PO3B’sI3KY PIBHAHHSA Y BUIVISIL CXEMMH.

x"=a, acR, neN, n>2

e .

n — napue n — Helapue

,, ™~

Axmro
a >0, To Axr1mo Axmo fAxmo
4=0. 7o a <0, o a — Oyab-aKe
X, = Ya; ; = o KOpPeHiB aucJo,
x, =-%a HeMae 0 x =Ya

sEheheibiy Poss’s3aTu piBHSAHHSA:

1) x* = 81; 2) x6 =-1;

3) x°=19;

4) (2x - 1)8 = 1.

Poss’asanna. 1) x =\4/81,x2 = —481; or:xe, X = 3; xy = -3.

2) KopeniB HeMmae.

3) x = ¥19; xopinb pieEAHEA x5 = 19 € ippalioHAJLHIM YHCIOM.
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4) Maemo: 2x-1= $1 a6o 2x-1=-%1;
2x - 1=1 2x -1 =-1;
x=1 x=0.
Or:xe, piBHAHHA Mae ABa Kopeni: 01i 1.
Bignosigs. 1) 3; —3; 2) KopeHiB Hemae; 3) {’/E; 4) 0; 1.

=gl * ; ) ; .
; aHiuLe... Tepminu «paduran» i «KOpiHb», AKi OYJ0 68e-
A we p ant ~ Oeno y XIII cm., noxodamb 6i0 1AMUHCLKOZ0
N %

Nl h— caosa radix, ake mae 06a 3HAUEHHA: CMOPOHA
i wopinb. I'peyvki mamemamuru s3amicmsb «0odysamu KOPiHb» 2080-
DUl «3HAllMmu cmopory Keadpama 3a 1020 0aHOoW0 eeauiuno». I1id
GCAUNNLHOI0 K8a0pama 60HU MALU HA Y6a3i 11020 NAouLy.

3Buar xopensa y euzaadi cumeony \ ynepwe 3’seéusca 6 1525 p.
YV 1626 p. zonnandcvruii mamemamuk Anvbep /Kipap (1595—-1663)
ysie nosuauenns 2\, 3\,..., npu ybomy nad nidKopenesuUM 6UPAIOM
CMasusu PuckKy. 3amicmsv CY4acHux J5 nucanu 5. Cyuacnue no-
3HAYeHHA KOpeHa 3'A6UN0CA 3A60AKU PPAHUY3LKOMY MAMeMa-
muky, Qisuxky i ginrocopy Pene [Jexapmy (1596-1650). ¥V ceoii
npayi «I'eomempis» (1637 p.) 6in 3’€0HA6 20PU3OHMANbHY DPUCKY
3i 3naxom \. Aueniilicokuil mamemamur, Qisukx i mexanix Icaak
Hvromon (1643—-1727) 3anucyeas kopeHi 0yOv-aKux cmenemis y

cyiacHomy euzasnoi: §/7 ¥ mouyo.

© AKy PyHKLUi0 Ha3MBalOTb CTENEHEBOI (DYHKLIED 3 HaTyparibHUM
Q nokasHukom? @ CcdpopmynionTe BNacTMBOCTI PYHKUiT y = x™ Ans
napHoro n i 4na HenapHoro n. @ LLlo Ha3nBalTb KOPEHEM n-r0O CTe-
neHst i3 uicna a? @ Wo HasuBaloTb apuPMETUHHMM KOPEHEM n-rO
cTeneHs i3 yucna a? @ lNpu AKX 3HaYeHHAX a Mae 3MiCT Bupas

(‘/a_ y BUNagKy napHoro n; HenapHoro n? @ LLlo MmoxHa ckasartu npo
KOPEHIi PIBHSAHHSA X™ = @, 3aNeXHO BiA 3Ha4YeHb ain,aen € N, n > 2?

g Posb’ axims 3agavi ma bukonaime bnpabu

@ Yu mae 3micT Bupas:

3.1.1)%9; 2991, 398, 417, 5 %0, 6)V-3?
32.1)%; 2)%; 3 U-11; 4y ¥-10; 5)%¥12; 6) 112
3.3. loBemiTs, 1110:

1) umcio % € apu(pMeTUUYHUM KYyOiuHUM KOpeHeM i3 umeia l;

2) uncyio 5 € apuPMETUYHUM KOPEHEM UYETBEPTOTO CTEIEeHS
i3 uncya 625;
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3) uncisio —1 He € apuPMETUIHNM KOPEHEM IIIOCTOI'0 CTEIeHs
i3 uucaa 1;

4) yucio 0,1 He € apupMeTUUYHNM KOpPEHEeM II’SITOTO CTeleHs i3
yncia 0,0001.

Hosexits, 1o (3.4—3.5):

3.4. 1) V361 =19;  2)¥-125 = -5; 3) ¢ =1,

gy L - L 5) 80 = 0, 6) 40,0001 = 0,1.
243 3
35.1)V121 =11;  2)80,027 =0,3; 3) ¥0 =0;
p¥i=-1 5=z 6) f-c - 1-

3ualigiTe 3HaveHHA Bupasy (3.6—3.7):

3.6. 1) /0, 25; 2) 3/64; 3) 4/1; 4) 5/_3%,
3.7. 1) \/0,81; 2) ¥/32; 3) i/%; 4) 1.

3.8. (Vcno). Yu mae po3B’A3KU PiBHAHHA:
1) x6 =2; 2)x8=-1, 3)x0=0; 4) x7 = -2?

{2 O6uwuciaits (3.9—3.10):

3.9. 1)1030,216;  2) 0,25%¥64; 3)43/_32; 4)34/7%

3.10. 1) 23/0,125; 2)%%/8_1; 3)25/—7;—2; 4)123/2%.

3ualigiTe 3HaveHHA Bupasy (3.11-3.12):

1 [1 [1
3.11. 1) 3= — 4 —; 2) §/-0,00032 + §——;
)\/; 16 ) 125
3)106i+4£; 4)7 128 +4_81
V64 V125 V2187 V625
3.12. 1) ,3/—i - ,#ﬁ; 2) §/-0,00001 + 3/i;
27 \625 125
3)_35&”[&; 4)</16 | 248
32 \729 625 10 000

Cxemaruuno mooyayire rpadik dpyurmii (3.13—3.14):

3.13. 1) y = x% 2) y = x°.
3.14. 1) y = x3; 2) y = «8.

33

MpaBo Anst 6e3onnaTHOro PO3MilLleHHs MigpyYHUKa B Mepexi I[HTepHeT mae
>TBO OCBITY i Hayku YkpaiHu https://mon.gov.ua Ta [HCTUTYT MoaepHi3auii 3amicTy ocBiTu https://imz



IIpu axux 3HaueHHAX 3MiHHOI Mae 3micT Bupas (3.15—3.16):
3.15. 1) Vx + 2; 2) ¥a +9; 3) 49 — 3b; 4) %50 — 49
3.16. 1) Va - 4; 2) I +7; 3) ¥2x + 6; 4) 810 — 4y?
O6uncaits (3.17—3.18):

3.17. 1) (V5)% 2) (7)3; 3) (-92)5; 4) ({171,
3.18. 1) (v/3)% 2) (¥/9)% 3) (¥/2)8; 4) (-'Y12).
Posp’sokiTes piBuanua (3.19—3.20):

3.19. 1) x3 = 64; 2) x3 = —64; 3) x6 =1; 4) x5 = —1;

5) x5 =17; 6) x5 =-17; 7) x8 = 0; 8) x10 =2,
3.20. 1) x3 = 8; 2) x3 = -8; 3) x* =16; 4) x* = -16;
5) x" = 2; 6) x" = -2; 7) x8 = 3; 8) x12 = 0.

3.21. Yu mamexutsb rpadiky QyHKIIl y = ‘\‘/; TOUKA:
1) A(0; 0); 2) B(-1; 1); 3) C(16; 2); 4) D(81; —-3)?
@ 3HaligiTe 3HaueHHA Bupasy (3.22—3.25):

3.22. 1) 3/0,01024 —3——, 2) 5/—7E—J121.
25 32 4

243 | .1 / 5

3.23. 1) 3/-0,343 - 2) 45— — 3-15—.
) 024 ) 16 8

3.24. 1) 2¥5)3  2) (-3¥2);  3) (-2¥11)5  4) (53-0,1)3.
3.25. 1) (3%/2)3;,  2) (-2%5)%  3) (-3%2)3; 4) (103/-0,2)3.

ITpu AKux 3HaveHHAX X Ma€ 3MicT Bupas (3.26—3.27):

3.26. 1) ¥2x — x2; 2) Yx? - 2x - 3;
3) Yx? + 2x - 8; 4) Yx+1+Vx2 - 42
3.27. 1) ¥x2 + 3x; 2) Yx? - 2x;

3) V—x2 + 2x + 3; )1 —x2 +¥x -T2

Posp’sokiTes piBuanHa (3.28—3. 29):

3.28.1)%364—4:0; 2) x5+8 0; 3)9x3—%=0;
4) (x - 2)6 = 1; 5)(x+5)3:8; 6) (x—-3) =5
3.29.1)%3&—4:0; 2) o Lsiooo; 3) Txt +7 = 0
4) (x +7)° = 0; 5)(x+3)4:81; 6) (x+1)° =2
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3.30. 3HaiifiTh ABa IOCJILMOBHMX IIJINX YHCIA, MK AKHMU
mictutees umeno: 1) 31,2;  2) -40,85; 3) ¥Y33; 4) -37,8.

3.31. Bak mae dopmy KyOa i Bmimiye 2,744 m3 Bogu. 3HaHIIThH
BHCOTY 0axa i 1oy #oro oCHOBH.

@ 3.32. BriagHuk nokJaB Ha 6ankiBcekuii gemosut 10 000 rpH,
a yepes 3 POKU Ha H0Oro Aero3nuTHOMY paxyHKY crajo 17 280 rpH.
SAxuit BigcoToK piuHMX BUIIauye OAHK BKIATHUKAM?

3.33. BKiagHUK BiIKpUB y OaHKY AEeHO3UTHUII PaXYHOK HA CyMy
20 000 rpu, a uepes 4 poxu orpumas 29 282 rpH. AKwui Big-
COTOK piuHuX Hazae OaHK?

Posp’sokiTes piBuanHA (3.34—3.35):

3.34. 1) x8 — 15x* — 16 = 0; 2) x8 — 7x3 — 8 = 0;
3) x12 + 3x6 + 2 = 0; 4) x16 — 458 + 3 = 0.

3.35.1) x8+ x* - 2=0; 2) x8 + 26x3 — 27 = 0;
3) x16 + 5x8 + 4 = 0; 4) x12 - 6x6 + 5 = 0.

3HaiaiTh 00acTh BusdHaUeHHa QyHKII (3.36—3.37):

3.36.y=Yx2 -4x-5+
x+3
3.37.y= 1 +8x+3.

J-x2 —3x+10

3.38. II;1a Bcix 3HAUEeHDb @ PO3B’SKITH PiBHAHHS:
Dxb=a+1; 2)x3=a-2; 3)axt=a; 4)axi0=2,

6

@ XKummeba mamemamuxa

3.39. Ha maaoHKY TOUKaMU IIO3HAUEHO IOJEHHY CepedHbOI000-
By TeMmieparypy mnositps B Oxmeci 3 6 mo 19 uepsusa. Ilo ropu-
30HTAJIi BKa3aHO ATy MiCAIfd, IO BEePTHUKAJIL — TeMIeparypy y
rpagycax Ileabcia. I[ia HaouHOoCTi TOUKM 3’€qHAHO JiHi€o. Bu-
3HAUTe II0 MAJIIOHKY Pi3HUII0 MiK HAHOiJbIIOH i HAWMEHIIIO0
cepeIHLONOOOBUMU TeMIlEpaTypaMu y BKasaHuil mepiox. Bimmo-
Bigp mopaiiTe y rpaaycax lleabcis.
°C
27
25 A
23 "a
21 /
19 /

/
17 N/

6 7 8 910111213141516 171819
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| Tligaomyiimecs go bubuenns Hobozo mamepiany

O6uwncaits (3.40—3.41):

3.40. 1) /0,16 - 25; 2) V24 .32, 3)72-0,01-64;
36 1 9
4)  |——; 5),/2—; 6) ./22.1=.
) 625 ) 4 ) 16
1 [5 /48 J2
3.41. 1) V8 -V/2; zﬁ.\ﬁ_\ﬁ; 3) Y48, o2
) ) 3 \3 NG )
3.42. IIpu AKKUX 3HAYEHHSX X CIPABIKYETHCA PiBHICTL:

DVx2 =x;  2)Ja? = —a?

3.43. 3amiHiTH BUpa3 MOMY TOTOKHO PiBHUM, II[0 He MiCTUThH 3Ha-
Ka KopeHd:

1) Vm?; 2)3Jp%;  3)100az;

4) —/361t2; 5) \/nS; 6) Vb'2 .
3.44. CopocriTh Bupas:

) Vi2, ne 1 > 0; 2) Vtt;

3)3\/6‘72,,uec<0; 4)5\/p76,,uep>0;

5)Vml0, e m < 0;  6) xJx't, e x < 0.

BITACTUBOCTI APUPMETNYHOIO KOPEHA
n-rO CTEMEHA

............. 3 kypcy anrebpu 8 Kiacy MU 3HAEMO,
1. Kopins 3 dobymrky 110:

i ppody komua=>0ib >0, To Va =\/;-\/5;
a “a
xkoaua = 0ib>0, To \/:=—.
b b

Taki cami BmacTuBocTi Mae i1 apudpmMeTHUHNT KOPiHb 71-TO CTe-
HeHda ajaa n > 2.

Teopema 1 (mpo KopiHb n-ro cremeHs 3 7oOyTKy). Ko-
PiHb n-TO cTEemeHA 3 MOOYTKY ABOX HEBiT €MHHMX YHCEJ I0-
PiBHIOE TOOYTKY KOPEHIiB n-ro CTEmeHsd i3 IuX yuces, T0O-
Toakmo a > 0ib > 0, To

Yab = Ya - ¥b.
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HoBemeunusa. Ockineku a = 01i b > 0, To Bupasu '\2/5 i Q/E Ma-

IOTh 3MicT i ’\‘/E > 0, ’\‘/5 > 0. Tomy ’\’/E . Q/Z > 0. Kpim Toro,
Wa &by = Wa)y - @b)" = ab.

Orsxe, Ya -4 > 01 (’\‘/E . (‘/5)" = ab. Toxi, 3a o3HAUEeHHAM apud-

METUYHOTO KOPEHS 7-TO CTelleHsd, MaeMo: vab = Ya b, m

Teopemy MOKHa IOIIMPUTH i Ha BUIANOK, KOJM MHOXXKHUKIB
Hig 3HAKOM KOpeHs OijbIlle JBOX.

H Hacaigox. Kopias n-ro cremeHnsa 3 moOyTKY HeBimx em-
HHUX MHOSKHUKIB JOPiBHIOE TOOYTKY KOPEHIB 71-TO CTEIeHA
i3 IMX MHOYKHUKIB.

HoBeneHnHas. [loBegeMo el HACTiTOK, HAOPUKJIAML, OJSI TPhOX
HeBix’ emuux umcea a > 0, b > 0, ¢ = 0. Maemo:

Yabe = t(ab)e = Yab -Ye =Ya %o -Ye. m
3a BJIACTHBICTIO IIPO KOPiHb 3 JOOYTKY, HAIIPUKJAL, MAEMO:
1) ¥27-64 =27 Y64 =34 =12
2)48.162 =48.2.81 =416 -481-2.3 6.

Bayeancenna 1. OdueBugHO, 10 BuUpas Vab mpu mapHOMy n
mae 3Mmict, xouu ab > 0, TobTO KOJMM Yucaa a i b — ogHOro 3HAa-
Ka, a 3HAYUTh, i TOAl, Koau a i b — Big’eMHi. ¥ TakoMy BUIIAIKY

piBHicTL y Teopemi 1 mabyBae BUIJIALY % =-a @ OrT:xe,
W:\/M"\I/E’ akmio ab > 0 i n — mapHe.

SfIkmo B piBHocTi Vab =YVa b nominsaTu Micmamu giBy i
IpaBy YaCTUHU, TO OJEPKIMO TOTOXKHICTE:

Ya -Yb =%ab, nea >0, b > 0.

J0o0yTOK KOpEeHiB n-ro cTemeHs 3 HEBiI €MHHUX YMCEJI TO-
» PIBHIOE KOPEHIO N-TO CTENeHd 3 JOOYTKY LIIMX YMCeJI.

Hanpuxaan, Y438 =%4-8 =332 =2.

Teopema 2 (Ipo KOpiHB n-ro cTemeHs 3 Apody). Kopins

T n-ro cTemeHs 3 APo0y, YMCEJIbHHMK SIKOT0 HEBix €MHUI, a
3HAMEHHUK TOJATHMI, TOPiBHIOE KOPEHIO N-TO CTEIeHd i3
YMCceJbHUKA, MOTiJIeHOMY Ha KOPiHBb n-ro cTemeHs i3 3Ha-
MEHHHUKA, To0TO akmo a => 0i b > 0, To

Jo _Ya
b Yb’

ITpomoHyeMO moBecTHu III0 TEOPEMY CAMOCTiMHO.
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3a TeopeMoio 2, HAIPUKJIAL, MAEMO:
4 3
" 1 4 1. 2)#152%/&_«25_5:21
\/25 8

8 3} 2 2
SayeawceHHﬂ 2. OquHaHo, 110 KOPiHb i3 YacTKU IPU IIapHOMY
n Mmae smicrt, Koau ab > 0, b # 0, omske, 1 y Bunagry, xoau a < 0,

«n'_
b < 0.V npomy BUOAIKy '\‘/% = ﬁ. Orxe, axmo ab > 0, b =01

n — mapHe, TO '\l/gz I\L/E'.
b 4l
Ya

dAxmio B piBHOCTI "— = T ONOMiHATU MicIAMHU JiBY i mpaBy

YaCTUHU, TO MATHMEMO TOTOYKHICTh!
Ya [a
—=0—nmea=>0,b>0.
Ys \b

YacTka, YMCEJIbHNK AKO0I KOPiHb 71-TO CTEIeHA 3 HeBilX €MHO-
s TO UHCJa, & 3HAMEHHUK — KOPiHb n-ro CTemneHs 3 JOJATHOTIO
YKCJIa, JOPIBHIOE KOPEHIO 1-TO CTEeIeH i3 YACTKHU IIMX YMCcell.

{’/486 48 _ 5243 -
24

3/2

{128 \/128 6\,/64_364 4

350 V250 V125 3125 5°

Hanpuxraan,

o . T ‘ Teopema 3 (Ipo KOpiHb 7-TO CTe-

e TIeHd i3 cremeHdA). aa Oyab-AKOTO
OifiCHOTO a i HATypaJBHOIO n, n > 2,
MaEMO:

|a|, AKIIO n — ImapHe,
n/ a’ =
a, AKIo n — HeIlapHe.

i3 cmenensa

nl n .
HoBemeununsa. 1) dAxmio n — mapue, To Bupasd VvVa" wmae amict

I OyOb-siKOTO @, OCKimbKH B mboMy Bumagky a” = 0. Kpim
. n
TOTO, a| 201 |a| = a". 3a o3HaUYeHHAM KOpPEHs 1n-T0 CTeIeHsd,

Yar =al.

n, .
2) fdxkmo n — HemapHe, TO BUpa3 Va@" TAaKOXK Mae 3MicT Aa
OyIb-IKOTO @, i, 32 O3HAYEHHAM KODEHHA 71-TO CTeleHd, MAaeMo:

Yar =a. m
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3a TeopeMoi0 3, HAIPUKJIAL, MAaEMO:

§fo8 = 9| = 9; 82 =|-2| = 2;
o = Yfor0 = g(22)5 = Y45 = 4.

. | Teopema 4. fAxkmo n i B — Harty-
Fiopins K' pauabHi uncaa i a > 0, To

i3 KOpeHa
HoBengenHusa. Ockineku a 2 0, To BUpasu \k/% i ®la wmarors
amicr i meix’emui. Kpim toro, (J¥a )y = (Y%a)t)yr = @a) = a.

3a 03HAUEHHAM KODEHS 1-T0 CTeleHsa Maemo: J%¥a = g, W

3a TeopeMoio 4, HAIPUKJIAL, MAaEMO:
Y -2 436 - 936 - 56 - 3.

(I Teopema 5. dArkmo n, K i m — HarypajbHi yucaa i

a >0, To
HoBemeHHsa. BUKOPHUCTOBYIOUHM MOIEPENHIO TEOPEMY, MAEMO:
myfgmk = '\’/’Q/a’"k = ’%/"{/(ak)’" =Yak. m

3ayesaxcenus 3. fKino m — mapHe 4ucJI0, TO BUPA3 Mae
3MicT nmpu OyAb-AKOMY OiHICHOMY a, i TOAi AJa OyIb-AKOro a Mae

mn amk

. . E . -
micie piBricTte: ™Wa™k =} |a| (moBeAiThL caMOCTiiiHO).

3ayeaxcenns 4. [lomoBuMOCH, 1110 KOPiHb IIEPIIOTO CTEIeHd i3
ymesia a OOpiBHIOE umcay a. lle m03BoJisie BUKOPUCTOBYBATU TO-

rosmicrs "Yamk = Yak i y BUIAAKY, Kouu n = 1.
Bpaxosyiouu Teopemy 5 i sayBasKeHHS, HAIPUKJIAL, MAEMO:
T = 4055 = 4Yas; Wp - 5457 - 3o
2128 = W27 = 27 = Y2t = ¥2;

Y2434 = §(35)1 = °Y354 =34 =81,

Teopema 6. dAKmo n — HaTypajJbHe YMCJIO, B — Iijae

yueao i a > 0, To
Ha)k =Yak.

NosernernHA Ockimbku ((Ya)k) = (Ya)*)k = a*, To, 3a osHa-
YeHHAM KODEHS 71-To cremeHs, Maemo: (Ya)t = Yak. M
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Hanpuraan, 1) (9/1)3 =943 = $/(22)3 = 6/o6 — 2;
_ - - . ., 1 1
2) ¥5)° =¥ =572 =¥0) 2 =52 = =

TS ITTITETY T2y BamactuBocTi apu(MeTHUYHOTO KOpeHS

4. Ilepemeopenns n-ro CTelleHsaA BUKOPUCTOBYIOTH MIJIA
ippauionanbHux TOTOKHUX IIepeTBOPeHb BUPAa3iB: 6u-
éupasie HeCenHA MHOMCHUKA 3-ni0 3HAKA KO-

peHs, 6HeCeHHA MHOMCHUKA nid 3HAK
KOpeHs, CNPOULeHHA IPPAUIOHALbDHUX BUPA3IE.

BunecTu MHOKHUK 3-IiJ 3HaKa KOpPeH:

1) ¥108;  2) ¥xll.

PosB’asanHA4. 1)@ Y274 =27 -4 = 3%4.
2)\/_—\/x10 x—\/(x2)5 Yx = x2¥x.

Bigmosins. 1)3f; 2)x2§/__

BHecTH MHOMKHUK IIiJ| 3HAK KODEeHs:

1)2f 2) -3%2; 3) m¥2, sxmo m > 0; 4) a¥b, axmo a < 0.
PosB’A3aHHA. 1)2\/_=\/_5-§/_=§/32—-=\/_.

2) -3%2 = -9/36 . §2 = —9/729. 2 = —9/1458.

3) m¥2 = m|¥2 = ¥ms %2 = Yoms,
4)a§1/7=—|a|‘\*/5=—§1/a_4§1/5=—m.

Binmosins. 1) ¥96; 2)-91458; 3)82ms; 4)-Yatb.

CopocTuTu Bupas: \3/5\/5.

PosB’a3auusda. BHeceMo MHOKXKHUK D IIiJi 3HaK KBaJApPaTHOTO
KOpeHs Ta 3acTocyeMo Teopemu 4 i 5, MaTumMeMo:

Y55 =352 5 = Y58 = 55 = 2/55 = 5.
BigmosBigs. \/5
Ya + %

Cxoporutu api6: \/7 \/—

PosB’asaunusa. Bupasu % i \/_ MalTh 3MicT, AKImo a = 0

ib >0, romy da =Ea)2 i ¥ =(Eb)2 Maemo:
Ya+8  Ya+% Ya + b _ 1

Ya-P  @a2-2 Fa-¥0)%a+%) Y-
. . 1
BigmoBigs. m.
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stheh bl 3BiabHUTHCS Big ippallioHaIbHOCTI y 3HAMEHHUKY

1
Ilp06Y- 1) T, 2) m
Poss’AszaHHA. 1)\/_ \/L \/_222/_ j@_f

. 10
2) IloMHOKUMO YHCEJbHUK i 3HAMEHHUK IPO0y W Ha He-
+

HTOBHUM KBaJpaT PisHUIIL Umces % i 1, maTumemo:
10 1042 -¥11+12) 10316 -Y4+1)
Ya+1 Fa+1@10)2-¥4-1+12) 343 +13
3 3
_ 10(@131“) _ 10(\/_;f+1) @16 -¥i+ 1)

. . {)/g. 3 3
Bigmosigs. 1) > 2) 2(x/ﬁ—x/1+1).

@ Cdopmynionte i OoBediTb TeopeMy MNpO KOPiHb n-ro crene-

Q HA 3 O06yTKY. @ YoMy OOpiBHIOE OOBYTOK KOPEHIB n-ro cTeneHs?
@ Cdhopmyntorite TeopeMy MpO KOpPiHb n-ro CcTeneHsa 3 [poby.
@ Yomy JopiBHIOE YacTKka KopeHiB n-ro cteneHa? @ ChopmynonTe i
OOBefiTb TeopeMy NPO KOPiHb n-ro cTeneHs i3 cteneHs. @ Cgopmy-
nonTe Teopemy Npo KOPiHb 7-ro CTeMNeHs 3 KOPeHs.

3 Fosb’axims 3agavi ma bukonaime bnpabu
@ 4.1. (Ycno). Uu npaBUJILHO BUKOHAHO oﬁtmcneHHﬂ
1) ¥64.125 =64 -3125 =4.5=20; 2) / :_9

4.2. Y npaBUJIbHO BUKOHAHO OOUYMCIIEHHS:

1 1o
1) V100-4 =100 -4 = 10 - 4 = 40; 24— = — =9
) )16 {16

2
16 e _
" 4625

27 ¥27
4.4.1) 4/81-10 000 = ¥81-410000 =..; 2) e i3
ITomaiiTe Bupas y Buriaaai gooyTky KopeHis (4.5—4.6):
45.1)v2-5; 2)3bp; 3 Ta,zea>0; 4) Ymp.
46.1)Y7-6; 2)%2a, nea>0; 3)¥Vab; 4)%3p,pep>0
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3akinuiTe oouncaenus (4.3—4.4):

4.3. 1) ¥1000- 216 = 41000 - %216 =..; 2) 4



IlomaiiTe Bupas y BuriAai dacTku KopeHiB (4.7—4.8):

47.1) 123 242 mep>0; 355 4 8% e m > 0.
7 p y 11
/2 /m /a /p
4.8.1) 6=; 2) 3—; 3) .[—, me a = 0; 4) 5=.
) 7 ) 3 ) 19 A ) t

(@ 3HanAiTh 3HaUeHHA Bupasy (4.9—4.14):

4.9. 1) /36 - 49; 2) 327 - 64; 3) 416 - 256;
1 1
4) 40,0001 - 81; 5) 5l—— - 32; 6) 664 - —.
) 213 ) 729
4.10. 1) V9 -100; 2) ¥8-125;
3) 4/0,0016-625;  4) 5—— . 243.
1024
432 33
411. 1) Y4 -4, 2)¥5.¥25; 3 2=, 4) ——.
) ) ) i )%
J72 32
4.12.1) %2 -316; 2) %9 Yo, 3) Y72, o2

4.13. 1) ¥28; 2) 8/(-3)6; 3) Y214, 4) Y315,
4.14. 1) ¥34; 2) 8(-1)8; 3) 9227, 1) Y21,
BuneciTh MHOKHUK 3-IIi7 3HaKa KopeHd (4.15—4.16):
4.15. 1) Y64m; 2) ¥/3000; 3) 4/81p;

4) 432, 5) ¥/486; 6) /50c.
4.16. 1) ¥32; 2) \/25p; 3) ¥27a;

1) ¥/96; 5) 4162; 6) \72b.

BueciTh MHOXKHUK IIig 3Hak KopeHs (4.17—4.18):

4.17. 1) 236; 2) 5#%; 3) 2¥m; 4) 3./2p.
4.18. 1) 3V7; 2) 4§E; 3) 3¥a; 4) 23/3m.

3BLIBHITECA Bifl ippallioHaJIbLHOCTI Y 3HaMeHHUKY apooy (4.19—4.20):
1 2 9 5
4.19. 1) —; 2) —=; 3) —; 4) —/—.
NG ' ) o7 ) 16
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10 1 8 7
4.20. 1) ﬁ, 2) %, 3) %, 4) %.

@ 3HaligiTh 3HaueHHA Bupasy (4.21—4.26):

6 7.914
421.1) Y3655, 9)4e8 31z,  3y¢ >, g7t -2

312’ 621
7 20 . 95
4.22.1) V7824, 2)¥2°.35; 3) 7;7; 1) 5|2 5153 .
ey 6/710 . 921
4.23. 1) g 4. 54; 2) \5/48 . \5/162; 3) 14[78 .5. ‘\1/573; 4) 7 2 .
46/ 9 .74
8/a21 . 910
4.24. 1) ¥375-9; 2) 454 -424; 331042 .Yg3, 4 ¥ 2 v82.2
18/ 5 22
4.25.1) 6 + 11 - /6 - V11; 2 Y517 .35+ Vit

3) 4182 + /66 - /82 - 66; 4) Y52 - 32 - 52 + 342.
4.26. 1) 37 + 22 - 37 - 22; 2) ¥3J11 - 32 - 4311 + 342.

IlomatiTe Bupas y BUIJIALI omHOUJeHA (3MiHHI € HeBimx €eMHMMMH
yucaamn) (4.27—4.28):

20,15
4.27. 1)\64a%;  2)3f64p5; 3) ¥6254%p12, 1) 5/32P7%7

243
44924
4.28.1)V25m*;  2) Y8b%; ) ¥1024¢10m*; 4)4—162{71—.

CupocriTh Bupas (4.29—4.31):
4.29. 1) /(¢ + 2)?; 2) Y(a +1)8;
3) §(x -1)8, grmo x > 1; 4) §/(b - 5)®, akmo b < 5.

4.30. 1) 45 - V2)4; 2) (T - 3)2;

3) 33 - V11)3; 1) Y7 - 53)* + §(9 - 53)5.
4.31. 1) Y(x +2)4, armo x > -2; 2) Y(c—T7)8, axmo ¢ < T;

3) §(v2 - 5)8; 4) 6 - 243)2 + Y3 - 243)1.
BuneciTh MHOKHUK 3-I1i 3HaKa KopeHd (4.32—4.33):
4.32. 1) \/32a%; 2) 4162p6, axmo p > 0

3) V50x2, akmo x < 0; 4) ¥54c8;
5) Ya'3b® | axmpo b > 0; 6) 432x6y4, axmo x > 0,y < 0.
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4.33. 1) V75a%, axmo a > 0; 2) 448 p'6;
3) ¥128m18  grmo m < 0; 4) ¥250x1.

BreciTh MHOXKHUK IIig 3Hak KopeHs (4.34—4.35):
4.34. 1) a§/§; 2) x\/g, akmio x = 0; 3) y‘%ﬁ, akio y < 0;

4) a%; 5) p§/-p; 6) xy‘\l/ﬁ, akmo x < 0,y > 0.
4.35. 1) b¥/3; 2) m¥2, sxmo m > 0;

3) tva, axmo t < 0;  4) c¥c3,

3BiIBHITECA Bif ippallioHATLHOCTI y 3HAMEHHUKY Apo0y (4.36—4.37):

12 1
WD AT VT VT
7 18 6 6
WV Y- n Ywr Yuwea
Cxkoporits api6 (4.38—4.39):
Jr -y . N Ya - 3Yp _
Y + 4y Ja - ¥p?
Ya-4b ¥Ym2 —Jn
YD Pt
Cupocrits Bupas (4.40—4.41):
440. )7, 2 IE; 3) 4¥16;
HUedx; 5 ¥la; 6 W2
441. )2, T 3) §/4125;
0 Im¥m; ) ;  6) Y2
ITopiBuaiite unciaa (4.42—4.43):
4.42. 1) ¥ i Y26, 2)¥3 i W2e.
4.43.1) %7 1 Y48, 2y ¥4 i Wes.
@ CKopoTiTh ,upi6 (4.44—4.45):

4.38. 1)

d 6/,-27,3 6/,-37,2
4441)*F 9) NXY7 VXYY",
Yab f 8y - Vx
a+8 x-y

Vo -are @0
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3 3
4.45. 1){/7_@ 2)%.

ITopiBusatite uucaa (4.46—4.47):

4.46.1) %5 i V3; 2) ¥10 i §34/3.
4.47.1) Y3 i Y4, 2) V7 i Y232,
O6uuciaits (4.48—4.49):

4.48. 32 -3 .97 + 443. 4.49. 5 +2 - Y945,

Cupocrits Bupas (4.50—4.51):
3 3 1
4.50. 1) 11a5]— + 4%/96a — a25|—; 2)
Vs oo’ 70 o ry y

2 2
4.51. 1) Tps= —4162p - p24/—; 2) 5

p3 p7 \/_ \/_ \/_ \/_
‘6} Xummeba mamemamuka

4.52. Kmieur «l[o6pobaHKy» B3AB KpeauT y poamipi 24 000 rpu
Ha pik mig 16 %. Iloramatu GaHKy KpeAUT BiH Ma€, BHOCAYU
IIOMiCSAIlST OMHAKOBY CYyMYy KOIITiB Tak, 100 uepes3 PiK BUILIATH-
TH BCIO CYMY KpPeauTy pasoM 3 Bimcorkamu. CKiJIbKHU KOINTIiB Mae
IIOMiCSAIlsT BHOCUTHU B OaHK Iel KJieHT?

Tligzomyiimecs go bubuenns Hobozo mamepiany

4.53. Ilopatire:

1 .
; —— Y BUIVIAJL CTEIeHsA 3 OCHOBOIO 2;

1) yucna 16; 2;
128

= »—H-P|'—‘

2) uncya 0,001; 10’ ; 10; 100 y Burssazai crenens 3 ocHoBoio 10.

4.54. O0UnCIiTh:
1) 52; 2) 273; 3) 40 + (-1)8 +1-5;

1) 2 13
4)3(5} ;B T1+52-0,1  6) (zgj :

4.55. IlomaiiTe BUpa3 y BUIJIALL CTeIeHA 3 OCHOBOIO a:

1) a~lal%; 2) a2a2all; 3)a" :a3 4) a8 : ad;
) L ) (a8)%a-!
5) (a2)'; 6) (@) ®-a; T)(a1)* (a?)?% 8) BV
(a2)*
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4.56. 3HaiAiTL 3HAUEHHS BUpPAas3iB, BUKOPUCTOBYIOUM BJIACTUBOCTI

CTeIleHiB:

1) 2-3.212. 2-10; 2) 73 :72.493
2\-6 _3y-2 3847

3) (59)7° - (257°)% 4) 94 . 911"

4.57. CupocriTh Bupas:
1) (x' +3)% - 6x7 2) (@?+y)a? -y +y%
8) p3(p?2 +6)-p2(p-5p71) 4 (ml+2)(m-3)-m2

CTENIHb 3 PAUIOHAJIBHUM NMOKA3HUKOM
1 NOro BIIACTUBOCTI

Y momepemHixX KJgacax MU PO3IJIALANN CTEIiHL 3 HATYPAJTbHUM
Ta i3 MMM MOKa3HUKAMU.

I IIITITITIET 2y IlpuramaeMo OCHOBHI TOHATTSA, IIO-
1. O3nauenna cmenena | g’sgzami 3i cTememeM:

3 payionanvHuMm

— n .
aaa-...-a =a” — cremninb, @ — OCHOBA,
NOKA3HUKOM S

n MHOXXKHUKIB

n — IOKas3HUuK, a € R, n € N, n > 1;

1
al=a,0ea € R; a%=1, ne a = 0; a"=—n e N,a=0.
a
4
Temep posrisgHeMO IOHATTSA CTeIleHsA IJis BHUPasiB BUIVIALY 35;
1

20.3: 8 3 TOmIO, TOOTO IJIA CTNENeHs 3 PAULOHALLHUM NOKA3ZHUKOM.
m

OsHaueHHs CTeHeHs 3 Pal[iOHAJLHUM IMOKa3HUKOM an IIPU-
POOHO JaTu Tak, 100 Ileil cTelliHb MaB Ti cami BJacTHMBOCTI, IO
1 paHimie BuUBUeHi cTemeHi i3 mimmMm moxkasHmkamu. Tak, Ha-
OPUKJIAL, MA€ CIIPABAKYBATHUCA BJIACTUBICTD IIiTHECEHHSA CTEIEeHS

m n

o crerieHa (aP)? = aP4. Toni an | =a™, aToMy, 3a OBHAUEHHAM

m
KODEHsI n-I'0o CTeleHsd, IiiileMO BUCHOBKY, II0 4" Ma€ 0yTu Kope-
HEeM 71-TO cTemleHd i3 uuciaa a™. OTike, MaeMO O3HAUCHH:

‘ akmo a > 0, m — mize umciIo, n — HATypajbHEe YHCJIO,

e m
n > 1, To cTeneHeM YHCJIa @ 3 TPOOOBUM IMOKA3HUKOM — €

n
n
BMpa3 vVa™, To0To

m

an =Yam,
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1 3 3
Hampukman, a2 =Ja; b5 = o3, 703 =710 = Wr3,
1 -1 3 -3
22=22 =21, 184 =184 =183,
-1

(x-p) 02 =(x-y)> =Y (x-y*.
1 3 1
I maBmakm, V12 =122; 13 = 74, ¥Y3a = (3a)9;
4 3 5
Y34 =85=8%% §27=%85=38; {(a+b)® =(a+b).

m
Axmo a =0, ro 0" =0 gua r > 0, romy Or mae smicT, Koau m i
1
n — HarypauabHi. Hanpuraas, supasu 0 7, 0703 3micTy He MaioTh.
m

3ayeaxcernns. 1) Ockinbku a > 0, To oueBUAHO, o ar >0 pua

Oy Ab-sIKOI'0 HATYPAJILHOTO 7 i Iijjoro m.
m

2) Ouma a < 0 crenmiHb 3 Jpo0OBUM IIOKa3HUKOM an He Mae

. . 1 2
amicty. IoBememo 1e. OcKiabKmM ng, TO Ma€ CIPaBIKY-
1 2
BaTucA piBHicTh a3 = a6. IlepeBipumo ii, Hampukjaazn, OJad

m 1

a = —-1. Ba dopmymoo an =%a™ maemo: (-1)3 =9-1=-1, a

2
D6 =812 =%1=1; 1=-1.

1 2

Orxe, naa a < 0 orpumanmu, mo a3 # abé. Tomy BuUIlleHaBee-

He O3HAUEHHS CTeIleHs 3 APO0OBUM IOKA3HUKOM He PO3TIANaloTh
1

s Big’eMHUX 3HaueHb a. Hampuwiazn, supasu (—8)3; (—4)05;
1

(-1,3) 8 3micTy He MalOTh.
1 1 4
O6uucauru: 1) 252; 2) 64 3; 3) 361% 4) 32 5.
1
PosB’ssanna. 1) 252 = J25 =5,
1
- 1 1
2)64 3 = 3641 = 3/_ ==
) 64 4

3
3) 3615 = 362 = /363 =623 =63 = 216;
4 5
4 1 11 1
4)32 5 =939-4 —5/ - _—_Y¥- _ — _ -
) 324 3954  2¢ 16

1 1
Bi i .1)5; 2)— 3)216; 4)—.
irTmoBigme. 1) )4 ) )16
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............. Creninb 3 parioHaJIEPHUM ITOKa3HUKOM
2. Bracmueocmi Mae yci Ti cami BiacTmBocTi, mio i cre-
cmenensa IiHP 13 IiJINM IIOKa3HMKOM, a caMe:

d akmo a > 0, b > 0, p i ¢ — panioHaJbHi Yncaa, TO:

aP -a? = aP*q; (ab)P = aPbp;
aP :al = aP 9 a\ aP
(aP)? = aPy; b br’

Yei sragani BJIacTHBOCTI JIETKO [HOOBECTU, BUKOPHCTOBYIOUN
O3HAUEHHS CTeIeHs 3 paIlioHaJbHUM ITOKA3HMKOM i BJIACTHBOCTI
KOpPeHsA n-TO CTeleHdA, AKi MU JOBeJU B IOMepPeqHLOMY maparpadi.

HoBemeMo, HaNpUWKJAaJ, BJIACTHUBICTH AJA AOOYTKY CTeIeHiB.
3amnuIeMo palioHaJbHI uyncjaa p i ¢ AK Apobu 3 OJHAKOBUMU 3HA-
MeHHUKaMu (AK BijomMo, OyAb-AKi ABa ApOOM MOKHA 3aBXKAU 3BeE-
CTH JI0 CHiJILHOTO 3HAMEHHUKA).

k ok
Hexait p:%; q:72. Toxmi aP-al =at -at =4af -{ak =

k1+k2 ﬂ+k72
:(/akl-akZ :(/alirkZ =q t =aqat t =qgP*q,

Oroxe, aP? -al = aP*q,

Hnsa cremeHd 3 palioOHAJbHUM ITIOKAa3HUKOM CIPaBAKYIOTHCSA
i Taki ByIacTHUBOCTI:

d

akmo a > 0, b > 0, p — pamnioHaJdbpHe YHCIIO, TO
-p P
a b
aP = 1 g — == 5
a®? b a

11 4
SENEVEAY CopoctuTtu Bupas: 1) a2 -a 3;  2) x5 : x L2

4 1
3) (b5 5 HWy-y)L  5)(Bm3) s

o1 1 (1) 1
Poss’asanusda. 1)a2-a 3 =a2 \ 3) = a6;
4 4 4 s[4
wsixtoxs oyn 3oy s=b (3] b4
-1

1
4) (\/& YLyl =| gz ybT | = (yOBHLT) L = (y22) 1 = y22(D = 22

IR R (3] _,[1 1
5)(8m‘3)3:83-(m—3)3:~/8—1-m 3 zsg.mlzgm_
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sEheLeiell 3HaliTu 3HAYeHHSA BUPA3y:

3 1
1) 4995, 2)164; 3) 0,125 's.

PosB’aszaunuga. 1) 4905 = (72)705 = 72(-05) = 7-1 = l;
3 3 43
2)164 = (24 =274 = 23 = &;
! _4 _4 4 P
3) 0,125 '3 = (ﬁj g [l) 3 _ [§j3 (203 =2%5 =24 = 16,
1000 8 1

BigmoBign. 1) %; 2) 8; 3)16.

3ayBa:KuUMO, IO B OCTAaHHiNl 3amaui o0UMCIIEHHA MOKHa OyJ0
BUKOHATH 34 O3HAYEHHAM CTeIlleHs 3 APO6OBUM IOKa3HUKOM,
TOOTO, AK y 3amaui 1 mporo maparpada.

1 1 1Y
ety OGumenuru: 1) 363 : 36 6;  2) (7 2) T,

Poss’asaunuasa.
11 1_@3) 1,1 1
1)363 :36 6 =363 | 6) =363 6 = 362 = /36 = 6.
1\ 1(3 3
2”}2) -ﬂﬂ=72(ﬂ-ﬂﬁ=7w””=72=4a
BigmoBigsw. 1) 6; 2)49.

Hami po3rasiHeMO TOTOKHI MepeTBOPEeHHS BUPAasiB, 110 MiCTATH
cTereHi 3 IPOOOBUM ITOKA3HUKOM.

sttt Copoctrurtu Bupas: 1) (kb + y28)(xlbd — y25);
1 2 1 11y s
2) 3x3 (2—x3]—6x3; 3) [a&l +a2J — 2a4.

PosB’aszauus.
1) (15 + y28)(al5 — y25) = (x15)2 — (y25)2 = &3 — y5;

1 2 1 1 1
2) 3x3 (2 - x3j —6x3 = 6x3 —3x —6x3 = —-3x;

O - A DL U A D |
3)| a4t +a2 | —2a4 =|a4 | +2a4a2+|a2| —2a4 =
1 3 3 1
=a2 +2a4 +a—2a4 =a?2 +a.
Bigmosign. 1) x3 —y% 2)-3x; 3)a% +a.
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CopocTuTu BUpas

y0s %05 xy0B + yx05
x — x0Py05 |y — x0.5,05 x—y

i 3Ha#iT; #ioro 3HaUEHHA, AKIINO X = 25, y = 36.

Poss’asannsa. Beegemo mosHaueHHA: x0° = q; y%° = b,

Tomi x = (x9%)2 = a2; y = (y°°)2 = b2,

Maewmo:
b a a2b+b%a b a ab(a+b)
(az—ab bz—ab) a2 —b? :(a(a—b)_b(a—b)]'(a—b)(mb):
®>-a%)-ab _ (b-a)b+a) b+a yod +x05

Tab-(@a-b)la-b) (@a-b)a-b) b-a yob_x05
Y05 + x05 3605 42505 6+5
Y05 — x05 3605 —2505 65

Axmo x = 25, y = 36, To 11.

y0s 4 x05

Y05 — x05’ 11.

BignomoBizns.

FE T I )y A obuuciieHHA 3HAYEHb CTEIeHiB Y

3. O6uucnennsn OLIBIIOCTI KATBKYJIATOPIB BUKOPHUCTO-

cmenenic 3a 0onomozo0 | ByioTh KiaBinTy [xY] (V AAKMX Kab-

KanbvKynamopa . - =
KyJasaTopax Ile KJaBilma abo ).

sEher el OGUMCINTH 3 TOUHICTIO IO THUCAUYHUX S1:2,

PosB’asanuda. CnouaTKy BBOJMMO OCHOBY CTEII€HS — YMC-
Jo 8, IOTIiM HATHCKaEMO KJIABIIIy , Iaji — MOKa3HUK CTe-
meua 1,2 i xkaasimnry E‘ OKpYyIJII0EMO OTPUMAaHE 3HAUEHHS IO
tucaunux: 812 = 12,126.
3ayBasKUMO, IO B AEAKNX KAJbKYJIATOPax IOPAJOK ob0umc-
JIeHb MO)Ke OyTH iHIINM, TOMY Iiepel, BUKOPUCTAHHAM KaJbKy-

JATOpa paguMoO O3HAMOMHUTHCSA 3 iHCTpyKIiero. Takok 3a mIoIIo-
MOTOI0 KaJbKYJIATOPA MOKHA 3HAXOAUTH 3HAUEHHS KOPEHiB 1-To

CTeTeHs.

Y meAKuX KaJbKYJSATOPax € KJaBimia (abo momibma), 110
I03BOJIsIE BUKOHYBATH TaKi oOuwmcienHs Oesmocepenubo. SKIIO
TaKa KJasilla BifcyTHs, TO 00UYMCJIEHHA BUKOHYIOTh, KOPUCTYIO-

yucsa popmyaoio '{/Z =an.
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sEhevetely) OOUMCINUTH 3 TOYHICTIO IO TUCAYHUX 5.
1

PosB’sa3aHHA. UE = 57, CxeMa 00UMCIIEHHS MOXKe OyTH TAKOO:

50l || (2] =]l7]])]]=

Maewmo: 3/5 ~1,258.

~ __,/ﬂ;f/r-
K 2Ly ﬁniwe... ITonammsa cmenens 6yno gidome we y [aeHiil
A we p «—— TIpeuii ma Baginoni. Keadpam i kyo wucaa eu-

Qe Kopucmosyeany 8i0nogioHo 0.4 3HAX00NCeH-
Ha naowi keadpama ma 06’emy kyoa. Cynachi noO3HALEHHSA CMenens
y suensdi a?, a’, ... y XVII cm. egié Pene Jlexapm (1596—1650).

ITousmmas npo 0pobos8i noKas3HUKU cmenexs i Hallnpocmiwi npa-
ausaa 0iit Had cmenenamu 3 Opo6osumu noxkasHuxkamu 6 1368 p.
surnas ppanyysvruit mamemamurx Hirxona Opem (1323—-1382).
Thwuit @panyyserxuit. mamemamurx Hikoaa Illwke (1445 — oOa.
1500) y mpaxmami «Hayka npo wucao» (1484 p., onybrixosaro
6 1848 p. y Jlioni) ynepwe po3zasHys cmeneHi 3 6i0’eMHUM ma
HYJLbOBUM NOKASHUKAMU.

Himeuyvruit mamemamurx Mixaenv IlImugensv (1487—1567) das
osnauenns a’ = 1, de a # 0, ma 66i6 mepmin nokasuuk (ue 6y-
K6aNbHUlL nepexaad 3 HiMeybKol ca08a exponent ), HiMeybke CI080
potenzieren o3nauae nidHecenns 0o cmenens. I'oanandcvruil ma-

memamux ma inxicenep Cumon Cmesin (1548-1620) sanponony-
1

. - . n
eas nid sanucom an pogymimu Na.

@ Cchopmyntonite O3HaAYEHHs1 CTEMeHs 3 APOOOBUM MOKA3HMKOM.
@ Cchopmyntonite BNacTMBOCTI CTeneHs 3 Apo6OBUMM MOKa3HMKOM.
@ Ak 06UNCNNTM 3HAYEHHST CTEMEHS 3a AONOMOIOH0 KanbKynsaTopa?

$ Fosb’axims 3agavi ma bukonaime bnpabu

@ SanuiriTe cTemiHb 3 APOOOBMM MOKA3HUKOM Y BHUIVIALL KoOpe-

s (5.1-5.2):
1 1 4 1
5.1. 1) az; 2) 43; 3) 75; 4) 8 4;
2
5) t 3; 6) 39-2; 7) 1413, 8) p 12
1 1 5 1
5.2. 1) 72; 2) a4; 3) 86; 4) p 3;
4
5)m 5;  6) 504 7) 15 8) m08,
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3aMiHiTh cTemeHeM 3 APOOOBUM IIOKA3HUKOM apuPMeTUUHHUH KO-
piub (IiTepamMu mo3HadeHO momaTHi uucia) (5.3—5.4):

53.1)v3;  2)¥a;  3) b3, 4) Wm3,
54. )p; 2011 3)Y25; 4 Yas.

{2 3amMiHiTh Ha KOpeHi cTemeHi 3 TpoOOBMM MOKa3HUKOM (5.5—5.6):

2 4 1
5.5.1) 7p 3; 2) -9m7; 3) (2m) s;
4 1 3
4) (a — b)g; 5) pZ — bZ; 6) axl,s + by—l,z‘
_1 3 1
5.6. 1) 4m 8; 2) -10a7; 3) (8m) 7;
3 2
4) (x+2y)B;  5) 5 +bs5; 6) xa 15 + yb25,
O6uucaits (5.7—5.8):
1 1 _1 3
5.7. 1) 642; 2)100 2; 3) 216 3; 4) 0,042;
5 2 _4
2 3 10
5)0,1253%  6)0,00001%4 7)[32|%  gl2=|°
8 27
1 _1 1 2
5.8. 1) 92; 2)121 2; 3) 164; 4) 0,0083;
1 1 17\ s
5) 0,0016 4; 6) 0,3605; 7) [11—) . 8) (4—} °
9 27
5.9. 3anuIiTs BUpas y BUIVIALL CTEIEeHsS 3 OCHOBOIO 4
11 13 1 11
1) a4as; 2) a 8as; 3) ata 3; 4) a8 : a9

9
1o 41 1\*® 2Y10
5) a3 :a 2; 6)a 7 :a 21 7)((18} ; 8)({1 3J .

5.10. 3anurmrite Bupas y BUTJIALL CTEeIIeHA 3 OCHOBOIO b:
11 1 1 1 1 1
1) b3b2; 2) b 10p2; 3) b2b 8; 4) b4 : b8;

10

11 31 1) 3\ a7

5) b5 : b 15; 6)b 8 :b 24; 7)(b3]; 8)[b5j .
CupocriTs Bupas (5.11-5.12):

4 1,4 3 1,6
5.11. 1) (a%2)"* a034; 2) (b?] .(b‘gJ :
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p8p4 . mi8m—37
85 4) masm 6.4
p 8
A\L2 1\-L5
5.12. 1) (p®1)* - pOs; 2) (m3J (mﬁiJ ;
4 1
mim 21 al2q-1.8
3) o 4) albg-11°
m?21
O6uuciits (5.13—5.14):
11 1
5.13. 1) 4 2 - 45 - 408; 2) (1000 - 8)3;
1
L 1 4
3) (1000 - 8) 3; 4|18 -

1 1 1 1
5.14. 1) 816 -813 -81 4;  2) (64 -25)2;
1

3) (64 - 25)%- 4) (i : 64j_3
’ 27 '

ITomaiiTe Bupas y Buriaani cymu (5.15—5.16):

1 1) 22 1 1
5.15. 1) (a?» - b3Ja3b3; 2) | x4 —3j(x4 +3}
) 11y
3) (a5 - b5 ); 4) | p6 + tSJ )
1174 4 1 1
5.16. 1) x5y5 [x5 +y5]; 2) 7+m2j£7—m2}
1o )
3) [xz - az] ; 4) (m3,5 + n4’5) .

5.17. (Ycro). HYu mae smicT Bupas:
2 1 1 3 _4
1)43; 2)(-13)s; 3)(-25)2; 4)8%0,; 5)04; 6)0 7?

5.18. 3a JomOMOron KaJbKyJsATOpa 3HAWAITh 3HAUEHHS BHPA3y
(pesyabTaT OKPYIJIiTh A0 TUCAUHUX):
2
1) 218; 2) 3,412 3)75;  4) V13,
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5.19. 3a momoMOron KaJbKYJIATOpPa 3HAWIITh 3HAUEHHS BUPa3y
(pesyabTaT OKPYIJIITH 0 COTUX):

3
1) 309  2)4,7-23 3)47;  4) 9o,
@ 3ualigiTe 3HaueHHsa Bupasy (5.20—5.21):

3 5 2 110

5.20. 1) 164 +(0,5) 5 2) (273 +1253 +83] ;
1 12
3)810:25.8 3 —32 5 -273;

-0,5
1) (0,25) + 815 — (0,0001) > .(SJ _

1Y) S D
5.21. 1) 0,00169:25 +| — | "5 2)81025. = +83.0,01°15,
81 9
1,5
2 (1Yz 1 1 2 5 (1)
3) |83 +(§) +1253 | ; 4)(0,125) 3 + 2163 —(0,25) :(gj )
5.22. 3HalgiTe obysacTh BU3HAUEHHA QPYHKITIT:

2 3 1
Dy=x7; 2)y=x4 3 y=(x-2)%% 4)y=(x2+2x)8.

5.23. 3uaiigiTh momycTUMi 3HaUEeHHS 3MiHHOI y BHpasi:

1 4 2
1) m3; 2) p 5; 3) (a +2)b4 4) (4x — x2) 7.
ITopaiire y Buraazni crenens (5.24—5.25):

4 -2
5.24. 1) (x3§/x_8 J : 2) {x : Yx3)-20,

4 -3
5.25. 1) (aﬂ/a_S J : 2) Yad : Ya)12,

O6uwmcaits (5.26—5.27):

Bt 1 5 160+4 . 90,5
526.1)|2 7 - 40,1, 2) 818 -27 6 .925  3) ——;
40,3 . 86
3

1 3
4) (20,5)—0,5 (0,5 5) (%/ﬂ%/g) %6 [g] ’
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1

_1)\b8 1 943042 . 0,6
527.1)|5 9| -2501; 2)16025.8 6 .4075; R Je
8103 . 30,1
9 4
_ _ 4 3
4) [\6/28. /2%] s 5) (%) (0,2) " 6)(4\/57}

Cupocrits Bupas (5.28—5.31):
3

2\2 3 1 1
5.28. 1)[%‘3}2; 2) (81x®)4;  3)(64t7°)3; 4)(0,25a705 ).

2 1 3
5.29.1) (8m'); 2)(16a*)4; 3)(0,0016b*); 4) (SC‘GJ ?

) 11?1 1y
5.30. 1) (4 - x05) + 8x05; 2) [az +b4j —[a2 —b4J ;

11y 1 1 1 1
3) (2x4 + x3j —4x12; 4) (azl + IJ(M - lj {a2 + 1].
1?1 (5,2 1]2
5.31. 1) (\/E + b2j - (aZ - \/Z] ; 2)\3a2 +a2) —6ad.
5.32. CupocTiTh BUpas
( 1 §j[ 13 j ( 1 §j( 13 ]
a2 —b2)la+a2b2 +b3)+\a2 +b2)\a—-a2b2 + b3
Ta 3HAWOITL oro 3maueHHdA, AKIo a = 4, b = 2100.

Bunecith 3a gy:KKHM CIiIbHUHE MHOXKHUK (5.33—5.34):

2 1 1 1 1
5.33. 1) x — 2x3; 2) m2 + 3m4; 3) ab5 + bas;
1 1 1 1 3 3
4) (ab)2 - (ac)z; 5) 123 — 43; 6) 184 — 154,
1 1 1 1 1
5.34. 1) a + 3as8; 2) a3 + 4a4; 3) mn2 + m3n;
3 3 1 1 3 3
4) (ax)s + (bx)s; 5) 62 + 22; 6) 128 — 88,

3a dopmynow a2 -b2 =(a—-b)(a+b) PO3KIAMITE HA MHOMKHU-
Ku (5.35—5.36):

2 2 4 6

5.35. 1) 5 — m?; 2) a3 — x3; 3) x7 — y13;
4)9m —-n, nem >0, n > 0.

2 2 8 2

5.36. 1) a2 - T7; 2) p5 — q5; 3) m9 —nT;

4) a — 25b, ne a > 0, b > 0.
55

MpaBo Anst 6e3onnaTHOro PO3MilLleHHs MigpyYHUKa B Mepexi I[HTepHeT mae
>TBO OCBITY i Hayku YkpaiHu https://mon.gov.ua Ta [HCTUTYT MoaepHi3auii 3amicTy ocBiTu https://imz



Cxkoporits api6 (5.37—5.38):

1 1
5.37. 1) l ’ 2) l l N ) W,
x2+5 a2 —Ta4
1
a%5p — p05g m —b5m2 %0505 1 2x
bloa — alsp’ %) ER %) dx-y
5m — m2
1 1
m —3ms3 0,5 1 0.5 x —9x2 -
538.1) —5—— 2) rory ;0 3) 3 i 4) &-
= x-y 2 a%5p%° +3a
m3 —3 x2 —9x
@ IlopiBuatiTe uncaa (5.39—5.40):
1 1 1 1
5.39. 1) 32 i 53; 2)2 6 i 3 8.
1 1 _1 _1
5.40. 1) 24 i 35; 2)3 214 s,

Cupocrits Bupas (5.41—5.42):

1

a-1 a2-1 !

5.41. 1) — i —— — 2a2;
a-a2+1 a2+1
x0-5 3 x
2 - + .
)x0’5—3 x05+3 9-x
3 3 11
X2 +y2 X — - =
5.42.1) V. TV oxaye
xE—yE x—x§y§+y
m 1 m0°

2)

- + .
1-m m0+1 mb5-1
5.43. loBeniTs, 110 3HAUEHHS BUPA3y
( 1 1 }_1'a2+ab+b2

+
11 11 a3 — b3

a+a2b2  a-a2b2
He 3aJIeKUTDH BiJ 3HAUeHHS 3MIiHHUX.

5.44. JloBeniTh, 110 3HAUEHHS BUPA3Y
a+b (5a0’5 +005  5a%5 — b0’5j

: +
a—-25b \a% —5p05 05 4 5p05
HE 3aJIeXKUTH BiJ 3HAUeHHS 3MiHHUX.
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5.45. CupocTiTh BUpas:

1 1 1 1
2vab | a2 -b2 N a2 + b2
) 1 1 1 1
ab2 +a2b ab2 —a2b

Ta 3HALAITL Oro 3HaUueHHdA, AKIMo a = 3, b= 7.

@ Xummeba mamemamuxka

5.46. esaxa mozenb cmaprdona KomiTyBasa 3500 rpH. 3romom
miny 3au3uam a0 2800 rpu. Ha cKinbKM BifICOTKIB mopermeBImaaa
s MoJeJb cMapTdoua?

a-b

H Tligzomyimecs go bubuenns Hobozo mamepiany

5.47. IToGyayiiTe rpadix pyHKIii Ta mpuragaiite il BJaCTHBOCTI:
1
) y=ux 2)y = x% 3)y=;; 4)y =x.

5.48. YcraHOBITH Ha cBili KoM foTep (IyIaHIIeT abo TesedoH) OTHY
3 Iporpam Ajid mooymoBu rpadikis GyHKIIIH Ta mobyamyiiTe 3a
JOIIOMOTOIO ITi€l mporpamu rpadikm QyHKIIH 3 IOIepeaHbLOro

. - 1
3aBmaHHA Ta rpadiku QyHKOiE y=x3, y=x%, y= -
x

CTENEHEBI ®YHKUI,
IX BTACTUBOCTI TA TPA®IKUN

""""""" ‘ dysKUio Buraany y = x%, me o — ge-

1. Cmenenesa
. s sgKe CTajJie YHCJI0, HAa3UBAIOTh cmene-
QyunKUia
Hee8o010.

1
Hanpuraag, y = x3, y=x%2, y=x 3 — crenenesi QyHKIii.
BaactuBocTi creneneBux (GyHKIIiH Ta BUTIAA iX rpadikiB sa-
JeXKaTh Big BuAy umcja o. PO3T/IAHEMO CTelleHeBY (PYHKIIiIO I
PisHMX BHIOIB UMCJIa O, YBAKAIOUM O PAI[IOHAJLHIM YMCJIOM.
Bunanok, xoau oo € N, Mu geTajabHO PO3TIAHyJu B 1I. 1 § 3.

------------- Hexait o = 0. Toxi maemMo (QyHKIIiIO
2. Qyuryis y = x*%, y = x0, Aka BusHaueHa JJA BCixX 3HA-
akuwo a=0 geHb x, kpim 0, 60 Bupas 0° He mae

amicTy. Ockinbkm x° = 1 opu x = 0,
To QyHKIiA HabyBae juliie ogHOro 3HaueHHsA: y = 1. 'padik 3a-
OpasKeHo Ha MaJIloHKY 6.1.
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14
-9 -2
Maui. 6.1 Maz. 6.2

TIIIIIIITITE 2y YV ubomy BUIaAKy (QyHKIIIA BU3HaUe-
3. Dynryia y = x%, Ha AJd BCix 3HaueHb x, Kpim x = 0.
de 0. — yine 6i0’emHue Armo o = —1, To maTumemMo QyHK-
wUCcno . o 1 .
mito y = x~ 1, Tobro y = —, rpadikom

x

AKoi € rimepbOosa (man. 6.2). PyuKIia cmamzae Ha KOXKHOMY 3
npomizkKiB (—°°0; 0) i (0; +°°), € HemapHOI0, ToMy ii rpadik
CUMETPUYHUHA BiJHOCHO IIOYATKY KOOPAMHAT.

Ti cami BmacTuBOCTi Mae QyHKIiA y = x* pag OyIb-AKOrO IIijo-

o Bif’€MHOTO HeIapHoro o, Tooro xKoiam o = —1; —3; —5; .... Cxe-
MatTuyHO rpadix GyHKOil y = x%, ge o — Iijse Bix’eMHe HemapHe
YKCJI0, 300paskeHo Ha MaJIIOHKY 6.3.

. 1
Ao o = —2, MmaemMo QYHKIIO y = x~2, T06TO Y = — DyHK-
x

mia — mapHa, ToMy ii rpadik cuMeTpHMUHHUIN BiZHOCHO OCi opaum-
Har. Ii rpadik 300paskeHo Ha MamoOHKY 6.4. ®yHKIia 3pocTae Ha
npoMikKy (—20; 0) i cmagae Ha mpomixkKy (0; +00).

Ti cami BmacTmBoCcTi Mae QYHKIA y = x* Aasa OyAb-IKOTO
Bi’eMHOro mapHOro umcja o, ToOTO Koaum o = —2; —4; —6; ...
Cxemaruuno rpadik ¢yHKIII y = x%, ge o — mije Bix’eMHe mapHe
YHMCJI0, 300paskeHo Ha MaJIOHKY 6.5.

Y

=x%
y==x°
o — mapHe

"Ny
21 \a— HeImapHe
1 Big’emHe
-2 Bim’eMHe
-1 (01 2 x 1
-1 1
-2 0 1 =
0 x
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KWK N XK NE XK NERE N RE XS\
TR S I I ETEITITITTITIT Yy YV BumagKky, Koam o — AOJATHe, aJie

4. Oynryia y = x%, He IIijle uKcJio, 00JIaCTI0O BU3HAUEHHHA
de o — He yine dyurmii € npomimkor [0; +0o9).
dodammne wucno OckinbKku 00JaCTh BUBHAUEHHS HE €

CUMETPUYHOI0O BiTHOCHO HYJSd, TO
dyHKIiS — HiI mapua, Hi HemapHa. Ha manionky 6.6 300paskeHo
3 4
rpadikm QyHKIiN y=x4 i y=x3 Ta O HAOUHOCTI iX B3aeM-
HOTO po3TarryBaHHA rpadik GyHKIIl y = x.
Ha wmantouky 6.7 300pakeHo rpadixk GQyHKIHT y = x%, AKIIO
0 <a <1, aua madioHKy 6.8 — akiio o > 1, 1e o — He IIiJe uuc-
J0. Y KOXKHOMY i3 IIUX BUIAAKIB (GYHKI[is 3poCcTae Ha IPOMiKKY
[0; +00).

Yy Y
y=x%
y=x% o>1,
0<a<l o — He Iite
1—/ »
0 1 x 0 1 x
Man. 6.7 Maxn. 6.8
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S S S S S S S ST SN,
PP D) EDHEPHED IS ) D) D HEPHED HEPD) Yy IIbOMY BUIIAAKY 00J1aCTIO BU3HAUEH-

5. dynkyia y = x%, Ha € mpoMiskok (0; +00). dyHKIiA Hi
o — He Yine 6id’emne napua, Hi Hemapua. Ha manoHKY 6.9
YUCno 2

300paskeHo rpadik QyHKIII y = x 3.
Ha manrorky 6.10 cxematuyHo 3o0paskeHo rpadik ¢yHKIil y = x%,
me o < 0 — me 1mije. PyHKIIIA B IIbOMY BUOAAKY cuagae Ha (0; +00).

¥ y

(. y = xo

g a <0,

4 o — He IIiye
3_

21 14

1.

0

Mau. 6.10

VYzarambHUMO BCi 3rajlaHi BUINlEe BJIACTHUBOCTI (QYHKINI y = x¢
y Buraani tadsaui (c. 61).

------------- Ao m < 0, To piBHAHHA X* = M KO-
7. Pienanna x*=m, peniB He mae. dxkmo m = 01i a > 0, To
de o — ne yine, a € R. piBHaHHA x* = 0 Mae equHUI PO3B’A-
30K x = 0. Armo :x m =01ia <0, To

piBHauHA x* =0 po3B’A3KiB He Mae.

Axmio m > 0, piBHAHHS X% = m Mae€ €IWHUNA KOPiHb, OCKiJb-
Ku rpadiku QyHKIiA y =x* i y =m, ge m > 0, aK y BUNIaAKY He
I[iJIoro AOZATHOrO O, TAaK ¥ y BHUIIQAKY He IiJIOro Big’ eMHOI0O o,
mepeTUHAIOThCA B ofHii Touri. I1[06 3HaiiTu el eJUHUN PO3B’ -
30K, Tpeba JiBy i mpaBy YacTWHU PiBHAHHSA X% = m MigHECTH 0

1 1 1 1
CTeleHd P Maemo: (x*)o = ma, Toni x = mo.

CucremaTusyemMo AaHi Ipo PO3B’SABKU PiBHAHHA X* = m y BH-
TJIAOL CXeMu:

| x%=m, ge o. — He wide, d € R |

— v

1 Axmo Axmo m < 0,
Armo m > 0, To x = mo m=0 TO KOPeHiB HeMae
mpu o > 0 npu o < 0
x=0 KOpeHiB HeMae
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1 ‘ 1 ‘ ‘ _ « BHHRIBIID
(co+10) | - (co+ £0) (co+ £0) (0 foo-) - - | loteo) | o
¢ o o ¢ BHHRLOOdE
_ (co+ ‘0] (0 fco-) - - (0o teo—) | (cot 0] mKTINOAT ]
BH
eHdRIIOH
H ‘eH ~denon eHde]] eHdeLO endeyy eHdeLIO endeyy ILomderon
-Mwn 1 1 ‘en ‘arotader]
*H | _den H
(0 > fi) qwotr
B B - 0> B 0> B -BLOOMNEBHE
0<x (0 < f)
0<Xx 0<x 0<xo00Qe()>Xx 0<x 0<Xxo00e(Q>X 0<x ooge 9LOTIBLD
0>x -0MBHE
- 0=2x - — - 0=x 0=Xx IIIMHAD A
¢ ¢ ¢ ¢ « (PO ¢ 9HOhBHE
(co+ £0) | (co+ 0] (co+ 10) (co+ :0) M (0 *o0-) I (0ot foo—) | (oot 0] S——
(0o £0) | (o £0] | (oo £0) M (0 foo-) | oo+ $0) M (0 fo0-) | (co+ #0) M (0 fo0-) | (o foo-) | (o foo—) | FHEIREIENS
4LOBI'Q)
OHINJ X149 | 9HLBYOX oHdeLOH oHden
‘. OHID X19 OHIND Y19
OL'III 9H | OL'III 9H o ¢ 0="m oHdrredAL | oHaredAL
o R ouden — o ondemon — 0 H _ D eH _ p | 1ooaMIDEIg

»X = fi BIMMHAD
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105 imen i B Po3B’AyxeMo PiBHAHHA:
1

4 2
1) x3 =2; 2) x3 =b5; 3) x 3 =4;
3 3
( 1]3 ( g]z 3 _E)‘E 3
x3 :23; x3) =54 x 3 =4 2
3
x = 8. x =353, x = (22) 2;
BigmosBizgs. 8. x = 4125. x =23
Bizomosizgs. 125, xzé.
1
BigmoBigb. —.
Pl Pl 3

Icuye Beamxa KigbKicTs, mporpam,

8. lo6ydoea zpadixkie AKi maroTh 3Mory OyamyBaTm rpadikm

3a 00NoOM02010 GYHKIIIA, a moTiM ixX aHaJisyBaTwH.

Komn’romepa Ha manrorky 6.11 300paskeHo BikHO

onHi€el 3 mporpaM, 3a HOIIOMOTOI0 AKOL

mobygoBano rpadgiku ¢yt y = x%2 (seseHoro Koabopy),
3

y =x 4 (uepBOHOrO), y = x 3 (ciporo) i y = x~2 (cuHBOrO).

T Ty [
i T T JT |
| fii 1 0 L
R A
| | L
LT T T T T T i
r T
! '_'\}( L1
r A T A Sl
I T 1= "‘-‘a:l_j ——=,
_F_- : |_i E] 'L' ! TH 03 .} T I
r ! e i H
! AL | |
| NN 1
0 L O I T
| | |
[ | |
L ofpl i 100 I L I I
| | |
| I [

Maui. 6.11
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Cepen KOpHMCHMX OIIili MOAIOHMX mporpaM CJig BigsHauuTu
OIIIIil0 PYyXy Kypcopa B3HOB:K rpadika, 3a JOIOMOIOI0 SKOI MOXK-
Ha BCTAHOBJIOBATH KOOPAMHATH TOYOK rpadika, 3HAXOMKEeHHS
TOUKM IEePeTUHYy ABOX rpadikiB (3a momomororo Iiei omirii MoXK-
Ha, HATPUKJIAL, SHAXOAUTH HAOJIMKEeHWH pO3B’A30K DPiBHAHHS
BUrIAny x* =m, ne m € R), 30iJbIlleHHa UM 3MEHIIEHHS OKpe-
MUX OiJIAHOK rpadika ToIro.

@ SAky dyHKLUil0 Ha3nBalOTb cTeneHeBo? @ MNpuragarite BNacTnBo-

Q CTi uiei dyHKuii Ta BUNSAA ii rpadhika ons pisHUX 3HayYeHb (MapHUX
Ta HenapHuWx) nokasHuka cTteneHs. ® Cdopmynionte BNacTUBOCTI
cTeneHeBol PYHKLii y = x® 3anexHo Bif 3HAYEHHs o. @ K po3B’sa-
3aTW PIBHAHHA X% = m, Oe o — He uine 4ncno?

$ Fosb’sximo 3agaui ma bukonaime bnpabu

@ 6.1. (Ycno). Yraxirs, aki 3 faHnx QYHKIN € cTelleHeBUMMU:
1

1) y = x%; 2) y = 2x — x%; 3 y=ux 3
3
4) y = x4 5) y = Yx; 6) y = 5.

6.2. (VcHo). Busunaure, Ha AKOMY 3 MaJOHKIB 6.12—6.17 cxema-
4

THYHO 306paskeHo rpadik GyHkrmii y = x3, y = x3, y = x4?

6.3. Ha axomy 3 mMaaoHKIiB 6.12—6.17 cxemaTHuyHO 300paKeHO
rpadik QyHKIIl y = x2, HA AKOMY — y = X°, a HA AKOMY —
1
y= x 39

Yy Y

Mau. 6.12 Mau. 6.13 Mau. 6.14

0
7 x 0 x 0 x

Mau. 6.15 Max. 6.16 Max. 6.17
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CxemaTnuro mooyayiTe rpadik pyHKIiI Ta 3anumrits ii BJia-
ctuBocTi (6.4—6.5):
2

64.1)y=x5 2) y = x3.

6.5.1) y = x4 2)y = x_é.

Posp’s:xkiTes piBHAHEA (6.6—6.7):

6.6. 1) x% =2; 2) x0-25 = Q; 3) xé =1; 4) x% = 3.
6.7. 1) xi =1; 2) x% = 0; 3) xé = 4; 4) x95 = 5,

1

@ 6.8. ITo6yxayiite Tpadik dyHKII y = x4. 3a JOIOMOroo rpa-
(dixka 3HAUAITH:
1) sHauenHsa QyHKIII nisa 3HaueHHA aprymenty 0,5; 16;
2) 3BHAUeHHs AapryMeHTy, III0 BiAMIOBiZaOTh 3HAYEHHAM
dyuxmii 1; 1,5.

1

6.9. IloOynyiite rpadixk dysrnii y = x3. 3a momomorow rpadika
3HAUAITH:
1) sHauenHsa (QYHKIII, 110 BiAIOBiZae 3HAUEHHIO apryMeHTY
0,5; 8;
2) 3BHAUeHHs AapryMeHTy, III0 BiAMIOBiZalOTh 3HAYEHHAM
dyuarmii 1; 1,5.

ITo6ynyiiTe rpadik GyHuKIii Ta samumrits ii BaacTuBocTi (6.10—

6.11):
2
6.10. 1) y = 2 + x3; 2)y=(x—-2)5.
5
6.11. 1) y=x2-3; 2)y=(x+14.

Posp’sokiTes piBuAHHA (6.12—6.13):

1 1
6.12. 1) (x —3)z2 = 5; 2) (x +1)%5=0; 3)(x-2)3=0;
1
4) (x2-2)95 =T, 5)(x2-6x)3=3; 6)(x2+x)" = %

1
6.13. 1) (x +2)3 = 4; 2) (x — 4)%4 = 0;
3) (2% + 205 =6;  4)(x2-2x)" = é

ITopiBusaiite unciaa (6.14—6.15):

6.14. 1) 71,24 7,21.2; 2) 1,804 2704,
1 1
6.15. 1) 38 i 28; 2) 564,86,
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@/ 6.16. Haxpecrits rpadik dysknii y = (x + 3)0’8 — 2 ra 3anu-
nIiTh ii BJIaCTHUBOCTI.

. . 1,2 .
6.17. Haxpecrits rpadix dysrnii y = (x —1) " + 3 Ta sanumiTs
ii BIacTuBOCTI.

Posp’s:xkiTh piBHAHHA (6.18—6.21):

2
6.18. 1) (x2 —7x)3 = 4; 9 (x2-9)°" - L,
0,75 2
6.19.1) (x2+6x) " =8; 2)(x2+4)3 = 5
i1
6.20. x2 + x4 -6 =0.
1 1

6.21. x3 +3x6 —4 = 0.

6.22. (IIpaxmuune 3a80anHs.) 3a JOIIOMOTOIO OYIb-IKOI KOMII O-
TepHOI mporpamMm AJsA moOymoBu rpadikiB, moOymyiiTe rpa-
_2
bikn ymrumin y=x%8, y=x 5, y=x5, y=x* ta zamos-
HiTH TaGJIHIlIO.

Ne 3aBIaHHdg y = x%8 - |ly=ab8|y=xt

1 |3uaiiTu 3HAUEHHS
(PyHKIIiI, 10 BiAIIOBI-
Jae 3HaYEeHHIO apry-
MmeHTa: x = 1,5

x=3

x=4

2 |3HalTHh 3HAUYEeHHA
apryMeHTa, IO Bif-
IOBifae 3HaUeHHIO
dyuarnii: y = 0,5
y=1

y=15

3 |3HaliTu HaOIMKEeHUN 08 _
po3B’s30K piBHsamHa |X° =15

~

ot o

x5 =5|x*=3

X = X =~

® R
I
&
o

Q
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@ Kummeba mamemamuxa

6.23. Ilokonanka komTye 16 rpmBeHL. ¥ BU- P §
XigHi B cymepMapKeTi mie creriajbHa IIPOIIO3U- ; AK“IHI

Iid: B3amJaTWUBIIM 3a TPU IIIOKOJALKU, IIO- . 3
KyIlellb OTPUMYe YOTUPH (OOHY B TOZAPYHOK). KYMYW &,
SKy MaxcuMaJIbHY KiJbKIiCTH ITIOKOJIAZOK Ma- OTPUMYM

THMe NOKyIemnb, o pospaxysascsa sa Hux Ha  |B MOJAPYHOK
Kaci, AKII0 BiH IJIaHYBaB BUTPATUTH HA KYIMiB- 1 m
JITO ITTOKOJIaIOK He Ginbire Hixk 100 rpuBeHsb?

Tigzomyiimecs go bubueHns Hobozo mamepiany

6.24. Y AABC ZC =90°, AC =12, BC = 5, AB = 13 (max. 6.18).

3HaNgiTE: B

1) sinA; 2) cosB; 3) tgA; 13

4) cosA; 5) tgB; 6) sinB. 45
6.25. O0uncIIiTh: A 12 c

1) sin30°; 2) V2 cos45°; Moy, 6.18

3) tg120° — tg60°; 4) cos2150°;

5) sin120° — co0s30°; 6) (cos120° + 5tg45°)2.

6.26. 3HalAiTL 3a JOIOMOTOI0 KaJbKyJIaTopa ado KoMI’oTepa:
1) sin15°; 2) cos48°; 3) tg138°;
4) sin130°45’; 5) cos107°30’; 6) tgl13°15'.

ﬁfaﬁpﬁum c“"‘j“y
..--L_-—J“——-—'_"'//

1611 pory nimeyvruil ginocoq) i euenuil Ho-
2ann Kenaep nocmaeue odne 3 Hailckaadmi-
Wux numansv Yy mamemamuyi — 3adaiy npo
naKyeoHHa Kyab (3a0auy KomOGiHAmMOPHOL zeo-
Mmempii npo Ppo3MiuleHHS O0HAKOBUX KYJb
8 egkaidosoMYy npocmopi 6e3 ix 83aEMHOZ0 ne-
pemuHaHrHs). 3Hado6unocs noHad UYomupu
cmoaimma, abu po3g’sazamu 00uH 3 Ui OKpemux
eunadxkis. I 3pobuna uye ykpainka Mapuna
B’a3o06cbka. Bona 3ymiaa 3anakyeamu KyJi y
8- ma 24-eumipromy npocmopax i 15 6epesnus 2016 poxy onybaikysana
CB0€E PO3B’A3AHHA, AKe MAMEMAMUKU BUSHAAU K Oyice eslecaHmHe i
JaKorniyHe. 3a ue OdocazhenHs Mapuny B’a306cvky OYno 6i03HaALeHO
«IIpemieto Canema» — 00HI€I0 3 HAUNPECTMUMCHIWUX npeMiil, W0 € aHa-
Jn0zom Hobenigcvkoi npemii, ane 0ns MOL00UX MAMEMAMUKIB.
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TPUTOHOMETPUYHI

ﬁ

N

N
Rals

OYHKLUII

Y IbOMY PO3IIJII MU

npuzadaemo BifoMocTi 3 reome-
Tpii mpo cuHyc, KOCHMHYC i TaH-
TeHC KyTa TPUKYTHUKA;

didnaemoca IIPO pamiaHHy Mipy
KyTa; TPUTOHOMETpWYHi (HyHKIiT
KyTa Ta YUCJIOBOTO apryMeHTa; oc-
HOBHi CITiBBiIHOIIIEHHS MiXK TpH-
TOHOMETPUYHUMYU (DYHKIigAMU;

Haé4wumoca TepexoauTHu Bim pa-
niaHHOI MipuM KyTa IO TrpaaycHOI
i HaBIaKu; IIepPeTBOPIOBATU TPU-
TOHOMETPHUYHI Bupasu Ta obuuc-
JIIOBATH iX B3HaAUeHHdA; OyAyBaTH
rpadiku TPUTOHOMETPUYHUX
(GyHKIiA; po3B’A3yBaTH TPUIO-
HOMETPUYHI PiBHAHHA.
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'? CUHYC, KOCUHYC, TAHITEHC
O | KOTAHTEHC KYTA

3 Kypcy reomerpii HaMm yiKe BijomMoO, II[0 TaKe CHHYC, KOCHHYC
i Tarrenc kyra o, ge 0° < a < 180°. ¥V nmpomy maparpadi osmaiio-
MHUMOCA 3 HOHATTAMEU CHUHYyCa, KOCHHYyCA i TaHTeHca IOBiJILHOTO
KyTa, a TAKOXK 3 IOHATTSIM KOTAHI'e€HCa KyTa.

------------- Posrasaemo Koso pagmiyca R i3 1meHT-
1. Kymu dosinvroi poM y modaTky KoopauHaT (MaJ. 7.1).
6elUURU ITosmaunmo Ha gomaTHiii miBoci abc-

IMUC TOUKY A, sfKa HaJeKUTb KOJY.
Pagiyc OA 6ymemo Ha3UBaTH noYamrosum paodiycom.

ITosepuemo paziyc OA masrosio Touku O Ha 50° mpoTu pyxy
TOAUHHUKOBOI cTpinku, orpumaemo pazgiyc OB. Kyt AOB, arxwuii
y IpU IIOMY YTBOPUBCSH, HABUBAIOTH K-

B mom nogopomy. ¥ HaAIIOMy BUOAAKY KYT

moBopoTy mopiBHIOE 50°. IToBepHEMO Te-

\+ mep mouaTkoBuii pamiyc OA ma Kyt 50°

190° \A Y HaOpPAMKY PYyXy TOZUHHHUKOBOI CTpPiJ-
O\/-50° X KU, orpuMaemo pagiyc OC. ¥V oMy BH-
/ " magky KyT IoBOpOTY mopiBuIioe —50°. Ha

C MaJdioHKY 7.1 cTpiikaMu BKasaHo KyTHU
moBopoty 50° i —50° Ta HampsaM MOBOPO-
Man. 7.1 Ty. ¥Y3araini,

IIPH MOBOPOTi MOYATKOBOTO pajiiyca MPOTHU PYyXy TOXUHHU-
s KOBOI CTPiJIKM KyT IIOBOPOTY BBa’KAaIOTh TOJATHUM, a 3a
PYXOM TOIWHHHUKOBOIL CTPiiKu — Bim’emHuM (Mmasu. 7.1).

Kyt moBopory moxke OyTu Oyab-aKuUM umciaoM. Ha mMaJioH-
Ky 7.2 maemo KyTu mosopoty 120° i —170°.

B y y Y
. 120° 225°
0] ) A /I A (} A
x 0o x ° x
C¥ 1700 017360
B
Man. 7.2 Max. 7.3 Man. 7.4

ITokasxkemo ryT moBopoTy 225°. Ockimbru 225° = 180° + 45°,
IOBEepPHEMO IIOYaTKOBUHM pamiyc OA B momaTHOMY HaIpsaMi Ha
180°, a moTiMm y Tomy K Hanmpawmi mie Ha 45° (maza. 7.3). AKmio mo-
YaTKOBUM PaJiycoM BUKOHATH HMOBHUU 00EPT HPOTU PYXY TOAWH-
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HUKOBOI CTPiJIKM, TO OTPHUMAEMO KyT moBopoTy 360° (mai. 7.4).
ITouaTKoBMII pagiyc MOKHA IIOBEPHYTH i OLIBINI HiK Ha HOBHUI
00epT, HAIIpUKJIAJ, Ha MAJTIOHKY 7.5 MaeMo KyT mosopotry 440°.

SAKImIo mouaTKoOBUiI pajiyc MOBEPHYTH 3a PYXOM TOAUMHHHKOBOI
crpinku Ha 330°, TOOTO yV BifA’€MHOMY HANPAMi, OTPUMAEMO KYT
moBopotry —330° (mas. 7.6).

Ns y y
B
-330° B
~440° | 4 e A 140°\ 4
oV x 0l / x [0 x
Mau. 7.5 Mau. 7.6 Maun. 7.7

Hexait mpu nmoBopoTi Ha 40° mouarkoBuit pagiyc OA mepeiiinoB
y pagiyc OB (mazn. 7.7). ko micas mboro pamiyc OB moBepHY-
™ Ha KyT 360° abo —360°, To 3HOBY oTpumaemo pazxiyc OB. I3
IILOTO MOXKHA TifiTM BHUCHOBKY, IO pamiyc OA mepexoquTh y pa-
niyc OB sk mpu moBopoTi Ha KyT 40° + 360° = 400°, tak i mpu
moBopoTi Ha KyT 40° — 360° = —320°, Ta # ysaraji mpu mOBOPOTi
Ha KyT 40° + 360°k, me k — Oymb-sKe IIijie umcjo, To0TO kB € Z.

OueBumHO, IO W OYIL-AKUI KYT O MOJKHA IIOATH y BHU-
raagi o = oy + 360°k, ge 0 < o, < 360°, £ € Z. Hanpuxman,
1100° = 20° + 360° - 3, a —640° = 80° + 360° - (-2).

Cepen kytiB moBopoty 460°, —270°, 810°, —660°
3HAUTH Ti, IIPU MOBOPOTi HaA K1 MOYATKOBUM pajiyc mpuiime Te
caMe MOJIOMKEHHSA, I[0 I Ipy MOBOPOTi Ha KyT 90°.

PosB’asauuda. Ockiapru 460° = 100° + 360° - 1;

—270° = 90° + 360° - (—1); 810° = 90° + 360° - 2;

—-660° = 60° + 360° - (—2), To Takumu € Kyt —270° i 810°.
Bigmosigse. —270° i 810°.

Haramaemo, 110 KOOpAMHATHI oci AiiIATH y
KOODAMHATHY ILJIOIMHY HA YOTHUPU UBEPTi
(mag. 7.8). Hexaii mpu IOBOPOTi Ha KyT o HO-
yaTrkoBui pazxiyc OA mepeiimos y pazniyc OB,
TOAI KYyT O Ha3WBAKOThL KYTOM TOI UBEpTi, y 0] x
AKi#A micTuThea pamiyc OB. Tak, HanpukJan, 101 v
o = 50° — Kyr mepmoi uBeprti (maxa. 7.1),
o = 120° — xkyr apyroi uBepri (man. 7.2),
o = 225° — KyT TpeThoi uBepri (MmMana. 7.3),
o = —50° — KyT ueTBepTroi uBepri (Maya. 7.1).

II I

Max. 7.8
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Kyru 0°; £90°; £180°; £270°; +360°; ... He HaJIeKaTh *KOTHiN
YBEpPTi.

Kytom sikoi uBepTi € xkyT: 1) 1999°; 2) —2010°?
PosB’szaHHA.
1) 1999° = 199° + 360° - 5, Tomy 1999° — Kyt III uBepTi.
2) —=2010° = 150° + 360° - (—6), Tomy —2010° — xyT II uBepri.
BigmoBiasw. 1) xyt III uBepri; 2) Kyt II uBeprTi.

Hexait mpu moBopoTi HA KyT O IIOYaT-

2. O3nauenna cunyca, KoBUi paniyc OA meperIinos y pajmiyc
Kocunyca, manzenca, OB, mpuuyoMy Touka B Mae Koopau-
KoOmanzenca "Hatu (x; y) (man. 7.9).

‘ CtuCOM Kyma o Ha3uBAaIOThb Bi,Z[HOIIIeHHH OpaAMHATHA TOY-

3 y

K4 B mo moB:kuHHU paaiyca: sino = =
Kocunycom kyma o Ha3WBaIOTh BiTHONIEHHA abcHucH
. x
TOuKM B 0 MOB:KMHHU pagiyca: coso = =
Tanzencom Kyma o HA3UBAIOTh BiTHONIEHHS OPIUHATH
Touku B 1o ii adcuucu: tgo = ¥ (axmo x = 0).
x

Komanzencom Kyma o Ha3uBAKTh Bi,Z[HOIIIeHHH aﬁcuncn

x
Toukn B no il opgunatu: ctgo = — (axmo y = 0).

3ayBasKMMO, 110 BKal3aHi O3HAUEHHS HE CyllepedyaTh O3HAUEH-
HSAM CUHYCa, KOCWMHYyca i TanreHca KyTiB Bix 0° mo 180°, panimre
BBeIeHUM y reomerpii.

y y
B(x; y) .
y y Pa(x9 y)
R 1
oA el B
(0] x x (0] x 1 x
Maun. 7.9 Maun. 7.10
TEEEEIIEEEEEEEey dK BioMo 3 Kypcy reomerpii, 3Ha-
3. O0uruyne KOO yeHHA Sina, cosa i tgo, me

0° < a < 180°, zajesXuTh JIUIIE Bif
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rpagycHOI Mipu KyTa o i He 3aJIe:KUTh BiJl MOBMKUHU paniyca R.
Tomy 3py4HO PO3IIISAAATH K0JO 3 pagiycom R =1 i meHTpom y mo-
yaTKy KoopamHat (MaJ. 7.10). Take KoJi0 HAa3UBAIOTh 00UHULHUM
KOJLOM.

Hexaii mpu moBOpoTi Ha KyT o modaTkoBuii pazaiyc OP, me-
pexoauts y pagiyc OP,, me Touka P, mae KoopAauHaTH (X; V)
(man. 7.10). KamyTs, mo KyTy o BiAnmosizae Touka P, OfMHUYHO-
ro xkoJa. Toxi

‘ CUHYcOM Kyma o. Ha3UBAIOTh OpAuHATY Touku P (x; y)
¢ OIMHUYHOIO K0Ja, TOOTO sina = y;

KOCUHYCOM Kyma O. Ha3MBalOTh abOcuucy Touku P (x; y)
OAWHUYHOTIO KO0JIa, TOOTO COSO. = X;

manzencom Kyma O Ha3MBAIOTh BiTHOIIEHHA OPAUHATH
Touku P (x; y) omIMHMYHOrO Koja 1m0 ii abcumucu, TOOTO

tga = ¥ (axmo x = 0);
x

KOmaHnzeHcoM Kyma ¢ Ha3WBAIOTHh BiTHOIIEHHA a0CIUCH
Touku P (x; y) oquHMYHOro KoJia A0 ii opauMHATH, TOOTO

ctga =2 (sxmo y = 0).
y

OsHaueHHA TaHreHca MOXKHA chOpMYIIOBATH i TaK:

TAHI'€eHCOM KyTa O Ha3UBAIOTh Bi}IHOIIIeHHH CHHYCa IIbOro
s KyTa J0 HOro KOCHHYyca.
y sina

Cupasnai, ocKinbKmM y = sina, a x = cosa, To tgo === ,
X cosa

me coso # 0. Anasoriuno:

KOTAaHTreHCOM KyTa O HAa3WBAIOTh BiTHOIIEHHA KOCHHYyCA
s IIBOTO KyTa IO HMOT0 CHHYCA.

. X cosa .
Copasgi, ctga=—=——, ge sina = 0.
y sina

Bupasu sino i coso maroTh 3micT gasa OyAb-AKOrO 3HAYEH-
Ha o. Bupas tgo mae smict, xoau x # 0, To0TO Komm o # +90°,
+270°, £450°, ... , OCKiJIbKM mJs IIMX KYTiB abciimca BimImOBigHOI
TOYKM OAWMHUYHOIO KoOJIa HOPiBHIOE HYJO0. Bupas ctg o mae smicr,
ko y # 0, Tobro xosm o # 0°, £180°, £360°, ... , oCKisbKU [
IUX KYTiB opAWMHATA BiAIMOBiZHOI TOUKM OSMHUYHOTO KOJia JOPiB-
HIOE HYJIIO.

OT:Ke, KOKHOMY JOIYCTHUMOMY 3HAUEHHIO KyTa O BigmoBimae
eIuVHe 3HAUEHHA Sina, cosa, tga, ctgoa. Tomy cuHyCc, KOCHUHYC,
TAHTeHC i KOTAHTeHC € QYHKIIAME KyTa O. 1X HasMBaIOTH MPU20-
HOMEMPUYHUMU QYHKUIAMU KYyma.
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. TSI )y 3HalieMo 3HAUEHHA TPUTOHOMETPHUY-
4. Tpuzonomempuuni HuUX ¢QyeKOin kyrie 0°, 90°, 180°,
3HAYEHHA 0eaKux 270°, 360° 3a o3HAUEHHAM.

Kymie Ha opgurmusomy kouai (mas. 7.11)

nmosHaunMo Touku P, nna a = 0°; 90°;

180°; 270°; 360°. MaTumeMo:
y P (0: P,.(1; 0), Tomy sin0°=0; cos0°=1;

0-(05 1) 0 .
tg 0° = 0; ctg 0° — He icuye.

Py (1 0 | \B (15 0) Pyye(0; 1), Tomy sin90° = 1; cos 90°=0;

\Ovy%ew ¥ tg90° — He icHye; ctg 90° = 0.
Pyr-(0; -1)  Pigoe(—1; 0), TOMY sin180° = 0;
cos180° =-1; tg180°=0; ctgl180° —

Mau. 7.11 He icHye.
Py0(0; —1), TOMY sin 270° = —1;
cos270° =0; tg270° — me icuye; ctg270° = 0.

Touka Pgg) Mae Taki cami KoopauHATH, AK i TouKa Py, TOMY
sin360° = sin0° =0; c0s360° =cos0°=1; tg360°=1tg0°=0;
ctg 360° — me icHye.

ITomamo oTpumMaHi 3HAUEHHS y BUTJISAAL TaOJMUI, JOIOBHUBIIN
ii 3HAUYeHHAMU CUHYCA, KOCHMHYCAa 1 TaHTeHCA TOCTPUX 1 Tyomx
KyTiB, BijoMux Ham 3 Kypcy reomerpii. HeBimomi sHaueHHs TaH-
reHca i KoTaHreHca AJsd Iriel Tabamii odumcamMoO BiAIOBiZHO 3a

sina o
dbopmynamu tgo = i ctga =—— Kyrtu o mepimoro psaaka
cosa sina

miei Tabauni e HaBUBAOTH MmabaAuyHUMY Kymamu. Maemo:

a |0°]30°|45°|60°[90°|120°| 135° | 150° | 180°|270° | 360°
1 1
sina | 0 | — Q ﬁ 1 ﬁ Q — 0 -1 0
2 | 2|2 2 2 2
1 1
cosa | 1 ﬁ ﬁ -1 0| —= —Q —ﬁ -1 0 1
2 | 2|2 2 2 2
1 1
tgo | O 5 1 |J3| - |-V3| -1 VA o| -10
t J3 |1 1 0 - L 1 | -3 0
bt A Il M X T O T I

O6uncautu: ctgl35° + sin230°.
Poss’asamua. Kyru 135° i 30° € Tabinumunumu. OTike,

1 3
ctg135° + sin230° = —1 + (Ej = - =-0.75.

Bigmosigs. —0,75.
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I 666666 ddadd e\

5. 3naxodxncenna
MpPUZOHOMEMPULHUX
3HAYeHb 3a 00NO0MO02010
KanibKyaamopa

Ila sHaXomKeHHs CUHYyca, KOCUHYyca
i TaHreHca B KaJbKyJATOPaX € Bimmo-

BigHi Kaasimri Isin, |cos| i |tg|

(y meaxux KaJabKyJaaTOpax | tan ).

Coouatky mnepemurau «I'—-P» Tpeba

BHCTABUTH B IOJOMeHHA «I'» Iad s3agaHHA KyTiB y rpaaycax.
Y meaKux KaJbKyJaATOpPax Iie JOCATAETHCSA 3a JOIOMOTOI0 KJIaBi-

mti | MODE | i Bu6Gopy BigmoBimgHOTO peskuMy. 3ajie’KHO Bil THUITY

KaJbKYJIATOPIB IOCJIZOBHICTHL 00UYMCJIEHbP MOKe OyTH pisHOIO,
TOMY PagMMO YBajKHO O3HAMOMHUTHCS 3 iHCTPYKIIi€l0 IO BAaIlloro
KajgpKyJasaTopa. HaBemeMo MHOPSAAOK OOYMCIEeHBb IJA OABOX HAai-
OiJIBIII IIOIIMPEHNX TUIMNIB KaJbKYJIATOPIiB.

Peaymt'ra'r
Ilpuxman Ramlﬂ'crﬁlrf; oPH (;oT;:::I:{(;:?
THCAYHUX)
sin 28° ~ 0,4695
cos12°20' | [ 20| = [[60|| + |[12]] = ||cos| | =~ 0,9769
tg17° ~ 0,3057
ctg54° | |54]] te | |1/x| ~ 0,7265
Pesynb"ra'r
— Keeszamope O
THCIYHUX)
sin 28° |sin|[28]] = | ~ 0,4695
cos 12°20' |cos||12| °» |20| °”’|| = | ~ 0,9769
tg17° ltg || 17]]| = | ~ 0,3057
ctgsa || 1 || < |[te][54]] =] ~ 0,7265

B ocramaboMy pAAKY 000X TAOJAHUIh CKOPUCTAJNCS THUM, IO
KOTAHTeHC € YMCJIO0M, OOEpHEHUM [0 TaHTeHCA.
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e wjt;l‘;ilue“. Tepmin mpuzonomempis noxodums 6id zpeys-
A uie P it KUX CJi8 «MPUZOHOM» — MPUKYMHUK i «Mme-
S —— mpio» — 6uMmiplio, W0 pa3om O03HAYAE BUMI-
PHOGAHHA MPUKYMHUKLE.

ITompeba y sumiproeanri eidcmaneil i Kymie UHUKIA We Y cma-
podashi yacu uepe3 HeoOXiOHICMb BUSHAYEHHS NOJIOHEHHS 3iPOK HA
Hebi, Kopab.ie Yy 6i0Kpumomy mopi, KapaeaHis y nycmeni mouo.

Ilesaki sHanHA 3 mpuzoHomempii Hakonuyuau i 8ueni Cmapodas-
Hb020 Basgunony. 3acnHo8HUKaAMU K mpuzoHomempii NPUilHAMO
ssaxcamu dasHvozpeuvkux suenux I'inapxa (6a. 180 p. — 6a. 125 p.
0o H.e.) i ITmonemes (6. 100 p. — 6a. 178 p.). Sokpema, I'inapx
cKkaa8 mabauyi xopd — nepuli mpuzoHomempuiri maobauyi. Binvw
mouni mabauui cunycié cknaé IImoaemeii. Kpim yux mabauyp,
{1020 npays «Anvmazecm» MiCMULG MAKOH MO20UACHI 8i0omocmi 3
acmpoHOMii ma CYMiHHUX HAYK.

Y €sponi enepuwe mpuzonomempis sk camocmiilHa HAYKa mMpak-
myemucs Yy npauyi «II’amv KHUZ NPO MpuKymHuK ycix 6udie»
UHozanna Mwoanepa (1436—1476). Ilodanvwiuii po3sumox mpuzo-
Homempii 6i00yeca 3aedaxu Mukonaio Koneprury (1473—-1543),
®@pancya Biemy (1540-1603), Hozanny Kenaepy (1571-1630) i
06ys noé’szanuil 3 docniducennamu 6 acmporomii. Cyuacnozo 6u-
2n20y mpuzoHomempis Habyaa y npayax Jleonapda Eiinepa (1707—
1783), axuil ynepute cqhopmyr106a6 03HALEHHA MPULOHOMEMPULHUX
QyHKUilL, po32aaAHY8 ix 018 008iNbHUX KYymie ma 008i8 Kilbka mpu-
2OHOMEMPUYHUX POPMYJL.

Tepmin «curnyc» ynepuie 3’28u8csa Yy npaysix iHAiilcbK020 81eH020
Apiabxammu (476—550). TepmiH «KOCUHYC» € CKOPOYEHHAM AA-
MuHCbK020 «complementy sinus», mob6mo 000amKo8uil cCuHyc.

_Cyuacni nosnauenns «Sinx» i «COSX» ynepue 3anponoHyseas
Hozann Bepryani 6 1739 p. 6 aucmi o Eiinepa. Eiinep ix npuilnae
i cucmemamu3syeas.

Tepminu «maHzeHC» i «KOMAHzeHC» YB8edeHo apabCvbKum mame-
mamurxom A0y-u-Bepa (940-998 ). Bin e ckaas nepuwi mabruyi
MaH2eHCi6 | KOMAH2EeHCLE.

@ LLlo Ha3MBalOTb NOYATKOBUM pagiycCoM; KyTOM MOBOPOTY? @ Akun

Q KyT MOBOPOTY BBaXatoTb AOAATHMM, a AKUA — Big’eMHUM? @ Cdop-
MYSONTE O3HAYEHHHA CUHYCa, KOCWHYCa, TaHreHca i KoTaHreHca
KyTa a. @ fKe Kono HasuBakTb OAUHMYHUM? @ Ccdhopmyntonte
03HA4YeHHs1 CUMHYCa, KOCUHYCa, TaHreHca i KoTaHreHca KyTa o, 3aga-
HOrO Ha OAMHMYHOMY KOfi.

$ Posb axims 3agavi ma bukonaidme bnpabu

@ 7.1. (Ycuo.) KyTy o Ha OZMHMYHOMY KOJIi BifIOBiZae Touka
3

P (——; gj HassiTh 3HauenHsa sina i cosa.

5
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7.2. KyTy B HA OIMHWYHOMY KOJIi BiATIOBifae Touka P[3 (0,8; 0,6).
SanunriTh 3HaYeHHA sinf i cos .

3uatigite (7.3—7.4):

7.3. 1) sin45°; 2) cos 90°; 3) tg30°; 4) ctg 135°;
5) cos 120°; 6) sin 180°; 7) ctg 60°; 8) tg0°.

7.4. 1) sin120°; 2) cos 30°; 3) tg45°; 4) ctg 90°;
5) cos270°; 6) sin0°; 7) ctg120°; 8) tg60°.

{g HaxkpeciiTh K010 i3 IIeHTPOM y HMOYATKY KOOPAMHAT i IIO3HA-
~  uTe HA HbOMY, BUKOPHCTOBYIOUM TPAHCIIOPTUP, KYT IIOBOPOTY

(7.5—7.6):
7.5. 1) 60°; 2) 210°; 3) —40°; 4) -320°.
7.6. 1) 110°; 2) 300°; 3) —130°; 4) —200°.

SanuiniTe KyT o y BANIAAL o = o, + 360°k, ge 0° < a, < 360°,
k € Z, axmo (7.7-7.8):

7.7.1) a=420° 2)o=765° 3)a=-320° 4)a=-1060°.
78.1) a="730°% 2)oa=395° 3)a=-7T10°% 4)a=-770°

Kyrom sakoi uBepri € kyT rpagycuoi mipu (7.9—7.10):

7.9. 1) 190°; 2) —190°; 3) 105°; 4) -105°;
5) 89°; 6) —89°; 7) 320°; 8) —320°?
7.10. 1) 95°; 2) —95°; 3) 210°; 4) —-210°;
5) 20°; 6) —20°; 7) 280°; 8) —280°?

7.11. Bigomo, 1o siny = —%; cosy = —%. 3uangiTe tgy i ctgy.

7.12. Bigomo, mo sinf = %; cosf = —%. Suaiigite tgf i ctg .

3HalAiTh, Ha KaJIbKYJIATOPi (OKPYriaiTh 0 Tucaunux) (7.13—7.14):
7.13. 1) sin(-15°); 2) cos127°;  3) tg1000°; 4) ctg(—37°).
7.14. 1) sin190° 2) cos(—100°); 3) tg(—29°); 4) ctg1200°.
O6uwucaits (7.15-7.16):

7.15. 1) cos90° + sin0°; 2) 3co0s180° - sin90°;
3) 2tg 180° — 4ctg 90°; 4) ctg270° — cos270° + sin 270°.
7.16. 1) 5sin360° + cos360°; 2) tg0° + sin 180° — cos0°.

3HaliTe 3HaueHHA Bupasy (7.17—7.18):

7.17. 1) 4cos 30° — 2sin 60°; 2) J2sind5° + 2\/§cos45°;
3) tg60° : ctg 30°; 4) sin 150° + cos120°.
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7.18. 1) ctg60° — tg30°; 2) \/35in120° — cos60°;
3) sin135° + cos135°%; 4) tg120° : ctg 150°.

@ 7.19. Cepen xytiB mosopoty 520°; 440°; —310°; 220°; 770°;
—560° 3HAUAITH Ti, y AKUX IMOUYATKOBUU pajiyc mpuiMaTume
Te caMe IIOJIOMKEHHS, IO i IPU IIOBOPOTi Ha KYT:

1) 50°; 2) 160°.

7.20. YV mpomixkky Bigm 0° mo 360° smaiimitTe KyT P Taxwuii, 11o0
IIOBOPOT IIOYATKOBOTO pajiyca Ha Ieil KyT 30irascsa 3 IOBO-
POTOM Ha KYT O, AKII[O:

1) a =480° 2)a=-70°% 3)a=1150° 4)a=-670°.

3HAUAITH, HA KaJbKYJATOPi (OKPYIIiTh A0 cotux) (7.21-7.22):
7.21. 1) sin12°37' + cos15°13; 2) tg105°12" + ctg 185°38'.
7.22. 1) cos113°24' + tg17°36'; 2) sin190°15' + ctg12°30'.

7.23. YKaxiTs KyT o 3 mpomiskKy [360°; 720°], nis AKoro:

1) sinaa=1; 2)cosa = 0; 3) sina = 0; 4) cosa = —1.
7.24. YraxiTe KyT [ 38 mpomixkkry [-360°; 0°], mia axoro:

1) sinf = —1; 2) cosP = 1.
7.25. YKaXKiTh TpU TaKUX 3HAUEHHS X, IJIA AKUX:

1) sinx:%; 2) tgx = 0.

7.26. YKaXKiTh OBa TaKMX 3HAUEHHSA O, OJA AKUX:
1)cosa:§; 2) ctga = 0.

O6uwncairs (7.27-7.28):

7.27. 1) sin2 45° + cos260°; 2) sin 30°cos180°tg 45°;
3) tg2180° + cos2120%
4) (2¢tg 270° — 2¢c0s60° + sin? 60°)~1L.

7.28. 1) sin2120° — cos2 0% 2) cos45°sin135°ctg 45°;
3) ctg260° + sin230°;
4) (2cos20° - ctg135° —10cos2 60°)L,

7.29. 3uailifiTh sHauenHs Bupasdy sin3doa + sin2a, akimo:

1) o = 15% 2) a. = 30°; 3) a = 60°% 4) a = 90°.
7.30. 3uaiifiTh 3HaUEHHS BUPa3y COS O + cos2a — cos 3, AKIIO:
1) a = 30°% 2) a = 60°.

@ O6uuciaits (7.31-7.32):
7.31. 1) (1 - 2c0s 45°)> — /(1 + 2sin 45°)°;
2) \/(ctg30° — 2) + \/(tg60° 1)
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7.32. 1) (1 - 25in 60°)% — (1 + 2c0s30°)%;

2) J(3tg30° ~ 1) +(3ctg 60° — 2)°.
7.33. 3uaiiniTe KoopauHATH TOUOK P_ i P o, Ha OAMHUYHO-
My Koui, akmo P (a; b).

@ Kummeba mamemamuka

7.34. [Ina Tabopy miacTyHiB Tpeba mpuadaTH IIYKOP 3 PO3PaxyH-
Ky 50 r nmykpy Ha m0o0y (Ha ommy ocoOy). ¥ Tabopi 4 xypeui Ha
28 wmicnp Koken. CKiJIbKM KijJlorpaMoOBHX YIIAKOBOK I[YKPY 3HA-
moouTscs Ha 5 1i6 nsa Beboro tabopy?

Tligzomyimecs go bubuenns Hobozo mamepiany

7.35. Pagiyc xosa mopiBuioe 1 am. 3HAWAITh DOBXKUHY AYTH, IO
BiZIOBizmae IMeHTPaJIbHOMY KYTY:

1) 30°; 2) 45°; 3) 60°; 4) 90°;
5) 120°; 6) 135°; 7) 150°; 8) 180°;
9) 210°;  10) 235°; 11) 240°; 12) 270°.
PAOIAHHE BUMIPIOBAHHS KYTIB.
@ TPUFOHOMETPUYHI ®YHKLIT Y4ACNOBOrO
APFYMEHTY

JK BimoMo, KyTHM BUMIipIOIOTH y rpagycax Ta Horo dacTuHax —
MiHyTax, cekyHaax. IIpore B maTemMaTuili, acTpoHomii, ¢isuiri Ta
iHImMMX HayKaxX BUKOPUCTOBYIOTHL TAaKOXK i padianHy Mmipy KyTa,
sSKa Ma€ IIeBHi mepeBarum mepejs rpagyCcHOIO.

1. Padianna mipa
Kyma

Kyrom B 1 (oguH) pagiaH Ha3WBaIOTh
¢ IIEeHTPAJBHUN KYT, TOBKHHA AYTH AKO-
IO TOPiBHIOE MOB:KHMHI pajiyca KoJja.

Ha manosky 8.1 «AB = R, Tomy kyT AOB
mae mipy 1 paxiad (CKOpOUeHO «pan»).

YcraHoBuMO 3B’A30K MisK pagiaHHOIO i
rpajJycHOI0 MipaMu KyTa.

HoB:x1Ha miBKoOJa, pazaiyc aAroro R, mo-
piBHIOE TR, 110 B © pasiB 6ijabIlle 3a JOBXKU-
Hy ayru AB. Tomy posropayroMmy KyTy Bin-
nosigzae gyra, mipu n pazgiamis. OTixe, Mai. 8.1

‘ 180° = © pan.

*

77

MpaBo Anst 6e3onnaTHOro Po3MillleHHs MigpyYHUKa B Mepexi I[HTepHeT mae
>TBO OCBITW i Haykn YkpaiHu https://mon.gov.ua Ta IHCTUTYT MoaepHi3alii 3amicTy ociTh https://imz



TC o
Toxi 1°=—— pan, 1 pag =
it 180PI—[ pan

, TOMY

‘ b 180°
n°=——-npag; o pag = -a; 1 paxm~57°18'.
U Tgo PG @pax = — paj

i dbopmynm, 30KpemMa, AOMOMOTralOTh IIEPENTHU Bix rpagycHOi
Mipum KyTa J0 pamiaHHOI, i HaBmaKu, ajie MOKHA 3aCTOCOBYBATHU
i mpomopirito, Bpaxysasiiu, o 180° = © pag.

3HalTu pagianny Mipy KyTta 144°.
Poss’ssauud. 1-ii cnoci6 (3a ¢popmyIom0):

T 1447  4n
144° = -144° = =— (pan).
180° 180 ~ 5 P
2-it cnoci6 (3a momomoroio mpomopirii): 180° — « pan

144° — x pan

) 180 = . 144n 47
Maemo piBHAHHS: —— = —, 3BiAKN X = ———, TOOTO X = — (pam).
144 «x 5

. . 47
BigomoBigs. ? pan.

3uailiTu rpagycHy mipy xyra: 1) 1,5 pag; 2) %
PosB’aszamuda. 1) 1,5 pag = 180 -1,5 = 270 ~ 85°5H9'.
T

2) 3uaiiTu MOKHAa B TOU caMUil cIoci0, 1o i AJs IomepeIHbOro
KyTa, ajie TYT OOIijbHiime Oyme saminuTu n Ha 180°. Matume-
5 5-.180°
Mo: & = = 150°.
6 6
Bigmosigse. 1) » 85°59; 2) 150°.

@ﬂﬁ 3HalimemMo pamiaHHi Mipu TaOIMUYHUX KYTiB:

T T T T
3002_‘30:— H 4502—.45:— 5
180 6 DA 180 4 P4
T T T T
60° = .60 =~ pam 90° = ™ .90 = * pan:
180 3 P 180 g PaA
n 2« T 3n

120°=2-60°=2- % = 2™ bax: 135°=3.45°=3. " = 5% pan:
3 g P 4 4 P

1500:5.30025%:%%;:; 270°=3'90°:3?npaa;

360° = 2-180° = 2 paz.
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P o & 6 a6 6 6 66 6 6 o o\

TTTTITTTTETY )y Pagianny mipy Kyra, Tak camo AK i

2. TpuzonomempuuHi rpagycHy, BHUKOPHCTOBYIOTH [JId 3a-
Q)yunlgi'i Yucno6020 nucy TPUTOHOMETPUYHUX BUPAasiB.
apzymenmy Taxk, 3anuc sin2 osHauae CHHYC KyTa,

Mipa SIKOTO MOpiBHIOE 2 pamiaHu, 3a-
3n . 3n ..
muc COSZ O3HaUa€ KOCHHYC KyTa Mipu v paniamiB, 3arc

tg(—3) — ramrenc kyra, Mipa gKOro ZOpiBHIOE —3 pamiaHu.

KoxxaOMY momycTuMoMy 3HaUeHHIO ymcja X (KyTa, 10 MiCTUTh
X papniaHiB) BiAmoBimae edune 3sHaueHHsS sinx, cosx, tgx, ctgx.
Tomy cunye, KOCHHYC, TAHT'€HC i KOTAHT€HC € QYHKIIAMUA YUCIIO-
BOTO apryMeHTy X. X HAa3WBaIOTh MPUZOHOMEMPUYHUMU QPYHKY-
AMU HUCTO08020 APZYMEHmY.

1 2 1
Hanpuraapn, sing = ﬁ; th =—; ctg—TC =

2”7 %6 J3' -3 3

_ Z80 3maiiTy 3HaueHHs BUpasy cosx + x, Ao x = 0.
PosB’asaumud. Akmo x = 0, maemo:
cosx +x=cos0+0=1+0=1.
Bigmosigs. 1.

IO H XN 3HAUEHHA TPUTOHOMETPUUYHUX (DYHK-
ceeeeeeeee®®®l il yuMCIOBOrO aPryMeHTY 3a JOIIOMO-

3. 3naxodxucenns IOI0 KAaJBKYJIATOPAa B3HAXOAATH TaK
S G camo, AK i 3HaUEeHHA TPUTOHOMETPHY-
ntpuzonomentpusialx HuxX QYHKIOIR KyTiB, fAKi 3amaHo
Qynxyitl 3a donomozorwo y rpagycax (mus. § 7, m. 5), ane B
Wb RY Ao Da IbOMY BHUNAIKy [JA 3aJaHHA KYTiB
y pagmiamax mepemukau <I'—P> Tpeba

BUCTABUTH B HOJOKeHHA «P». Haragaemo, 0 B JeAKNX KATbKY-

JATOPax Iie JOCATAEThCA 3a AomoMoroio kJjaasimii | MODE |i Bu6o-

PV BiAIOBiZHOTO pe:RKUMY.
IlepeBipTe Ha CBOEMY KaJBKYJIATOPi, IO
sin2 =~ 0,9093; cos30 =~ 0,1543;
tg(-2,7) = 0,4727; ctg 2,95 = —5,1554.

-
I. A ll&e Iiﬂvﬂlwe"‘ Zgg;t:(e) zumgpucmam—m pavaiana 3amicmo ;c)y
e padyca 3aseuuail npunucyromdv Po
’ Oaucepy Komcey (XVII cm.), axuil e8axaé yio
00UHUYI0 BUMIPIOBAHHA KYymi8 HaAlUbiavl npupodnow. O0uak ideio
suMipr06anna 0oexcunu Oyeu padiycom KOAA BUKOPUCMOBYEANLU 1L

ithwi mamemamuru. Hanpukxaad, Anv-Kawi sukopucmosysas odu-
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HUYI 8UMIDIOBAHHS, AKY HA3UBAE «4acmuHa diamempa» i sxa 0o-

1
PleHIO8a.Jla % CY1acHozZO0 PO3YMIHHA pa(?lana. Taxodx 8iH 6uKo-

pucmosyeas i Oinvul OpibHi wacmunu yi€el 00UHUYL BUMIPIOBAHHA.

Tepmin «padian» ynepwe O6yno exumo 5 uepeus 1873 poky
8 ex3ameHnauiliHux 6Giremax, ckaradenux Haucetimcornom TomconHom
oas cmyodenumis ynieepcumemy Keinca 6 Beagacmi (IlieHiuna
Iprandis). Tomcon nouas sukopucmosysamu uyeii. mepmin ue 00
mozo, ax ckaas yi 6iremu. Came modi itozo roneza Tomac Mioip
i3 Cenm-Ex0OprocbKkozo yHigepcumemy HAMAzZABCA BUSHALUMUCS 3
HA36010 MePMiHY, 6A2AI0LUCL MIH HA3IBAMU «pald», «padianr» i «pa-
dian». Y 1879 poui Mrwip, nporkorncyromysaswiucs 3 Tomconom,
8uUpiWLUB BUKOPUCMOBYBAMU MePMIH «padiarn».

7% © Lo HasuBaloTb kKyToM B 1 pagiaH? @ fAka papfiaHHa mipa KyTa
180°? @ Ak nepevitn Big rpagyCcHOi Mipy 0O pagiaHHOI, i HaBNakn?
© YKkaxiTb HabnwkeHo rpagycHy mipy kyta B 1 pag. @ Lo HasuBa-
I0Tb TPUFOHOMETPUYHOK (DYHKLED YUCMOBOro aprymMeHty? @ 3a-
nam’atante pagiaHHi Mipy TabnMYHUX KyTIB.

$ Fosb aximo 3agaui ma buxonaime bnpabu

@- , 3naiigiTs pamgianHy Mipy kyra (8.1—8.2):

8.1.1) 20° 2) 75° 3) —40° 4) 720°% 5) -110°%  6) 225°.
8.2.1) 25° 2)-30° 3)130° 4)-160°% 5)50%  6) 240°.

3HalAiTE IpagycHY Mipy KyTa, pajiaHHa Mipa sSIKOro JOPiBHIOE
(8.3—8.4):

8.3. 1)%; 2) 31; 3)—%"; 4)-n;  5)0,5; 6)-2.

b 21 T
84.1)—; 2)-2m; 3)—; 4) ——; 5) 1,5; 6) —3.
) " ) —2n ) 3 ) 5 ) )
(@ Kyrom sxoi usepTi € KyT (8.5—8.6):
- e 47 i n
85.1) —; 2) —; 3) ——; 4) —?
)5 ) 3 ) 6 ) 3

8.6. 1) Iz, 2) _2n, 3) L. 4) 57,
10 3 20 3

8.7. Jax mae ¢opmy TpuUKyTHHKA. Pagianma mMipa OBOX KYTiB

. 2n . @ - . .

IIbOTO TPUKYTHUKA JOPiBHIOE 3 i s SHalgiTe pagiaHHy i
rpagyCHy MipM TPEThOI'0 KyTa TPUKYTHUKA.
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8.8. Typuctuunuii HameT Mae popmMy piBHOOIUHOI Tpamerii, oguu
3 KYTiB sAKOI gopiBHIOE 72°. 3HAHAITHL IpaAycHY i pagiaHHy
Mipu OinbIIOro 3 KyTiB Tpamerrii.

3a AOIIOMOI'OI0 KaJIbKYJISATOpAa 3Hafl,£[in Y1CJIO 3 TOYHICTIO A0 COTUX

(8.9-8.10):
T i
89. 1) —; 2) ——; 3) 2m; 4) —4,5m.
) 1 ) 3 ) )
v T
8.10. 1) ——; 2) —; 3) —1,5m; 4) 8.
) 5 ) 10 ) T ) 8
3HaNIIThL 32 JOMOMOIrOI KaJbKYJIsATOpPa (OKPYIJTHh 0 THCIYHUX)
(8.11-8.12):
8.11. 1) sin1; 2) cos(-2,5); 3) tg g; 4) ctg(—25—nj.
8.12. 1) sin(—3); 2) cos0,8m; 3) tg(—%); 4) ctg4,2.
m&l& HaxpeciiTe TabaMIl0 B 30IIIMTI Ta 3al0BHITH 1i.
o | Z| X | 2| X |2u|3n]5n 3 |,
¢ 6 | 4|3 |2 |3 |4|6]| |2
sina
cosa
tga
ctga
O6uwmcaits (8.14—8.15):
8.14. 1) 4sin X + cth; 2) cosE + sin3—n;
6 4 2 2
3)2cosm — \/gsinﬁ; 4)2cosz—n + tg3—n.
3 3 4
8.15. 1) 2cosg - tgg; 9)sinm + cos2m;
3n 3n 51 T
3) sin— — ctg—; 4) 4sin— + ctg—.
) 2 & 4 ) 6 & 2
8.16. 3HaligiTh 3HaAUEHHA BUpasy 3sina + 2cosa, AKIIO:
i 3n
1) a =0; 2)a=—; 3) o =m; 4)o = —.
) ) 3 ) ) 2
8.17. 3naiiniTy sHaueHHA BUpasdy dcosP — 2sinf, armo:
e 3n
1) B =0; 2)B=§; P=m 4)B=7-
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@ 8.18. 3maiigiTe pagiaHHY Mipy BHYTPIIIHBROTO KyTa IPaBUJIb-

HOTO:

1) TpUKyTHUKA; 2) YOTUPUKYTHUKA;
3) HIeCTUKYTHUKA; 4) IecATUKYTHUKA;

5) mBaHAAIIATUKYTHUKA; 6) IBaOIATUKYTHHKA.

8.19. 3uailifgiTe pamiaHmHy Mipy KYTiB TPUKYTHHKA, AKIINO BOHU
BimHocaTrecsa axk 1 : 4 : 5.

ITopiBuaiite unciaa (8.20—8.21):

8.20. 1) * i 1,6; Nrisl 3)-3Ti-5  4)-2zi-6.
2 8 2

8.21. 1)-%1—1,5; 2)21i6,3; 3)-ni-3,2; 4)3?"14,5.

O6uwucaits (8.22—8.23):

2
8.22. 1) 5 cos? g — 2sin? %; 2) (tggctg% +sin %”j ;
e ) 3n e
3) [sing + cos Ej - th 4) sin2 X 1 +cos2 ™ i tg2 = s
2
8.23. 1) (sinE + cos Ej - tgg—n 2) sin? T ocos2Eo tg2 E;
3 6 4 4 4 4

2
3) (cosE +sin 5—“) —ctg 2 4) cos? 3r + sinZ — 3m + ctg? 3—
3 6 4 4 4 4

3HaligiTh 3HaueHHA Bupasy (8.24—8.25):

8.24. 1) sin2a — 4cosa, AKIIO o = %; g; I
. T
2) 4sina + 2cos 3o, AKIIO O = E; g
8.25. 1) 2cos 20 + sina, akimo o = 0; % ;
MW
2) 3cosa — sin3a, AKIO o0 = —; —; —.
) o 6 3 2

@ 8.26. CkinbKM cTOpiH Mae MpaBUIbHUI MHOTOKYTHUK, SAKIIO:

o . - . 3n
1) fioro BHYTpilIHii KyT HJOPiBHIOE Z;

. e . T
2) #oro 30BHIIIHIT KyT JOpPiBHIOE g?

82

[MpaBo gnst 6e3onnaTHOro Po3MilLleHHs MigpyYHUKa B Mepexi IHTepHeT mae
>TBO OCBITW i Haykn YkpaiHu https://mon.gov.ua Ta [HCTUTYT MoaepHi3aLii 3amicTy ociTu https://imz



3HalimiTh 3HaUueHHA Bupasy (8.27—8.28):
sin 2o + cos 2a

- - ,HI{H_IO(X=§;
info— ™| 4 2te ©
Sm(a 12j+ g(z O‘j

8.27. 1)

2) 4cos(oc+P)—3s1n(oc—B)’ — E; B = n
6sin(a + B) 3 6
3 sin 2o — 2
8.28. 1) V3 sin 2a - cos 20 Ao o =
\/Esin(oc + Lj +2sina
12
2) — sin(o.+ P) , AKIIO O = E; B = E.
2sin(a — B) + 4 cos(a + B) 3 6
ITopiBusaiite (8.29—8.30):
27 2n . 2m 5t . 3
8.29. 1) tg— +ctg— 1 -2; 2) sin— —cos— i V4.
3 3 3 6
8.30. 1) tg = + ctg = i 2; 2) cos 3™ _sin® i ~35.
3 3 4 4

o i T 3n
31. iTh, sin—ctg— =t 2—(1—cos2—j.
8.31. oseniTe, 110 3 g 6 g 3 4
. 93
8.32. [losexiThb, 110 cosgtgg -1 =ctg? g(l + sin? Iﬂ]

63’ Xummeba mamemamuxka

8.33. Ilepiri m’aTh udp izeHTHGIKAIIAHOTO TOZATKOBOIO HOME-
pa (IITH) rpomamaHuHA YKpaiHum — Ie YHCJIO, II[0 TOYHO HOPiB-
HIoe KinbkocTi gHiB Big 1 ciunsa 1900 pory 1o maTu HapOI KeHHS
Baacuuka IITH BKIOUHO.
1) 3HaiiniTs, AKMMY MaOTh OyTH TepIITi I’ ATk 1udp Barmoro ITTH.
2) 3HangiTh YMCa0, MicAIb Ta PiK Hapom:xeHHs ocobu, ITTH
AKO01 mopiBHioe uncay 2395312785.

Tligzomyiimecs go bubuenns Hobozo mamepiany

8.34. 1) HassiTh KisbKa 3HaUEHDb KyTa O, IJsd AKUX tgo He icHYE.
2) HasBiTs Kinbka 3Ha4YeHb KyTa P, 1ud axux ctgf He icHye.
8.35. Hexaii A(x; y) — moBisbHA TOUKA, IO JE€KUTh HA OJUHUUHO-
My KoJuri. YUu mpaBuiibHI HepiBHOCTI —1 < x <1, -1 <y < 1?
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8.36. IlopiBHANTE 3 HyJIeM KOOPAWHATH X i Iy, AKITO TOYKaA A(X; )
JIEIKUTD V:

1) I uBepri;  2) II uBeprTi; 3) III uBepti; 4) IV uBeprTi.

8.37. Touku A i A' cumerpuuHi BigHOCHO oci abcmuc. 3HAHAITH
KOOpAMHATHA TOUKHU A', AKIIO:

1)A(1; ﬁj 2)A[—£ £]
2 2 2 2

8.38. ITapHoo uu HemapHOI € QYHKITiA:

1)y =x% 2) y = x3 3) y =Tx - x5 4)y =

1
[+ -1

BITACTUBOCTI TPUTOHOMETPUYHUX
®YHKUIN

PoarisimemMo BJIACTMBOCTI TPUTOHOMETPUYHUX (QYHKIIHA, AKi
0e3nocepeIHHO BUILJIMBAIOTE 3 IX O3HAUEHbD.

............. SIK Mu BiKe 3a3HAUaJIU paHiIie, BUpa-
1. O6nacmb éusnawenns | 31 sino i coso MaioTh 3MicT OId
MPUZOHOMEMPULHUX Oyab-AKoro Kyra o (qus. § 7, m. 3).
dynryii Tak camo MarTh 3MicT BuUpasu Sin x

i cosx mia Oyab-sakoro umesaa x (Kyrta
x y pamianax). Orixe,

00J1acTIO BUBHAYEHHs (DYHKI[ili CMHyca i KOCHHYyCa € MHO-
s JKMHA BCiX TiliCHHUX YMCeJ.

Ile mosxma 3amucatu Tak: D(sinx) = D(cosx) = (—00; +00)
abo D(sinx) = D(cosx) = R
Bupas tgo mae smict gas Oyab-aKuUX KyTiB o, Kpim +90°,
+270°, +450°, ..., ToOTO KpiM KyTiB, AKi MokHa 3amaTu (Popmy-
aoio 90° + 180°k, ne k € Z. Tomy Bupas tgx He Mae 3MicTy, KOJIU

X = E+7tk,keZ.
2

‘ Oo0sacTi0O BUBHAYECHHS (l)y}ncuu TAaHreHCAa € MHOKHUHA BCiX

*  nificHHUX umMcel, KpiM yMces E + 7k, ne k € Z.

Bupas ctgo mae smict gaa Oyab-AKMX KyTiB o, Kpim 0°;
+180°; +360°; ..., To6TO KpiM KyTiB, AKi MokHa 3amaTu (Popmy-
aoio 180°k, me k € Z. Tomy Bupas ctgx He Mae 3MicTy, KOJu
x=nk,me k € Z.
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Oo6macTi0O Bu3HAUeHHA (PYyHKIII KOTaHTreHCAa € MHOKUHA
L BCiX miliCHMX 4ucelI, KpiMm uucel 1k, ne k < Z.
. T
BEneve  SHaliTu 00JacTh BUSHAUYeHHA QyHKHIL Y = ctg| 2x Y

PosB’a3auud. BHafII[eMO 3HaUYeHHA X, MJId AKNX KOTaHI'€HC

. . v
He icHye, PO3B’sA3aBINIU PiBHAHHA: 2X — 1 = k.

i T Tk
Maemo: 2x =—+nhk; x=—+—, ne k € Z.
4 8 2
Omxe, oOJsacTiO BUBHAUEHHS (PYHKIIII € MHOMKWHA BCiX miliCHUX

. n Tk
yuces, KpiM uncesa Py + -5 k € Z. CKOpPOYEHO Ile MOKHA 3aIll-

catu Tak: D(y): x # §+%k, ke Z.

BigmoBigs. x¢g+%k, ke Z.

T I I E T I T Ty Cumyc i KocmHYC KyTa o € BiImIoBimHO

2. Muoxcuna 3Ha4eHnd OpAMHATOIO 1 abcrucoro Touku P (x; y)
MPUZOHOMEMPULHUX oguHMYHOTO Kojya (muB. § 7, m. 3).
dynryii Tomy opamHaTy i abCIUCK TOYOK OLU-

HUYHOTO KOJIa HaOyBalOTh OYyIb-IKHX
3HaueHsb Big —1 mo 1. Oroxe,

MHOSKWHOI0 3HauyeHb (yHKIiii cuHyca 1 KocuHyca
k. € mpomiskok [—1; 1].

Toit camuii mpomiskok [—1; 1] € MHOXUWHOIO 3HAUEHb i V BU-
MagKy CUHYyca i KOoCMHyca YMCJIOBOTO apryMeHTy X (KyTa X y pa-
miamax). OT:xe,

E(sinx) = E(cosx) = [—1; 1].
Yu icHye 3HaAUCHHS X, OJId AKOTO:
1) cosx:—g; 2) sinx = /22

Ot

PosB’a3amuda. 1) Ockinbru —1 < —— < 1, To 3HaUeHHA X,

=]

5 .
IIpKU AKOMY COSX = s icuye.

2) Ockinbku J2 >1, To He icHye 3HAYeHHS X, IPH AKOMY
sinx = /2.

BigmoBigs. 1) Tax; 2) mi.

85

MpaBo Anst 6e3onnaTHOro Po3MillleHHs MigpyYHUKa B Mepexi I[HTepHeT mae
>TBO OCBITW i Haykn YkpaiHu https://mon.gov.ua Ta IHCTUTYT MoaepHi3alii 3amicTy ociTh https://imz



3HaAUTN MHOXKHHY 3HAUeHb (PYHKILII:
1) y =sinx + 2; 2) y = cos2x — 3.
PosB’azanuda. 1) Ak Bigomo, —1 < sinx < 1. Maewmo:
-1 < sinx < 1;
-1+2<sinx+2<1+ 2 (momaau D0 BCiX YACTUH YUCJIO 2);
1 <sinx + 2 < 3.
Orxe, E(y) =[1; 3].
2) 3posymino, mo cos?x > 0, 3 immoro 60Ky, -1 < cosx < 1,
romy cos2x < 1. Maemo:
0< cos2x < 1;
0-3<cos?x—3<1-3 (Bigmamm Bij ycix yacTuH uncio 3);
-3 < cos?2x — 3 < -2.
Orxe, E(y) = [-3; —2].
Bigmosigsw. 1) [1; 3]; 2)[-3; —2].

MuoxkuHy 3HaYeHb TaHreHca 3HAKWIeMOo 3a JOIIOMOroio rpadiu-
HOI iHTepmperarii.

Posrnsumemo mpamy [, 1m0 1mpoxo-
y D, outh uepes Touky (1; 0) mepueHIUKY-
JAPHO H0 oci abcmuc. Bora € moTuuHOIO
Io ogmHUYHOro Kojsa (masu. 9.1). Hexair
tgo TIPU HOBOPOTiI Ha KYT o IIOYATKOBHUU pa-
! niyc OP, OZMHWUYHOTO KOJIa IePexXOJUuThb
a P, y pagiyc OP,, a npama OP_  mneperuHae
o K NI x mpamy ! y rouni D,. Hexair P (x; y),
ToMy X =cosd; Yy =sina. IIpoBememo
I nepnesgukyaap P, K ©Ha Bice abcmuc.
Tomi AOP,K ~ AOD P,, TomMy Maemo:

Mau. 9.1 P K ~ D,P, y DR

o = , Tobro +=—%2_ oOTxe,
OK OF, x 1

sin o

o = D F,, romy D F, =tgo. Orsxe, opaunara Touku D  10-

PiBHIOE TaHTEHCY KyTa O.

IIpsamy, o mpoxoauTh yepe3 TouKy (1; 0) mepmeHIUKYIAPHO
o oci abcruc, Ha3UBAIOTh JIiHI€I0 MAH2EHCI8.

Y pasi sminm kyra mosopotry Bim —90° mo 90° amimroBaTu-
MeTbCA i MOJNOeHHS TOuKM P, Ha ONMHWYHOMY KOJIi, OTXe, i
oJI0KeHHA Touku D Ha JniHii Tanrencis. O4eBHAHO, IO OPAH-
HaTa ToukM D, moxxe HaOyBaTu OyAb-AKMX 3HadeHb (May. 9.1).
OTiKe, MHOMCUHOW 3HAYEHb MAHZEHCA € MHOMUHA 8Cix OilicHuUX
yucedJ.

Y Toii cammii cmoci® pO3TIAHEMO IHUTAHHA i IIPO MHOMXUHY
3HaueHb KOTAaHTeHCA.
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IIpamy m, sAxa IPOXOAUTEH depe3 TOoY- y ctga

Ky (0; 1) mepumeHIUKYJISPHO IO OCi opau- _m S —
HaAT, HA3WBAIOTL .JIHIEI0 KOMAH2ZEeHCI8 C,
(mas. 9.2). MoxxHa moBecTH, III0 a0ciimca P,
Toukn C, [epeTHHY npamoi OP, 3 miHieo o
KOTaHT'eHCIB TOPiBHIOE KOTAHTEHCY OL. (0] F, x

¥ pasi smiam Kyra moBopory Bimg 0°
1o 180° rouka C, moxxe HaOyBaTu Oy/Ab-
AKUX 3HA4YE€Hb, TOMY MHOXKHWHOIO 3Ha-
YyeHb KOTAHIeHCa € MHOMKHMHAa BCix miiic- Mau. 9.2
Hux uncei. Or:xe,

MHOKMHOI0O 3HaYeHb (PYHKI[ii TaHIreHca i KOTaHTeHca
k. € MHOKMHA BCiX TiICHMX UHCeJl.

Amnasnoriuno i gyia duciaoBoro aprymenty: E(tg x) = E(ctgx) = R.

CuHyCc KyTa O € OpPAWHATOI TOUYKH

3. 3naxu P (x; y) onuamaHOro Kosa (maj. 7.10).
L B Y I rall uBeprax y >0, ay III Ta IV
Qynryin uyseprax y < 0. Tomy:

e sina > 0, akmo o — kyt I a6o II usepri,

e sina < 0, axio o — Kyt III a6o IV usepri.

Kocunyc Kyra o € abcrucoro Touku P (x; y) OJUHMYIHOIO KOJa
(mai. 7.10). ¥ I ra IV uBeptax x > 0, a y II ta III useptax x < 0.
Tomy: e cosa > 0, akmo o — KyT I a6o IV usepri,

e cosa <0, axmo oo — Kyt II a6o III usepri.

) sin o cos o .
Ockinpru tg o = ,actgo =——, To 3HaKU tg i ctg a 3a-
cosa sin a

JexKkaTh Bif 3HaKiB sina i cosa. ¥ I ta IIl uBepTax sHakm sina i
COS 0. MalOTh OJHAKOBIi 3HaKu, a y II Ta IV uBeprax — pisui. Tomy:
e tga>0 i ctga >0, axmo a — xkyrt I a6o III usepri;
e tga <0 i ctga <0, axio o — Kyt II abo IV uBepri.
BucHOBKM 11010 3HAKiB TPUTOHOMETPHUYHUX (PYHKIIN KyTiB
3PYYHO 3amam’ ATaTyh 3a MaJoHKoM 9.3.

sina cos o tga, ctga

Yy Yy Yy

+ |+ -+ -+

|l _ ) x s/ + =)
Mau. 9.3
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IlopiBHATU 3 HyJIEeM YMCJIO:
1) sin152°  2) cos(—12°); 3) tg(—125°); 4) ctg2.
PosB’azanmuda. 1) 152° — xkyr II uBepri, Tomy sin152° > 0.
2) —=12° — gyt IV uBepri, Tomy cos(—12°) > 0.
3) —125° — xyr III uBepTi, ToMmy tg(—125°) > 0.
4) 2 pagianu = 2 - 57° = 114°, otmike, 2 pagianu — Kyt II uBeprTi,
Tomy ctg2 < 0.
BigmoBigsw. 1) sinl52° > 0; 2) cos(—12°) > 0;
3) tg(—125°) > 0; 4) ctg2 < 0.

............. Hexait mpu moBopoTi Ha KyT o Imo4ar-
4. Ilapnicmo i nenap- KOBUM paniyc OP0 OJAMHUYHOTO KOJa
Hicmb mpuzonomem- nepexonuTs y pagiyc OP , a mpu mo-
PUUHUX PYHKYIL BOPOTi Ha KyT —o — y pagiyc OP_,

(man. 9.4). Touku P, i P_, — cume-
TPpUUYHi BiZfHOCHO oci abciuc, ToMy iX aOcIucu OJHAKOBi, a Opau-
HaTU OpoTuaexHi. Maemo:

cosa =x1icos(—a)=x, Tomy cos(—a) = cosa; ¥4 P (x; y)
sina = y i sin(-a) = -y, Tomy N
sin(—a) = —sina.
. sin(-a) -—sina
Toxi tg(-o) = o) _ =—tgoy o
cos(—a) cosa
cos(— cos .
ctg(-a) = — o) _ - ¢~ _ctga. P, (x5 -y)
sin(—a) -—sina
OTrxe, Maun. 9.4
CHHYC, TaHT€HC i KOTaHreHc — HemapHi (QyHKII],
KOCHMHYC — mapHa (yHKIidg, TOOTO:
cos(—a) = cosa tg(—a) = —tga
sin(—o) = —sina ctg(—a) = —ctga

IIi dopmynam MokHaA BUKOPUCTOBYBATH HAJA OOUYMCIIEHbL 3Ha-
YeHb TPUTOHOMETPUYHUX BupasiB. Hampukraanm,

1) cos(-30°) = cos 30° = ﬁ; 2) sin(—5—nj = —sinﬂ = —1;
2 6 6 2
e e

3) tg(-180°) = —tg180° = 0; 4) ctg (—Zj = —ctgz = -1,

............. fAKIo mpy MOBOPOTI HA KYT 0. MOYAT-
5. Ilepioduunicmo koBuii pagiyc OP, OTMHUYHOTO KOJIa
MmpuzonomempuUHUX nepexonutsh y pagiyc OP, (man. 9.4),
dynryii TO Il camuii pagiyc OP  oTpumMaemMo
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i mpu moBopoTi paxaiyca OP, Ha KyT, BiIMiHHUKI Bifl o HA TIOBHUM
00epT abo Ha OyAb-IKY KiJIbKicTh HOBHHX 00epTiB, TOOTO Ha UMC-
a0 360°k (abo 2nk), ne k € Z. IIpuxogumMo G0 BUCHOBKY, IIO

‘ IpH 3MiHi KyTa Ha Iijie YncJI0 00epTiB 3HAUEHHS TPUTOHO-
» MeTPHMYHUX (PYHKIIili CMHycCa i KOCHHycCa He 3MiHIOIOTHCH:

sin(o. + 360°k) = sina.  a6o sin(a + 27wk) = sina,
cos (o + 360°k) = cosa. a6o cos(a + 27k) = cosa.

Or:xKe, 3HAUEHHS TPUIOHOMETPUUYHUX (PYHKI[IH CHHYC i Kocu-
HyC He 3MiHIOIOTBLCS, SAKINO A0 IX aprymenTtiB momatu (abo Bif-
HATHW) YMCJI0, KpaTHe umcay 2n. KoiKHe Take UMCIIO IS CUHYyCA
i KocuHyca € mepiogom, a 2n — HaMeHIIIUM IIepiogoM. PyHKIII,
110 MAIOTh TaKy BJACTUBICTH, HA3WUBAIOTH NePio0UYHUMU.

Yucao 27 TaKoK € IepiogoM (GYHKIIIH TaHreHC i KOTaHTeHC,
npore s Hux (GYHKIIHA MOXKHA B3HAWUTH 1 MeHIIHI mnepion.
Posrnaremo toukum O, P, ta Py, AKi jexaTh Ha OAHIN mpamii
(man. 9.5). Togi mpawmi OP, i O 6 36iraoThCsa, a TOMY IepeTuHa-
IOTh Bich TaHTEHCIB B OfHili i Ti#i camiit Touri D.

yi y

P.lD ¢
- -

0 1 (0 1 x
Pﬁ Pﬁ

Max. 9.5 Maua. 9.6

Ry

Amnanoriuno, npami OP i OP[3 epeTUHAIOTh BiCh KOTAaHTeHCiB
B OOHili i Ti#i camiit Touni C (man. 9.6). OTixe,

npu 3MiHiI KyTa Ha Iije umnciao niBoodepris (%, 21, 37, 47, ...)
» 3HaUYeHHS (PYHKI[iNi TAHTEHCA i KOTaHTeHCca He 3MiHIOKOTHC.
tg(a + 180°k) = tga adbo tg(a + mk) =tga.
ctg(o + 180°k) = ctga ab6o ctg(a + nk) = ctga.

Buxogaum 3 mepiogmuHOCTi, B3HAXOMKEHHA 3HAUEHL CHUHY-
ca i KocuHyca OyAb-sIKOI'0 KyTa MOXKHA 3BE€CTH JO0 3HAXOMMKEH-
HA 3HAuUeHHs Iiel K (pyHKIil HeBix eMHOro KyTa, MEHIIOrO Bif
360° (abo Bim 27), a 3HAUeHb TAHTeHCa i KOTaHTeHcA OyIb-AKOTO
KyTa — 0 3HAXOMKEeHHs 3HAuUeHHS Iiel sk PyHKIil HeBix eMHOro
KyTa, meHmIoro Big 180° (abo Bix m).
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14
_ O6uucauTtu: 1) sin780°, 2) tg(_Tﬂ}

PosB’assaumuda. 1) I-i cnoci6. Ockinpku 780° = 60° + 360° - 2
i sin(a + 360°k) = sina, k € Z, MmaTuMeMO:

J3

5

2-11 cnoci6. Big 780° Bigmimemo aBa mepiogu mo 360°. Matumemo:

V3

sin 780° = sin(780° — 2 - 360°) = sin60° = -

sin 780° = sin(60° + 2 - 360°) = sin60° =

2) YpaxoByiouu, II0 IIepioj] TaHTeHca AOPiBHIOE T, MATUMEMO:

tg(_lé%nj = tg(_lé%n + 5nj = tgg = \/§ (1-it cnoci6) abo

tg(—M—nj: g(§—5ﬂ:)—tg§ \/7(2ucnocz6)
J3

BigmosBigs. 1) ?; 2) \/§

IaKoaM 3HaxooUTH 3HAUEHHS TPUTOHOMETPUUYHOI (PYHKII me-
AKOTO KyTa 3a MOIIOMOTOI0 IIEePiOAMYHOCTI AOMiJbHiIlIe Uepes 3Ha-
yenHda 1iel QyHKIIl Bix’eMHOro Kyra, IO JEXUTb V MeXax BinI
—180° go 0° (abo Bim —m mo 0), a masi 3acTocyBaTH 3aJeKHICTH
MiK OTHOUMEHHUMHU QYHKIIIAMU IPOTUJIEKHUX KYTiB.

Hampuraag,

V3,
2

c0s 330° = cos(330° — 360°) = cos(—30°) = cos30° = —;

13n 13xn 37
t =ct —4.n|=ctg| —— :—t—:—( 1) =1,
o8 Cg(4 ﬁ) Cg( 4) €74

4

79 © HasgiTb obnactb BM3HAYEHHS CUHYCa, KOCUMHYCa, TAHreHca i Ko-
Q TaHreHca. @ HasBiTb MHOXWHY 3Ha4YeHb CMHYCa, KOCUHYCa, TaHreHca
i KOTaHreHca. @ ki 3HaKM MalTb TPUTOHOMETPUYHI (OYHKLIT B KOX-
Hi 3 KOOpAMHATHNX YBePTEN? @ Ha3BiTb TPUrOHOMETPUYHI (DYHKLUIT,
L0 € NApHUMU; HeNapHUMK. 3anuLiTb BiANOBIAHI piBHOCTI. @ lMosic-

HiTb, Yy YOMY Monsirae nepiognyHiCTb TPUrOHOMETPUYHUX PYHKLIN.

$ Fosb aximo 3agaui ma buxonaime bnpabu

@ 9.1. (Ycno). Yu icHye TaKe 3HaUeHHSA X, OJIA AKOTO:
1) sinx = 0,3; 2) cosx = 1,2; 3) sinx = -1,8;

4) cosx = —%; 5) tgx =12; 6) ctgx = —14?
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9.2. Yu icHye Take 3HAY€HHS O, AJSA IKOIO:

1) sina = 1%; 2) cosa = 0,33; 3) tga = —4,7;

4) cosa = —1,8; 5)sina = %; 6) ctgo = 1,18?

fAxwuit 3Hak mae (9.3—9.4):
9.3. 1) sina, akmo o = 13°; o = 115°% o = 215°; a = 288°;
2) cosa, akmo o = 83°; a = 132°% o = 193°% a = 315°%
3) tg a, akmo o = 37°; a = 158°; a = 235°; a = 328°;
4) ctg a, aximo a = 42°% o = 173°% a = 217°; a = 359°?
9.4. 1) sinf, axmo B = 57° B = 123°; B = 240°; f = 329°;
2) cosP, akmo B = 32° B = 142°% B = 215°%; = 278°;
3) tgP, akmo B = 12° f = 137°; B = 189°; B = 280°;
4) ctg P, axmo p = 68° B = 163°; B = 237°; p = 342°?
3akinuiTe oouucaenasa (9.5—9.6):
9.5. 1) sin 750° = sin(30° + 360° - 2) = sin30° = ...;
2) c0s405° = cos(405° — 360°) = ...;
3) tg240° = tg(60° + 180°) = ...;
4) ctg(-510°) = ctg(-510° + 180° - 3) = ....
9.6. 1) cos720° = cos(0° + 360° - 2) = cos0° = ...;
2) sin420° = sin(420° — 360°) = ...;
3) ctg600° = ctg (60° + 180° - 3) = ...;
4) tg(-330°) = tg(—330° + 180° - 2) = ....
{g IlopiBusiiTe Bupas 3 myaem (9.7—9.10):

9.7. 1) sin(-12°);  2) cos(—88°); 3) tg(—115°); 4) ctg(-97°);

e 11n 237 T
5) cos—; 6 - Dtg—; 8) ctg| ——
) cosg )Sm( 10) e )cg( 19]
9.8. 1) sin(—-112°); 2) cos(—139°); 3) tg(-13°); 4) ctg(—46°);
i 13n 5nj T
5 -= 6 — 7 -—— 8) ctg —.
)cos( 7) ) sin 1o ) g( 1 )cg7
9.9. 1) sin92°co0s 193°; 2) sin 342°tg 310°;
3) cos263; 4 tg 85 .
ctg127° ctg191°
9.10. 1) cos15°sin 207°; 2) tg195° ctg 279°;
3) tgll3 : 1) cos107 -
sin1° ctg 89°
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O6uwncaits (9.11-9.12):
9.11. 1) cos(—60°); 2) sin(—-90°); 3) ctg(—45°);

4) tg(-60°); 5) cos (—%); 6) tg (_gj
9.12. 1) cos(-45°);  2)sin(-60°);  3) ctg(~30°);

4 —45°); in| -2 |; —Ej.
) tg(—45°) 5)5111( 6] 6)ctg( 3

6
9.13. Yu MoxxHA CTBEPAKYBATHU, IO Y € SHAUYEHHIM:

1) sino; 2) cosa; 3) tga; 4) ctga?

13
9.14. Yu MmoxxHA CTBEPAKYBATHU, IO e € 3HAUEHHIM:

1) sino; 2) cosa; 3) tga; 4) ctga?
O6uwncaits (9.15—9.16):
9.15. 1) cos390°; 2) sin405°; 3) ctg420°;
4) tg 750°; 5) sin 720°; 6) cos 780°.
9.16. 1) cos420°; 2) sin 390°; 3) ctg405°;
4) tg 390°; 5) cos 750°; 6) sin 765°.
9.17. HoBeniTh, 1110 QPYHKIIiA € IaPHOIO:
1) f(x) = 3 + cosx; 2) f(x) = xsinx.
9.18. HoBexnits, 110 GYHKIiA € HEIAPHOIO:
1) f(x) = xcosx; 2) f(x) = x + sinx.

9.19. [oBeniTh, 110 QYHKILiA:
1) f(x) = x2cos x € mapHOIO;
2) f(x) = x3 — sinx € HemapHOIO.
@ 3ualigiTh HaliMeHIie i Haiibinbine 3HaueHHs Bupasy (9.20—
9.21):
9.20. 1) 1 + sina; 2) 2 —cosa; 3) 4 + sin2a; 4) cos?a — 3.
9.21. 1) coso. — 3; 2)sino— 1; 38)cos?a +1; 4) 2 — sin2a.
9.22. Yu icHye Takuii KyT o, IPU AKOMY CHPABIKYETLCA PiB-
HicTh:
1) cosa = cos60° + cos45°; 2) sina = sin 30° — sin45°?
9.23. fkiit uyBepTi HANEXKUTDL KYT [, AKIIO:
1) sinf <0 i cosf > 0; 2)sinf>01i tgf <O0;
3) cosP <0 i ctgp > 0; 4) tgB <0 i cosP > 0?
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9.24. KyToM AKOI UBepTi € KyT o, AKIIO:

1) cosa < 01isina > 0; 2) cosa > 01 ctga > 0;
3) sina < 0itga > 0; 4) ctga < 01isina < 0?

3HalgiTh 3HaUueHHA Bupasy (9.25—9.26):
9.25. 1) sin(-60°) + cos(—30°) — 2¢tg (—60°)tg (—30°);

2) 6ctg [—%j tg (—g) + cos(—m) — 4sin (— gj

9.26. 1) cos(—45°) + sin(~45°) + 6cos(~60°) — 3sin(~30°);
2) 4tg (—gj ctg (_EJ + 5sin(-m) + 23 cos (—%)

3HaligiTe 001acTh BusdHAUeHHA PyHKII (9.27—9.28):

9.27. 1) y = ctg 2x; %)y =tg (x - gj
9.28. 1) y = tg4dx; 9) y = ctg (x - g)
3HaAiTh MHOXKUHY 3HaueHb PyHKII (9.29—-9.30):
9.29. 1) y = 4sinx — 3; 2) y =2 — 3cosx.
9.30. 1) y = 2cosx + T; 2)y =4 — 5sinx.
HocaimiTe GyHKIIII0O HA TapHicTh Ta HemapHicTh (9.31—9.32):
9.31. 1) f(x) = x + cosx; 2) f(x) = x5 + sinx.
9.32. 1) f(x) = x2 + cosx; 2) f(x) = sinx + x*.
@ 9.33. Bigomo, 110 f — xkyT apyroi uBepti. CupocTiTh Bupas:
1) |[sinp| — sinB; 2) cosP — |cosBl;
3) [tgB| + tgB; 4) 2|ctg B — ctgp.
9.34. Kyrom AKOI uBepTi MOsKe OyTH KYT X, AKIIO:
1) sinxcosx > 0; 2) cosxctgx < 0;
3) |cos x| = cos x; 4) lctg x| = —ctg x?
9.35. Kyrom sKOI uBepTi MOsKe OYyTH KYT O, SIKIIO:
1) sinacosa < 0; 2) sinatga > 0;
3) |sina| = —sinay 4) [tgal = tga?

9.36. IIpu AKuX 3HAYEHHAX b OJIA DEeAKOr0o KyTa X € IIPaBUILHOIO
N . 1
piBHicTh: 1) sinx = \/5; 2) cosx = 3?

9.37. IIpu AKWX 3HAYEHHAX @ JJIA JeAKOr0 KyTa X € IPaBUILHOIO
piBHicTh: 1) cosx = a?; 2) sinx =+va -1?
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& Kummeba mamemamuxa

9.38. Ilauka odicuoro mamepy ¢dopmary A4 mHamiuye 500 apky-
miB. Odic y cepegabomy BuTpauae 1700 TaKux apKyIIiB Ha THXK-
IeHb. SIKy HaiMeHINY KiJIbKicTh IMAadyoK Iamepy Tpeba mpupbaTu
ansa ofpicy Ha 4 THKHI?

Tigzomydmecs go bubuenns Hobozo mamepiany

9.39. Ha xomi x2 + y2 =1 sHaiigiTe TouKwM:
1 3
1) 3 aGcmucoro _E; 2) 3 OPAMHATOIO 5
9.40. 3HaAITE TOUKY, 10 HANEKUTL KOy x2 + y2 =1 Ta mae:

2 . .
1) ab6criucy > i poamimrena B IV uBepri;

2) opauHaty —73 i posmimena y IIT uBepri.

{l OCHOBHI CrniBBIAHOLWIEHHA
MIXX TPUTOHOMETPUYHUMW OYHKLIAMMU
OHOIo APrYMEHTY

Y npomy maparpadi posTiaAHEMO 3aJeKHICTh MijK TPUTOHOME-
TPpUYHUME (PYHKIIAMU OSHOTO I TOrO CAaMOro apryMeHTY.

............. Hexaii mpu moBopoTi Ha KyT 0. HOYaT-
1. Ocrnosra KoBuii paniyc OP, OIMHUYHOTO KOJa
MmpuzoHOMEeMPULHA IIepexofuTh y pazaiyc OP,
momoicHicmbs (mag. 10.1). Ockimbku pamiyc KoJja

JopiBHIOE 1, TO KOOpPAWMHATH TOYKU
P (x; y) BamoBOJNBHAITH piBHAHHA koaa: x2+y?2=1. Aie
X = cosa, y = sina, Tomy

9 2., _ A
‘ sin2a + cos2a =1. y
L P (x; y)

Ile cmiBBigmHOIIIEHHA HAa3WBAIOTH OCHOBHON)
mpuzoHoMempuyHolo momodixcHicmio. Bona
3a7la€e 3aJIeXKHICTh Mi)K 3HAUEHHAMHU CHHYcCAa i
KOCHHYyCa OJHOI'0 M TOT'O CaMOro KyTa, OTKe
JO3BOJISIE 3HAXOJWUTH OJHE i3 IUX 3HaUYeHb
yepes iHime.

Mai. 10.1
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~ )

Iloxkaxkemo Ie Ha cxeMi:

in2 o = 2 .
/sm o=1-cos* o > gin o = ++1 — cos2 a.

sin2a+cosza=1\
20 =1—sin? ;
cos®a = 1-8IN" A —> cosa = V1 —sin? a

V dopmyrax sina =+vl-cos?a i cosa =+v1-sin?a guak

nepe] pafuKaJoM 3ajJeKaTUMe BiJl UBEPTi, y AKIHA JEKUTH KYT O.

CrpocTuTu BuUpas:

2 pa—
1) (1 - sinx)(1 + sinz);  2) & 2%=1

sin 20
PosB’sa3aHHA4.

1) (1 — sinx)(1 + sinx) = 12 — sin?x = 1 — sin?x = cos?x.
cos?2a -1 —(1-cos?2a) -—sin?2a
sin 20 sin 2o sin 2o

Bigmosigs. 1) cos? x; 2) —sin2a.

. . .
sENELEAN  3HalTu sina, aximo coso = —0,6 i 3 <o<T.
PosB’asauuda. Ockineku o — xyT II uBepTi, TO sina > 0.
3 gopmynu sino = *v1 - cos? o Maemo:

sina = +vJ1—-cos? o = /1 - (-0,6)2 = /1- 0,36 = /0,64 = 0,8.
Bigmosiags. 0,8.

2)

= —sin2a.

e o a'a’aa e ee e aa o . .
PR EEREREREEERR) HepeMHOHCI/IBH_II/I IIOYJIEHHO P1BHOCT1

2. Inwi sina . o
mpuzoHoMempuuHi tgo = i ctga =——— MmaTuMe-
: cos o sina
momoscnocmi
MO:
sina cosa .
tgactga = - — =1, axmo cosa # 0, sina # 0.
cosa sina
Oroxe,
Q tgoctga = 1.
Toni
| — _ 1
&. go = Ta ctgo=——.
ctga tga
) cosa
sEnrveinill  IloBecTH TOTOMKHICTE: —————— +tg o = .
1 -sin(-a) cosa

95
MpaBo Anst 6e3onnaTHOro Po3MillleHHs MigpyYHUKa B Mepexi I[HTepHeT mae
>TBO OCBITW i Haykn YkpaiHu https://mon.gov.ua Ta IHCTUTYT MoaepHi3alii 3amicTy ociTh https://imz



HoBenenHad. IleperBopuMo JiBy YaCTUHY TOTOXKHOCTI:

cos tgo = cosa sina  cos?a +sino(l +sina)
1 - sin(—a) l1+sina cosa (1 +sina)cosa
_cos?a+sina+sinfo  l+sinoa 1
(1 +sina)cosa (1+sina)cosa cosa

OrpuMasy OpaBy YacTUHY TOTOKHOCTI. M

T T ) IloginuMmo obuaBi YacTHMHM TOTOXKHO-
3. Hacnidxu 3 ocnoenoi . cTi sin?a+cos?a =1 ma cos?a (3a

MpuzoHoMempu4noi yMoBH, 1m0 cos? o # 0). OTpumaemo:
momovcrocmi sin? o 1
+1= , TOOTO
cos? o cos? o

d 1+tg2a =

cos? o

Axmo o6masi yacTrHM TOTOKHOCTI sin? o+ cos? o = 1 moxinum-
™ Ha sin? o (3a ymoBu, mo sinZa # 0), To OTpUMaEMO:

2
cos® o 1
1+— = — , TOOTO
sin?o  sinZa
/ 1
d’ 1+ ectg2a =———.
sin? a

stueselZiy  IloBecTH, IO IPU BCiX AONMYCTUMUX 3HAUYEHHSX 3,
1

+
1+tg2B 1+ctg2p

3HAYEHHS BUPasy He 3aJeKUTh Bifj B.

JloBenmeHH s.
1 1 1 1

+ = +

1+tg2f 1+ctg2p 1 1
cos?PB sin2B

Ot:xe, 3BHAUEHHSI BUPA3y BijJi 3HaUeHHA [} He 3ayieKUThH. M

Bigomo, mo ctg x = —% i %t < x < 2m. 3HaUTH BCi

iHmmi TpuromoMerpuyHi QYHKIII KyTa Xx.
PosB’as3anuasa. Tpeba suaiiTu sinx, cosx i tgx. Maemo:

tgx = 1 =1:(—3)=—B:—2,4.
ctg x 5

=cos?fB +sin2p = 1.

3 popmymu 1+ ctg2x = # MaTuMeMo: sin2 x = #
sin2 x 1+ctg2x
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.o 1 144 .
Toxi sin2 x = = . 3a ymoBow x — KyT IV uBepri,

. . 144 12
ToMy sinx < 0, oTxKe, sinx = —,|— = ——.
169 13
. cosx
Tenep 3HalifeMo COS X, BPaXOBYIOUH, 1110 Ctg x = —
sin x
. 5 12 5
Marumemo: cosx =ctgxsinx = ——.| - — | = —.
12 13 13
12 5
Bigmosigse. tgx = -2,4; sinx =——; cosx = —.
8 Ab- 8 13 13

/9 © 3anam’ATanTe OCHOBHY TPUIOHOMETPUYHY TOTOXHICTb. @ 3anu-

Q LWiTb O3HAYEHHS TAHIEHCA | KOTaHreHca KyTa Yepes3 CUHYC i KOCUHYC

LibOro CamMoro KyTa. @ Sk noB’sa3aHi Mixk COBO TaHTEHC | KOTaHreHc?

© 3anam’aTanTte chopMynu, WO € HacnigkamMu 3 OCHOBHOI TPUIOHO-
METPUYHOT TOTOXHOCTI.

5 Fosb’axims 3agavi ma bukonaime bnpabu

@ 10.1. Copocrits Bupas: 1) 1 - cos? a; 2) 2 -tgoctgo.

10.2. CopocrTiTs, Bupas: 1)1-sin2 a; 2) tgactga + 3.
3uaiigiTe 3Havenud supasy (10.3—10.4):
10.3. 1) sin217° + cos217°%; 2) tg 3ctg 3.
10.4. 1) cos? 2 + sin2 2; 2) ctg12°tg12°.
Hosenits, mio (10.5—10.6):
10.5. 1) sin? a — 1 = —cos? a; 2)1+tg2a - 1 =0;
. cos? a,
3) sinactg a = cosa.
10.6. 1) cos?2 a.—1 = —sin? a; 2)1+ctg2a—— 12 =0;
sin2 o
3) cosatg o = sin a.
(@ Copocrits Bupas (10.7—10.8):
10.7. 1) 2sin2 o + (1 — cos? a); 2) sin? .+ 2cos? o —1;
3) (1-cosa) (1 + cos(-a)); 4) (sina—1)(1 +sina).
10.8. 1) 3cos2 o + (1 —sin2 a); 2) cos? a+ HsinZ2 o —1;
3) (1 +sina)(1 +sin(-a)); 4) (1 + cosa)(coso —1).

97

MpaBo Anst 6e3onnaTHOro Po3MillleHHs MigpyYHUKa B Mepexi I[HTepHeT mae
>TBO OCBIiTW i Haykmn YkpaiHu https://mon.gov.ua Ta IHCTUTYT MoaepHi3aLii 3amicTy ocBiTh https://imz



Cupocrits Bupas (10.9—-10.10):

10.9. 1) sin2 x + cos? x + ctg? x; 2) cos?B(1+tg2B);
3) sin x — sin x cos? x; 4) cos? a.sin? o + cos? oy
5) tg? yctg® 1 - cos? 1-cosfo,
sin2 o -1
10.10. 1) tg? o + cos? o + sin? o 2) sin? x (1 + ctg? x);
3) cos® x — cos® xsin? x; 4) ctg? atg? o — sin2 B.

HoBenits ToToxxuicTs (10.11-10.12):

10.11. 1) (1 —sin2x) (1 + ctg2 x) = ctg2 x;  2) tga +1= ;
ctg o cos? a,

10.12. 1) (1 - cos2 x) (1 + tg2 x) = tg2 x; 2) cteP . L
tg B sin2

CopocriTs Bupas (10.13—10.14):
10.13. 1) cos(—x) + cos x tg2 (—x); 2) ctg (-B)tg P + sin? ().

10.14. 1) sin (-B) - sinBctg? (-B); 2) ctg xtg (—x) + cos? (—x).
10.15. ToBeniTh, 1110 HE MOKYTH OJJHOUYACHO BUKOHYBATUCS PiBHOCTI:
1
1)sinx =1; cosx = —1; 2 thLZ\/E; ctga = ———.
) ) NG
Yy MOXKYyTh OZHOUYACHO BUKOHYBaTucsa piBaocti (10.16—10.17):

10.16. 1) sino. = 0,6; cosa = —0,8; 2)sina = %; cosa = g;

1 1
3)tga=3; ctga=——; 4t0c:ﬁ; ctga = —=?
) tg g 3 ) tg Ned
10.17. 1) cosoc:l; sinoczé; 2) sin(x:—ﬁ; cosaz—é;
4 4 5 5
1 2
3) tgoczg; ctga = 8; 4) ctgazg; tgo =-1,5?

3uaiigits (10.18—10.19):

1
10.18. 1) tg a, axmio ctgo = ——;
) tg 17, ﬁ

2)cosa i tga, axkmo sina =0,8 i g<a<n;

. 12 3n
3) sing, tgo, ctg e, axkmio coscpz—ﬁ i n<(p<?;
4) cosP, tgP, ctgp, armio sinB:—% i 3?“<B<27c.
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10.19. 1) ctgp, axmo tgh = %;

2)sinx i tgx, axmo cosng i 3?n<x<27r;

. 15 37
3) cosa, tga, ctga, axiio s1na:—1—7 i rc<oc<?;

4) sinB, tgP, ctgp, axmo cosp =-0,8 i g<B<n.

(@ HdosexniTe ToToxkHicTs (10.20—10.21):

1+ctg4

10.20. 1) — ¥82%  _ os2 90 gylrctedd o4

tg 20 + ctg 2a 1+tg4p

10.21. 1) _ tgdx = sin? 8x; 2 1-tg2a = tg 2a.

tg3x + ctg 3x ctg2a -1

Cupocrits Bupas (10.22—10.23):

10.22. 1) tga+s1noc; 2) co§x +1+s1nx_
1+cosa 1+sinx cosx
sinf  sinf : 4 1+sin(-a) te (—a);

1+cospfp 1-cosf cos(—a)

(2 cos? (—gj —cos? (—zj
_SIC20) o (C2x); 6) .
1 - cos(-2x) sin2| - %

4
10.23. 1) cosf +.cth; 2) sin x N 1+'cosx;
1+sinf 1+cosx sinx
3) cos.oc B cospc : 1) 1 +.cos(—x) _ ctg (—x);
l1+sina 1-sina sin(—x)
9 sin? (—;j —sin4 (—;j
5) 0520, 4o 20); 6) :
1+ sin(—2a) cos? (_xj

Hosenits ToToxkHicTh (10.24—10.25):
10.24. 1) tg2 o —sin? o = tg2 o sin2 oy
sind x +cos®x

2) ———— =sinx +cosx;
1-sinxcosx
sin? 8

——————— =tg4B; 4)2cos?x +sintx—costx=1.
ctg2p —cos? P g'p )

3)
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10.25. 1) ctg? o — cos2 a = ctg2 a.cos? a;

cos3 x —sin3 x

2) ——————— =cosx —sinx;
1+ cosxsinx
cosZ
3) ——————— =ctg?p;
)tg2B—sin2B g'p

4) 2sin? x + cos* x —sin* x = 1.
10.26. CopocTiTh Bupas:
sin? 5a. cos? 5a
1+tg25a 1+ctg?ba

1) sin* 2x — cos* 2x + cos2 2x; 2)
3uanzgits (10.27—-10.28):
10.27. 1) cosa i sina, axmo tgo = —% i g< o< m;

2)sinx i cosx, akmo ctgx =2 i x — xkyr III uBepri.

10.28. 1) cosfB i sinf, axmo tgp = % i B — kyr I uBepri;

2)sina i cosa, axmo ctga =-1 i 3?75<oc<27r.

10.29. 3uaiigiTh 3HAUEHHS YCiX IHIINX TPUTOHOMETPUUYHNX QYHK-
it KyTa o, SKIIO:

1)sina=§ io — Kyt II uBepTi; 2)tga=-51i n<a<2m.

10.30. 3uaiigiTs 3HAUEHHA YCiX iHIITUX TPUTOHOMETPUUHUX PYHK-
mift Kyra B, AKII0:

1) cosﬁz—% i0<B<m 2)ctgfp=0,51ip — ryr I usepri.

@ Cupocrits Bupas (10.31-10.32):

— 3 _ ) 4 9
10.31. 1) 1-2sin 30€.<30$( 3(1); sin? o + tg* o + cos? a

cos 3a + sin(—3a) tg2 o + ctg2 o

— 3 _ 2 4 . 9
10.32. 1) 1 - 2sin(-2p)cos 2B gy COS” X + ctg? x +sin2 x

cos(—2B) + sin2p ’ ctg? x +tg2 x

Hosemits ToToKkHicTS (10.33—10.34):

10.33. 1) B8P o tap:
ctg o +ctgP

2) sin® o + cosb o + 3sin? acos? o = 1.
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tgo +ctgp

10.34. 1)
ctga+tgp

=tgactgf;

2) sin* o + cos? o = 1 - 2sin? a.cos? o
10.35. Bigomo, 110 sino + coso = 0,8. 3uHaigiTs sin o cosa.
10.36. 3uaiigiTe tg2 x +ctg? x, axkmo tgx + ctgx = 5.

10.37. 3uaiigiTe 3HAUEHHA BUPAa3Y:
2cosx + 8sinx

1
, AKINO tgx = —;
3cosx —4sinx tmo t& 4

sin2 x — 8sin xcos x + 2cos? x
2) - , AKIIo ctgx = 2.
3cos?2 x —2sin? x

10.38. Bigomo, 1o tg o = 3. 3HalAITL 3HAUEHHS BUPA3y
4cosa + 5sina

2cosa — sina
10.39. MoBenits, 1110 3HAUYEHHS BUPa3y He 3aJe€KUTh Bim o
sin2 o cos? a.

1 ; 2) ctg? a .
)1—sin4oc—cos4oc ) ctg 1+tga+tg2a

_l+ctgo+ctg?a

10.40. 3HaigiTe HaliMeHIe i HA0OibIIIe 3HAUEHHA BUPABY:
1) 4sin? x — 3 cos2 x; 2) 4cos? x + 3tg x ctg x.

10.41. 3uaiiniTe obsacTs 3HaUYeHb PYHKIII y = 7 cos? x + 3sin? x.

@ Xummeba mamemamuka

10.42. Ocpitsenna xkimuatu cnokusBae 300 Br morogmanu. lonua
1oro BMHKAIOThL Ha 6 rogmH. SIKIMO IIpoBecTH 3aMiHY OCBiTJIEHHS
Ha eHeprosbepirarmoue, To BuTpaTu 3MeHIIarbesa Ha 30 % . 1) CKinab-
Ku KBT-rog mpoTAroM THMKHS MOMKHA 3a0IMafUTH HA OCBiTJIEeHHL
KiMHaTH, BUKOPHCTOBYIOUM eHepro3bepiraroue ocBiTieHHA?

2) CKiJIbKM KOIIITiB MOKHA 3a0IaAUTH MPOTATOM THKHS 3a Iifo-
yuMu TapudamMmym Ha eJeKTPOeHEpPTiio, MMepeHIOBINN Ha €Hepro-
3b6epiraroue ocBiTieHHA?

Tligzomyimecs go bubuenns Hobozo mamepiany

10.43. Ilpuragmaiite dopMyau 3 Kypcy reomerpii Ta 3amoBHITH

MPOITYCKM:
1) sin(180° - ) =...; 2) cos(180° — ) =..4
3) sin(90° — o) = .., 4) cos(90° —a) =... .
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10.44. TlopiBusAlTe 3 HyJeM Bupas, e 0° < o < 90°:

1) sin(90° + a); 2) cos(180° — a); 3) tg(270° + a);
4) ctg(360° — a); 5) sin(180° + a); 6) cos(270° — a);
7) tg(90° — a); 8) ctg(180° — a); 9) cos(360° + a.).

ﬂ{l DOOPMYIU
0O 3BEOEHHA
3,

. . T
Tpuronomerpuuni (GpyHKIil KyTiB x + o, ge x = E; ; 5
2n, (a6o x =90°; 180°; 270°; 360°) MosKHaA 3BOAUTHU OO TPUTOHO-
MeTPUYHUX (QYHKIIN KyTa o 3a momomoroio GopmMyJs, SKi Ha3mBa-
IOTh QOpMYAaAMU 386€0eHHS.
3 Kypcy reomerpii Mu 3HaeMo, IIIO:

sin (180° — o) = sin a; cos(180° — o) = —cos a;
sin (90° — ) = cos a; cos(90° — a) = sin o
abo y pamiaHax:
sin(n - a) = sinoy cos(n —a) = —cosa;
n(3 o) (5-o)-»
sin| ——a | = cosa; cos| ——a | =sina.
2 2

3acTocoByiouH IIi (pOPMyJIM Ta BJIACTUBOCTI TPUTOHOMETPUUHUX
GyHKITI, MOKHA 3HAUTHU (GOPMYJIUN 3BeNeHHS OJIA Pi3HUX KYTiB.

s
Hanpukaan, gia Kyra 5 + o, MATIMEMO:

(G ve) -l (5-)) -5 -<)
sinf—+oa|=sin|t—|=-—-a||=sin|——o|=cosa.
2 2 2

A pns Kyra T — o, ypaXoBYIOUM BUINle3TagaHi opmyau, MaTu-
MeMO:

sin(nt — o sin o
@)= TEZD

tg (n - =
cos(t—a) —cosa

Y Toii camuii cmoci6 MOKHA 3HAWTH (POPMYJIH 3BEIEHHS IJIA
BCiX 3asHaueHMX Ha IIOYATKY maparpada KyTiB. YCbOro TaKWX
dopmya TpuAIATE ABi. 3anuiiemo ix y Burasaai rabmauii (c. 103).

IIi popmysnu He Tpeba 3amam’AToByBaTH. [locTaTHLO JUIIIE TIO-
MiTHTH B HUX IIeBHY B3aKOHOMipHicTb, chopmysooBatu ii y BuU-
rasani mpaBuia i 3anmam’aratu. A bOT0 JOMOBUMOCS Ha3WBaTU
CUHYC KOQYHKUYi€I0 KOCHMHYCa, KOCMHYC — KOGYHKIli€el0o cuHyca,
TAHTEHC — KO(PYHKI[I€I0 KOTaHTeHCAa, 1 KOTAaHreHC — KOPYHKILiE€0
TaHTEHCA.
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b T 37 3n
——a

——a|=+a _ g _
. 2 2 T—O | T+ 2 2+0t 2n—o | 2n+ o
90° - [90° + o |180°— 0 |180°+ | 270° - |270° + | 360° — | 360° + &
sinx | cosa | cosa | sino | —sino | —cosa | —cosa | —sina | sina

cosx | sino |—sino|—cosa | —cosa | —sina | sina Ccos O cos o

tgx | ctga |—-ctga| —tga tga ctgo |—ctga| —tga tga

ctgx| tga | —-tga |—ctga | ctga tga —tga |—ctga | ctga

Tenep copMyTI0EMO nNPABULO 3aCTOCYBaHHS ITUX (hopmyI.

Y mnpasiii yacTuHi GopMyaH 3BeIeHHS 3aNHUCYEMO TOM
K. 3Hak (+ a6o —), AKkMi Ma€ JiBa yacTHHa (POopMyJaH 3a
YMOBH, II0 KYT 0. — TOCTPHi, IPUYOMY IJA KYTIiB T * q,
27 £ 0. Ha3By TPUTOHOMETPHYHOI (PyHKIIIT He 3MiHIOEMO, TIIA
. T i . .
KYTIB E ta, ? + o — Ha3By 3MIiHIOEMO Ha KO(YHKIIiIO.
3ayBaKMMoO, 10 KYT O BBA’KAEMO T'OCTPUM TiJbKU [IJs 3pyd-
HOCTi BMKOpHUCTaHHS npaBuia. KoyxkuHa 3 (GopMyJs 3BeJeHHS €
MIPaBUJIBHOIO IJIA OyAb-AKOTO o 3 00JIacTi BUBHAUEHHS TPUTOHO-
MEeTPUYHOI PYHKITil.
3BepHiTH yBary, IIo0 HOCIiJOBHiCTL MipKyBaHBb 3a 3rafaHuM
MPaBUJIOM MOXKHA CTHCJIO CHOPMYJIIOBATH Y BUTIALL MHEMOHIYHO-
20! npasuna: «Useprs. 3Hak. Hassa». Posriagmemo mpukJaajg Ha
3aCTOCyBaHHS IIpPaBUJIA.

3amnmcaTu uyepes TPUTOHOMETPUYHY (DYHKITiT0O KyTa o
1) cos(n — a); 2) ctg(270° — a).
PosB’szaumuda. 1) Ygepmv: (T — o) — KYT y
II uBeptri (man. 11.1). SBHak: KocuHYC V
IT uBepTi — Bix eMHUI, TOMYy MaTAMEMO 3HAK N
«—». Has3ea: nns Kyra (T — o) Ha3Ba TPUTOHO- %
MeTpuuHOi (hyHKIIII 30epiraernscsa, ToOTO Ma-
TUMeMO «cosS». OTike, cos(m — o) = —cos a.
2) (270° - o) — wyt III uBepri (man. 11.1),
raureuc y III uBepri mae sHax «+». OCKiab- Mau. 11.1

Ku 270° = S?W, TO Ha3By (PYHKIIII 3MiHI0OEMO Ha KOPYHKI[iI0, TOO-
To Ha «tg». OToke, ctg(270° — a) = tg a.
BigmoBigsw. 1) —cos a; 2) tg a.

1 Muemé6HiKa (IaBHLOTD. — MUCTMEUME0 3anam’ AmosyeaHHs) — CYy-
KYHOHIiCTh MPUIOMiB i MeTomiB 3amam’ATOByBaHHA iHdopMaIlrii.
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dopmyau 3BeleHHA OOIOMAaraloTh OOUYMCJIIOBATA 3HaUYeH-
HA TPUTOHOMETPUUYHUX (PYHKIINA JeAKUX KYTiB, IO IEPeBUIIY-
oTh T (a6o 180°).

s dopMynn 3BemeHHA TaKi KYyTU MOXKHA 3alIMCyBAaTH OTHUM
i3 mBOX cmocobiB, v BuriaAni cymu abo pisHumi. Hampurimanm, Kyt
195° nexkuTh HA OMUHUYHOMY KoJti Misk KyTamu 180° u 270°, Tomy
iioro moskHa 3anucartu i ax 180° + 15°, i ag 270° — 75°.

O6umcantu: 1) tg 315°;, 2) sin%.
PosB’azanHa4a.
1) I-it cnoci6. tg315° = tg(360° — 45°) = —tg 45° = 1.
2-1i cnoci6. tg330° = tg(270° + 45°) = —ctg 45° = -1.

6
Bigmosigse. 1) -1; 2)-0,5.

3a gomoMmoroioo (opMyJ 3BeleHHs, BJIACTHUBOCTEl IIepioguvHO-
CTi, IapHOCTi UM HENAPHOCTi TPUTOHOMETPUYHUX (PYHKIi 3HAXO-
IKeHHS 3HAUeHb TPUTOHOMETPUUYHUX (PYHKIIH OyAb-aKOro KyTa
MOJKHa B3BECTH [0 3HAXOM)KeHHSA 3HAUYeHb TPUTOHOMETPUYHUX
dyHKIi# rocTporo KyrTa.

O6uucanTu cos(—945°),

PosB’as3anid. [TocnigoBHO BUKOPHUCTAEMO IAPHICTH KOCUHY-
ca, oro mepioguuHicTh Ta (hopMyJIy 3BeIeHHS:
cos (-945°) = c0s945° = cos(225° + 2- 360°) = cos 225° =

NG

= cos(180° + 45°) = —cos45° = 5
J2

BigomoBigs. —7.

®dopmynm 3BeleHHA BUKOPWCTOBYIOTH 1 JJIA TOTOMKHUX Ilepe-
TBOPEHb TPUTOHOMETPUUYHUX BUPA3iB.

Cripocrura supas: cos (0 — 1) — sin(oc _ gj

PosB’asanuda. OckiapKu:
cos(o— 1) = cos(—(n—a)) = cos(n —a) = —cos a;

n(eg)-mnl {5 -l -o)
sinfjo——|=sin|-|—--a||=-sinf ——oa |=-cosa, TO
2 2 2

. T
cos(oc—n)—sm[a—E) =—cosa —(—cosa) =—-cosa+cosa =0,

2) sin7—n —sin|n+Z|=—sin = e -0,5.
6 6 2

BigomosBings. 0.
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. o+ .
Bt eIy JloBecTH, IO sin 2 B = cos%, gme o, Biy— Kytu

TPUKYTHUKA.

PosB’sa3aHHA. o, f 1 y — KyTM TPUKYTHUKA, TOMY
. O+ T —

Q+B+Y=ﬂ,OTH<e,a+B=n—leB: Y,T06TO

E—l. Toxni sinOHFB =sin(£—lj=cos1. [ ]
2 2 2 2 2 2 2

79 © CdopmyntonTe NnpaBuno Ta MHEMOHIYHE NMPaBUIO 3aCTOCYBaHHS
dopmyn 3BeAEHHS.

$ Fosb’axims 3agavi ma bukonaidme bnpabu

) Kopucryiouncs rabauueio ¢opmyn 3seneHHs (c. 103), sse-
IiTh K0 TpuroHomMerpuuHOi MyHKIHI KyTa o (11.1—-11.2):

11.1. 1) sin (g - ocj; 2) tg (90° + o);
3) ctg(n—a); 4) cos(180° + a);
5) cos(270° — a); 6) sin (% + ocj;

7) tg(860° — a); 8) ctg (2n + o).
11.2. 1) cos(90° — a); 2) ctg (g + oaj;

3) tg(180° — a); 4) sin (7 + o);

5) tg [37“ - aj; 6) cos(270° + );

7) ctg (2n — a); 8) sin (360° + o).

2 Kopucryouncs mpasuiaoMm, 3BeIiTh OO TPUTOHOMETPUUHOI
byukiii kyra o (11.3—11.4):

11.3. 1) tg(90° — ); 2) sin (g + a);
3) cos(180° — a); 4) ctg (n + a);
5) sin (3?“ - oc); 6) ctg (270° + a);
7) cos(2m — a); 8) tg (360° + ).
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11.4. 1) ctg [g - a); 2) cos(90° + );
3) sin(n — a); 4) tg(180° + a);
5) ctg(270° — a); 6) tg (S?TC + Otj;
7) sin(360° — a); 8) cos(2m + o).
3BeIiTh 10 TpuroHomeTpuuHoi pyHKIii rocrporo Kyra (11.5—11.6):

11.5. 1) sin182°; 2) cos217°; 3) tg 342°; 4) ctg 690°;
5) sin(-126°); 6) cos(—592°); T7) tg(—227°); 8) ctg(—190°).

11.6. 1) sin 318°; 2) cos142°; 3) tg 459°; 4) ctg 219°;
5) sin(-193°); 6) cos(—249°); 7) tg(-549°); 8) ctg(-251°).

O6uuncairs (11.7—11.8):

11.7. 1) tg135°%; 2) cos 210°; 3) ctg 315°; 4) sin 570°%

13=n 5n n 5m
5) sin——; 6 — 7) tg—; 8) ctg —.
)sm6 )cos4 )g6 )cg3
11.8. 1) cos150°; 2) sin 240°; 3) tg 300°; 4) ctg 495°;
4 n by 11xn
5 = 6) sin—; 1) tg—; 8) ctg —.
)cos3 )sm4 )g6 )cg6

CopocriTs Bupas (11.9—11.12):
11.9. 1) sin(270°—a) —cos(180°—a);  2) tg(90°+ o) ctg(270° + au);

3) tg (g - ocj —ctg(n — a); 4) sin(w + o) tg (% + ocj,

11.10. 1) tg(180°+ o) — ctg(270° — a);
2) sin(180° — a) ctg(360° + a.);

. (38m 3n T
3) cos(2m — a) — sin (? - oc), 4) tg (? - ocj ctg (5 - ocj.
@ 111 Dsin@-n;  2) cos(a—g);
3) tg(a — 27); 4) ctg (a - %tj
11.12. 1) cos(a - 3?“), 2) sin(a — 2m);

3) ctg (oc : g] 4) tg(o - ).
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3BeniTh 10 TpUroHOMeTpUYHOI (yHKIIT rocTporo Kyra (11.13—11.14):
11.13. 1) sinﬂ; 2) cos (—@);
4 5
37n 367
3)tg| — §|; 4) ctg —.
) g( 5 ) ) otg 7

197 257 247 12rn
11.14. 1) sin——; 2) cos—; 3) tg—; 4) ctg| ———|.
) si 5 ) 3 ) tg 5 )cg( 7 ]
3HaligiTh 3HaueHHA Bupasy (11.15—11.18):

11.15. 1) sin(-930°) + /3 cos(-210°) + tg 675°
2) tg@ + 2sin(—7—nj - ZCOS(—@).
4 6 6

11.16. 1) cos(-585°) — sin 225° — tg 765°%
2) cos(—g—nj - lsin@ - tg13—n.
3 2 6 4
c0s35°
sin55°’
3) tg189°ctg171°; 4) sin2(-15°) + sin2 75°,
tg42°
ctg 48°
3) ctg179°tg 181°; 4) cos2(-10°) + cos2 80°.
Cupocrits Bupas (11.19—-11.20):
11.19. 1) 1 + sin(90° + ) cos(180° + a.);
2) cos2(270° — a) + sin2(90° — a);

11.17. 1) 2) cos125° + cos(—55°);

11.18. 1) 2) sin136° — sin 44°;

3) cos(o — ) sin (g - ocj —sin2(n - );
4) sin(27 + o) sin(o. — ) + 1.

11.20. 1) 1 - cos(270° + o) sin(180° — av);

2) cos(n + ) cos(a — 27) + sin? [a - 3?%]

HoBexnits ToTokHicTs (11.21—11.22):
11.21. 1) sin(E + 0‘) - COS(E _ “j;
4 4

tg(180° — o) sin(180° + o) cos(90° + o)
cos(270° — o) sin(90° + o)

2) = tg2 a.
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11.22. 1) sin(30° + o)) = cos(60° — a);

sin (3?“ - oc) sin?(n — a)

2) =sinocosa,
ctg (g - aj cos(m + o)

@ 11.23. Mano: cosa = —-0,8. 3HAHAITH:

1) cos(180° + a); 2) sin(270° — a);
3) cos(270° + a); 4) sin(180° — o).
11.24. Mauo: sina = 0,6, 0° < a < 90°. 3HaAiTE:
3n . (3m
1) cos| ——-a|; 2)sin| —+a|.
yeor(Goaf (Tl
. N 5 . . s o
11.25. o i B — cymiskHi KyTH, cosa = 13 3HaigiTe sinf i cosf.

11.26. o i f — cymiskHi KyTH, Ssinf = % 3HaigiTe sina i cosa.
Hexaii o, B, y — xyTtu TpukyrHuka. Josexits, mo (11.27—11.28):
11.27. 1) sin(a+ B) = siny;  2) ta 2P = ctg L.

11.28. tg{a +B) = —tgy.

2

a XKummeba mamemamuxa

11.29. BanmexHicTh 00cATYy TOOUTY ¢ (OAMHUILL Yy MiCAIlb) Bif IiHM
p (TmC. TPH) Ha TPOAYKILiIO IMiAITPUEMCTBA-MOHOIIOJICTA 3aa€Th-
ca ¢opmysnoio g =50 —5p. Bupyuka migmpuemMmcrBa 3a MicAlpb r
(v Tuc. rpH) obuuciaioeTbcsa 3a ¢opmyioio r(p) = gp. Busnaure
HaUOiNbIy IiHY p, OPpU AKill BUpyYKa 3a MicAlb r(p) CKJiame He
menie Hixk 120 Tmc. rpH.

! Tligzomyiimecs go bubuenns Hobozo mamepiany

11.30. O6uucIiTh:
1) cos390°; 2) sin765°  3) sin(-300°); 4) cos(—1050°).
11.31. 3uaiigiTe By QYHKIIL:

1)y:x;1; 2)y=4x-12;

2 _
3)y=2x+6;  4)y=IL 4%
X
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11.32. ITo6yayiiTe rpadik QyHKINII:

Dy=+vJx+1; 2)y=~x-3; 3)y=\/;+2;
Hy-Vr-4  5y-3/x 6)y = V.

-ﬂ NEPIOAUYHICTb ®YHKLIA. BNTACTUBOCTI ]
TA TPA®IKM TPUTOHOMETPUYHUX ®YHKLIN

------------- IIpomecu i aBuIia y mpupomi, TexHirri,

1. Ilepioduunicme MeIUIIMHI YacTO MalOTh MOBTOPIOBAJIb-

dynryii HUHM XapakTep: pyxX 3eMJi HaBKOJO

CoHns, pyx MAasATHHUKA, PisHi 00ep-

TaJdbHi pyxm Toimo. Taki mpollecu Ha3WBaIOTL nepPioduiLHUMU,
a QYHKIII, 1110 X OmUCYI0Th, — NepioduYHUMU PYHKUIAMU.

Mwu Bke 3Haemo, 1m0 TpuUroHOMeTPWYHi (GYyHKII € mepiomgmy-
HUMU, aJ:Ke 3HaUeHHS CHHycCa i KOCHMHyca HpU 3MiHi KyTa Ha
mijie ymcao obepriB He 3MiHIOIOTHCA (AuUB. § 9, n. 5). Ilpu 3miHi
JK KyTa Ha IfiJie YMCJI0 HiBoOepTiB He 3MiHIOIOTHLCS 3HAUEHHS TaH-
reHca i KoTaHreHca, TOOTO TPUTOHOMETPHUYHI (yHKILI cuHyca i
KOCHHYyCa He 3MiHIOIOThCS, AKIINO A0 iX apryMeHTy AoJaTHh JedKe
YKCJI0, KpaTHe 27, a TaHTeHca i KoTaHTeHca, — AKIIO AOJaTH YUC-
JI0, KpaTHe T.

‘ ®ysruivo y = f(x) HazuBarTh nepioduinor 3 mepiogom
s T +#0, AK1I0 a1 Oyab-sIKOoro x 3 00JIacTi BU3BHAUYEHHA (PYyHK-
mii yncaa x + T i x — T Tako:k HaJdeKaTh 00JaCTi BU3HA-
YyeHH i cmpaBmKyeThes piBHicTE: f(x + T) = f(x) = f(x — T).

Ockinmbku sin(x + 2m) = sin(x — 2rn) = sinx i cos(x + 2m) =
= cos(x — 27n) = cosx A Oyab-AKOTO X, TO (YHKIIII cCHHYC i KOcu-
Hyc mnepiogumuni 3 mepiomom 2n. IlepiomamMmu mux (QYHKIIN Taxox
OyayTh umcia, KpaTHi 27, TodTo umeaa —2n; +4n; +6m; ... .

s mocaimkeHHs BiacTuBoOcTell (GyHKIIIH Ta moOyI0BU iX I'pa-
(dikiB BasKIUBO 3HATH HalMmeHwull dodamHuuil nepiod QyHKuii.

HoBememo, III0 HAWMEHINNM JIOAATHUM IIepiogoM QYHKITiI
y = cosx € 2n. Hexait T — goBinbHHMU mepios KocuHyca, TOJ1
cos(x + T) = cosx mns Oyab-IKoro X, 30oKpema aad x = 0. Mae-
mo: cosT = cos 0 = 1. HafimeHIIUM moZaTHUM 3HadyeHHAM T, 0ad
Aakoro cosT = 1, € unucao 2n. OTiKe, 21 — HaIMEHINUN TOLATHUHA
nepiox GyHKIII y = cosx.

Y Toil camuii cmoci®b MOYKHA SOBECTH, IO HAWMEHIIIMM AOJAT-
HUM nepiogom GyHKIIT y = sinx Takox € umcao 2n. O1ike,

HAWMEHIINN JOTATHUM Iepiox M KOMKHOI 3 (PYyHKIIii
s Y =sinx iy = cosx mopiBHIOE 2T.
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Ockinbru tg(x + ) = tgx i tg(x — n) = —tg(n — x) = tgx,
a TakoxK ctg(x + w) = ctgx i ctg(x — n) = ctgx mna Gyab-aKoro
x 3 objacTi BM3HAUEeHHA TAHIe€HCA I KoTaHreHca BiANOBigHO, TO
MOJKHA JifiTH BUCHOBKY IIPO Te, IO TAHTEeHC i KOTaHTeHC — IIepio-
nuaHi GyHKIii 3 mepiogom m.

HoBememo, 10 m — HaMeHIIN# DomaTHUiI Iepion (GYHKIIii
y = tgx. Hexant T — pmoBinbHUU mnepion ¢yHKI y = tgx, Tomi
tg(x + T) = tgx pna Oyab-AKOro x 3 oOJsacTi BUSHAUYEHHS, 30-
kpema i gaa x = 0. Toxi tgT = tg0 = 0. HafimeHIniuM gogaTHUM
suauvenuaam T, gad sxoro tgT = 0, € uncao n. OTiKe, T — HAIMeH-
muil JogaTHUM nepiox GyHKIEL y = tgx.

Y Toii camuii cmocid MOXKHA JOBECTH, IO HAMMEHIIIMM HOJAaT-
HUM nepiogom ¢GyHKIIT y = ctgx Takoxk € umeao . OTixe,

‘ HaMEHIINN JOJATHUHM Iepiox Oad KOKHOI 3 (PYyHKIIii
=tgx i y = ctgx mopiBHIOE T.

Heplo;mqmcm ¢GyHKIII BUKOPUCTOBYIOTH OJA IIOOymOBM ii
rpadika:

‘ I Mo0ynoBu rpadika nmepiognuHoi (pyHKINIT 3 HAHMEeHIITNM

» pogaTHuM nepiogom T, mocraTHLO MOOyayBaTH rpadik Ha
Oyab-AKOMY IpOMikKYy AoB:xunow T, (Hanpuxaan, [0; T D),
a MOTiM JOMOBHUTH HOT0 ofeps;kaHuM rpadikom, mapaJjeib-
HO NepPeHeCeHHM BIIPABO i BIIIBO B3TOBJK OCi aOcCIUC HA Bif-
cranb kT, ne k — Oynp-ike HATypajbHe YMCIIO.

------------- CoouaTKy mobOyayemo rpadix (QyHK-

2. I'pagix pynryii mii y = sinx Ha npomisxkky [0; n]. Bu-
Yy =sinx KOPHCTAEMO TAOJIUII0 3HAUEHD:
o | | X | | X |2 30| 57
x 6 | 4 | 3| 2| 3| 4|6 |"
1 | J2 | V8 ¥3 | V2 | 1
y [0 | - | = | =] 1 | =] =] 210
2 2 2 2 2 2

Bynyemo rpadirk ¢dysxnii y = sinx Ha npowmixkky [0; n], Bpa-
XOByIouH, 10 © ~ 3,14. Ha mamronky 12.1 3o0paskeno rpadik
dyuKIii y = sinx Ha mpomixkky [0; n].

y

Yy
1 Tt 1
2
0 T T X —n\/lo LR
2 -1 2
Max. 12.1 Man. 12.2

110

[MpaBo gnst 6e3onnaTHOro Po3MilLleHHs MigpyYHUKa B Mepexi IHTepHeT mae
>TBO OCBITW i Haykn YkpaiHu https://mon.gov.ua Ta [HCTUTYT MoaepHi3aLii 3amicTy ociTu https://imz



Ockinbku QyHKIA y = sinx € HemapHOIO, To il rpadik cume-
TPUUYHUYN BiJHOCHO IOYATKY KOOpAumHAT. BUKOHaeMO cumMeTpUY-
He BimoOpaskeHHs JiHiI, 300paskenoi Ha maaoHKY 12.1, BigHOCHO
moyaTKy KoopawHAT i orpmmaemo rpadik ¢yHKII y = sinx Ha
npomikKy [—m; ] (man. 12.2).

Haxni Bpaxyemo nepioguuHicTs GyHKIIT iy = sinx, HaiMeHITUHA
IDomaTHUM mepionx AKoi mopiBHoe 27n. IlapasenpbHO mIepeHeceMoO
omep:xaHmuii rpad)ik BJIiBO i BIIpaBO B3JOBJK oci abciiuc Ha 27, 47,
67, ... . Ogep:xumo rpadik GysHxmii y = sinx Ha Bciit ob6aacri Bu-
sHaveHHd (Mmasu. 12.3). Jliniro, aka e rpadikom QyHKII y = sinx,
Ha3WBAIOTh CUHYCOLO0I0.

3
/2n ——” - —% 7" 2n

Mau. 12.3

R

------------- ITo6ynyBaTu rpadik GyHKIII iy = cosx
3. 'pagix pynryii MOKHA B TOI caMuil cmocib, AKuM
y = cosx oynyBanu rpadik GyHKNOI y = sinx.

Ane, BpaxoByoOuM, M0 COSX =

. L . .
= sin (x + Ej’ rpadik GyHKIII y = cosx MOKHa oTpuMaTu 3 rpadi-
Ka (yHKI] y = sinx 3a JOIOMOTrOI0 IIapaJiejIbHOI'O IepeHeCceHHS

. . i .
B3JIOBXK Oci abcruc BJIiBO Ha 5 (man. 12.4). I'padikom GyHKITIT

Y = COSX € TaKOXK CHUHYycoiza, 60 Iie Ta cama JiHid, 110 i rpadik
dyuKIil y = sinx, TiabKM po3MillleHa iHAKINle BiTHOCHO CHUCTEMU
rKoopamuaar. I'padik GyHKII y = cosx 300pa’keHO Ha MaJIIOH-
Ky 12.4, fioro 1ie Ha3WUBaIOTh KOCUHYCOI0010.

Ly

1 =cosx

T AN /\

Mau. 12.4

............. CmouaTky mobOyayemMo rpadixk GyHK-

4. I'pagix pynryii T
y =tgx mii y = tgx Ha TPOMiXKKY ( 9 2)
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l.r'l.o

s 11boro cKJIageMo TaOJuITIo 3HaUueHb (DYHKILii:

T T T T T T T T

A e - U R -
1 1

e e e N -l IR - R IR

T'padik pynkIiii sob0paskeHo Ha MandioHKy 12.5. 3ayBakumo,

o

. . T T .

110 BiH He mepeTWHAE HIPAMi X = 5 nx= ) (OCKiJMBKY TaHTEeHC
T, T . . v

Yy TOUKax 5 i 5 He icHye), mpu HAGJIMIKEHHI X 0 5 3HAUEHHSA

. T
tg x cTae AK 3aBroAHO BEJIHMKUM, a IIPU HAOIMIKEHHI T0 5 — AK

3aBIr'ogHO MaJIuM.

Yy Yy
_% 0 % x _32n - _% 0 % T % x
Man. 12.5 Man. 12.6

Hani, BpaxoBylouu mnepiogmuHicTh GyHKIII y = tgx, HaliMmeH-
mIM¥ JoJaTHUM IIepion AKOI JOpiBHIOE T, oTpmMaeMo Trpadik
dyueruii y = tgx ma Bciit obsacTti BusHauenHa (masu. 12.6). I'pa-
dix dysKIii y = tgx HasuUBaOTL MaH2eHC0i0010, BiH CKIATAETHCA
3 0es3J1iui okpeMux riJIOK — TiJIOK TaHTreHCOimu.

SEIEIISISSI ST QyHKLiA y = ctgx He BU3HAUeHA /A
5. I'pagix pynxyii x = nk, ke Z. Tpadik miei QyHKII
y = ctgx MOJKHA CHOYATKy HmOOyIyBaTH Ha IIPO-

mixkKy (0; m), i mani BuKopucraTu me-

. . . s
pioguuHicTh PyHKIII. A MOXKHA, OCKiIbKu ctgx=—-tg (x+5), oT-
pumatu 3 rpadika ¢GyHKII y = tgx mapajselbHUM IepeHeCEeHHAM

v . . . .
Ha 3 BJIIBO B3MIOBXK Oci abciimc, a MOTiM CUMETPUYHUM BimobGpa-

JKEeHHAM OTPUMAaHOro rpadika BiZHOCHO ITi€i oci.
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T'padix pysKLil y = ctg x 300pakeno Ha MadoHKY 12.7. Ile Ta-
KOK TaHTeHCOoifa, ajie po3MillleHa iHaKIIe BiJHOCHO CUCTEMH KOOp-
muHat. I'padik GyHKIE] y = ctgx HABUBAIOTH IIle KOMAH2eHCOL0010.

Y
y=ctgx
1__
-t TN\ 0 1 TN T 27 x
2 \| " 2 Pl
Man. 12.7
I E I I T I I T T T T Yy YsarasbHUMO BUWBYEHI pawimie BJia-
6. Bracmusocmi CTHUBOCTI TPUTOHOMETPUUYHUX (PYHK-
MPUZOHOMEMPULHUX i Ta BJIACTHUBOCTi, OTpUMAaHi 3 ix
PyHKYilU rpadikis, y Tabmuni (c. 114 i 115).

Temep MM MOMKEMO 3HAXOIUTH
BJIACTHBOCTI He TibKM (PYHKI[iH, 3a3HAYEHNX y IUX TAOIHUILAX, a
¥ iHIIUX TPUTOHOMETPUYHUX (DYHKITiil.

Sratimn my dymKTi Y = b8 [Zx _ gj

PosB’asauua. Hynavu ¢pysxnii y = tgx e sHauenHa apry-
MeHTy BUTJIALY 7k, k € Z. Tomy gnd mamoi QyHKIII 3Haiimemo

. T
Ti 3HAUEHHA X, OJA AKUX 2X —g = k. Po3B’s2keMO oTpuMaHe

e . e
JiHiliHe PiBHAHHA: 2X — 3 = Tk;
2x:£+nk;
T Tk
x=—+—, ke Z, — uyni pyuxmii.
6 2 ) yai gy
. . n Tk
Bigmosigs. —+—, ke Z.

16
SEheL el Al 3HaliTH MPOMIiMKKYM 3pocTaHHA QYHKINII y = sin 3x.
, . v v
PosB’azanusa. Ockinbku —§+2nk; §+2nk , ke Z, — mpo-
MiKKU 3pocTaHHA QYHKIII y = sin x, po3B’aAKeM0 HepiBHICTE:
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I onk <3x <X ionk,
2 2

——+—\X\—+@,k Z
6 3 3
BigomoBigs. [—£+@, T @} keZ
6 3 6 3
DyHKIiT
Ne | Bmacrusocti
y =sinx Y = COSX
1 Ob6sacTb o 400 oo 400
BU3HAYEHHS (=005 +0) (=005 +0)
9 MHoxuHa [1; 1] [-1; 1]
3HAYEHb
3 HaleC?b’ Henapua ITapua
HeIapHicThb
4 | HatimeHIiuia
ITOLaTHUHA 27 2n
nepion
5 |y nk Z 4k
dyHKIIIT
g | SHaKocra- (2rk; 7 + 21k) (—3 +onk; Ty anj
Jicts, y > 0 2 2
7 |Buaxocra- (-7 + 2k; 2nk) (E +omk; 3T anj
Jicts, y <0 2 2
g |HIpomimrn {—E + 2nk; =+ 2nk} [-n + 2nk; 2nk]
3pOCTaHHA 2 2
g |[IpomisKn {E + 2ntk; 3, 2nk} [2nE; + 2nk]
cHajgaHHs 2 2
10 | Haii6inbime
3HAYEHHS 1 mpu x =L + 2k 1 opu x = 2nk
GyHKIii 2
11 | HatimeHniie
3HAUEHHS 1 npu x=-~+2nk| —1 opu x =+ 2nk
GYHRKITII 2
114
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DyHKIiA

No Baacrusocri
y=tgx y =ctgx
b
1 |O6GmacTh BUSHAYECHHS x # Py + 1k x # nk
MHuoKVHa 3HAUEHD (—00; +00) (—00; 400)
3 |IIapHicTb, HemapHicTh Hemapua Hemnapua
4 |HaiimeHINN SOSATHUNI . .
mepion
I
5 |Hyni dysrmii nk P +nk
b1 b1
6 |3makocramicTs, y > 0 [Tfk; 5t Ttkj (Ttk; 3t Ttkj
. s s
7 |3makocraiicts, y < 0 (—E + ks Ttkj (_E + nk; Tckj
. T i
8 |IIpomixkKu 3pocTaHHA (—5 + mk; 2 + nkj -
9 |IIpomikKu criagaHHs - (Ttk; T+ Ttk)

10 | Haii6inpIme 3HaueHHS
byHRIiT

11 | HaiimeHIie 3HaueHHS
GyHKIIi1

51 3BHAXOMKEeHHS TePiofiB AeAKNX TPUTOHOMETPUYHUX (PYHK-

d

il CKOPHCTAaEMOCS BJACTUBICTIO, AKY IpuiiMeMo 0e3 JOBeIeHHS:

HaWMEHINUHA JOJaTHHI  mepiog (QyHKIOIA  BUIIAXY
y = sin(kx + @) i y = cos(kx + @), ne B i ¢ — umcaa,

. 2 ... .
IOPIBHIOE ﬁ, a ¢yskuii Buraany y = tg(kx + o) i

y = ctg(kx + ¢) mopiBHIOE

Hampuranan,

. b 2n
mii y:s1n(4x—?j O0yze umcio |I’ TobT0 T =

y =ctg (3 - %xj O0yze umcyo

k3
Zh

1

8

, Tooro T = 8m.

HaiMeHIIUM pgomaTHuUM mepiogom T QYHK-

g, a (yHKITiI
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I 6666666 édaa ey
LI B B R B A A )

Hnsa mobymoBu rpadikiB TpuroHomer-

7. Ilo6ydoea zpagikie puYHUX (QYHKIIA, BiAMIHHEHX BiA
MmpuzoHOMeMPULHUX THUX, AK1I Mu PO3TJIAHYJIN BUIIE, MOMX-
@ynryili 3a donomozoro | Ha BUKOPHCTOBYBAaTU II€PETBODEHHS
nepemeopend rpadikiB GyHKITiiA.

Hampuknan, ana mobymoBm rpa-
dika ¢ysKHii y = cosx —1 gocrarHbo rpadirk ¢yHKIII y = cosx
mepeHecTH B3MOBXK oci y Ha 1 BHu3 (maj. 12.8).

Yy
3n n 1 n 3 y =cosx
/\2
/2,\/ \/
=cosx —
Max. 12.8

A nmna nmobymoBu rpadika GyHKINI y = 2sin x mocTaTHRO rpadik
dyuKIii y = sinx postarHyTtu y 2 pasu Bif oci abernue (mas. 12.9).

n 1 §n
y=sinx . 2,0 . 2 o
N R
_or 1 5
2 y =2sinx
Maux. 12.9

FIXOECIICHICICKIN . 33 TOIIOMOT'OI0 CIIEIiaIbHUX KOMII TO-

8. lo6ydoea zpadixkie TepHUX IIporpaM MoxHa OyayBaTu rpa-
MpPUZOHOMEMPULHUX dixkm Oygb-aKUX TPUTOHOMETPUYHUX
dynxuyiii 3a donomozoro . GyHukmiii. Ha mamonky 12.10 300pa-
Komn’romepa

KeHo rpadir GyHKII y = tgg, a Ha

mamionky 12.11 — rpadik dyukrmii y = cos(x — 0,257), mobymoBami
3a IOOMOT'0I0 OfHI€l 3 TAKMX IIpPOrpaM.

Pamgumo mig yac BUKOpHUCTaHHS KOHKPETHOI IIporpaMu 3HaMo-
MHUTHCA 3 (ailjaoM JomoMOTH (YacTo AJA IBOT'0 JOCTATHLO HATHUC-
HYTH KJaBimnry , 3HAXOASAYNCh y BiKHiI mporpamu). ¥ O6ijibIio-
CcTi mporpam € cmeliajgbHi omilii ado iHCTpyMeHTH AJisg poboTHU 3
TPUTOHOMETPUUHUMY (PYHKI[IIMU, HAOPUKJIAL OIIiA «TPUTOHO-
MEeTPUYHUHN Habip» MO3BOJISE IIO OCi X BiAKJIamaTH IMO3HAUKHU, IO

sajesxkaTth Bimg n. Came TaKy OIIil0 3acTocoBaHO OO0 rpadikiB Ha
masgonkax 12.101i 12.11.
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o)

Max. 12.11

3a rpadikamMm JIerTKO Bu3HauaTW BjaacTuBocTi (ywKIii. Ha-
OpUKJIaL, HyJaaMum QyHKII] y = th € uuncJia BUIIIALY X = 27k,

keZ, a ¢ynrnia y=cos(x-0,25n) cmajae Ha IPOMIiKKax
[0,25% + 2nk; 1,257 + 2nk], k € Z, Towmo.

7% © 5Ky dyHKuito HasuBaoTb nepiognyHoto 3 nepiogom T # 07 @ Ha-

Q 3BiTb HaWMEHLLWIA AoAATHWI Nepiod PyHKLUIN Iy = sinx, y = cos X,

y=tgx, y=ctgx Ta y=sin(kx+¢), y = cos(kx+ ),

y = tg(kx + 9), y = ctg(kx + ¢). ® Ak BUKOPUCTOBYIOTL NEPiOANY-

HiCTb Ana nobyaosw rpadikie? @ 3a rpadikamu dyHKUin Yy = sin x,
y=cosx, y=1tgx, y=ctgx chopmynionTe ix BMAaCTUBOCTI.

$ Fosb’axims 3agavi ma bukonaime bnpabu

@ 12.1. [Ina dyHKII y = sinx 3HaWAiTH:
. T T T
Hy©); 2 y@ 3) y(g} 1) y(zj
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12.2. [Tna pyHKIOil y = cosx 3HAUAITH:

Hy©: 2 y(g] 3) y@; 1) y(gj

@ 12.3. IToGynyiiTe rpadik GYHKIII y = cosx Ha ITPOMIMKKY
[0; 2n]. Vkaxkirs, oOsacTh 3HaAUeHb QYHKIII, DTPOMiKOK
3POCTAHHA i IPOMIiKOK CIIamaHHA, HYJi PYHKII.

2 2
VEKaxiTe ob6sacTh 3HaueHb (PYHKIII, IIPOMiKOK 3pOocTaHHSA i
OPOMiKOK CIagaHHA, HYJL QPYHKILII.

T 3n
12.4. TTobynyiiTe rpadik GyHKIIII y = sin X Ha IPOMIKKY [——; —}

3
12.5. ITobynyiiTe rpadik dyHKIii y = tg x Ha TPOMIKKY (—g; ?n)

Vraxite HyJai GyHKII, OpOMisKKM 3pOCTaHHA i TPOMiKKU
craganHsa PyHKITiI.

3HAUAIT, HAUMEHINUHA gomaTHui nepiox pyukiii (12.6—12.7):

12.6. 1) y = cos4x; 2) y = sin [2_75 — f);
3 3
1 e T
Ny=tg|=x—-——1 Hy=ctg|——x|
)y g(7 8) )y g(g j
12.7. 1) y = sin| 26— = | 2) _cos(l_fj.
7. 1) y =sin x—g, y 5 1/
T 2n 1
Ny=tg|lx+—1 4)y=ctg| ——=x|.
¥ g( 18) )y cg(7 7)

12.8. 3a rpadikamm GyHEKOiH y=sinx, y=cosx, y=tgx,
y = ctg x BU3HaAYTe 3HAK YUCJIA:

1) sin 0, 97; 2) cos %; 3) tg1,1m; 4) ctg (-0,2n);

5) sin(-1,6);  6) cos(-1); 7) tg 4; 8) ctg 3.

12.9. 3a rpadikamm @yHKIIH y=sinx, y=cosx, y=tgx,
y = ctg x mopiBHsAITE 3 HyJIeM YUCJO:

1) sin 3, 5; 2) cos (-0,2mn); 3) tg0,6m;
4) sin (-1,1n); 5) ctg (-1); 6) cos 2.

@ IlobynytiTe rpadirk ¢QyHKIiI Ta 3a 3pasKoM TabJUIb HAa
c. 114 i 115 zanwumrirs ii BaractusBocTti (12.10—12.11):

12.10. 1) y =sinx - 2; 2) y =3cosx.
12.11. 1) y = cosx + 3; 2) y = 2sinx.
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12.12. TITo6yayiiTe rpadik pyHKIii Y = tg (x - g) VEKamiTh:

1) mayai pyHKIii.
2) IpoMiKKU, HA AKUX QYHKIiA HaOyBae MOJaTHUX 3HAUEHbD,
i mpoMiKkKU, Ha AKUX QYHKIIig HaOyBa€ Big’ e MHUX 3HAYECHbD.

3) IPOMIKKU 3pPOCTAHHA i IPOMiKKM cHagaHHA GYHKITII.

12.13. IToGynyitre rpadik pyukmii y = ctg (x + g) VraxKiTh:

1) ayai pyHKIii;
2) IpoMiKKHU, HA AKUX QYHKIIiA HabyBae HOJaTHUX 3HAUEHb,
i mpoMikKHU, HA AKUX QYHKIig HaOyBae Bif’ €eMHUX 3HAYEHbD;

3) IPOMIKKU 3pPOCTAHHA i IPOMIMKKY cHagaHHA GYHKITII.

12.14. Yu € yncao T uepiomom pyukIii f, AKIIO0:

x x 2n

= —_ T = 2 M = i P = —

1) f(x) = cos 5 T 2) f(x) = sin 3 T 3
3) f(x) =ctgnx; T =2; 4)f(x)=tg—n4x; T =2?

He Bukonyoun modymoBu, 3HaiAiTh, HyJIi GyHKII (12.15—12.16):

12.15. 1) f(x) = cos 4x; 2) f(x)=tg (%x - %)

12.16. 1) f(x) = sin ex - %j; 2) f(x) = ctg 2x.
BuxopucroByiouu rpadiku ¢pysKIil y =sinx, y =cosx, y = tgx,
y = ctg x, nopiBHatiTe yucia (12.17—12.18):
12.17. 1) sin0,7x i sin0,8x; 2) cos2 i cos3;
3) tg(-2) i tg(-1); 4) ctg1,6 i ctg3,5.
12.18. 1) sinl i sin4;
2) cos(—0,2n) i cos(-0,1n);
3)tg0,2n i tg0,3m;
4) ctg(-3) i ctg(-2).
@ 12.19. He BuKOHYyIOUM ITIOOYI0BM, 3HANIITH:
. X n
1) mpomiskkm 3pocranua QyHKIii y = tg (E + Ej’
2) sHaueHHa x, Opu AKUX QYHKIIA y = cos (4x - gj Ha0y-

Ba€ Bil’eMHUX 3HAUEHD.
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N2/ ) -
12.20. He BuKOHyIOUM MOOYA0BU, 3HANIITH:
1) mpomiskku cnajanaa GyHKnii y = ctg (Zx + g),
. . (1 T
2) 3HaueHHda X, nIpm AKUX QyHKIiA y = sin gx—z HaO0y-

Ba€ MTOJATHUX 3HAUYEHb.

IToGynyiiTe rpadik pynkii (12.21-12.22):

12.21. 1) y = 2sin(x - g), 2y = tg(x + g) -2,

12.22. 1) y = 3cos(x + %), 2) y =ctg (x - g) +1.

. 1
12.23. 3uaiifiTe obsacTh BusHaueHHA QYyHKIT y = ——.
1+ cos4x

. 1
12.24. 3uaiiniTes obsacTh BusHAYEHHSA QPYyHKII] y = ———.
1-sin2x

12.25. IIpu axux sHaueHHAX X, X € [0; 2n], pyuKIia f(x) Hady-
Ba€ HaAWMEHIIIOTO 3HAUEHHS, a IPU AKUX — HaibiJabIIoro?
3HaUOiTh i 3HaUYeHHA, AKIIO:

1) f(x) =sin2x + 1; 2) f(x) = 83 — cos x.

12.26. (IIpaxmuune 3a80aHHA.) 3a TOIIOMOTOI0 OYIb-IKOI KOMII T0-
TepHOI mporpamu, Io Oyaye rpadikm, moOymyiiTe rpadikm

x . (i X =
it y=tg=-1; =2s1n(x——)+3; =2 [_ _j_l
dyHEIINT y=1tg 1 y 4 Yy cos 2 + 3

Ta 33 3pasKoM Tabsuib Ha c. 114—-115 yKaxKiTh iX BIaCTUBOCTI.

@ Kummeba mamemamuxka

12.27. [na popociaux BXigHUWE KBUTOK Ha
2-i1 moBepx EiideseBoi Bexki KomiTye 8 €BpoO,
anasa oci6 Bikom 12-24 porkm — 6,4 eBpo,
a maa gitreir 4—-11 pokis — 4 espo. Poauna
TEePHOMIiIbYAH, II[0 CKJIAZAEThCcA 3 OaTbKa,
mamu, crygerta Ceprig (19 pokis), miKoJsap-
ku Mapitiku (10 poriB) ta maniora Opecra
(2 porkm), xoue BinBimaTu 2-it moBepx Eitdee-
Boi Be:ki. ¥ mapusbkoMy 0aHKy 1 €BpO KOIII-
Tye 32 rpuBHi. Ky cymy (y I'pH) 3amjIaTUTDH
I pOAMHA 3a TaKy eKCKypcito. OKPyIraiTe mo
IIiJTUX TPUBEHD.
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Tigzomyimecs g0 bubuenns Hobozo mamepiany

12.28. 3HaiigiTh CKAIAPHUN JOOYTOK d - b, AKIIO:
1) d(cosa; sin a); 5(cos B; sinp);
2) a(sino; cosa); E(COSB; sin ).
12.29. Mano: o = 60°; B = 30°. IlepesipTe, 1110:
1) cos(a + B) # cos a + cosf; 2) sin(a + B) # sin o + sin B;
3) cos(o. — ) # cosa — cosf; 4) sin(a — B) # sin o — sin f.

Aﬂ TPUTOHOMETPUYHI ®OPMYIUN
OOOABAHHA

Y nwomy naparpadi poarsigaemo Gopmysm, AKi JaroTb MOXK-
JUBICTH 3aImMCyBaTW TPUTOHOMETPUYHI (YHKIII cymu i pismwumi
IBOX KYTiB uepe3 TPUTOHOMETPUUHI QYHKIIII IUX KYTiB.

SIITIISIISIIIEN Haa roro, mob orpumartu (popmyiy

1. Kocunyc pisnuyi g cos(o — f), cIoYaTKy POSTJISTHEMO
i cymu BUIIAJOK, Ko o > PBia — B <.

Hexaii mpu moBopoTi Ha KyT o IO-

yaTKoBUii pagiyc OP, OMMHUYHOIO KoJia Iepeimmos y pazaiyc OP ,

P (x; y) (man. 13.1). OckineKku x = cosq, y = sin o, TO MaEMO BeK-

TOp O—POL (cos o sin a). Amwnaoriusno, T% (cos B; sin B). Topmi:
T& . TPB = cosacosf + sinasinf.

3 iHmoro 6oky:
OP, - OB, = |OF,|-|OR| - cos 2P, 0B,

Ane [0P,| =1, [OB| =1, ZP,0B, = o -p.

Maemo: cosacosf + sin asinff = cos(a — ).

AmnanoriyHo posrifnamTb i BUIAAKN, KOJU Mau. 13.1
o<paboa—f>mn.

OTrpumanu Gopmyny KOCUHYCA Pi3HUYI:

| cos(a — B) = cosacosf + sin asin f.

*

I3 miei popmyam maemo:

cos(a + B) = cos(a — (—B)) = cos a.cos(—p) + sin asin(—p) =
= cosacosf —sin asinf.

Orpumanyu Gopmyry KOCUHYCA CYMU:

| cos(a + B) = cos acosf — sin asin f.
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P4

Stk O0umcsutu cos75°.
PosB’as3auud.

c0s75° = cos(45° + 30°) = cos 45° cos 30° — sin 45°sin 30° =

: . -2
S ek . BigmoBigp, ——.
2 2 2 2 4 4

T T
CrpocrrTs supas cos (a - gj ~cos (a _ gj.

s T T
PosB’a3aHHA. cos|a+—|—cos|a——|=
3 3
s . . T i . LT
=cosoccos§—s1n(xs1n§— cosoccosg+smocs1n— =

= —cosa—isina—lcosa—ﬁsina = —\/gsinoc.
2 2 2 2

BigmoBigsb. —J/3sina,

............. 3uaiigemo dopmyny aas sin(o - p).
2. Cunyc pisnuyi

iU cymu Maemo: sin(a — ) = cos (g — (o — B)) =

_ COS[(%_QJJFB) = cos(%—ajcosﬁ—sin(g—oc)sinB =

= sinacosf — cosasinf.
OTrpumanyu Gopmyry curyca pisnuyi:

d sin(a — B) = sina cosp — cos a sin p.

Ona sin(a + p) marumemo:

sin(a + B) = sin(a — (—P)) = sin acos(—p) — cos asin(—P) =
= sinacosf + cosasin f3.

OTrpumanu Gopmyry CUHYCA CYMU:

d sin(a + B) = sinacos P + cos asin f.

. T .
Bunirn sin{ a7 |, mmo sinai=0,6 1 % <a<r

PosB’sazanud.

. T . oI . 2,

sin| o — = | = sino.cos— — cos a.sin — = — (sin a. — cos a.).
4 4 4 2

Ockinbru o — Kyt II uBepTi, To cosa < 0. Maemo:
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cosa = —J1-sinZq = —\/1 -0,62 =-0,8.
Toai sin (a - g) = g(o,e -(-0,8))=0,7V2.

Bigomosigs. 0,7\/5.

Cupocturu Bupas sinl2xcos4x + cos12xsin4x.
PosB’asaunua. Hesaxxko momiTuTu, 1[0 JaHWI BUpas — Iie
mpaBa yacTuHa popmyau sin(a +B), me o =12x, B = 4x.

Omxe, sinl2xcos4x + cos12xsin4x = sin(12x + 4x) = sin16x.
Bigmosigb. sinl6x.

------------- Bupasumo tg(o —p) uepes tgao i tgp
3. Tanzenc pisnuyi 3a YMOBH, IO KOXKEH i3 IMUX BUPAa3iB
i cymu Mae 3micrt, ToOTO, 1O cos(a —PB) = 0,

cosa = 0, cosP # 0. Maewmo:

tg (o —Pp) = sin (o - B) _ sinacosf —cosasinf
cos(a—B) cosacosp +sinasinp’

IToginumo umcenbHUK i 3HAMEHHUK Ha AOOYTOK cosacosf # 0.
Marumemo:

sinacosf  cosasinf

COS 0L COS COSs aL.cos tgo—t
tg (o B) = P_cosacosp _ tgo-tep
cosacosf N sinasinf  1+tgatgp
cosacosfy cosacosf
Orpumanmu Gopmyry maHzeHca Pi3HUyi:

_a)_ tgoa-—tgP
Q@ te(a B)_1+tgatg[3'

Ja TanreHca CyMU MaTUMEMO:

tgo—tg(-B) _ tga+tgp
tg (o +PB) = tg (o — (-B)) = = .
g(o+ )= tg (e (-p)) 1+tgatg(-B) 1-tgoatgp
Orpumanu Qopmyry maHzenca CyMu:

, tga +tgp
tg(a+p)=—>—""—,
Qo gla+h) 1-tgatgp
tg42° + tg18°

3amaua 5. O] Dt 2 .
et D18 o0 D1 g azig1st

tg T —tg "
PosB’sazauuda. 1) tgn=1;g(7t nj= 3 - élnzﬁ—l=
1+tg§tgZ 3+1

3 4

12
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_(J§—1)(J§—1)_3—2J§+1_4—2\/§_2_\/§
S WB+nWB-1) (f3pr-12 2 :
tg42° + tg18°
1-tg42°tg18°

Bignosias. 1)2—\/§; 2)\/5.

2)

= tg(42° + 18°) = tg 60° = /3.

E? u*e pan me-w.:r ;Z.:lﬂ CKAAOAHHSA MPUZOHOMEeMPULHUX Mmab-

o L Ub 8aNCAUB0 Mamu GOpmyru, w0 0armo
L MONHCAUBICMY 3HAXO00UMU MPUZOHOMEMPUYHI
qpyﬁh Uit cymu ma pisHuyi apeymenmis (o + ) wepes mpuzoHome-
mpuyri QyHKYii apeymenmis o i .

Ilepwum, axuil ditiwos 0o HAc, MPAKMAMOM, WO MiCMUums makxi
popmyau, cmas «Anvmazecm» IImonemes. YV yiii npaui sudamuuil
MAMeMAMUK 2e0MeMPULHUM WLAXOM HA 0CHO8L meopemu IImoane-
Mmes 6u800umsv popmyau pidHuyi i cymu 080x kKymis das xopd. Iu-
diitcori eueni, soxkpema Bxackapa (XII cm.), sukopucmosysanu
popmyau, AKi 6 CYYaCHIill CuUMB0MIYL MOIHCHA 3anucamu makx:

. + .
sin(a £ B) = sileicesh 1_{cos o sih B, de R — padiyc xoaa.

I ma inwi opmyaru 000a6aHHA BUKOPUCMOBYBANLU BYeHi ce-
pednvogiunux kpain A3ii ma €sponu.

Y cyuacnomy suensadi popmyau 000a8aHHA cmaLu 6UKOPUCTOBY-
eamu nicas npayi I. Kawezepa «Ananimuyna mpuzoHoOMempis»
(1770 p.). ¥ Hiii agmop 8600umbv mpuzoHomempuiHi QYHKYIL K
cnig8i0HOWeHHA MiKe cmopoHamu mpukymuuka. Tax, Hanpukaad,
dopmyny cunyca cymu Kaiozep ompumye 3 popmynu:
sinC = sin A cos B + cos Asin B, de A, B, C — kymu mpukymHuka.

@ 3anam’aTante hopmynu KOCUHyCa Pi3HUL 1 CyMW; CUHYCA Pi3HWL
N CYMW; TAHTEHCa Pi3HULi 1 cymu.

$ Fosb aximo 3agaui ma bukonaime bnpabu

@ Yy npaBusbHa piBHicTh (13.1—13.2):
13.1. 1) sin(2x + y) = sin2x cos y — cos 2x sin y;
2) cos(x — y) = cosxcosy + sin x sin y?
13.2. 1) sin(8x - y) = sin3x cosy — cos 3x sin y;
2) cos(x +y) = cosxcosy + sin x sin y?
Yu mpaBUJILHO BUKOHAHO capoilenud (13.3—13.4):
13.3. 1) sin 20°cos 5° — sin 5°cos 20° = sin (20° + 5°) = sin 25°;
2) cos 40° cos 10° — sin 40°sin 10° = cos (40° + 10°) = cos 50°?
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13.4. 1) sin15°cos6° + cos 15°sin 6° = sin (15° + 6°) = sin 21°;
2) cos17°cos7° +sin17°sin7° = cos (17° + 7°) = cos 24°?

(@ 3a popmyaMu IJomaBaHHS mepeTBopiTh Bupas (13.5—13.6):
13.5. 1) sin (% + aj; 2) cos (45° + );

3) sin(a - 45°);  4) cos(oc —~ gj

13.6. 1) cos(oc + E); 2) sin (a _ E);
6 3

3) cos(45° — a); 4) sin (o + 60°),

3a dopmysaMu TofaBaHHA TepPeBipTe icTuHHiICTH Qopmysiu 3Be-
nenusa (13.7—13.8):

13.7. 1) sin(180° + o) = —sin a; 2) cos (g + aj = —sinay
. (3
3) sin (?n - ocj = —cos oy 4) cos(270° + o) = sin .
T . . (37
13.8. 1) cos (E - aj =sina; 2) sin (? + (x) = —cosq;
3) cos(180° + a) = —cos o 4) sin (860° — o) = —sin a..
13.9. Banumrite Kyt 105° ax cymy 60° + 45° Ta 06UMCHITE:
1) sin105°; 2) cos105°%; 3) tg105°.
13.10. 3anumrite KyT 15° ak pisauiio 60° — 45° (abo 45° — 30°)
ra obuncaite: 1) sin15°% 2) cos15°% 3) tg15°.
Cupocrits Bupas (13.11-13.16):
13.11. 1) cos(a + B) — cos a.cosP; 2) sino.cosP — sin (o — B);
3) cos(oc—30°)—1sin a; 4) sin(oc+£j = —ﬁsin a.
2 6 2
13.12. 1) sin (o +B) - sina.cosP; 2) cos(oc - gj - %cos a.
13.13. 1) cosa—ﬁsin(%—aj; 2) \/Ecos(ongﬂ%sina;
3)2003[a+§j+\/§sina; 4)ZSin(5§+aj—cosa.
13.14. 1) 2sin [a - %j +cos o 9) V3 sin o + 2cos (o + 60°),
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13.15. 1) cos2acos 7o + sin 2a.sin 7o

2) sin4ocosa — cos4asin a;

3) cos4xcos2x — sin 4x sin 2x;

4) sin 2y cos 8y + cos 2y sin 8y.
13.16. 1) sin4ycosy — cos4ysiny;

2) cos3acosa — sin 3a sin a;

3) cos14x cos2x + sin14x sin 2x;

4) sin 2B cosp + sin  cos 2.
3HaligiTh 3HaueHHA Bupasy (13.17—13.18):
13.17. 1) cos 28°cos 62° — sin 28°sin 62°;

2) sin11°c0s19° + cos11°sin19°;

51 o . bt . 0w
3) cos—cos— + sin —sin —;
16 16 16 16

. n yis m . m
4) sin—cos— — cos —sin—.
18 18 18 18

13.18. 1) cos31°cos1° +sin31°sin1°;

2) sin 92°cos 2° — cos 92°sin 2°;
2n 5t . 2m . Om

3) cos—cos— — sin—sin —;

7 7 7

. 3m yis . T 3n
4) sin —cos— + sin—cos—.
16 16 16 16

13.19. Bixomo, mo tga =4; tgp =-0,5. 3HalgiTH:
1) tg (o +B); 2) tg (o —B).

13.20. Bigomo, mo tgo = 0,25; tgp = —8. 3uaiigiTs:
1) tg (o —B); 2) tg (o +B).

O6uuncairs (13.21-13.22):
tg ™ +tg "
tg51° — tg6° 87" % 7
1+tg51°tg6° 1 te e OF
g7
t 7j_t 3j
tg18° +tg12° 2) g16 g16
1-tg18°tg12°’ 1+ tg Mg 3T
16 16

13.21. 1)

13.22. 1)

@ Cupocrits Bupas (13.23—13.24):
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13.23. 1) sin(a +45° +sin(a—45°);  2) cos(oc - g) - cos(oc + %);

cos(x —y)—cosxcosy

3) " sin(x—y)—sinxcosy.

cos(x +y)+sinxsiny’ cos x cos y
13.24. 1) sin(a—gj—sin(ong; 2) cos(a +30°) + cos(a — 30°);

cos(x+y)—cosxcosy_ sin(x +y)-cosxsiny

3)

— 4) P——
COos (x - y) —Ssinxsiny sin x sin y

Hosenits ToTORHiCTS (13.25—13.26):
13.25. 1) cos(a + B) + cos (g - ocj cos (g - Bj = cos o.cos f;

M:tga+tgﬁ; 3) sin(ﬁ—ajzcos(EJrocj;
cos o cosf 4 4
sin (o —B)+ 2cos asin B

2cosacosP —cos (o —B) =tg(a+p).

13.26. 1) cos(a - B) - cos (g -~ a) cos (g + B) = cos a.cos f;

cos(a—B)

sinoasinf3

3) sin (% + B) = cos (g - [3);

cos(a.—B)—2sinasinf
Zsinoccosﬁ—sin(ot—ﬁ)

Cupocrits Bupas (13.27—13.28):
13.27. 1) sin (E + ocj cos (3—75 - ocj + sin (3_n - ocj cos (E + ocj;
5 10 10 5
2) cos(18° + 2x) cos (17° — 2x) — sin (18° + 2x) sin (17° - 2x).
. (37 i 3n . (T
13.28. 1) sin| —+ o [cos| —+a |—cos| —+ o |sin| —+ a |;
4 4 4 4
2) cos(70° + 3x) cos (10° + 8x) + sin (70° + 3x) sin (10° + 3x).

3HaligiTh 3HaveHHA Bupasy (13.29—13.30):
13.29. 1) sin(a —30°), axmo cosa = -0,6 i 90° < a < 180°%

2) =ctgactgf +1;

= ctg (o +P).

2)cos(£+a) AK osinoc——iin<on<3—Tc
gy 13 2"
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13.30. 1) cos (o — 60°), axmo sino =0,8 i 0° < o < 90°%
. i 8 . 3=n
2)sin| o+ — |, AKIIO coso=— i — < o < 27.
6 17 2

13.31. Jaro: sina = 0,28, g< a<m cosPfp=-0,6, t<P< 3?%

Buaiigite: 1) sin(a+p);  2) cos(a—P).
13.32. Jlano: cosa = 0,96, 0 < a < g sinf =-0,8, n<p< 3?“

Buaiigite: 1) sin(a—-B);  2) cos(a +p).

W13'33' HoBenits hopMysim KOTaHTeHCA CyMU I pisHWUIL:

ctgactgpf-1 ctgactgf+1
1) cte(o+p) = SELELL o) g (0 —p) - iECtER T
ctga+ctgp ctgP —ctga
13.34. 3acTocoByroun (HopMyJIH 3 MOIEPeIHbOI BIIPABU, O0UMCIIITh:
ctg 40°ctg20° -1 9 ctg70°ctg25° +1
ctg 40° + ctg 20° ctg 25° — ctg 70°

@ 13.35. [ToBemiTh, 1110 KOJU O, 3, Y — KYTHU TPUKYTHUKA, TO
sinocosP + cosasinf} = siny.

13.36. Buaiinite tg (o —B), axmo sina = %, sinf = %, aifp -
Kytu II uBepri.

4
13.37. Suaiigite tg (a + B), AKIIIO COS O = 5 cosp=—, ai B —
Kytu I uBepri.

13.38. IosexiTs ToTOxHICTE: cos(o+[3)cos(a.—B)=cos? B —sin2 a.
13.39. IlosexiTs ToTOMHiCTE: sin(o+p)sin(a—p)=sin? a—sin2 f.
13.40. 3uaiigiTe HaliMeHIIIe i HAMOiIbIIe 3HAYEHHA BHUPa3y:

1)%81110(-1—?3008(1; 2) cosa — /3 sina.

13.41. 3HafigiTh MHOKUHY 3HAUEHb (PYHKIIII:

J3

l)y:7sinx—%cosx; 2)y=\/§cosx+sinx.

& XKummeba mamemamuxa

13.42. Koedimienr xopucuoi mii (KK]l) meaxoro gBuryHa BU3HAa-
T, - T,
1~ 42

4aTh 3a (POPMYJIOI0 1 = -100 %, me T,— TeMmepaTypa Ha-

1
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rpiBaua (y rpagycax Kenwsina), T, — Temneparypa XOJOAUIbHU-
kKa (y rpagycax KeabBina). Ilpu akiii mimimanabHi#li TemmepaTypi
marpisaua T, KK]] nroro nsuryna craHosutume He MeHire 20 %,
AKIO TeMIlepaTypa xonoaunbHuKa T, = 320 K? Bigmosigs samu-
miTh y rpagycax Kesbsina.

Migzomyimecs g0 bubuenns Hobozo mamepiany

13.43. [Ins o = 30° i a = 60° mopiBHANTe 3HAaUEHHA BUPAa3iB:
1) sin2a i 2sinacos a; 2) cos2a i cos? o —sin? a.

-{l ®OPMYJIM NOABIAHOIO | NTOTOBMHHOIO KYTA.
®OPMYJIN NMOHWNXEHHA CTENEHA

Posrasauemo dopmyiu, mo € Hacaiokamu gopmynr 000a8aHHA.

------------- dopmyaa
1. Dopmynu . . .
Py sin (o + B) = sin a.cos B + cos asin B

nodeitiHozo kyma
€ icTuHHOIO Ayd OyIb-AKUX 3HAUYEHb

o i B. dAxmro mpunycrumo, 110 3 = o, MaTUMeMO:
sin (o + o) = sin a.cos o + cos asin o, To6TO

‘. sin 20, = 2sin o cos a.

OTrpumanu Gopmyry cunyca nodsiilHozo Kyma.

Amnanoriuno pnaa gopmynm cos(o + ) = cosocosf —sinasinf,
Koau B = o, maTuMeMo: cos(o + o) = coso.cos o — sin asin a, To6TO

‘. cos 20 = cos2 a, — sin? q.

Orpumanu Gopmyry KOCUHYca nodsiiitnozo Kyma.

SIkIT0 B oTpuMaHy (OpPMYJIy CIHOUYATKY 3aMicTh cos? o mimcra-
Butu 1-sin?a, a morim 3amicTs sin? o mizcrasutu 1 - cos? a,
OTPUMAEMO IITe IBi (hopMyJIiM KOocumHYycCa IIOABIMHOTO KyTa:

! cos20 =1-2sin?2a Ta cos2a = 2cos2a — 1.
tga+t
Tax camo 3 opmyiu tg(a+B)= tgattgh orpuMaeMo ¢hop-
1-tgatgp
MyJy TaHTeHca mozBifiHoro kyra tg (o + o) = w, TOOTO
1-tgatga
1 2tga
tg 20 =
- g 1-tg2a
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Orpumanu @Qopmynry marnzeHca nodeiilHozo kKyma, AKa € ic-
TUHHOIO, Kouu tga i tg2a icHyoTh.

2cos? a cos 2o
sEhevemly Copocturu Bupas: 1) ——; 2) —.
sin 2a cosa —sina

PosB’aszaunusda.

2cos? a 2cos? a cos o
1) — = - = — =ctga.

sin 2a 2sinacoso  sina

2) cos2a _ cos? o — sin? o _ (cosa —sina)(coso + sin o) _

cosa —sina cosa —sina cosa —sina

=cosoa + sina.
BigmoBigsw. 1) ctga; 2)cosa +sina.

O6uncauTtu: sinlb5°cos15°.

PosB’asaumud. sinlb5°cosl15°=—-2sin15°cos15° =

=0,25.

=D

:l-sin(2-15°) _Llginsoe=L.a-
2 2 9

Bigmosigs. 0,25.

3ayBasKUMO, III0 OTPUMAaHi (GOPMYJIH MOYKHA 3aCTOCOBYBATH L0
OyIb-AIKOT0 KyTa 20, aike OyAb-AKUN KYT MOKHA IIOJATH SK II0-
neivitamit. Hanpukian, sin6x = sin(2- 3x) = 2sin 3x cos 3x.

o g0 50
coso = cos| 2-— | =cos® — —sin® —,
2 2 2

tg(x—gj:tg , 54 :tg(z.(f_zn_m

2 2 8 1_tg2(x_n)
2 8

............. SfIxmo 3 dopmya cos2a =1-2sin?a

2. @opmynu i cos2a =2cos? o —1 Bupasutu Bif-
NOHUJNCEHHA CMenens noBigHO sin? o i cos? o, orpuMaeMo:
] _ 1 - cos2a 5 1+ cos 2a

k, sin 0,=T TAa COS OL:T'

i dopmysnu Ha3uBaIOTh QOPMYLAMU NOHUNCECHHA CMeENneHs.
BoHu garoTh MOMKJIVBICTE 3anucaTu KBaJgpaTU CUHYcCa i KOocHHyca
KyTa o 4yepe3 KOCHHYC KyTa 20.
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1-cos2a
. 2 D
. sin® a 2 1-cos2a
Ockinpku tg2a = = = , MaeMo e
& cos2a 1+cos2a 1+ cos2a .
2
onHy (OPMYJIY IOHMKEHHS CTEIleHs:

1 - cos2a
Q’ tgZo=—"—.
1 + cos 20

IIa dhopmysa ictuHHa, aximo tg o icHye.

IlorusuTu cremiub BuUpasy:
1) cos®2a;  2) sin? %; 3) tg? (“ - B

_1+cos(22a) 1+ cosda
2 2

1—cos(2-aj 1—cosg
4) 2

2 2

1—cos(2(a—n)j l—cos(Zoc—n)
3)tg2(a—£j= 4] - 2

Poss’asannasda. 1) cos? 2o

2) sin? @
4

1+cos(2(a—n)j 1+cos(2a—nJ
4 2

T
_ l—cos(z—Zaj _ 1-sin2a

1+ cos(E - 2&) 1+sin2a
2
1-cos «
B 9 1-sin2
Bigmosigs. 1)1+cos4a; 2) 2; s?n 2
2 2 1+ sin2a

------------- Axmio y popmyaax sin? o= ﬂ,

3. dopmynu 2
NONO6UHHO20 KYyma 2 1+ cos2a 2 1-cos2a
cos“oo=—m), tgfo=——-—7—
2 1+ cos2a

. . o
3aMicTh KyTa O HiICTABUTU KYT 9’ OTPUMAEMO (OPMYAU NOJLO-
BUHHO020 KYmMa:

l+cosa, , ,a 1-cosa

v

A . o0 1l-cosa 2
&, sin2 —=—""": cos ===
2 2 1+cosa

a
2 2 2
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. .o 7. 5n
3uaiiTu s1n§, AKIIO cosa=§ i2n< (x<?.

PosB’saszanHa. 3a  (opMynol  IOJIOBUHHOTO  KyTa
51
. ,0 1-cosa . 5m 2 o 9
sin? = = ——" =, OcKIIBKKI 2T < L. < —, TO — < — < 2. 106-
2 2 2 2 2 2

o bm .o .
TO n<§<7, OTKe, sm§<0, i Tomy

1 1
=——. BigmoBigs. ——.
g AT

Hna tg% MOJKHa oTpuMaTH I1e aABi popmynu. OcKinbKu

.o . O a
sin— 2sin—cos—
2 2 2

sin o
2 cos— 2cos2= tceosa
2
sin & 2sin2 %
. 2 1-cosa
itg—= ” = " o = - , TO MaEMO QOPMYyJIn:
cos— 2sin—cos— sina
2 2 2
A o sina o 1-cosa
k, tg—=——itg—=——""—.
2 1+cosa 2 sin a
O6uucantu ctg15°.
PosB’asaunnd.
J3
1 1 1 1+
ctg15° = = = = =2+4/3.

tg15° tgﬁ sin 30°
2 1+ cos30°
BigmoBigs. 2+ 3.

DO | =

I e et | A Gauyi xopd, IT ’
e Pa-“ me‘_. KJaaoamniu maoJauuytr xopo, moJiemeu yaice

| A)E!'M), - BUKOPUCMOB8Y6A6 CNiBBi0HOWEHHS, sKe 8 CY-
. YACHUX NO3HAYEHHAX B8U2/A00€ MAK:
. g0 1-cosa
sin2 —=——"—"—.
2 2

Mo deskux gopmyn, wo nicas cnpoujerd 38600unucs 00 yiei gop-
Myau, Oiltwnu maxox i 0aeuvoindiilcbki mamemamuru. Indycu
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3HaAU i Kiavka iHwux mpuzoHomempuinux gopmynr. Tax, Hanpu-
Kaad, A6y-n-Baga (940-998 ) eurnaituwos gopmyry

. . o a
sinoa = 2sin —cos —-
2 2

I, a makxox opmyau nodsiiinozo ma NOLOBUHHO20 KYymis 01a
CUHYCA i KOCUHRYCA, € Y npaysx 6azamuvox cepeOHb0GiLHUX YLEeHUX.

®pancya Biem y npayi «HucieHHs MPUKYMHUKIB» 3HAX00U8
cunycu i KocuHycu Oydv-AKux Kpamhux 0Yyz, BUKOPUCMOBYIOHYU
npuiiomu, nodioHi 00 NPUiloMi6 MHONEHHSI KOMNJIEKCHUX Yuce.l.

Amneanieys Jaucon Ilennwv, pparnuys I'. Pobepsanrvy ma iHuLi mamema-
muxu XVIII cm. pishumu wasaxamu npuitwau 0o gopmyru

2tga
1-tg2a

Budamuuiit mamemamux JI. Eiinep y npaui «BeedenHs 6 aHaLi3»
3anpononyeas Gopmynry:

tg 20 =

ctg 2a = %(ctg o —tga).

Axa, npome, 3apa3 He MAE WUPOKO20 BHCUMKY.

7 © 3anam’aTavite popMynun CnHyca, KOCMHyca i TaHreHca NoABINHOIO
KyTa. @ 3anam’dtanTte POpMynn MOHWKEHHA CTeneHs. @ 3anam’s-
TanTe opMyrm NOSIOBUHHOIO KyTa.

% Fosb’sximo 3agaui ma bukonaime bnpabu

@/ Yu npaBuJIbHO BUKOPHUCTAHO (GOPMYJaM IOABIHHOTO KyTa

(14.1-14.2):
14.1. 1) 2sin xcos x = sin 2x; 2) cos 2y = cos? y + sin? y;
3) tgdx = M; 4) sin6a = 2sin120 cos12a?
1-tg22x
. tga
14.2. 1) cos?pB —sin2B = cos2B; 2) ————— = tg 20
1-tg2a

3) sindy = 2sin2ycos2y;  4) cos8a = cos? 16a — sin?160.?
(2 Copocrits Bupas (14.3—14.4):

. ‘N9 . .
14.3. 1) 51.11 20c; 2) sin2f sin p; 3) cosasin 2o

sina cosf} tga

9 cos 20 . 1 -sin2a
4) cos 2x — cos? x; 5) ———— +sina;  6) 5
COS O+ SIn o (Sj_n(x — CcoS a)

14.4. 1) ctosoc ; 2) s1‘n 2x _ cos X;

sin 2a sin x

3) cos 2B + sin? B 4) _cos2x Ccos X.

cosx —sinx
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Cxkoporits api6 (14.5—14.6):

14.5. 1) s%n40 : 2) 2(?0310 :
sin 20° sin 20°
cos 50° . 4 sin 40° — cos 40°
sin 25° + cos 25°’ cos 80° '
14.6. 1) cos5° sin100°
7 sin10°’ 25sin 50°’
3) cos 20° + sin 20° cos 140°
cos 40° ’ sin70° — cos70°
O6uucuirs (14.7—14.8):
14.7. 1) 2sin75° cos 75°% 2) 2sin§cosg;
3) sin— cos %; 4) (cos15° — sin15°)*;
29902() _ «in2 9902()- . 50T 2 O
5) cos? 22°30’ — sin“ 22°30; 6) sin? — — cos? —.
12 12
14.8. 1) 2sin—— cos —; 2) 2sin 22°30 cos 22°30’;
12 12
3) sin5—ncos 5—Tc; 4) (sin75° + cos 750)2;
12
5) cos?2 g —sin2 g; 6) sin215° — cos215°.
Cupocrits Bupas (14.9—14.12):
o
cos— .
14.9. 1) — 2; 2) cos o : s%n4x;
sin a cos® _sin® sin 2x
2 2
4) 4sin%cos %; 5) cos5x sin 5x; 6) 4 sin 20.cos 20 cos 4a.
14.10. 1) sin 6o 2) cos 8a .
" cos3a’ sin4o + cos4a.’
3) 8sin10B cos10p; 4) 4sin a.cos o cos 2a.
14.11. 1) %; g) _5te40”
1-tg?25° 1-tg240°
1412, 1) 28> gy _41820°
1-tg25° 1-tg220°

14.13. Buaiigits tg2p, sxmo: 1) tgp =2  2) ctgp = %
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14.14. Buaiimite tg 20, axmo: 1) tgo =—/3; 2)ctgo = %
14.15. 3uaigite cos2a, akmo: 1) cosa = 0,1; 2)sina = —i.

14.16. 3uaiigite cos2x, Axio: 1) cosx = —%; 2) sinx = 0,4.

3anuIiriTe TPUTOHOMETPUYHY (PYHKI[II0 KyTa Uepes3 TPUTOHOMET-
puuHy QyHKIif0o BABiui menIoro Kyra (14.17—14.18):

14.17. 1) cosa; 2) sin 8y 3) tg 3B;

4) sin g; 5) cos %; 6) tg (o —B).
14.18. 1) sino; 2) tg 60 3) cos bx;

4) tg g; 5) sin E; 6) cos (o + B).

BukonaiiTe moHuKeHHA cTemeHa y Bupasi (14.19—14.22):
14.19. 1) cos? 3ay 2) sin? 8x.

14.20. 1) sin2 40, 2) cos? 5x.

@ 14.21. 1) cos? (2 - 30°j; 2) sin? (5_(1 + 10°j;
4 2
3n
3)t 2(2— j; 4 cosz(g——].
) tg i ) 2 4
14.22. 1) sin? (% - 16°); 2) cos? (% - 150);
3n 3n
t 2( +—); 4 sinz(—— )
3) tg=| a 1 ) 1 a
ITopatiTe y Bursazni nodyTky Bupas (14.23—14.24):
14.23. 1) 1 + cosa; 2) 1 - cos 2, 3) 1+ cos10°;
4) 1 - cos15%; 5) 1+ sinB; 6) 1 —sin 20°.
14.24. 1) 1 — cos x; 2) 1+ cos %; 3) 1 -cos20°
4) 1+ cos25°; 5) 1 -sin x; 6) 1+ sin40°.
14.25. Copocrite Bupas: 1) wﬂ; 2) (1 + cos 2x)tg x.
sin2 2a.
14.26. CopocriTe Bupas: 1) M; 2) (1 - cos2x)ctg x.
2cos3a
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. . 3
14.27. 3uaigits sin 20, akmo sino = g; <a<T.

N

14.28. 3uaiigitTe sin2a, axkmo cosa = -0,8; T < o< 3?75

14.29. Bigomo, 110 cosao = %, S?n < o< 2t 3HAUOITH:

o o a a
1) sin—; 2 =5 3) tg—; 4) ctg—.
)st )cos2 )g2 )cg2
14.30. Bigomo, mio cosao = —27—5, g < o< . S3HAHIITH:
o o a a
1) sin—; 2) cos—; 3) tg—; 4) ctg —.
) 3 ) 3 ) tg 5 ) ctg 5
14.31. Yu icHye Taxke 3HAUYEHHS O, IPU AKOMY:
1) sinacosoc=—%; 2) cosza—sinzazg?

14.32. Yu icHye Take 3HAUEHHS [J, IPU AKOMY:

1) sinBcosP = -0,75; 2) sin2 B — cos?p = 0,1?
CapocriTh Bupas (14.33—14.34):
14.33. 1) #; 2) ( 1 + 1 jsinz 20
tgo+ctga sin2o  cos?2a
3) sin3x  cos Sx; 4 sin4x ' 1-cos 2x-
sin x cosx 1-cos4x cos2x

sin 8x cosdx
1+cos8x 1+cosdx

14.34. 1) (tg x + ctg x)sin 2x; 2)

HoBexmits ToTOKHiCTH (14.35—14.36):

cos o cosa
+

14.35. 1) [ )sin 20, = 4sina;

l+sina 1-sina
1 B 1
l+tga 1-tga

= —tg2a.

14.36. 1)( siha | _smna )sin2a=4cosa;

l1+cosaa 1-cosa
tga N tga
l+tga 1-tga

@ 14.37. 3HaligiTey sino, AKIIO sin% - cos% =0,4.

14.38. 3uaiigiTe sin 20, gaxigo coso + sino = -0, 2.
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@;—ﬁ14.39. HoBeniTs opMyJiu IOTPiHOTO KyTa:
1) sin3a = 3sin o — 4 sin3 o 2) cos3a = 4cos3 o — 3cos .
Copocrith Bupas (14.40—14.41):

1-cos’, 1-cos4
14.40. 1) | ——%, 2) |=—9952% " armo —< o< .
2 1+ cosda’
1+ cos4a 1+ cos3a
1441. 1) ,———, ax o—<oc<— 2) | —————=
) 2 - 4 2 ) 1-cos3a

14.42. Kocunyc KyTa IIpM OCHOBi piBHOOEIPEHOr0 TPUKYTHUKA IO-
piBuioe 0,8. 3HAAITH KOCMHYC i CHHYC KyTa IPU BEPIIHUHI.

Q Xummeba mamemamuxa

14.43. JIiTp GensuHy Ha aBTO3ampasIii Komrye 22 rpa. Mapisa 3a-
auaa B 6ax 30 giTpiB GeH3uHyY Ta ImpuAdaia MaKeT COKY BapTiCTIO
12 rpu. CKinbKu perrtu BoHa oTrpuMace iz 700 rpu?

Migzomyidmecs g0 bubuenns Hobozo mamepiany

. . x+y=a . -
14.44. Po3B’s:KiTh cucTeMy PiBHAHD { b’ Ie x iy — amiHHI.
x—-y=
. . . . a+p a—-p .
14.45. TlopiBusiiTe B3HauYeHHA BupasiB 2sin cos 3 i
sin o + sin 3, akmro:
1) a = 45°% B =135% 2) o =90° B =-30°

@ ﬂ ®OPMYJIM CYMU 1 PI3HULII O,EI,VHOI7IMEHHI/IX
TPUTOHOMETPUYHUX ®YHKLIW.
®OPMYJIN NEPETBOPEHHA OOBYTKY
TPUTOHOMETPUYHUX ®YHKLIN Y CYMY

Posraamemo 1me KigbKa (OopMyJ, IO € HacaigkaMu (POopMYy.Ja

NOMaBaHHS.
OO )y Honamo  mouneHHO (opMysan  oAa-
1. dopmynu cymu BaHHA:
i pi3Huyi sin(x + y) =sinxcosy + cos xsiny
mpyzonomempuinix sin(x - y) =sinxcosy — cosxsiny

Pynryii sin (x + y) + sin (x - y) = 2sin xcos y'
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Hexati x + y=0a, x —y =p. Toxi 2x =a+p, 2y = a — B, ToOTO
+B . -
2 2
3HalileHy cymy dopmysn mozaBaHHA. OTpuMaeMo:

. IligcraBu™mo 1i Bupasm Ajd x i y y Buile

dg sino +sinf3 =2sin a; B cos GT_B — ¢opmyna cymu cunycie.

3amirumo B 1iit popmyai B Ha —f:

sin o + sin (—B) = 2sin = +2(_ﬁ) cos > _2(_[3). Topi:
K‘. sino — sinf = 2sin O cos &~ B _ dopmyna pisnuyi
2 CuHnycia.

AmnajoriuHo MOKHa OTPUMATH:

o+ -
d cos o + cosf = 2cos 5 B cos B _ dopmyna cymu
KOCUHYCci8;
N A R . .
cos o — cosf} = —2sin B sin B _ gopmyna pisHuyi
2 KOCUHYCié6.

. o —pB . B-a . B-a
Ockinpku Sin =sin| ———— | = —sin , TO OCTaHHIO
2 2 2
GopMysIy MOKHA 3aIMCATH IIe M TaK:

a+f . B—a
2

sin
2

cosa —cosf = 2sin

s cymMu TaHreHCiB MaeMo:

sino | sinf  sinocosP +cosasinf  sin(a+p)

tgo+tgPh = .
cosa cosf3 cosacosf cosacosf
sin(a. + ) .
K‘. tgo +tgp = m — ¢popmyna cymu maHnzencis.

SamimmBmu B nit dopmyni f ma —f i BpaxysaBmm, II0
tg(—B) = —tgP, maTumMemo:

| N sin(a - B)
K' tgo-tgP = cosocosp

IMonary y Buriasagi go6yTKY BHpas:
1) sin4a + sin 20 2) cos 60 — sin 2q.

— ¢popmyna pisHuyi maHzeHncia.

PosB’s3amuda. 1) 3a popmMys0i0 CyMHU CHHYCiB:
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=~/

40+ 20 40— 20
cos

2
2) Buxkopucraemo (opmyay PpisHUII KOCHMHYCiB, ypaxoByIOYu,

sin4o + sin 2o = 2sin = 2sin3a.cos a.

. i
10 3a (popmyJI00 3BeAeHHA sin2a = cos (5 - 2(1}. Marumemo:

cos 6o — sin 200 = cos 6a — cos (g - 20() =

6oc+(n—2oc) 6a—(n—2a)
2 . 2 _

= -2sin sin
2 2

400 + ki 8a — ki3 . .
= —2sin 2 sin 2 _ —2sin (2(1 + —) sin (4& - —).
2 2 4 4

Bigmosins. 1) 2sin3acosa; 2) —2sin(2a+§jsin(4a—gj.

sEheR AN O0umceautu sin 75° — sin15°.
PosB’as3anuda. 3a POopMyJIO0 Pi3HHUIIL CUHYCIB MaeMoO:
75°—-15° 75°+15°
cos 2

sin75° —sin15° = 2sin =2sin30°cos45° =

Bignomosigs. ?2

icsieiey ITogaTu Bupas J2 +2cosa Y BUTJIALL TOOYTKY.

PosB’a3aHHA. CnoanKy BUHECEMO YMCJO 2 3a AYXKKH Ta

2 T .
BPaxyeMo, IO > = COSZ’ IaJii BUKOPHUCTAEMO (POPMYJIy CyMU

KOCHUHYCIiB.
Maewmo:
\/* T, o r_ a
2[—2+cosaj:2(cos£+cosajz2-2cos4 cos4 =
2 4 2 2

(n ocj (TE aj
=4cos| —+— |cos| ——— |
8 2 8 2

BigmoBigs. 4cos(%+%)cos(£—g).
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| (€

/A 660 dddededa I[O].'[aMO nouwjieHHO GopMyJaH moja-
s 66464

2. ®opmynu BaHH::

nepemeopeHHs cos(o - B) = cosa.cosP + sinasinf
dobymry . .

D T T cos(o +B) = cosacosP - sinasinf
dynxyii y cymy cos (o —B)+cos(a +B) = 2cos a.cosP

3Bigcu Mmaemo:
( 1
d cosacosf = 5 (cos(a — B) + cos(a + B)).

BigrimMmemo mousieEHO Bifm mepimoi hopMysin goAaBaHHA APYTY:
cos(a—B)-cos(a +B) = 2sin asinP, spincu

d sinasinf = %(cos((x —B) — cos(a. + PB)).

Momamo moueHHO (GOPMYJIM MOJABAHHS:
sin (o —B) = sina.cosp — cos asin B
sin (o + B) = sin a.cosP + cos asin B
sin (o - B) + sin (o + B) = 2sin a.cos P, sBimcn:

. 1 . '
d sinacosf} = 3 (sin(a — B) + sin(a + B)).
Orpumany TpU Gopmyau nepemeopenHs 000YmKYy mpuzoHo-
MEeMPULHUX QYHKUIL Y cymy.

O6uucautu sin75°sin105°.
PosB’asaunuda. IleperBopumMo T00YTOK CHUHYCIB ¥ CyMy:

sin75°sin105° = %(cos(75° —105°) — cos(75° +105°)) =

l(ﬁ_(_l)]=\/§+2

1
= —(cos(—30°) — cos180°) = —
2( ( ) ) 1

2\ 2
. . V3 +2
BigmoBigs. R

CopoctuTu Bupas: 2cos7xcosbx — cos2x.

PosB’asauHda. 2cosTxcosbx —cos2x = 2-%(cos(7x—5x)+

+cos(7x + bx)) —cos2x = cos2x + cos12x —cos2x = cos12x.
Bigmosigse. cosl2x.
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o
A we paniwe- BONempSLT Byrosil 3 cyNy oo 20
R JeHCAna He Juule 8i0 Memu nepemeoperys, a i
6i0 004uCaI06aANbHUX 3AC00i8, WO BUKOPUCMOBYEAAUCS HA MOl Yac.
His mMHOMNCEHHS, 0COONUBO AKUWLO0 M08a Uwaa npo 6azamouyudposi
wucaa, 3a8x0u 88axaniacs ckaadHiulow, Hixe 0is dodasanus. Tomy
é OasHi uwacu wyxkaiu @GOpmMYyau nepemeopeHHs 000ymkry
MPUZOHOMEMPUYHUX BEeAUYUH Y CYMY, W00 3aAMIHUMU MHONCEHHS
dodasanHaM.

Y XVI em. acmponomu, y momy uwucni ii nonepednurx Kenaepa,
damcovruil euenuit Tuxo Bpaze, enepuie sacmocysanu Qopmyry

A

cosa.cosP = %(cos(a +PB) + cos(a — B))

oas 3aminu 0obymky cymow. [as dosedeHHs momoxcHocmeil, 06-
YucLeHb Mowo i3 Yi€io J Memoio ix 3acmocosyoms i 8 HAWL Yac.

79 © 3anuwite opmMynm CymMu N Pi3HULi CUHYCIB; CyMU 1 Pi3HMULI KO-
CVHYCIB; CyMM W pi3HULi TaHreHciB. @ 3anuwite opMynu NepeTeo-
pPEeHHS AOBYTKY TPUFOHOMETPUYHMX OYHKLIN Y Cymy.

$ Fosb’sximo 3agaui ma bukonaime bnpabu

Yu mpaBUJILHO 3aCTOCOBAHO (DOPMYJIM CYyMHU M Pis3HUIIL TPHU-
roHomMeTpuuHUX GyHKIiN (15.1-15.2):

+y x+y-

)

15.1. 1) sinx + siny = 2sin u

cos ;
2
2) cosx —cosy = 2SinxT+ysiny;x;
3) sinx — siny = 2sin >—Y cos XY,
2 2
4) tgx+tgyzw?
CoS X COos Y
15.2. 1) cosx + cosy = 2sinx+ysiny;x;
2)tgx—tgy :M?
COS X COS Y

{@ [TepeTBOpiTh cymMy Ha m00yTOK (15.3—15.6):

15.3. 1) sin 3a + sin 5a; 2) cos 4o — cos 2a;
3) sin 6a — sin 20, 4) cos7a + cosa.

15.4. 1) sin 8o — sin 2q; 2) cos4o + cos6a;
3) sin7a + sin 3a; 4) cos5a — cosa.
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15.5. 1) sin(12° + o) — sin o 2) cos(18° + x) + cos (12° + x);

3) cos 36° — cos 18°; 4) sin 70° + sin 20°.
15.6. 1) cos(10° + B) — cosB; 2) sin (o + 10°) + sin (o + 20°);
3) cos 25° + cos 35°; 4) sin12° — sin 8°.

HoBenits, mo (15.7—15.8):
15.7. 1) cos21°—cos39°=sin9°  2) sin70°+sin50° = J3 cos10°,

15.8. 1) sin65° —sin5° = cos 35°% 2) cos61° + cosl® = J3cos31°,

3anuilriTe Bupas3 y Buraani yactku (15.9—15.10):

15.9. 1) tgba —tga; 2) tg18° + tg12°,
15.10. 1) tgdo + tg o 2) tg40° —tg10°.
IlepeTBopiTh HOOYTOK v cymy (15.11—15.12):
15.11. 1) sin4asin o 2) cos3x cos 2x; 3) sin 5B cos B;
4) sin 20°sin 10°; 5) cos11°cos41°; 6) sin 4° cos 5°.
15.12. 1) sin 6xsin x; 2) cos4a.cosa; 3) sin f cos 3p;
4) sin16°sin14°; 5) cos 8°cos 68°; 6) sin12°cos 9°.
O6uwncairs (15.13—15.14):
15.13. 1) sin105°sin15° 2) cos15°sin 75°.
15.14. 1) cos75°cos105°; 2) sin15°cos105°.
@ Copocrits Bupas (15.15—15.16):
15.15. 1) s1n3oc+s1n7oc; 9 s1n9(x—s1na.
cos3a + cosTa cos9a — cosa
15.16. 1) c?s5oc—0f)830c; s1n14a—sm2a'
sinba + sin 3a cos14a + cos2a

3anuitrite y BUrIaai nooytry (15.17—15.20):
15.17. 1) sin10° + cos 18° 2) cos 40° — sin 20°.

15.18. 1) cos 32° + sin 40°; 2) sin 50° — cos 70°.

15.19. 1) sin o — cosf3; 2) cos (g + ocj +sina.,

15.20. 1) cosa + sin B; 2) sin (g - oc) — CoSs .

@y 15.21. [loBenits Gopmyau cymu i pisHUYi KOMAHZEHCIB:

sin (o +B). sin (B - o)

1) ctga +ctgh = —————7 —
sinosinf3 sinasinf

2) ctgo —ctgf =
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3anuiiriTe BUpa3 y Buraani yacteu (15.22—15.23):
15.22. 1) ctg 2x — ctg x; 2) ctg18° + ctg12°.

15.23. 1) ctg3a + ctg o 2) ctg 50° — ctg 5°.

ITomaiiTe Bupas y Buraangi gooyrry (15.24—15.25):
15.24. 1) sin2 40° - sin2 20°; 2) cos2 70° — cos2 50°,

15.25. 1) sin2 80° — sin2 40°; 2) cos210° — cos2 50°,
Hosenits ToToRHiCTE (15.26—15.27):
15.26. 1) sino. — cosa = V2 sin (a - %),

2) sin 6o + sin 2a, ~ _ctg 2w
cos6o — cos2a

3) sin9a — sin o + sin 4a _ tg 4o
cos9a + cosa + cos4a

1) sin o + sinba + sin 9o + sin13a _ tg7a.
cosa + cosba + cos9a + cos13a

15.27. 1) sinoc+cosoc:\/§cos(oc—£); 2) M = ctg 2B;
4 sin 5B — sin B

sinlb5oa —sino + sin7Ta

=tgToy
coslba + cosa + cosTa
sinx +sin3x + sinbx + sin7x

4) =tgdx.
cos X + cos3x + cosbx + cosTx

ITogaiiTe Bupas y Buraani mooytry (15.28—15.29):

15.28. 1) % + cos 2) 2sina —1;
3)\/§—2cosa; 4)4sinoc+2\/§.

15.29. 1) ? —sina; 2) /2 + 2cos x.

ITopmaitiTe Bupas y suraani vacteu (15.30—15.31):

15.30. 1) tg o + 1; 2) 3tg o — /3.

15.31. 1)1 -tg o 2) V3tg o + 3.

Hosenits ToTokHicTs (15.32—15.33):

15.32. 1) cos (L - 2(1) cos (20( - 4—n) = 1cos (4(1 - 9_75}
14 7 2 14

2) 4sin[a—gjsin(a+gj =1-4cos2a.
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15.33. 1) sin (3(1 - l) sin (3_75 - 3oc) = 1cos (60( - 7_71)’
10 5 2 10

2) 2cos(a—gjcos(§+ oc} =2cos? o — 1.

15.34. IlepeTBopiTh Ha JOOYTOK BHUpAa3:
1) cosa + cos3a + cosHa + cos 7a;
2) sin 20, + sin4a + sin 6a + sin 8a.

CopocriTs Bupas (15.35—15.36):

15.35. 1) sina + 2sin 20 + sin3a sin 5o — 2sin 3o cos 3a.

T 7 cosa+2cos 20 + cos3a] 2sin2 30 + cosbo —1

15.36. 1) sin4o + 2c?s 3o — sin Zoc; 2sin 2o.cos 200 + sin 5(1-
cos4a — 2sin 3o — cos 2a 2cos? 20 + cosbha — 1

@ O6uuncairs (15.37—15.38):

15.37. 1) 2cos 80°cos 50° + sin 140°; 2) 4co0s40° — — 1 .
sin 70°
15.38. 1) 2sin70°sin 50° + cos 160°; 2) 4sin10° + 1 .
cos40°
CupocriTs Bupas (15.39—15.40):
15.39. 1) cos? x + cos? y — cos (x — y)cos(x + y);
2) sin? (a - 3—“) — cos? (oc + 3_75)’
8 8
1 1 sin4a cos4a
3) | — +— - ;
sin3a  sina/\ sina cosa
2 (cos o — cos 8a) (sin o + sin 8a)
1-cos4a '
15.40. 1) sin? x + sin? y + cos (x + y)cos (x — y);
1 1 cos4o sin4da
2) - - + .
cos3a cosa/\ sina  cosa
HoBexits ToTokHicTh (15.41—-15.42):
15.41. 1)1 —cosx +sinx = 242 sin > cos (E - fj;
2 4 2
242 sin( + ch cosz ¢
Ty 2

2)1+sina+cosa+tga =

cos o
15.42.1-cosx —sinx = —2./2 Sinicos (E + f)_

2 4 2
144

[MpaBo gnst 6e3onnaTHOro Po3MilLleHHs MigpyYHUKa B Mepexi IHTepHeT mae
>TBO OCBITW i Haykn YkpaiHu https://mon.gov.ua Ta [HCTUTYT MoaepHi3aLii 3amicTy ociTu https://imz



@ Xummeba mamemamuka

15.43. Biticbxosuii 36ip y 2016 pori ckiaanas 1,5 % Big 3apo0it-
HOI mmaTu. 3apobiTHa IaaTa AUPEKTOpa HPUBATHOTO IIiAIPUEM-
ctBa «IlaTpioT» mporsrom pory craHoBuja 8000 rpH Ha MicAlb,
a KOYKHOIO 3 TphoX Horo podbitHukis — mo 6000 rpH Ha MicAIb.
OKpiM BificbKOBOTO 300py, INOMicAIld AUPEKTOP IepepaxoByBaB
500 rpH, a KoxHHUI 3 oro podiTuukis — mo 300 rpH y QoHA Ha
OiATPUMKY YKpaiHchbKol apMmii. SIKy 3arajabHy cyMy KOIIITiB CILjIa-
TUJIX POOITHMKM I[LOTO HpUBATHOTO mimmpuemctBa y 2016 poiri
Ha oTpedu yKpaiucbkol apmii?

Migzomyimecs g0 bubuenns Hobozo mamepiany

15.44. Yu icuye Taxke 3HAUEHHA X, IIO:
1)sinx =1,7; 2) cosx =0,8; 3) sinx = -0, 4;

4)tgx = %; 5) cosx = —-2; 6) ctgx =57

15.45. Vraxirs sHaueHHaA KyTa o, ge 0° <o <90° gas sxoro
CIIPaBIKYETHCA PiBHICTH:

\/§ 1 1
1) sina = —; 2) cosa =—; 3)tga = —;
! ? yeme =y N
4) ctg o =/3; 5) sina—?s; 6) cosoc——“22.

-{l HAWUMPOCTILWI TPUTOHOMETPUYHI
PIBHAHHA
PiBHAHHSA, IO MiCTMTHh 3MiHHY Iii 3HAKOM TPHUIOHOMET-
» puuHOi (yHKIiI, HASUBAIOTH MPUZOHOMEMPULHUM pPi6-
HAHHAM.

Taki piBHAHHA MU BiKe PO3TIAAanu y BmpaBax 7.23—7.26, me
IIyKaau ix okpeMi pos3B’sa3Ku. TPUTOHOMETPUYHUMHU € TaKOK PiB-

HHHHﬂcos(x+£j—§ sinx —cosx = 0; tg(g——) fTomo

Y mpomy maparpadi HaBUMMOCA 3HAXOIUTH PO3B’A3KM HAUIIPO-
CTillINX TPUTOHOMETPUUYHUX PiBHAHD, JJIS YOrO CIIOYATKY O3HAMO-
MUMOCS 3 00CPHEHUMU MPUZOHOMEMPUYHUMU (QYHKUIAMU Ta TIO-
HATTAMHI apKCHUHYCa, apKKOCHHYCa, apKTAaHreHca i apKKOTaHIeHca.

145

MpaBo Anst 6e3onnaTHOro Po3MillleHHs MigpyYHUKa B Mepexi I[HTepHeT mae
>TBO OCBITW i Haykn YkpaiHu https://mon.gov.ua Ta IHCTUTYT MoaepHi3alii 3amicTy ociTh https://imz



P Rk R | Aprcunycom uncna a,ne -1<a<1,

1. OGepneni . ® HA3WBAIOTh TAKMH KYT i3 IPOMIMKKY
mpuzonomempuuni

os T T .
pynryi {—E; E-‘, CHHYC SKOr0 TOPIBHIOE a.

ITosHauaioTh apKCHHYC UHCJa @ 4yepesd arcsina. 3 os3HaueHHS
apKCHUHYyCA BUILJINBAE, IO
‘ X = arcsina Toxi i TiTBKM TOAI, KOJIM:

1)xe[—g;g}; 2) sinx = a.

T T T
Hanpuraan, arcsinl = g, 60 2 € {——; —} i sing =1;

. V2 T T Tom|, . T J2
arcsin| —— |=-—,60 ——€|—-—; —| i sin| —— |=——,
2 4 4 4
Aprrocunycom uucia a, ge —1 < a < 1, Ha3uBaITH Ta-
e KHUil KyT i3 mpomiskky [0; ], KocuHyC AKOr0 JOPiBHIOE a.
ITosHauaioTs apKKOCHHYC UHCJIA 4 UYepes arccosa. 3 o3HaueH-
HS apKKOCHUHYCa BUILIUBAE, IO

X = arccosa TOHi i TiTbKM TOdi, KOJIH:
* 1) xe[0; n]; 2) cosx = a.

Hanpukiaan, arccos0 = %, 60 g el0; =] i cosg =0;

1 2
arccos(—g) = ?n, 60 23—“ € [0; TC] i cos%t = —%.

Kinpka Hattuacrimne B:KMBaHUX 3HaUE€Hb apKCUHYCA i apKKOCUHY-
ca momaMo y Tabsuli (iX m1e Has3uBaIOTh MAOJLUYHUMU 3HAYEHHAMU):

1 1
e | 1| B2 L] | L V28
2 2 2 2 2 2
. T _r _r_r T r KL
arcsina 2 3 4 6 0 6 1 3 2
St | Br g 2r Mmoo mo) T
arccosa T 6 1 3 B 3 1 6
‘ Aprxmanzencom 4ducia a, ne a € R, Ha3uBaOTh TaKuH
L]
KYT i3 IPOMiKKY [—g; gj, TaHTE€HC AKOT0 TOPiBHIOE .
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ITosmauaioTh apKTaHTeHC Ymciaa @ dyepes3 arctga. 3 o3HAUEeHHA
apKTaHTeHCa BUILJINBAE, IO

d

arctga = x Toxi i TiTBKM TOMi, KOJIH:

1)xe[—g;g); 2) tgx =a.

b . T m Ty, s
Hanpuraazn, arctgl = Z’ OCKIJIbKU Z € (_5; —j i tgz =1;
arctg(—ij = -2 ockinpku —— € (—E; E) i tg(_ﬁj -1
J3 6’ 6 2 6 J3
d, AprxrxomaHzencom ducia a, ne a € R, Ha3uBaoTh Takuu
KyT i3 npomizkky (0; T), KoTaHreHc AKOro TOPIBHIOE a.

TlosHauaoTh apKKOTAHTEHC 4YHCIa a 4Yepes arcctga. 3 osHa-
YeHHA apKKOTAHTeHCA BUILIUBAE, IO

‘ arcctga = x Tomi i TiabKU TOMi, KOJIM:
k& 1)xe(0; m); 2)ctgx =a.

Hanpuxraan, arcctg[ = %, OCKIJIbKU % € (O;n) i ctg% = \/§;

arcctg (-1) = %, OCKinbKU %Tn e(0;m) i ctg:%f7t =-1.

Kinbka mafiuacrinie BKMBAHMX 3HAUEHb apKTaHTeHca i apKKoO-
TaHTeHCa MOJaMoO y TAaOJMITi:

V3 _ 1 V38 _ 1
a 3| -1 TR 0 35

&

T T T T T T

arclga | 73 | 74 6 0 6 4] 3
tea | 2% | 3T 2n x T Tz
arcctga 6 1 3 9 3 4 6

SKII0 TPUTOHOMETPUYHI BUPa3U MiCTATH TaOJIMUYHI 3HAUEHH,
3HAaUYeHHs TAKUX BHPA3iB JIETKO OOUMCJINTH.

sEheL e 3HANTH 3HAYEHHSA BUPA3Y:

1) arccos [— gj + 2arcsin % - 8arctg(-1); 2) cos (arcsin %)

PosB’sszaunusda. 1) arccos (—?j + 2arcsin§ —3arctg(-1) =
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5n i T b w 3n 10n+6n+9n 267
=—+2.—=3|——|=—+—+—= = .
6 4 4 6 2 4 12 12
. .1 = .1 T 3
2) Ockinbkru arcsin— = —, To cos| arcsin— | =cos— = —.
2 6 2 6 2
251 \/§
Bigmosige. 1) —; 2) —.
i nb. 1) 12 ) 9
I )y PiBHaHua Buriiagy sinx = a, cosx = a,
2. Haiinpocmiwi tgx = a, ctgx = a, x — 3minHa, a € R,
MmpuzoHoMempuini Ha3WBAIOTh HAUNPOCMIWUMU MPUZO-
Pi6HAHHA HOMEeMPUYHUMU pi6HAHHAMU. Pos-

TJIAHEMO, AK IX pOSB’HSaTI/I.

PiBuauna cost = a.

Axmo a < —1 abo a > 1, To piBHAHHSA cost = a pPo3B’A3KiB
He Mae, OCKinbKu |cost| < 1 mma 6yasb-axoro sHaueHHs t. Hexait
-1 < a < 1. Toxi piBHAHHS cOoSt = @ Ma€ PO3B’A3KU, AKi IIPOiii0-
CTPYEMO Ha OAWHHUYHOMY KOJi. 3a O3HAUEeHHAM, coSt — Ie abcIu-
ca Touku P, HAa OJUHWYHOMY KoJi. Il1a po3B’A3aHHA PiBHAHHSA
cost = a Tpeba Ha OJMHMUYHOMY KOJi 3HAHTH KYTH, KOCUHYC AKX
JOPiBHIOE @, TOOTO 3HAMTU TaKi TOUKM, abCIMCHU SKUX HOPiBHIO-
foth a. SAxmpo |a| < 1, To Takux Touok ABi (Man. 16.1 i 16.3),
KOXHIN 3 AKUX BIANOBifae neBHU KyT ¢, i t,. A axmo a =1 abo
a = -1, to ogna (maiu. 16.2).

y YA P,
P, 2
tila F
(0] t 1 x 1x
By
Max. 16.1 Max. 16.2 Max. 16.3

Ockinbku t; € [0; n] i cost; = a, Tomy t; = arccosa, Toxi
t, = —t; = —arccosa. BpaxoByioun, 1m0 QyHKIia y =cosx € Ie-
pioguuHOIO 3 HaNMEHIINM AOJATHUM IiepiogoM 27, posB’sA3KaMu
PiBHAHHA OyAyTh TAKOX yCi KyTm BUTIAdy t, +2nk i ¢, +2nk.
Omxe, MaeM0O POPMYJIH OJid KOPEHiB PiBHAHHA cost = a:

t = arccosa + 2nk, B € Z Tta t = —arccosa + 2nk, k € Z,

AK1 Jlerko o0’egHATH B OLHY:

d’ t = tarccosa + 2nk, k € Z. @)
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PiBuawusa cost = a, axkmo a = -1, a = 0, a = 1, MoxHa
He po3B’aA3yBaTu 3a ¢GopmyJsoio (1), a 3HaliTH #Ooro po3B’sA3KH 3a
IOIIOMOTOI0 OAMHWYHOI'O KOJIa:

1) cost =—-1, 10 t =7+ 20k, k € Z (man. 16.2);

2) cost = 0, To ¢ = g+ nk, k € Z (van. 16.3);

3)cost =1, 10 t =20k, kK € Z (man. 16.2).
PiBusuuga cost = 1, cost = 0, cost = —1 nIpuiHATO IIe Ha3KUBAa-
TH YaCMKOS8UMU 8Uunadkamu PiBHAHHA cOSt = a.

ITogamo po3B’sisKU PiBHAHHSA COSt = @ Y BUTJIALL TaOIUILi:

cost =a
|a|>1 |a|<1
pos- a+z0; a=-x1 a=0 a=1 a=-1
B ASKIB |y = tarccosa+2nk, |, _ T, o0 |t = 2nk,|t = n+2nk,
HeMAae 9 ’
keZ keZ keZ
keZ

st eisdl) Poss’asaTy piBHAHHA:

1)cosx:—§; 2) cos4x =0; 3) cosx:g; 4) cosx:%.

V3. | V8

PosB’sa3amuda. 1) cosx=—7; Bl

9 < 1. 3a dpopmyoro (1):

3
x:iarccos(—§j+2nk, k € Z, TobTo x:i%+2nk, ke Z.

BigmoBings. i%+2nk, ke Z.

3,14

T . .
2) cosx = g; OCKIJIBKH — ~ ,T > 1, To po3B’sA3KiB HeMae.

T
3
Bigmosings. .

3) cosx = %; <1, Tomi: x = iarccos% +2nk, K € Z. 3HaueH-

1 .
HA arccos? MOJKHA 3HAWTH JIKIe HAOJMMKEeHO (HaIpuKJIaL, 3a

JIIOTIOMOTO0I0 KaJbKyJATopa). [asa mpuKIagHUX 3a7ad 3HAUEHHS

1 1 .
arccos? 3HAXOAATh HAaOJIMIKEHO: arccos? ~1,4274, i poss’a-
30K 3alUCYIOTh HaOJMKeHO: x ~ +1,4274 + 2%k, k € Z.

149
MpaBo Anst 6e3onnaTHOro Po3MillleHHs MigpyYHUKa B Mepexi I[HTepHeT mae

>TBO OCBITW i Haykn YkpaiHu https://mon.gov.ua Ta IHCTUTYT MoaepHi3alii 3amicTy ociTh https://imz



Y maremaTuii k y BigOOBiAb NMPUMHATO 3allCyBaTH TOUYHUN

1
po3B’sA30K: X = farccos r + 27k, k € Z.

BigmosBings. iarccos%+2nk, ke Z.

4) cos4x = 0;
4x:g+7tk, ke Z:

2=k g
8 4

n 7k
Bigonosige. —+—, k € Z.
pis b1 8 4

PiBuaunga sint = a.

Ao a < —1 abo a > 1, To piBHAHHA sint{ = a po3B’A3KiB He
Mae, ocKimpku —1 < sint < 1 mas Oyab-axoro smavyenusa t. He-
xait —1 < a < 1. Toxi piBuaHHA Mae po3B’a3ku. IIpoixocTpyemo
poOsB’A3yBaHHA PiBHAHHA Sint = @ HA OOMHUYHOMY KOJIi. 3a 03Ha-
JeHHAM, sint — me opAauHaTa ToukKu P, ogmHMYHOro Koua. s
Po3B’sA3aHHA PiBHAHHS Sint = a Tpeba Ha OSUHUYHOMY KOJIi 3HAi-
T TaKi KyTH, CUHYC SIKUX HOPiBHIOE @, TOOTO Taki TOUKHU, OpIU-
HaTU SKUX OOPiBHIOOTH a. AKmo —1 < a < 1, To TaKUX TOYOK IBi
(mai. 16.4 i 16.6), koxxHil 3 AKMX BiANOBina€e meBHUM KyT ¢, i t,.
Ao a = 1 a6o a = —1, To Taka Touka eguHa (Mmaja. 16.5).

y YrP y
1l 5 1
By a~F,
t
2 tl Pn PO
[0 1 x O 1 x (0 1 x
—1|P =
2
Man. 16.4 Mag. 16.5 Maz. 16.6

T T, . . .

Maewmo, mio: ¢ € [—E; E} i sint; = a, Tomy # = arcsina, Toni
t, = n—t, = n—arcsina. Bpaxosylouu, mo QyHKIig y=sinx €
IepPioaNYHOI0 3 HAaIMEHIIINM JOJaTHUM IepiomzoM 21, MaeMo Qop-
MyJ# JJis KOPEeHiB piBHAHHA sint = a:

t, = arcsina + 2nn,n € Z, i t,=n — arcsina + 2nn, n € Z.

IIi posB’sa3Ku piBHAHHA Sint = a MoKHA 00’€IHATH B OLHY
(bopmyIy:
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Q. t = (—1)karcsina + 7k, k < Z. 2)

Hiticno, akmo y dopmyay (2) migcraButu mapue k, TOOTO
k =2n, n € Z, matumemo, 110 ¢t = arcsina + 2nn. dAximo & mig-
cTaBUTH HemapHe k, To0to B = 2n + 1, n € Z, marumMemo, IO
t = — arcsina + 2nn, n € Z.

Agmo a = -1, a = 0, a = 1, piBHIHHA sint = @ MOKHa He
posB’asyBaTu 3a (Qopmysaow (2), a, K i y BUIAAKy PiBHAHHSA
cost = @, SHAUTH PO3B’A3KH 34 JOIOMOIOI0 OJMHHYHOIO KOJAa.
A came, aKIIo:

1) sint =-1, 10 t = —g+2nk, E e Z (van. 16.5);
2) sint =0, To t =1k, k € Z (man. 16.6);
3) sint = 1, 1o t :g+2nk, ke Z (man. 16.5).

PiBusauuga sint = -1, sint = 1, sint = 0 npuiiHATO HasuBaTU
yacmrosumu sunadkamu piBHAHHA sint = a.

ITomamo po3B’sA3Ku PiBHAHHA Sint = @ y BUTJIAAL TaOJIMUIIi:

sint =a
la| > 1 la| <1
po3- a#z0;a==1 a=0 a=1 a=-1
A3 ) arcsi k,|t = nk T m
KiB = (-1)"arcsina + 1k, |t = 1k, t =—+2nk,|t = ——+ 21k,
Hemae |k e Z keZ

keZ keZ

NG

BYhehewdd Posp’ssatu piBHAHHA: 1) sinx = —;

J=1.

<1, 3a ¢opmynoro (2):

\V]

SIS )

2)sinx = —%; 3)sinx =-1,2; 4)sin (x +

2

2

J2

Poss’asanna. 1) sinx:?;

x = (1" arcsin§+ nk, k € Z, TobTo X = (—1)k§+ nk, k € Z.

BigmoBins. (—1)k£+ﬂ?k, keZ.

; <1, Tomi: x = (-1)* arcsin(—%) +nk, ke Z,

2) sinx = —1;
2
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TOOTO X = (—l)k (—%) + 7k, k € Z. OckinbKu —% = (—1)-%, TO

(-D%-(-1) % = (-1)k+1 -g, TOMY X = (-1 g +nk, ke Z.
k+1 TC

BigmoBigse. (-1) E+nk, ke Z.

3)sinx =-1,2;

-1,2
Bigmosigs. .

> 1, ToMy piBHSAHHS He Ma€ pPo3B’sI3KiB.

T
4) sin| x+—|=1;
a5
x+==Llonk ke z;
4 2

x=L_T onk ke 2z
2 4

x=£+2nk, ke Z.

BigzmoBigs. §+2nk, ke Z.

PiBnaanga tgt = a.
Ockinbrku tgt mosxe HabyBaTu OyOb-AKUX
OificCHUX 3HauYeHb, TO PiBHAHHA tgt = a Mae
posB’A3KHU AJs OyAb-AKOrOo 4. P
s po3B’sa3yBaHHA pPiBHAHHA tgt = a Ha Ji- /

Hil TanreHciB (zuB. § 9, n. 3) 3HAZEMO TaKUi
KYT, TAHT€HC AKOT'0 HOPiBHIOE @, TOOTO TOUKY

D,, opgunara sAKoi gopiBHOE a (man. 16.7), 0 x
Taka ToukKa eauHa. IIpama OD, mneperuHae

oguHWYHe Kojo y Touni P,. Kyr t Takmii,

T T Man. 16.7
mo t e(_E; —) itgt = a, Tomy t = arctga.
Ockinpku GyHKIiA y = tgx mepioguuyHa 3 HAWMEHIINM JOHAT-
HUM IIepiogoM 7, TO po3B’A3KaMM PiBHAHHA OyAyTh i Bci KyTm
Buraany t+nk, ke Z. Orxe, MmaeMo (popMyJy KOPEHIiB PiBHIH-
HA gt = a:

d t = arctga + 1k, k < Z. 3)

sEhev el PosB’sas3aTy PiBHAHHS:
1) tgx = —\/g; 2) tg2x = 5.

152

[MpaBo gnst 6e3onnaTHOro Po3MilLleHHs MigpyYHUKa B Mepexi IHTepHeT mae
>TBO OCBITW i Haykn YkpaiHu https://mon.gov.ua Ta [HCTUTYT MoaepHi3aLii 3amicTy ociTu https://imz



PosB’asauund.
1) tgx = —/3;
x = arctg(—/3) + nk, k € Z;

x=-L4nk ke Z.
3

. . T
Bigmosigs. —§+nk,

ke Z.

PiBnauanga ctgt = a.
Ockinbku ctgt Mmoske HaOyBaTH OYIb-AKUX
nificHUX 3HaueHb, TO PiBHAHHA ctgt = a Mae
PO3B’A3KU IJIA OyIb-IKOTO a.
AK 1 y BUNAARY piBHAHHS
tgt =a Ta BUKOPHUCTOBYIOUHN JiHiI0O KOTaH-

Mipkyrouun,

2) 2x = arctgb+nk, k € Z.
Ioxinueim niBy i mpaBy yacTu-
HU PiBHAHHA Ha 2, 3HAWIeMo,
_arctgd mk g

2 2
Taxy BiZmoBimb IPUHHSATO 3aIlu-
CyBaTH y BUTJISAMI:

1o x

x :larctg5+n—k, ke Z.
2 2

BizmoBigs. %arctg5+n—k,

ke Z.

rercis (maja. 16.8), orpumaeMo QopMyJay KO-

peHiB piBHaIHHA ctgt = a:

Q. t = arcctga + 1k, k € Z. 4)

sty ety Poss’sasaTu piBHAHHS:

LANE
1) ctg(x—gj = Nk

PosB’asaunnd.

1) x —g = arcctgi + Tk,

J3

k e Z;
x—£=2+nk,k e Z;
3 3
x=£+£+nk,k € Z;
3 3
2n

x=—+Tmk, k € Z.
3

BigmoBins. 1)%+nk,
ke Z.

2) ctg (x +40°) = 1.

2) OueBuaHO, IO KYyT X 3aJaHO
B rpaaycax. Tomy, BpaxoByiouwu,

mo arcctg (1) = ?% = 1355
nk = 180°k, k € Z, maTuMeMoO:
x + 40° = 135° + 180°F;

x = 135° — 40° + 180°k;

x =95° 4+ 180°, k € Z.

Bigmosigse. 95° + 180°k,
ke Z.
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I ) ) 3a AOIIOMOTI'OIO II€PETBOPEHb TPUTOHO-

6. TpuzonomempuuHi MEeTPUUYHUX BHUPa3iB pos3B’sa3yBaHHA
piéHAHHA, TPUTOHOMETPUYHUX  PiBHAHBL, IO
aKi 3600amvesa He € HaHIPOCTiIIMMM, MOYKHA 3BECTH
do natinpocmiwux IO PO3B’sI3yBaHHS HAWIIPOCTIIINX PiB-

HAHL. Po3risHeMo 1ie Ha IPUKJIagax.

StV el PosB’sas3aTy piBHAHHS:

1) 4tg(—§]+4\/§:0; 2) Sinxcosx:—%,

PosB’aszauusa.

. x x | 2) IlomHOxKHMO JiBy i mpaBy
1) Ocxinern tg _g =-tg g’ YaCTUHHU PiBHAHHSA Ha 2, MATH-
meMmo: 2sinxcosx = —1.

x
maemo: —4tg—+ 4\/§ =0; Ockinsku 2sin xcosx = sin2x,
x3 OTPUMAEMO PiBHAHHS:
4tg— = 4\/§; sin2x =-1.
x3 Posp’saxenmo tioro:
tggz\/g; 2x = -~ + 2k, k € Z;
ad Bink kez ?
— = arct +nk, k € Z;
3 & x=—§+nk,keZ.
XL ink, ke Z; -
3 3 BigmoBigs. ——+ 7wk, k € Z.
x=n+3nk, k € Z. 4

Bigmosings. n+3nk, k € Z.

@ FKi piBHSIHHS HA3MBalOTb TPUrOHOMETPUYHUMN? @ LLlo Ha3mBaloTb

Q apKCMHYCOM 4u1Cna a; apKKOCUHYCOM YMCna a; apKTaHreHCoOM Yncna
a; apKKOTaHreHcoM yucna a? @ 3anuwite hopmynu Ans po3s’sa3y-
BaHHS PIBHAHHA cost = a Yy 3aranbHOMY BUMNaAKy Ta ANS YacTkKo-
BUX BMNagkiB. @ 3anuwwite hopmynun ans po3e’sa3yBaHHS PiBHAHHS
sint = a y 3aranbHOMY BUNagKy Ta Ans YacTKOBUX BuUnagkis. @ 3a-
NUWIiTb hopMyny A58 po3B’A3yBaHHA PIBHAHHSA tgt = a. @ 3anuwite
dopmyny Ans po3B’a3yBaHHA PIBHAHHS ctgt = a.

g Fosb’ axims 3agavi ma bukonaidme bnpabu
(ﬂ Yu mae KopeHi piBaaHHA (16.1—16.2):
16.1. 1) sinx = %; 2) cosx = \/5; 3)tgx=-1;
1 . i
4) cosx = ——; 5) sinx = —; 6) ctgx = 4?
8 6
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16.2. 1) cosx = —g; 2) sinx = -0, 8; 3)tgx =2;

4) sinx =1,4; 5) cosx = —; 6) ctg x = -3?

W

3HaliTh 3a JomoMoroio tabauib (c. 146—147) (16.3—16.4):
16.3. 1) arcsin(—%}; 2) arccos (—%);

3) arctg 0; 4) arcctg (_\/§ )
16.4. 1) arcsin g; 2) arccos(-1);

1
3) arctg (— ﬁj’ 4) arcctg 1.

(_2 O6uuciaits (16.5—16.6):

16.5. 1) arcsin% — arccos0; 2) arctg J3 + arcctg(-1).
J3 ] 1 J2
16.6. 1) arcsin (—— + arctg —; 2) arccos— + arcctg 0.
) 9 g NGl ) P g

3HaligiTh 3HaueHHA Bupasy (16.7—16.8):

16.7. 1) cos (arcsin (— %)j, 2) tg(arccos1).

16.8. 1) tg(arcsin0); 2) ctg [arccos(—%ﬂ.
Posp’saxiTs piBHAHEA (16.9—16.12):
16.9. 1) sinx = —g; 2) sinx = 0; 3) sinx = g;
4) cosx = %; 5) cosx = —-1; 6) cosx = -1,2;
7 tgx:—i; 8)ctgx =1.
J3
16.10. 1) sinx = %; 2) sinx = —-1; 3) sinx = -1, 8;

4) cosx:—;; 5) cosx =1,4; 6) cosx = 0;

1
7tx=\/§; 8) ctgx = ——.
) tg ) NG
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16.11. 1) sin2x = 1; 2) cosg - _g;
3) tg4x = 0; 4) ctg 0,5x = -1.
16.12. 1) SiIlE = —l; 2) cos3x = @;
2 2 2
x 1
3)tg—=1; 4) ctg2x = —.
) tg ) ctg 5
3HaiaiTh yci KopeHi piBHaAHHSA (16.13—16.16):

T _ g T
3)tg(2x—z)— 1; 4) ctg(4x+6j—\/§.

16.14. 1) sin(x - Zj = -1; 2) cos(x 4 g) - 0.
. 1
16.15. 1) sinx = g; 2) cosx = -0,2;
3) tgx =4 4) ctg x = -3.
16.16. 1) sinx = -0,1; 2) cosx = %;
3) tgx =-2; 4) ctgx =0,01.
@ 3HaiaiTh 00acTh BusdHaueHHA QyHKII (16.17—16.18):
3 4
16.17. 1) y=——; y=—"
)Y sind4x +1 )Y 2cosx+\/§
1 2
8)y = Dy
tg(x—%j—\/g 5ctg 2x + 5
2
16.18. y= . 5 2) Yy = fix.
3 +=1-3 3tg=-1
cos (x 4) g 5
Poss’sikiTh piBHAHHA (16.19—-16.23):
16.19. 1) cos(2x + 30°) = —1; 2) tg [g - 15°) = /3.
16.20. 1) sin(2x —10°) = 1; 2) ctg (g + 35°j =-1,
16.21. 1)3sin(2x—£)+3:0; 2)200s(§+gj—\/§:0_

156

[MpaBo gnst 6e3onnaTHOro Po3MilLleHHs MigpyYHUKa B Mepexi IHTepHeT mae
>TBO OCBITW i Haykn YkpaiHu https://mon.gov.ua Ta [HCTUTYT MoaepHi3aLii 3amicTy ociTu https://imz



J3 5V3

16.22. 1) ——— = 3; 2) —— = -5,
tg (4x + nj ctg (x - nj
6 4 6
X T 4
16.23. 1) 5cos (— - —j -5=0; 2) N —4,
3 6 tg (Zx + —j
8
16.24. 3anuiriTs Xoua 6 ogHe PIBHAHHS, PO3B’AI3KAMU SIKOI'0 € YHCJIa:
)k, k e Z; 2)—g+2nk,keZ;
3) 27k, k € Z; 4) n+ 21k, k € Z;
5)i£+2nk, ke Z; 6) (—l)k%+nk, keZ.

BukopucroByroum TpuroHomMmeTpudHi opmMysin, 3BeIiTh PiBHAHHA
0 HalmpocTimoro i po3s’sakiTs itoro (16.25—16.26):

16.25. 1) sin4xcos4x = ?; 2) sin? (x + gj — cos? (x + gj =1
3) sin4xcosx —cos4xsinx = l; 4) sin? X E
2 3 4

16.26. 1) 4sin£cos£ =1; 2)2cos? (x - E] —2sin2 (x — Ej =2;
4 4 8 8

3) sinbxcos3x + cosbxsin3x = —g; 4) cos? 3?36 = l

@ Poss’soxiTe piBusauans (16.27—16.28):

16.27. 1) cosx? = 1; 2) tgg - 3.
X
4 1
16.28. 1) sin/x =1; 9) ctg = =
) A NE

16.29. 3uaiifgiTe HaMMeHIINHA JOAATHUN KOPiHb PiBHAHHS:

T V2 X T 1
1) cos 2x——j=—; 2)sin| =+—|==.
) ( 4 5 ) s1n[2 + 6) 5
16.30. 3uaiigiTe HaWOiAbIINI Big €eMHUHA KOPiHb PiBHAHHS:
x n J3
)tg| ——— =1 2 4x —— | = ——.
) g(4 4) )cos(x 6) 5

16.31. 3uaiigiTe maimeHIuii fogaTHUi i HaOLIbIIMI Bix eMuMit
. . i
KOpeHi piBHAHHA sin [2x + gj =-1.
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. . . T . . -
16.32. Po3B’aA:KiTh PiBHAHHS Sin (Zx - E) = 0 Ta 3HAUIITH Ti HOTO

. . { 514 27[}
KOpeHi, 1[0 HAJeXaThb IPOMIiKKY —?; ? .

16.33. IIpu AKX 3HAUEHHSIX @ Ma€ KOPEeHi PiBHAHHSI:

1) sin%:\/a+5; 2) (a—-1)cosx =a? -1?

& Xummeba mamemamuka

16.34. Bu xoueTe opeHAyBaTH aBTOMOOiJIbL Ha OAHY MO0y AJA IIO-
isgku Ha Bigctanb 400 KM. ¥V TabauIli HaBeJeHO XapaKTePUCTUKU
TPHOX aBTOMOOiJB Ta BapTicTh iX opeHau. Kpim openmu, Bu ma-
€Te OIJIATUTH ITaJUBO IJIs aBTOMOOiNsA Ha BCIO moidaKy. CKiabKu
KOIIITYyBaTHMe I II0I3[Ka, AKIIO B BuOepeTe HaMIeIlIeBIINI Ba-
piauT?

Baprictes gusenpHoro manumsa — 20 rpu 3a Jjgirp, OeH3WHY —
22 rpH 3a JiTp, rasy — 12 rpH 3a JgiTp.

ABTOMO6iIB ITamxuso Burpara maauBa Openagna miaara
(i1 ma 100 ™) (rpH 3a m00Yy)
A Husenbue 7 500
B Bensun 10 400
B Tas 14 450

{ TMigzomyiimecs 4o bubuenns Hobozo mamepiany

x2 -4

x-2

1) 3uaiigiTe ii o0sacTh, BuU3HAUEHHS Ta moOynyiiTe ii rpadik.

2) Yu moxxHa 3HauTu f(2)?

3) 3matiziTe 3a momomoroio Kaubkysaaropa f(1,9), f(1,99),
£(1,999) Ta f(2,001), f(2,01), f(2,1). Jo aAxoro 3HaUYeHH:
HaOIM)KAIOThCA 3HAUEHHA (PYHKIN Vv 3a3HaUeHUX TOUKAX?

16.35. [lano gyukIio: f(x) =

16.36. Ina axux 3 HaBeZeHWX QYHKIiN MoxHA 3HauTU f(1), a
I AKUX — Hi:

D) =2c+T  2)f(x0) =1L 3) f(x) = *+ 1,
X+ x—1
B 4x . B x—l. _ Nx
DI@- WSS 6w -
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NOXIAHA

TA T
=—  3ACTOCYBAHH#

Y IbOMY PO3IILJII MU

© osnaliomumocs 3 TOHATTAM T'pa-
HUAMNi GYyHKIEI B TouIli, moxigHOi,
Ta0JINIIeI0 HOXITHUX;

@ 0disnaemocsa PO TeoOMeTpUUHMIT i
disuuyHMit 3micT moximHOi, mMpa-
BIJIa OOYMCJIEHHS INOXiTHMX;

@ HaéwuMmOCA 3aCTOCOBYBATH IIO-

P XigHY HOJIA OOCJiIKeHHA (PYHK-
G A mii i mobGymoBu ix rpadikis,

- po3B’sA3yBaHHA NPUKJIATHUX 3a-
nau.

© Npasogna 6e30MNaTHOrO PO3MiLLEHHS NiapyYHUKA B MEPEXi IHTEPHET Mae
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@ ﬂ'?u EP_I;_AOHqVILIi:,FI ®OYHKUIT

------------- Posrasamemo dyukmio f(x) = x — 1.
1. Ilonamms zpanuyi 3uaiizemo ii 3HaueHHA B TOUIll x = 3,
PyHryii 6 mouyi orpumaemo: f(8) =3 — 1= 2.

CkJyamemMo TabJUIIO0 3HAYEHb (PYHK-
mii f(x) = x — 1 y TouKax, AKi Ha YMCJOBi# mpamiil JexaTb 10-
CUTDH OJIM3BKO IO Ymciaa 3.

x | 291299 2,999 | 2,9999 | 3,0001 | 3,001 | 3,01 3,1
f(x)| 1,9 | 1,99 | 1,999 | 1,9999 | 2,0001 | 2,001 | 2,01 | 2,1

3 Tabauii momiuaemo, IO YMM OJUIKYe apryMeHT X OO YuC-
Ja 3, TuM OJm)KuUe 3HAUeHHs (PYHKIII B miit Touni mo umcia 2.

Y TakomMy pasi, KaKyTh, IO AKIIO aApZYMeHm npamye 00 uuc-
2a 3 (Imo3HAYAIOTh TaK: X — 3), TO 3HAYEHHA (PYHKUII npamye 00
yucaa 2 (mosHauaioThb Tak: f(x) — 2). Insa samucy 1boro GaxTty
BUKOPHCTOBYIOTH IIO3HaUeHHs lim, a cawme, liné(x—l)=2 (UuTarmTh:

xX—>

«JimiT (abo rpaHutsa) x — 1 opu X, 1110 IpAMYE A0 3, HOPiBHIOE 2»).
Yucso 2 mpu mpboMy HAa3WBAKOTH 2paruyer Qyuryii f(x) = x — 1
y Touri 3. ITosnaueHnusa lim mpwuiiiio B MaTeMaTUKy Big JaTuH-
CBKOTO cJIOBa limes, 1110 O3HAUAE «TPAHUILAS .

Y szarampHOMy BHHOankKy 3amnuc lim f(x)=A osHauae, 110
X%,

rpaEunda GysKnii y = f(x) y Touni x, mopiBHIOE uncay A.

3ayBasKUMO, IO Yy OPUKJIANi, AKUNA MU IMOMHO PO3TJISHYJIHU,
rpaHunia QyHKIL f(x) = x — 1 y Touni 3 MOpiBHIOE 3HAUEHHIO
GYHKIII B Iiil Toumi. Y IIboMy BUIAAKY KasKyTh, IO (PYHKIIiS
f(x) = x — 1 nHenepepsrna B Touti 3.

®yuknio y = f(x) Ha3uBalOTh HeNMEPEPBHOI B TOYIL X,
s HAKII0O BOHA BM3HAUYEHa B I[ill TOYIi i BUKOHYETHCA PiB-
HicTh lim f(x)=f(x,).
x—x,
3ayBasKMMO, II0 Ile O3HAUEHHA He CYIIEePEeUYUTh iHTYITUBHO 3DPO-
3yMiJIOMY HOHSATTIO HellepepBHOCTI GyHKIii, manomy y m. 3 § 2.
3BepHIiTH yBary, mo 6ci gidomi Ham pariuie QYHKYil Henepeps-
Hi 8 KOMCHIlL mouyi c80€i obacmi 8USHAUCHHS.
Hanpurnan, pyaxnoia f(x) = 3x” — 5x2 + 4x — 11 HemepepBHAa
IS BCiX 3HaueHb X (IHIIMMUM cJaoBaMu, QPYHKIiA HenepepsHa
2

. x .
Ha R), a dyHROia g(x)= HeIlepepBHA IJId BCiX 3HAYEHD X,

3a BUHATKOM 3HaueHHs x = 2. Haragaemo, 1110 y IIbOMY BULIAIKY
KaKyTh, 1110 MYHKIiA g(x) HemepepBHA Ha KOYKHOMY 3 IPOMiK-
KiB (—oo; 2) i (2; +o0), a B Toulli x = 2 Ma€ po3pus.
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. X —
Hessaxarouu Ha Te, 1m0 GyHKIA g(x)=

B Toulli x = 2

Mae€ Po3pUB, I'PAHUINIO (PYHKIII B I[ill TOUIi 3HANTH MOKHA.

2
x —

Il e B Posrasaemo  yHKIi0  g(x) = 5 3Ha4YeHHA
x_

AKoi B Touni x = 2 He icuye. CKJIamzeMo TAOJIHIII0O 3HAYEHL Ifi€l
GYHKIIII B TOUKaX, AKi Ha YMCJOBill MPAMiil po3TaloBaHi JOCUTH
O0JIM3BbKO [0 umcia 2.

x 1,9 11,99 1,999 | 1,9999 | 2,0001 | 2,001 | 2,01 | 2,1
g(x) | 3,9 3,99 3,999 | 3,9999 | 4,0001 | 4,001 | 4,01 | 4,1

Omxe, ynM OJIMIKUYE aPIyMEHT X 0 YHrcia 2, TUM OJIMyKUe 3HAYEH-

2
) -4
Ha QYHKILI g(x) mo umnciaa 4. 3anuIiemo 1e Tak: lim = * =4.
-2 x-2
Takoro BHCHOBKY MOKHa IiATH i pos- y 2 4
x2 _4 g(x) = d —9
raauayBimn rpadik GyHKIii g(x) = 5" x
x_
D(g): x # 2. Cupoctumo dopmyny QyHKII ar-- !
2 |
-4 -2)(x+2 \
Ha D(g), maemo: d :(x ) )= x + 2. |
x—2 x—2 :
2 Lo
. -4 0
Or:xe, rpadikomM QyHKINT g(x)= X € mps- 12 x
X = Mau. 17.1

Ma Yy = X + 2 38 «IIOPOYKHBOIO» TOUKOIO (2; 4)
(mag. 17.1). Ilo rpadiky 6aummo, 10 OpU HAOJMIKEeHHI apryMeH-
Ty X D0 uucya 2 3HaueHHA QyHKIII HabauKaeTbCcsa n0 uucia 4.

------------- ITosepuemocsa mo m. 1 maparpada. 3a-
2. O3navenna zpanuyi omc X — 3 O3Hauae, IO BiAcTaHb
dynryii 6 mouwyi MiK TouKamMmu x i 3 € OysKe MaJIolo;
HAIIPpUKJIaA, MEHINOI0 3a SKechb JI0-
maTHe umcyo 8, To6To |[x — 3| < §. BayBasKmMO, IO 3aIHC X — 3
o3Hayae, Io X caMe IPSAMYE IO umciaa 3, ajge He 000B’A3K0BO JO-
cAarae 3HaveHHsa 3. Tomy B o3HaueHHi rpamuni ¢GpyHKIii B TOuIli
He PO3TJIANAIOThL 3HAUEHHS QPYHKITII B miit TouIri.
3amnuc f(x) — 2 osmauae, IO KOJU X — 3, BificTaHb MiXK 3Ha-
YeHHAM (PYHKIIII 1 TOUKOIO 2 € ay»Ke MaJjo0, HAIPUKJIAL, MEHIIIO
3a lesAKe JoJaTHe YHCJIO €, To6TO |[f(x) — 2| < e.
Hns 60yab-aAkoro € > 0 Mo)kHa 3HaliTH Take 3HaueHHS O > 0,
o AJIA BCiX X Takux, mo x # 3 i |x — 3| < §, cupaBmKyBaTHU-
MeTbca HepiBHicTB: |f(x) — 2| < e.
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Hificuo, mexaii, Hanpukaaz, € = 0,02, Toxi |[f(x) — 2| < 0,02.
Ockimbku f(x) = x — 1, maemo: |[x — 1 — 2| < 0,02, To6TO
|x — 8| < 0,02, orxe, § = 0,02.

ChopMyrtoeMO 03HAUEHHS 2PAHULL QYHKYIL 6 mouyi.

&‘ Yucio A HA3UBAIOTH 2paHUYer0 pynkyii y = f(x) B TOULI

® X, KO AIA Oygb-akoro €>(0 3HalgeThCA TaKe YMCIO

8>0, mo aua Beix x # X TAKUX, IO |x—xo|<5, CIIPABIKY-
€ThCS HepiBHICTE: If (x)—- A| <€g.

IoBecTu 3a 03HAUEHHSIM, IO 1111}(536—1):4.
xX—

PosBs’saszanua. Posraaremo ¢ > 0 Take, mpo |(5x — 1) — 4| <e.
Maemo: [bx — 5| < ¢;

5(x — 1) < &;
5lx — 1] < g
lx — 1] < £,
5
IMozHauuBIIH gzﬁ, orpumaemo: |x — 1| < 8. Omxe, mrsa

. € .
Oyab-axoro & > 0 3HaNMILIOCA Takxe 8=g, [0 AJA BCiX 3Ha-

YeHb X TAaKUX, M0 X # 1, AKi 3a70BOJIBHAIOTL YMOBY |x — 1| < §,
CIIpaBKyeThea HepiBHicTb: [(5x — 1) — 4| < &. Orsxke, 3a o3Ha-
4YeHHAM, lim(5x —1)=4.

x—1

3ayBasKuUMO, IO OCKijgbKu (yHKIiIS f(x) = bx — 1 € Heme-
pepBHOIO Ha R, 30KpemMa i B Toumi 1, TO 3HAYeHHS TI'paHU-
i gopiBHIOE 3HaueHHIO GYHKIT f(x) B Toumi x = 1, Tomy
limbx-1)=f1)=5-1-1=4.
x—1

YT T T ) PosraaemMo ocHOBHI  8racmusocmi
3. IIpasuna 2paHuyi QYHKUIL 8 Moyuyi.

06‘”“3”.?””” Zpanuyl Baractusicrs 1. lim x = x,.
QynKYll 6 mouuyi x—>x

BrnacrusicTs 2. drmo dysHK-
mii f(x) i g(x) MmaTh rpaHUIi B TOUIIL X,, TO B IIiil Toumni icHyIOTH
rpaHuIli ix cymu, pisHuIi i foOyTKy, IpuuoOMy

lim (f(x) £ g(x)) = lim f(x) £ lim g(x);
xll)l}cl (f(x) - 8(x)) = xlg;l f(x)- xlg;l g(x).
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Brnactusicts 3. lim C = C, ne C — nesaxe 4mcJo.
X—>X0

BuracrusicTe 4. Axkmio icuye rpanuna GyHKIi f(x) y Tou-
ni x,, To B Iiii Toumi icHye i rpanuna QysKOii Ef(x), xe k # 0 —
IesiKe YLCJIO, IPUUYOMY

lim Ef(x) =k llm f(x).
x—xg
Baracrtusictp 5. dKimo (pyH}cuii f(x) i g(x) maroTs rpaHuILi
B TOUIli X,, IPUYOMY TpaHuUIA QyHKIiI g(x) BinmiHHA Bim HyI4,

f(x)

TO iCHye IpaHUIlAd YacTKU QYyHKIIH —— 2(2) y TOYli X,, IPUIOMY

fx)  Am ()

A g lim g’
X—>X0

IIi BracTMBOCTI BUKOPUCTOBYIOTH IJIA OOUMCJICHHS I'PAHUID.

2 —
Samaua 2. OlEvi{diiiugzeany) lim(x2—2x+7); 2) lim x -8
x—b

x—-2 x+1

Poss’ssaumuda. 1) I-it cnocib.

lim(x2— 2x+7) = limx? - lim2x +1im7 =lim x -limx - 2limx +7 =

x—5 x—5 x—5 x—5 x—5 x—5 x—5

=5:-5-2-5+7=22.

2-i1 cnoci6. Ockinpkn QyHKOia f(x) = x2 — 2x + 7 HemepepBHa

nn1a x € R, i soxpema B Toumi 5, To lim(x% —2x+7)=7(5)=22.
x—5

2
2) DyHKIig f(x)=x 8
x+1

Ma€ YMCJIOBEe 3HAYEHHSA B TouIlli —2,

f(- 2)—L j=4, TOMY BOHA HellepepBHA B I[iil TouIli.
-2+1 -1
2_8
Oroxe, lim =f(-2)=4.
x—-2 x+1

BigmoBigs. 1) 22; 2) 4.
BunactuBocTi Ta BupaBm, IO MU POSTJISHYJIU, HPUBOSATH IO
BUCHOBKY:

‘ AKIo 3HadyeHHA GyHKNii y = f(x) y Touni x, icaye i pynk-
k’ Uisg B 1miil Touli HemepepsHa, To lim f(x) = f(x,).
xX—>Xq
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2 —
O6mcaura: lim 72573

x—1 x2 -1

, x%+2x-3 .
Po3B’s3aHHA. 3HAUEeHHA BUPa3y e I X = 1 =me ic-
x“ -1
Hye. Po3kaageMo Ha MHOMKHHUKY YNCEJbHUK i 3HAMEHHUK ApPo0y:
x*+2x-3 (x-1)(x+3)
x?-1 (x=1)(x+1)

Ockinmbru x > 1, ame x #1, o x — 1 # 0 i Api6 MOKHA CKOPOTH-

.. x+3 .
T Ha X — 1. OTpumaemo npid YT I AKOT'0 3HAUEHHSA B TOYIIL
X+
x = 1 icaye. OT:Ke, Maemo:
2
hmx +2x-3 zlim(x 1)(x+3) =limx+3 _ 1+3 _
>l x2-1 xol(x—1)(x+1) xoix+1 1+1

BinmoBins. 2.

F__ S ) r— ;
V ime"_ OXO00MCeHHA NOoHAMmmMs 2ZpaHuuyl, Wo ciAeae
A u&‘e PGH‘ - — KODIHHAM Y cu8y 0ABHUNY, No6’a3ane 3i 3Ha-

N X00MCeHHAM NAOW, KPUBOAIHIUHUX Qizyp i
08" eMis min, 0OMeNeHUX KPUBUMU NOBEPXHAMU.

ITepuwe meopemuyHe y3azaavHeHHs i 00T PDYHMYBAHHA Memodié
o0 lCIeHRA NAoW, i 00°€MiB, Y AKUX HEABHO BUKOPUCMOBYEALUCS
Zpanitini nepexodu, 6yao 0aHe HAUBUOAMHIWUM 2PEUbKUM Mame-
amamixcom IV ecm. do H. e. Egdorxcom Knidcvkum. Memod Eedokca &
XVII cm. 6ys HassaHnuit memodom suuepnanus. Takr, Hanpukad,
3a donomozor c80z0 memody Eedokc dosis, w0 00’em nipamiou dopis-
HI0E mpemuHi 060’ €My NPUIMU 3 MIEI0 HC OCHOBOIO i MIEI0 JH 8UCOMOIO,
a 00’em KOHYyca — mpemuri 00’emy 6i0nogi0Hoz0 Yyuaindpa.

Ilinocmpam, cyvachuk i yueuv Esdoxca, 3acmocosyiouu memodu

sina

8020 syumens, 3Haiiuos, wo lim =1, Ha3sarUll 8 cyuacHil

a0 o
mepmiHon02ii «nepulorw 4ydo80 ZpAHULECI0».

HacmynHhumu yezaunamu 00 pyHoameHmy meopii zpaHuyb cJid
ssaxcamu npaui «I'eomempis HenodinbHux Ge3nepepsHux» (1635 p.)
Kasanvepi i «I'eomempurna npays» I'pezyapa de Cen-Bencara.

BenuyesHnuili 6Hecox 00 meopii ezpanuyb 0y 3pobreHuUll 3a60aKU
nosaemiyi i KOHKYpeHyil mixn 0eoma HAUOIALWUMU MaAMeMAMUY-
Humu wroaamu XVII cm. O0HYy 3 Hux ovonweas JleilbHiu, a ii
yuyacrnukamu Oyau Jlonimaav, 6pamu Bepuyani, Eiinep. ITnwy
wKoay ovonreas Hviomon, a 00Hum 3 ii npedcmasrukie 6ye Ma-
Kaopen. O0U08i WKOALU CMEOPULU NOMYNMHI aNr20pUMMU, AKI NPU-
38esu, no cymi, 0o 00HUX | MuUX camux pe3yibmamis — CMmeEoPeHHA
JugeperuyianbHozo it iHmezpaavHoz0 wucienns. O0HuM i3 yux anazo-
pummis i cmag memood zpaHulb.
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@ Konu doyHKUjito y = f(x) Ha3MBalOTb HEMEpPepBHOK B TouLi X,?
@ Cchopmyntonte o3HaAYeHHNA rpaHuLi dyHKuii B Touui. @ Cdop-
MYSOMTE BNACTUBOCTI rpaHuLi pyHKLii B TOYL.

$ Fosb’axims 3agavi ma bukonaime bnpabu
(&\[Jf} BuatigiTe rpanumo (17.1-17.2):
17.1. 1) limx; 2)lim(2x-1). 17.2.1) lim x; 2) lim(3x+2).
x—2 x—0 x—-1 x—0
17.3. Yu 6ynme pyuKIisg f(x) HelmepepBHOIO B TOUIl 3, AKIIO:
1
1) f(x) = 3x — 53 2) f(x)=——=2
x—3
17.4. Yu Gynme dyHKIiA g(x) HEIepepBHOIO B TOUIli 2, SKIITO:
1
= M X)=—9
1) gx)=2x+T; 2) 8(x) PR

@ O6unciite rpagumi (17.5—17.6):

17.5. 1)lmx 7, 2) lim (x® —3x+5);
x—0 x—l x—-2
- . 4-x?
3) 1im 2 =9, 4)lim=—%
x-1 x—1 =2 2—x
5+x°
17.6. 1) lim 2) lim (3x% —4x +7);
x—0 1+x 1
2
3) 1im 22=19%. ) 1im ¥
=2 2—x x>l x-1

17.7. Bigomo, mio lim f(x)=5. 3maiigite rpanumio B Touni 1 masa

dbyHKII: =
10 f(x)
Dy=2f(x); 2)y=f(x)+4; 3)y= 4)y= .
Y Y TN f(x)-4
17.8. Bigomo, mo lim A(x) = 4. 3HaUAITH 'PAHUIIO B TOYI 2 Iyid
QyHKIL: X2
12 h(x)
Dy=T7h(x); 2)y=Hhx)—-3; 3y=—— 44dy= .
)y (x) ) y = h(x) )y 7x) )y 7x) -3
17.9. O6umcaits: 1) lim sinx; 2) lim cosx.
x—0 x_>§
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17.10. O6uucaiTh:

1) lim cosx;
x—0

2) lim sinx.
xo
3

@ HoBeniTs 3a o3HaueHHAM rpanunii, mpo (17.11-17.12):

17.11. lim (2x+3)=1.
x—-1

17.12. lim(3x-5)=1.
x—2

17.13. Bigomo, mio lim f(x)=5 i lim g(x)=7. 3HaliniTe rpaHuIio B
x—3 x—3

Toulli 3 AA PYHKIII:

1) y = f(x) + g(x);
3) y = g4(x) — f(x);

2) y = 3f(x) — 5g(x);
f(x)+1

4) y= .

Y= 01

17.14. Bigomo, 1o lim f(x)=9 i lim g(x)=4. 3HaizaiTe rpaxuIio B
x—1 x—1

Tourri 1 s QyHKITII:

1) y = f(x) — g(x);
3) y = fAx) + g(x);

2) y = 4f(x) + 3g(x);
f(x)+1
4) y= .
VY= -2

O6uwncaits rpanuni (17.15—17.16):

-2
17.15. 1) lim —
=2 x2 4 2x -8’

3
3) lim X1,
x—>-1 x+1

2 p— —
17.16. 1) lim ~ ~*~5,
x—>-2 x+2

3
3) lim *_—8,
x—52 X — 2

2 —
2) lim £ 273,
x>l x2 =1

3z

4) lim
x—>9 9—x
2_
2) lim x -1

x>-1x2 45x+4’

4) lim 1-x

x—>1]— \/7

@ 3a o3HaUYeHHSAM I'DAaHUILi, AOBEIiTh, m1o (17.17—17.18):

2

17.17. lim~—2 _s.
x—3 x—38

2
17.18. lim * 4
x—=-2 x+2

-4,

O6uwmcaits rpanuIio (17.19—17.22):

17.19. 1) lim 279’6
x—>-3x“+2x—-3
3

17.20. 1) lim —22 %,
x>-22x2 +8x -2
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17.21, im Y372 17.22. 1im Y* 273,
x—1 x—1 x—0 X

@ Xummeba mamemamuka

17.23. ¥V Bepecui 1 Kr Buzorpany komirysasB 20 I'pH, V »KOBTHi
BUHOTPAJ 340porkuaB Ha 25 %, a B JIUCTOIALL IO BiJHOIIIEHHIO 10
minu xkoBTHA 111e Ha 20 % . CkinbKu cTaB KoOIITyBaTu 1 Kr BUHO-
rpagy B gucronani?

Tligzomyimecs go bubuenns Hobozo mamepiany

17.24. Copocrits Bupas f(a + b) — f(a), axiio:
1) f(x) = 5 2) f(x) = x; 3) f(x) = %
4) f(x) = % 5) F(x) = %; 6) f(x) = Vx.

-{I NOXIAHA ®YH KL .
noxXiaHI HAUNPOCTIWNX ®YHKLUIN

Ha mnpaxkTuiii mac vacto I[iKaBUTH

1. ITonamms npo IpupicT BeIUUYUHY, a He ii 3HAUEHHA.
npupicm apzymenmy IIpupicT BenuuuMHNM N03HAUAIOTH
i npupicm @ynruyii BEJIMKOIO JIITEPOIO IPelbKoro aadasi-

Ty A (mesbTa).
CnouaTKy pOSIJISHEMO HOHATTSA npupocmy apeymeumy. Hexaii
X, — leske (iKcoBaHe 3HAUEHHS apryMeHTy, a X — JedKe JOBilb-
He HOro 3HAUEHHS.

, ‘ Pisaumio x — x, Ha3WBaKOTh MNPHUPOCTOM AapPryMeHTy
k. (He3ayieskHOl 3MiHHOI) y TOUNi X i MO3HAYarOTh Ax (4uTa-
IOTh: «JIeJIbTa iKC»).

Orxe, Ax = x — x(, 3BigKu x = x, + Ax. Ax>0 Ax
3ayBa)KuMO, II[0 3HAUEHHA AX MOXKe m -
oytu i momarHuM, i Bix’emuumM. 3po3ymi- %o x
70, mo Koau Ax > 0, TO X > X,, & KO A, < AX
Ax <0, To x < x;, (mayx. 18.1). m
X X0

Posrnsumemo sHauvenua GyHKILD f(x)
y TOYKax X Ta X, ToOTO f(x) Ta f(x). Max. 18.1
3HaueHHA QYHKILT f(x) smimmgoca mpu
Imepexofi BiJj TOUKHU X, JO TOUKM X Ha 3HaueHHA Af = f(x) — f(x,).
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Pisaumio f(x) — f(x,) masuBarore mpupocToM GyHKNii y
k. TOUIli X, i MO3HAYAIOTE Af (YMTAIOTE: «AeabTa ed»).

Yy //&Q;)
f(Xo+AX) [ om === - -
Af .
f(xo) [ “““ €
Ax, x
0 X9 Xo+ Ax B
Maun. 18.2

Ockinbku x = x, + Ax, 10 Af = f(x) — f(xy) = f(xy + Ax) — f(x,),
3Bigkm f(x, + Ax) = f(x,) + Af (mamx. 18.2).

3uatitu mpupict GyHKIii f(x) = 3x — 2 B Toumi x, =1,
110 Bigmosimae mpupocty aprymenty Ax = 0,1.

Posp’asannHa. x,+Ax=1+0,1=1,1;

flx) = f(1)=3-1-2=1;

flxo +Ax)=f(1,1)=3-1,1 -2=1,3.

Tomi Af = f(x, + Ax) — f(x,) = 1,3 —1=10,3.

Bigmosigs. 0,3.

TEEEEEEEE T2 Iaa QyHKIIl DOHATTA noxiOHoL € of-

2. oxidna gynryii HUM 3 HaWBaKJIMBIIIIUX IIOHATH MaTe-

MaTHYHOTO aHalizy. 3a IOIOMOTOI0

HOXiZHOI MOYKHA JOCJTimKyBaTH BJIAaCTHUBOCTI (DYHKIIII, 3HAXOIUTH

ii maiibiynbIile i HaliMeHIlle 3HAUEHHA Ha IPOMiKKY Toino. IToxisn-
HY 3aCTOCOBYIOTH y (pisuili, eKOHOMIiIli, iHIITUX HayKax.

I'panumio BigHomennsa npupocty GyHkmii Af y Touni x, 10
&. IpHUPOCTYy aprymenrty Ax, koau Ax — 0, Ha3UBaIOTh NOXi0-
Ho10 @ynkuyii y = f(x) y mouyi x,.
IToxigmy mosHauaioTh Tak: f'(x,) (UUTAOTh: «f MITPUX y TOU-
i x,») abo Tak: y'(x,) (YUTAIOTH: «y IITPUX Yy TOUILL X(»).
Om:xe, O3HAUEHHA NOXiAHOI y BUIIAAL (GOopMyaIn MOYKHA 3aIu-
caTu Tak:

A
)= lim 5,
SIkmro Bpaxysatu, mo Af(x,) = f(x, + Ax) — f(x,), To

)= i FE0 2500
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@yHKIio y = f(x), 110 Mae MOXiHY B TOYIi X,, HA3WBAIOThb
Jugepenuyiiiosrnoio B 1iii Touri. SIKmo dyHKLia y = f(x) mae noxiz-
HY B KOXKHIHM TOUII JeAKOr0 IIPOMIiKKY, TO KaXKyTh, III0 (QPYHKIiA
nudepeHIifioBHA Ha IIbOMY OPOMiKKY. I[if0 3HAXOMKEHHA TTOXif-
HOI Ha3WBAIOTL OUDEPEeHUII06AHHAM DYHKYIL.

3HaliTu noxifHy QYHKIII f(x) y Touli X, 3a OZHAUEHHAM MOX-
Ha 3a TaKUM aJITOPUTMOM:

, ‘ 1) smaiitTu npupict Gysrmii Af(x,) = f(x, + Ax) — f(x,), mo
ko BiIIOBiTa€e IPUPOCTY apryMeHTy Ax;

. . Af(x, .
2) 3HaWTH BimgHOIIEHHSA % Ta CIIPOCTUTH MOTO;
x
. Af(x
3) 3HalTH rpaHUIo lim M= f'(xg)-
Ax—>0 Ax

Suaiity noxigHy QysKOIi f(x) = x2 B TouIi xo="1.
Poss’asaunud. 1) Af(x,) = fx, + Ax) — f(xy) = (7 + Ax)2 — 72 =
=49 + 14Ax + Ax2 — 49 = 14Ax + AxZ;

Af(xg) 14Ax+Ax®  Ax(14+Ax)

2) =14+ Ax;
Ax Ax Ax
3) f(7)= lim (14 +Ax)=14. Bignmosias. f(7) = 14.
Ax—0
EEEEEEEEEEEE OCKinbKE AJIA KOXXHOTO 3HAYCHHS X,
3. Ioxioni sHaueHH: ['(x,) abo eauHe abo B3ara-

Haunpocmiwux GYRKYl | i ge icHye, OyZLeMO DPOSIVIAAATH IIO-
xiguy f'(x) ax pyHKIio Big X.

g nedkux (QyHKIIA MOKHaA 3HAUTHU QOPMYJIM iX TOXiTHUX.
Ile mos3BosUTH 3HAXOAUTM MOXimHY (PYHKIII B TOUIll He 3a O3HA-
YeHHAM, a 3a (DOpMYJOI0.

3HaiizeMo QOopMyJU MOXiZHUX NeAKMX HAWIPOCTIIMX (PyHK-
il 3a O3HAUEHHAM, 3aMiHUBIIH Y 3aIPOIIOHOBAHOMY BUIIIE aJII'O-
puTM™Mi X, Ha X.

Hexait f(x) = C, ne C — uucno. Toxi 3a aaropurmMom:

Af(x) _0 . oo i AF(X) _
DAf(x)=C-C=0; 2) Ax_O’ 3)f(x)—Aliglo A =0.
Orxe, C' = 0.
Hexait f(x) = x. Togi:
1) Af(x) = f(x + Ax) — f(x) = x + Ax — x = Ax;
gy M) _AY 1 g ) lim1-1. Omse, #' = 1.
Ax  Ax Ax—0
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Hexaii f(x) = x2. Toxi:
1) Af(x) = f(x + Ax) — f(x) = (x + Ax)? — x2 =
=x2 + 2xAx + (Ax)2 — x2 = 2xAx + (Ax)?%;
Af(x)  2xAx+(Ax)?  Ax(2x+Ax)
Ax Ax Ax

3) f'(x)= lim (2x + Ax) =2x. Orixe, (x2) = 2x.
Ax—0

2) =2x+Ax;

Amnajoriuno MoKHA 3HAWTH HOXimHi M iHIMNX QPYHKIGHE IIKiIbL-
HOT'O KypCy MaTeMaTHuKH.
Pagumo samam’araty nmoxigHi PyHKIIHA, sSKi HaliyacTiine BHUKOD-
CTOBYIOTh B Kypci ajire6pu i mouaTkis amasisy:
Q. C'=0 x'=1 (x2y = 2x
’
1 1 ¢ 1
@y=3e2 |~|=—% (Vx)=5
x X 2 x
3BepHITH yBary, Io moxXimHa (GYHKIIL — IIe Tako:X (QYyHKIIiA, a
noximHa (GyHKII B Touri — 1e unciao. OT:ke, Temep, 3HAIOUU (HOPMY-
JIU TOXiTHMX, MOXigHi (PYHKIIN y ZaHMX TOUKAX MOKHA OOUMCIIIO-

BaTU TPOCTIIlle, Hi’K 3a o3HaueHHAM. [[JId IIOTO AOCTATHBO YV (hOp-
MYJIy IMOXiZHOI ImigcTaBUTH HAaHY TOUKY i BUKOHATH OOUYMCJIECHHS.

Tlano ¢yuxmnito f(x) = x3. Braittu f'(-1), f'(2).
Poss’asannsa. Bigomo, mo moxigHoio ¢yrkmii f(x) = x3 €
dyrrmia f'(x) = 3x2. Togi f/(-1)=3-(-1)2=8if(2)=3-22=12.
Bigmosigs. fi(-1) = 3; f'(2) = 12.

A :
y aHIWLE. .. Po3din mamemamuru, y AKOMY 6UE4AIOMb
A u“e p o NOXiOHi QYHKUIl ma ix 3acmMOCYy6arHs, HA3U-
N saiombv Jugeperyiarvrum yucaennam. Juge-

peHyiaivHe YucaeHHA c@opmysanocs He mak 0a8HO, Y KiHUi
XVII cm., 3a60axu Hviomony i Jleitbniyy. Bonu maiixne o0HOwACHO
npuitwwau 0o nonamms noxionoi. Helomor npuiliuioé 00 ubozo no-
HAMM, pPO32AA0QAI0YUU NUMAHHA MEXAHIKU, 30KDpeMa NUMAHHS
Aummesoi weudxocmi, PYHKUiIO 6iH HA3UBAE (PII0eHMON, & NoXi0-
HY — QAI0KCi€0, QYHKUYIL NO3HAYA8 Aimepamu X, Y; 2; U; U; W, LXHI
NoXiOHi — mumu camumu OYyKeamu 3 Kpankamu Had HUMU: X; J moujo.

Jleiioniy npuiiwios 0o nonsmms noxioHoi, suxodauu 3 zeomem-
puuHux 3adau, a came, podzasdarnyu 3adavy npo nobydosy domuu-
Hol 0o Kpueoi. 3amicmb 8i0om020 Ham Ax 8iH BUKOpPUCMO8YBA8
nosuavenns dx (6yxea d — nepwa Jaimepa JLAMUHCLKOZO CA08Q
differentia — piznuyas).
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I. HeroTou I1.®. Jleiibuim M.B. Ocrporpan- M.II. KpaBuyk
(1643-1727) (1646-1716) ChKUIA (1892-1942)
(1801-1862)

ITodanvwuii 6Hecox Yy po38umor OugepeHyianbH0z0 HUCIEHHS
3pobunu, 3oxpema A. Jlonimanv (1661-1704), JI. Eunep (1707—
1783), O. Kowi (1789-1857), K.®. 'ayc (1777-1855) ma ykpain-
cvki mamemamurxu M.B. Ocmpozpadcvruii i M.I1. Epasuyk.

@ Lo HasuBalTb MPMPOCTOM apryMeHTY i MPUPOCTOM CYHKLIi B
Q TouUi X;? @ Lo HasmBatoTb NoxiaHo dyHKLT ¥ = f(x) B Touui X,?
@ Ky (yHKUi0 Ha3MBalOTb AMMEPEHLIMOBHOK B ToULi X,? @ Yka-
XiTb anroputM 3HaXOOKEHHS MNOXigHOT (PyHKUIT 3a O3HaYeHHAM.
@ YKaxiTb, YOMy [OPIiBHIOWTb NOXigHI yHKUiN f(x) = C, f(x) = x,

fx2) = 22, () = 23, F() %, f(x)=x.

$ Fosb’axims 3agavi ma bukonaime bnpabu

(éi]“ 3HangiTe mpupicT aprymenTy Ax, akio (18.1—18.2):
18.1. 1) x, = 2; x = 2,001; 2) xo=3; x=2,9.
18.2. 1) x, = 5; x = 5,01; 2) x, = 0; x = —0,001.

fAxi 3 moxigHMX 3HalimeHo mpaBUJIbHO, a AKi — Hi (18.3—18.4):

18.3.1) 5 = 0; 2) (x?) = 3x%  3) (%) =%; 4 (&)’:#?
X

184. 1) 7' = 7; 2) (x3) = 3x%  3) (x2) = 2x; 4) (J})’:i?
Jx
@ 18.5. 3naiigite npupict dysknii f(x) y Touni x, a8 gaHOTO
[IPUPOCTY APryMeHTY:
1) f(x) =3x — 4, x, =5, Ax = 0,1;
2) f(x)=x2+1, x,=2, Ax =-0,2.
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18.6. 3naiigiTe npupict GyHKIIi g(x) y TOUI X, AAA SAHOTO IPH-
POCTY apryMeHTy:
1) g(x) =2x + 3, x, = 1, Ax = —0,1;
2) g(x) = x2 - 5, x, = -1, Ax = 0,2.

18.7. 3maligite npupict GyHKOil g(x) = sinx y Toumni x, = 0, AKIO:

1) Ax=2, 2) Ax=-".
6 4

T
18.8. 3maiiniTe mpupict QyHKIIL f(x) = cosx y Toumi X, = > SAKIIO:
1) Ax=T, 2) Ax=-",
4 6

BukopucroByoun dopmynay, 3HaimiTe moximHy dyaKIii (18.9—
18.10):

18.9. 1) f(x) = x2 B Tourax —5; —2; 1; 0;
1
2) g(x) = Jx Yy TOUKax Z; 9; 25.

18.10. 1) f(x) = x3 B Toukax —1; 0; 1; 4;
1
2) g(x) = — y rourax —0,1; 0,2; 5.
x

18.11. 1) 3anumirte npupict ¢yHKIil f(x) = 2x — 3 B Toumi x,
uepes x, i Ax.
2) Bmaiipite Af(x,), axkmo x, = 1; Ax = 0,5.
3) HakpecuiTh rpadik GyHKIii.
4) ITpointocTpyliTe Ile HA MAJIOHKY.

18.12. 1) 3anumite npupict GyHKIii g(x) = 2 — 3x B Toumi X,
uepes x; i Ax.
2) 3maiinite Ag(x,), akmo x, = 2; Ax = 0,5.
3) HakpecuiTh rpadik GpyHKII.
4) ITpointocTpyiiTe Ile HA MaJIOHKY.

@ Kopucryounch oO3HaUeHHAM IOXimZHOI, 3HAWIIThP HOXigHY
dysKnii f(x) y Touni x, (18.13—18.14):

18.13. 1) f(x) = 3x2 — x; x, = 1; 2) f(x) = E+5; X, = —2.
x
20
18.14. 1) f(x) = 5x2 + x; x, = —1; 2) f(x) =1-—; x5 = 2.
x

18.15. IlopiBraiite Af(x,) i Ag(x,) y Toumi x, = 1 ana QyHKmii
f(x) = 2 ig(x) =x2-1, axmo Ax = 0,1.
x
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Cxaamits i po3s’saxiTh piBHaAHHS (18.16—18.17):
18.16. 1) f'(x) = f(x), axmo f(x) = x3;
1
2) g'(x) = -4, axmpo g(x) = T
18.17. 1) f(x) = f'(x), axmo f(x) = x2;
2) g'(x) = 0,125, axmo g(x) = Vx.
18.18. Posp’saxiTe HepiBHicTE f'(x) > 3f(x), armo f(x) = x2.

18.19. Tlopisusiite £'(3) i f/(~-3), axmo f(x) = x3.

9

3a 03HAUEHHSM HOXiAHOI 3HAHWAITH 3HAYEHHS IIOXigHOI PyHK-
mii f(x) y Touni x, (18.21-18.22):

(1
18.20. TTopisusiite g'[ i) ig (—J akmo g(x) = Vx.

@

18.21. 1) f(x)zé—x; Xy = 2; 2) f(x) =~Nx+3; x,= 1.
x
18.22. 1) f(x) = x+%; Xy =3; 2) f(x) =vx—-2; x, = 6.

Kopucryounch o3HaueHHAM, 3HAUAITL (hopMyay HmOXimHOI PYHK-
mii (18.23—18.24):

18.23. 1) f(x) =4 — Tx; 2) g(x) = 3x + x2.
18.24. 1) f(x) = 2x + 5; 2) f(x) = x2 - 5x.

18.25. CraagmiTe i posB’s:kiTh HepiBHicTs f'(x) + g'(x) — 5 > 0,
axmpo f(x) = x2, g(x) = x3.

18.26. CxiaziTh i posp’sxiTh piBEAHHESA |f/(xX) = f(X), Axmo f(x) = x2.
& Xummeba mamemamuxa

18.27. IIpunbasinu ToBap, Bu ciatTuiau 50 I'pH MOZATKY Ha I0-
nany Bapricts (III1B). 3HaligiTe BapTicTh TOBapy, AKIIO CTaBKa
IIOB ckmagae 20 % Bix BapTocTi ToBapy.

Tligzomyimecs go bubuenns Hobozo mamepiany

18.28. 3uaiigiTe KyToBUM KoedillieHT mMpsaMoi:
1
1) y =4x - 5; 2)y=—§x+6; yy="7,
4)y =0,17x; 5)12x + 2y = 5; 6) Ty = —14.
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18.29. 3anuniiTe piBHAHHA IPAMOI, 10 HPOXOAUTL Yepes3 TOUKY
K(—1; 4) nmapanensHo oci abciiuc.

18.30. 3anuiniTh piBHAHHA IPSAMOI, IO IPOXOAUTH Yepe3 TOUKY
M(2; —1) i mae xKyTOBUI KoedillieHT:
1) 3; 2) =7; 3) 0; 4) 0,5.

18.31. 3HaiigiTL KyT, SKUI YTBOPIOE 3 JOJATHUM HAIIPAMOM OCi a0-
CITUC TIpsAMa:
Dy=x+2 2y=T-x 3)y=>5  4)y=+/3x

18.32. CkiamiTh pPiBHAHHSA IPSAMOI, II[0 IPOXOAUTH Uepe3 TOUKY
L(2; —38) i yTBOpIOE 3 OZATHUM HAIIPSIMOM OcCi abciuc KyT:
1) 45°; 2) 120°.

18.33. Cepen maHux NpAMUX VKAXKITH IIapy napajebHUX IIPAMUX:

1)y =5-2x; 2)y=0,5x-T; y+2x-T7=0;

1
Hy=-2 DY =35% 6)y = 2.

ﬂ ®I3UNYHUN | TEOMETPUYHUN 3MICT
noxiaHol

Posrnsanemo nmeski 3amaui, 1110 TPUBOAATE A0 IMOHATTS IMOXiTHOI.

Hexait Touka pyxaeTbcs B3IOBXK IIPsI-

1. Cepednsa ma moi, i Bimomo ii koopzmuary x(f) y
mummeea weudxocmi MOMEHT uacy t. 3a iHTepBaJ dacy Bif
PYXy mouku 63008 t, mo t = t, + At TouKa mopmoJa€ Bix-
npamoi cravb x(t, + At) — x(t,). Toxi cepedna

weudkicms pyxy 3a Ieill yac BU3HA-
yaeThcAa (hopMysIoro

x(ty +At)—x(ty) _Ax
At At’

3ayBasKuMO, 110 AKIIO0 At < 0, TO PO3rIATAEMO iHTEPBAT Yacy
Bim t, + At mo t,, a BiANOBiZHA BifCTaHb y IILOMY pasi JOpPiBHIOE
x(ty) — x(t, + At). Toni

x(ty)—x(ty +At)  x(ty +At)—x(ty) Ax
—At At At

OT:xe, B 000X BUIIaAKaX CepefHs IBUIKICTH TOUKH, IO pyXa-

v, (At) =

v (A?)=

. . Ax
€TLCA B3JOBK IIPSAMOI, JOPiBHIOBATHME A

Y KOoXKXHUI MOMEHT Yacy TOYKA PYyXae€ThCA 3 IIEBHOIO MIBUAKI-
crio. fIK sHaliTH Mummesy weudkxicmv pyxy B MOMEHT dacy t,?
ITpupogHo mpumycTuTH;, 10 SIKIMO Af TOCUTHL MaJjie, TO 3a Ilei iH-
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TepBaJl Yacy IIBUAKICTH IPAKTUYHO He 3MiHUTHCS, TOOTO cepemHsa
IIBUAKICTH 3a IIell MOMEHT Yacy IIPaKTUYHO He BiIpi3HATUMETh-
ca Bif muTTeBOl mBHAKOCTi v, (f)). Tomy cmoci6 sHaxomxeHHA
MUTTEBOI IMBUAKOCTI IOJIATa€ B TOMY, 1100 3HAHWTH CIIOYATKY Ce-

Oroxe,

ITpaBa wacTuHaA ocTaHHLOI PiBHOCTI €, 3a O3HAYEHHAM, IIOXik-
. . Ax
HOIO (yHKIIT x(¢) y Touni ¢,, To6TO x'({y) = lim —. Maemo:
At—0 At
‘ mummeaa waudxicmov v(t) usHavena 0as 6ydv-arxoi duge-
Lg peruiiiosnol pyrruii x(t) i npu yvomy
v(t) = x'(¢),
260 KOpPOTKO:

Q’ noxiona 6i0 KoopduHamu 3a 4acoMm € weudkxicmio.

Y unomy moJssarae @isuuHuil 3amicm noxioHoi.
Mipxyroun aHaJoriuHO, MOXKHA IIOKa3aTH, IO

Q’ noxiona 6i0 weudkocmi 3a 4ACOM € NPUCKOPEHHSM.

GEneh e ) Tiso pyxaeTses OpaAMOJiHifHO 3a 3aKoHOM X(t) = 2
(x BUMipIOETHCSI B MeTpax, ¢ — y CeKyHAax). 3HAUTH HMIBUIKICTH
TOYKM B MOMEHT 4dacy t =5 c.

Poss’asannsa. Ockinpku v(t) = x'(t), To v(t) = x'(¢) = (t2) =

= 2t. Tomi v(b) =2 - 5 =10 (m/c).

Bigmosings. 10 m/c.

------------- Posrasmemo rpagik pysxrimii y = f(x).

2. Jomuuna IIpamy ¢, AKa TPOXOJUTH depes 6yIb-
0o zpagixa pynryii AaKi gBi Touknu rpadixa QyHKMII f(x),
HasMBaIOThL CiuHOW IIbOTO Tpadika

(mag. 19.1). 3 Kypcy reomerpii Bimomo, 110 KyToBuii KoedilieHT
k mpamoi, gaKa NPOXOAMUTE Yepes TOUKHU A(x,; y,) i B(x; y), mopis-

HIOE M. 3HaoUYN MOHATTA IPUPOCTY GYHKIIII Ta MPUPOCTY ap-

T'YMEHTY, II€ MOXXHa 3allnucaru Tak:
Ax Ax
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Homuunor B Touni (xy; y,) 70 rpa(l.)ilca"(bymmi'l' Yy = f(x)
k. HA3WBAIOTh I'PAHMYHE IOJOKEHHS CiuHOY, 1[0 IMPOXOIUTH
yepes II0 TOUYKY, Koaum Ax — 0 (max. 19.1).

yA ¢
f(xo + Ax)

Mai. 19.1

Ha wmamonry 19.1 mpama m — potuuHa mg0 rpadika QyHK-
mii y = f(x), mpoBemena B Toumi A. [asa mpamMoi m Maemo:

. A . . A
kE=tgo=lim —f Ockinpru lim —f = f'(x), To k = f'(x,). Orxe,
Ax—0 Ax Ax—0 Ax
‘ Kymosuil koediyienm domuuHnoi o rpadika QyHKIIT
&0 f(x), npoBenenoi B Toulli 3 aOCIUCOIO X, TOPiBHIOE MOXiN-
Hil QyHROIT y miil TouIri:
k = f'(x).

Y unnomy moJisarae zeomempuyHuili amicm noxioHor.

Ockineru f'(x,) = k = tg ¢, ne ¢ — KyT, AKUI yTBOPIOE NOTUYHA
3 JOJATHMM HaIpAMOM oci abcmuc, To Koau f'(xy) > 0, KyT ¢ —
roctpuii; konu f'(x,) = 0, To ¢ = 0°, ToOTO HOTHUHA HapajebHA
oci abcnuc (abo 3b6iraeTbesa 3 Hero); Koau f'(x,) < 0, KyT ¢ — Tynumii.

sEheLv el 3HaliTi KyToBUil KoedillieHT ZOTHUYHOI, IpoBemeHoi

mo rpadika @yHknii f(x) = x3, y rouni 8 abeuucoro x, = —2.
Poss’asanuda. f(x)=(x3) =3x2, Togi k= (-2) =3 - (-2)2 = 12.
Bigmosigse. B =12.

BN ER RS SHaiiTy TaHreHC KyTa HaXUWJIY OO0 OCi abciuc JoTUYHOI
oo rpagika pyurmii f(x) = \/; , AKa mpoBegeHa B Touli A(4; 2).

PosB’aszauusa. Maemo: fi(x) = (\/E)Ei.
2Jx

Tomi tgo = f'(4) =L =i= 0,25. Bizmosigs. 0,25.
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------------- Hexait piBHAHHSA IPsAMOi, IO € JOTHY-
3. Piénanna domu4unoi HOoIO g0 rpadika dysKOii y = f(x)
0o zpapira pynryii y moumi A(xy; f(x,)), Mae BHIIAL
y = kx + l. Ockinpku k = f'(x,), TO

BOHO HabyBae BUrIaAnRy: y = f'(x) - x + L.

OcCKinbKM JOTHYHA IPOXOAUTH Uepes TOUKy A(x,; f(x,)), TO KO-
OpOWHATHU ITiel TOUKM 3aJ0BOJHHAIOTH PiBHAHHSA JOTUYHOI, TOOTO
f(xg) = '(xy) - xy + 1, sBimkm L = f(xy) — [f'(xq) * x,-

Orxe, migcTaBUMO 3HaAAeHi Bupasu AJd k i [ B piBHAHHA HO-
THUYHOI:

Y =1"(xqg) = x + f(xg) = f'(xq) * xy, TOOTO

) ¥ = f(xg) + Fxdx — x,)-

Orpumainu pieHanHa domiutinor do zpagira Qyrruii y = f(x)
Y mouyi 3 abCcyucomw x.

Ckynactu piBHAHHA AOTHMYHOI n0 rpadika (yHKIl

f(x):l B TOUIli 3 abcHucom X, = —4.
x
1
Poss’asamma. Maemo: f(x,)=f(-4)= —i; f'(x)=-—;
x

1 . . .
f'(xy) = (—4) = =TS IligcTaBUMO OTpHUMaHi 3HaUEHHS B PiBHAHHSA

.. 1 1 .
TOTUYHOI: [ = 2 ——(x+4). CupocTuBIlA BUPa3 y I[bOMY PiBHAH-

16
. x 1 Bi i 1 x 1
Hi, MATUMEMO: Y=——X——. igmoBigb. Yy=—75x——.
V=167 2 AMOBIAR-Y=716" 2
sty F_rﬁ‘/v_. Hazadaemo, wo Hviomon npuitwoe 00 no
| 2 _tweﬁ!l > |
LA we P an . Hammas noxionoi, po3znadariu NUMaHHA me-

- XaHiKU, 30Kpema, Mummesoi weudxocmi, a
Jleiloniy — suxodauu 3 zeomempuuHux 3adai, a came, 3adayi npo
nobydosy domuuHoi 00 KPUBOI.

O0nax numanHna nobydosu domuuHux 00 KPUBUX UIKABUJLO Ma-
memamuxkie 3a0oezo 0o Jleiibniua. Tax, Hanpuraad, Eexkai0 6
«Hauanax» 0as cnoci6 nobydosu domuinoi 0o Kora, Apximed no-
0ydyeas domuurny 0o cnipani, AKYy HA36aHO0 HA 1020 Yecmb, Ano.Jo-
Hill — 0o eninca, zinep6oau i napaboru. O0Hax cmapodasHi 8ueHi
mak i He po3g’asanu 3adavy npo nobydosy domuuroi 0o 008inbHOL
Kpusoi 8 0yodv-akiil it mouuyi.

I3 camozo nowamrky XVII cmoaimms 6azamo 64eHUX HaAMA2a-
auca eupiwiumu yr npobaemy, 3oxkpema Toppiuvenni, Bigiani, Po-
oepsanv, Bappoy, o0Hak nepuium 3azaivbHuil memod nobydosu
domuunux 3anpononyeas Jeiloniy y 1684 pouyi.
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X = x(¢t)? @ Y Yyomy nonsirae pianyHMi 3amicT noxigHoi? @ Lo Ha3u-
BaloTb JOTMYHOIO [0 rpadiika dyHKUii y = f(x) B TouLi X,? @ Y yomy
nosnsirae reOMETPUYHMI 3MICT NOXiaHOI? @ 3anam’sTante pPiBHAHHSA
AOTUYHOT 10 rpadika dyHKLIT ¥ = f(x) y Touui 3 abcumncoro X,

Q © FK 3HaNTM MUTTEBY LUBUAKICTb TOYKM, LLO PYXa€ETbCS 32 3aKOHOM

$ Fast aximb 3agavui ma buxonavime bnpabu

@ 19.1. (Ycro). Bigomo, 110 KyToBuii Koe(illieHT HOTHYHOI IO
rpadika Gyrknii y = f(x) y Touni 3 abcuucoro x, MOPiBHIOE
0,4. Yomy mopiBHIOE 3HAUeHHA MOXimgHOI QYHKINI y = f(x) y
i Touri?

19.2. Bigomo, 1o f'(3) = 5. 3HaligiTy KyToBUil KoedimieHT qoTmu-
Hoi f0 rpadika pyuKmii y = f(x), mpoBegeHoi y Toumi 3 abciiu-
COI0 X, = 3.

19.3. Bimowmo, 1o f'(4) = 1. 3uaiigiTs:

1) kyroBU#l KoedimieHT moTmuHOI 10 Tpadira GYHKIT
y = f(x), mo npoBeJieHa B TOUIIL 3 abCIUCOI0 X, = 4;

2) KyT, AKUH YTBOPIOE Il AOTHYHA 3 HOJATHUM HAIPAMOM
oci abcruc.

19.4. Jotuuna npo rpadika ¢yHKIil y = f(x) y Toumi 3 abciiu-
COI0 X, YTBOPIOE 3 JOJAaTHUM HaIpAMOM oci abcruc KyT 60°.
3uaiigite f'(x,).

(2 19.5. 3maiigiTe KyToBuUiI KoediiieHT moTmuHOI mO rpadika

byurmii f(x) = ; y Toumi 3 abcuucom x, = —1.

19.6. 3uaiigiTe KyTOBUiT KoedilieHT foTUYHOI A0 rpadirka QyHKIT
f(x) = \/; y Toumi 3 abcnucomno x, = 0,25.

19.7. 3HaligiTh TaHTreHC KyTa HaAXUJIy OO0 Oci abciuc JOTHUYHOI IO
rpadika Gysrmoii f(x) = x2 y Tourni 3 abcrucoro Xy =—2.

19.8. 3maiigiTe TaHreHC KyTa HaXWJIy OO0 OCi abCIuC HJOTHUYHOI 10
rpadika Qysrnii f(x) = x3 y Touni 8 abcuucoro x, = —1.

19.9. Tino pyxaeTbcsa IPAMOJIIHINHO 3a 3aKoHOM X(t) = 3 (f BH-
MipIOETHCA ¥ CEKYHAAX; X — Yy MeTpax). SHAUAITh MBUIKICTH
Tija B MOMeHT uacy: 1) t = 2 c; 2)t=3c.

19.10. Tiso pyxaeTbcsa NPAMOJIHIAHO 3a 3akoHOM X(t) = t2 (¢ BU-
MipIOETHCA ¥ CEKYHAAX; X — Yy MeTpax). SHAUAITh MBUIKICTh
Tija B MOMeHT uacy: 1) ¢t = 4 c; 2)t=10c.

19.11. CxaagiTh piBHAHHS JOTHUYHOI M0 rpadika GyHKII f(x) = Jx
y Touni 3 abcnucomno x, = 1.
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1
19.12. CkinaniTh piBHAHHA JOTHUYHOI A0 rpadika pyHKIil f(x) = —

R

y Touni 3 abcrucomo x, = 1.

19.13. Ha rpadiry yrkmii f(x) = x2 3HalgiTe TOUKY, V AKiil
TOTUYHA [0 IILOro rpadika yTBOPIOE 3 AOJATHUM HAIIPSIMOM
oci abcrue xkyt 135°.

19.14. Ha rpagiky ¢pyHKIHI f(x) = Jx BHAUMITL TOUKY, V AKil
OOTHUYHA J0 IbOTo rpadika yTBOPIOE 3 AOLATHUM HAIPAMOM
oci abcmuc Kyt 45°.

19.15. MarepiaibHa TOUYKa PyXa€TbCS MPAMOJiIHINHO 3a 3aKOHOM

1
x(t) = ; Y axuit momeHT uacy t (¢t > 0) IBUAKICTL TOUKHU

1
Oyme mopiBHIOBATH —5 M/C, AKIINO ¢ BUMIpPIOETBCA B CEKYH-

max, x —y merpax?

19.16. MarepianbHa TOUKa PYXa€ThCSA MPAMOJIIHINHO 3a 3aKOHOM
x(t) = t3 (t BUMIpIOETBCA B CEKYHIAX, X — y MeTpax). ¥ AKuii
moMeHT uacy t (¢t > 0) mBuUAKiCTh TOUKU Oyae HOPiBHIOBATU
48 m/c?

19.17. 3HaiigiTh TOYKU, V SAKUX AOTHUYHA A0 rpadika (GyHKITiI
f(x) = x3 mapanenbHa mpawmiit y = 12x — 17.

19.18. 3umaiigiTe TOYKM, y AKUX JOTUYHA M0 Tpadika GyHKITI

1
f(x) =— mapasenbHa mpamii y = 8- %x
x

19.19. OgHa 3 MaTepiaJbHUX TOUOK PYXAE€ThCA IPAMOJIIHIAHO 3a
3akoHOM x(t) = t2, a imma — 3a 3akKoHOM x(t) = ¢3 (¢ BuMipIo-
€ThCA B CeKYHOAxX; X — y MeTpax). ¥ SAKWHA MOMEHT uacy f
(t > 0) ix mBUAKOCTI O6YAYTh OMHAKOBUMMU?

@ 19.20. CkyaazniTe piBHAHHA JOTHUYHOI 1110 rpadirka QyHKIrii
f(x) = \/;, sAKa mapaJjejbHa IPAMil y = gx +5.

19.21. Cknamits piBHSHHS poTu4yHOI g0 rpadika QYHKILI
f(x) = x2, aka napanenbHa npaMiil y = —2x + 7.

1
19.22. [Tano dyuKIio f(x) = —.
x

1) CxnagiTs piBHAHHA TOTUYHOI M0 ii rpadika y Touli 3 abc-
nucomwo x, = —1.

2) BukonaiiTe MaJIOHOK.

3) 3HaliAiTh WJIOITY TPUKYTHUKA, OOMEXKEHOro Biapiskamu
IOTUYHOL U ocell KOOpAMHAT.
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19.23. Tazo pyrKLio0 f(X) = x3.
1) CxknamiTh piBHAHHA TOTUYHOI X0 ii rpadika y Touli 3 abc-
nucomwo x, = —1.
2) BukonaiiTe MaJIOHOK.
3) 3HalifiTh IOy TPUKYTHHKA, OOMEIKeHOro Biapisxamu
IOTUYHOL U ocell KOOpAMHAT.

19.24. V sakiii Toulli IIepeTUHAIOTHCA MOOTUYHI g0 mapabdboam
y = x2, mpoBejeHi B TouKax 3 abcrucamu Xg=—21ix,=1?

{i\ Xummeba mamemamuxka

19.25. CraBrka momaTKy Ha mgoxoau (isumuuamx oci6 (3apmia-
Ty) y 2015 pomi cramoBuia 15 % pnsa sapmiatTu posMipoMm 10
12 180 rpH matoc 20 % Bixg cymu, 1o nepesumryBasia 12 180 rpH.
I3 2016 p. ma craBka craHoBUTH 18 % 6e3 oOmerxeHb. [JupeKTOp-
kKa migmpuemcrBa y 2015 pori orpumyBasna 3apmiaary 13 000 rpr
Ha Micanb, a B 2016 pori — 15 000 rpu Ha Micsaib; crapiamii
meHemkep v 2015 pomi orpumyBaB 3apmiaary 9000 rpu Ha Mi-
canb, a y 2016 pori — 10 000 rpu ma micans. Ha axy cymy
3MiHMBCSA HIOMiCAYHHNII IIOJATOK KOMKHOTO 3 HMX Yy IIOPiBHAHHI
3 2015 poxom?

l Tligzomydmecs go bubuenns Hobozo mamepiany

19.26. ITogaiiTe Bupas y BUIJISAAL CTEIIEHS 3 OCHOBOIO X:

1 . 2 1 . 3 L. 4 1
Fa )Fa ) xz’ ) x2018°

1)

19.27. [Tano dyHKIi0 f(x) = sinx — cos x. 3HANIITH:

T T T
1) 7(0); 2)7{5} 3)7{1} 4)f(§j.

20 NMPABUNA OUOEPEHLUIIOBAHHA.
A/0 TABNULUA NOXIAHUX

Y npomy maparpadi posriasHeMO OCHOBHI IIpaBmJja JudepeH-
IIilIOBaHHA Ta IMOXiJHI CTeIeHeBUX i TPUTOHOMETPUYHNX (PYHKI[IN.
Hnsa crupolireHHs 3anuciB 3amictsb u(x), u'(x), v(x), v'(x) Tomo ou-
caTuMemo u, u', v, v’ TOIIO.

1- (-)- Sesssssss Hexait dysKOil u i v Audepenniiios-
- CHOGHI NpGEYLR mi B Touni x. Toxi ix cyma i pisHuns
O DL Tesk nudepeHIiioBHi B TOUI X.
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‘ IIpaBuao 1. IloxionHa cymu (pi3HMIi) mopiBHIOE cymi
L (pisHuni) moximaux (u £ v) =u’ £ v'.
Hosenenuasda. Hexait f=u + v. Toni:
1) Af =A(u + v) = u(x + Ax) + v(x + Ax) — (u(x) + v(x)) =
= (u(x + Ax) — u(x)) + (v(x + Ax) — v(x)) = Au + Av.
2) Af(x) Au+Av  Au  Av

+
Ax Ax  Ax Ax’
3) f'(x)= lim (&+£)— lim 2% 4 lim 2% =4,
Ax Ax ) Ax—0 Ax Ax—0Ax

AmnajsoriuHo MoKHaA moBecTH, 10 (v —v)' =u' — V'
Omxe, (utv) =u+0v.H

Hacanigok. IloxigHa cymu TphoX i OijbIne JOJaHKIB mO-
piBHIOE cyMi moXigHUX:

r _ ! ! 13 13

U, tuytuz+...+uw)=u'+u+tu’+..+u,

i amens bl 1) (x3 + 5) = (x8) + 5 = 3x2 + 0 = 3x2;

2 2_ /= 2y _ /:2 _L‘
) @ ey =Y (V) =22

Posriamemo mpaBuio nudepeHiiroBaus JOOYTKY.

d IIpaBuano 2. (uv) =u'v + v'u.
JloBeieHHSA He HABOAWMO, OCKiJIbKM BOHO € ITOBOJIi CKJIQZHUM

Hacaigok. Craanmii MHOKHUK MOMHA BHHOCHUTHU 3a 3HAK
noxiguoi (Cu)’ = !, me C — craaa.

D 1) 5ad) =5 - (x3) = 5 - 3x% = 15x2;
) (fr ety = oyt + (2 =T w2l =

x
B x% +4x? _ 5x®

2dx 2Jx

Posriisaemo npasuio audepeHITiloBaHHA YacTKY i JoBeeMo Horo

4

‘ u u'v—uv’
k! IIpaBuaxo 3. (—)=—2,v¢0.
v v

HoBeneHHada. Bigzcrynumo Bix amroputrmy, AKUH MU BUKOPU-
CTaJIM IIif yac moBeleHHs npasmia 1, i mosBememMo B iHIIMIA criocio
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u
Hexaii f =—, Toxi u = fv, Tomy u'=f'v + v'f. 3Biscu Bupasumo [’
v

u
’ ’ u-—-vov - -—
u'-v
f'v=u —v'f, TooTo f'= f= = .
v

3ayBasKuMO, IO JOBECTH MOKHa OyJio I y TOM camMuii crocio,
SAKUM JOBeIeHOo mpaBuio 1.

x® '=(x3ny2+1)—(x2+1yx3=

IIpuxkxag 3 5 5 5
x“+1 (x“+1)

_ 3x%(x% +1)-2x-x° _ 3x* +3x% —2x* _ x* +3x%

(% +1)2 (2+1)2 (22412
------------- Mu 3Haemo, 110:
2. oxiona x=1=1"x%
cmeneneeoi pYHKYil (x2) = 2x = 2x1;
(x8) = 3x2.

3a GopMyJI0I0 TOXiZHOI TOOYTKY:

(x%) = (x3x) = (x8)'x + x'x3 = 3x2x + 1 - x3 = 3x3 + x3 = 4x3.

Amnamnoriuno:

(x9) = (x*x) = (xY)'x + x'x* =4x3x + 1 - x* = 4x* + x* = bx*.

HeBayxkko momiTuTy 3aKOHOMIipHiCTE, 110 018 HAMYPALLHOZO0 .
(x") = nx" 1,

ITpuiimemo 1eit pakT 6e3 JOBeIeHHI.

Hexait Temep f(x) = x*, me n — mige Bim’emue umcio. Tomi

(—n) — uucyao HarypajabHe. Maemo:

(xn ), _ (L) :1'- x " —(x‘” ),- 1 _ 0-x "+ nx_”_l —n—1-(-2n) _ nxn_1.

= =n-x
(x—n )2 x—2n

Omxe, y IbOMY BHUIOAAKY Takox (x")' = nx" 1. Maemo:

-n

‘ IJIsE Oyab-SIKOTO ILHJIoro n i 6yab-axkoro x (x # 0 mpu n < 1):
L (x™) = nx" L,

IToxigay cremeHneBoi (hyHKIII 3 17poOOBUM IMOKAa3HUKOM 3HAXO-
IATH 3a IIielo caMmoio (hopmysoo.

Ifpmeniedl) (5x18 — 2x3 + 5) = (5x13) — (2x3) + 5’ =
=5-(x1¥) -2 (x3) +0=5-13x12 - 2 - 3x2 = 65x12 — 6x2.

2
sELEV el BmaiiTu moxigay dysknii f(x)=— y Toumi x, =-1.
x
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. 2 -3
Poss’asannda. Ockinbku —=2x", To f(x) = 2x73,
x

Tomi f'(x) = (2x73) = 2(x3) =2 - (-8)x 31 =-6x1*= 6

x
, 6 . .
Maemo: f'(-1)=-——=-6. Bignmosiags. f'(-1)= —6.
(-1

.. S S ST I ITTT Yy Ilpuiimemo 6e3  moBeZeHHA, IO
3. oxioni 1 sino -1. B .
i lim . L UKOPUCTAEMO IHOro
pyrryit AnsA JoBeleHHA (GOPMyJIH MOXigHOI

cuHYyca.

(E Teopema 1 (noxiora cunyca). Iaa x € R maemo:
(sin x)' = cos x.
HoBenenns. Hexaii f(x) = sinx. Toxi:

1) Af = sin(x + Ax) — sinx = zsinx+AX—xc0Sx+Ax+x:

2
. Ax Ax
=2sin—-cos| x+— |.
2 2
. Ax Ax
2sin——cos| x+—
Af(x) 2 ( 2 )
2) = .
Ax Ax
. Ax Ax
Af(x) Sin ? Cos(x + ? )
/7 — l- — l. —
3) 1) Ai§0 Ax Aiglo g
2
sin—
= lim 2 lim cos(x+£).
Ax—0 & Ax—0 2
2
. Ax
Ax sm?
Axmo Ax - 0, To 1 — —0, a Tomy lim =1,
2 Ax—0 &
2

. Ax
a lim cos| x+— |=cosx.
Ax—0 2

Omxe, (sinx)’ = cosx. M
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@ Teopema 2 (noxidna xocunyca). Iasa x € R maemo:
(cosx)' = —sinx.

HoBeneHHA aHaJIOTiyHE IO TOBEeAEHHS Teopemu 1.

(I Teopema 3 (noxiona mauzenca). Aaa Oyab-AKOTo X
3 00JIaCTi BM3HAYEHHA TaHTeHCa

, 1
(tgx) = 5
cos“x

sinx
HoBemeHHs. YpaxoByoouu, mio tgx = , 3a (hOpMYJIOIO ITO-

3iAHOI YacTKM MaeMo:

, (sinx | (sinx) cosx — (cos x) sin x
(te x) :( ) _( ) ( ) _

cosx cos’” x
_ €Oosx-cosx +sinx-sinx _cos2x+sin2x_ 1
cos” x cos® x cos® x

Orxe, (tgx) = .u

COS2 X

(11 Teopema 4 (noxiona komanzenca). [Ins Oyab-aIKoro x
3 00JacTi BUSHAUEHHS KOTaHreHca

(ctgx) = —— —
sin“x

HoBeneHHs aHaJIOTiyHEe MOBEJEHHIO TeOpeMH 3.

(2sinx + 4tgx)' = 2(sinx)'+ 4(tgx)' = 2cosx + 5+
cos” x

srhea e Ina pyariii f(x) = 3cosx — Setgx smaiitu f’(g}

Poss’asanu4a. ['(x) = 3(cosx) — 5(ctgx) = —3sinx + — 5"
sin® x
PlE)=8sin4—> = 3142 = _345=2,
2 2 . am 12
sin® =

Bigmosigs. 2.
st ey Poss’azatu pisuaaas f'(x) = 0, ge f(x) = cosx + x.
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PosB’azamuda. 1) f(x) = (cosx + x)' = (cosx) + x' = —sinx + 1.

2) Maemo piBaanHa: —sinx + 1 = 0;
sinx = 1;

x=g+2nk,k c Z.

BigmoBins. g+21'ck, ke Z.

Bl AR R CucremaTusyeMo JaHI mpo moximmi

4. Tabruysa noxidnux GYHKIIHA y TabIuIo, AKY IPUHAHATO
Ha3WuBaTU Mabauler0 NoXiOHUX.
C =0 | x =1 | ¥ =2«
(x3) = x> " =nx"1,neZ

’

(lj =-xi2 (&)’=ﬁ

x
(sinx)’ = cosx (cosx)' = —sinx
’ 1 4
(tgx) =— (ctgx) =——
cos“x sin“x

@ Yomy [OopiBHIOE noxigHa cymu, pisHWUi, O0OYTKY, YacTku LBOX
dyHKUiN? @ Yomy popiBHoe noxigHa dyHkuii Cu, ge C — crana?
@ Yomy popiBHIOE noxigHa QyHKUii f(x) = x*, ae n — uine 4mcno?
® BuBuiTb TAbNMLO NOXigHMX Ta NpaBuna gudepeHLitoBaHHS.

g Fosb’axims 3agavi ma bukonaime bnpabu
@) Buaiigite moxiguy ¢pyukrmii (20.1—20.10):

20.1. 1) f(x) = x7; 2) g(x) = sinx;

3) t(x) = x9% 4) p(x) = x™4.
20.2. 1) f(x) = cosx; 2) p(x) = x5;

3) y(x)=x7; 4) t(x) = x!.
20.3. 1) m(x) = 5x; 2) f(x) = 3x5;

3) o(x) = 2ctgx; 4) y(x) = 3x72.
20.4. 1) g(x) = Tx; 2) o(x) = 3tgx;

3) f(x) = 5x2; 4) y(x) = bx73.
20.5. 1) ¢(x) = cosx — x8; 2) f(x) = x3 + x17,
20.6. 1) g(x) = x* + sinx; 2) p(x) = x10 — 1.
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P 10
@ 20.7. 1) f(x)—?a 2) g(x)——T,
3) t(x) = 12; 4) p(x) = %
x x

4 x9

20.8. 1) p(x) = —; 2) y(x)=-"—; 3)f(x)= §; 4) t(x) = 35
2 3 x x
20.9. 1) f(x) = 8x2 — Tx3 + 3; 2) g(x) = 2sinx — 4x° + Jx.

20.10. 1) f(x) = 2211 — Bcosx + 73 2) g(x) = 5aT + S —x.
X

20.11. 3naiigiTe 3HaYeHHA MOXigHOI QYHKHII f(x) y Toumi x,:

1) f(x) = %x3 + x2, x, = —1; 2) f(x) = 3tgx, x, = g
20.12. 3naiigiTe 3HaUeHHA noxigHol QyHKHII g(x) y Toumi x,:
1) g(x) = x* - %x% x, = 1; 2) g(x) = 2ctgx, x, = —g.
3uaiigite noxigay gpyurmii (20.13—20.16):
20.13. 1) f(x) = x3J/x; 2) g(x) = x*sinx.
20.14. 1) g(x) = Jx - x5; 2) f(x) = x%cosx.
-1
20.15. 1) f(x) = —5—; 2) g(x) = 225
x x
+1
20.16. 1) f(x) = 2) g(x) = ——.
x sinx

1
20.17. BuaiigitTy moximuy ¢yHKIEIT f(x) = Zx‘l—\/; y TOYKax
xo=1; x,=9; x, = 25.
20.18. 3uatigity moximHy dyHKIi g(x) = 2x + Jx y TOYKax
xy=1; x,=16; x, = 100.
20.19. 3uaiigiTe moxigay GyHKIII g(x) = sinx + cosx y Toukax
T
x,=0; x, = —.
0 075
20.20. 3uatigite moximmy GyHKIEI f(x) = cosx — sinx y Toukax
T
X9 = E; X, = T.

20.21. 3HafigiTh TaHreHC KyTa HaXMWJIY OO OCi abcIuc JOTHUYHOI 40
rpadika pysxrmii f(x) = 8x2 — 4x y TouIi 3 abCIUCOIO Xy = 2.
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20.22. 3gaigiTe KyToBUHM KoedimieHT moTmuHOl g0 Trpadika
dyHkOii f(x) = 5x — 7x2 y Touni 8 aGcuucormo x, = 0.

. - 1
20.23. Tino pyxaeTbcsa IPAMOJIiHiNIHO 3a 3akoHOM Xx(f) = §t3 -

— 10t (t BuMipioeTbCca B CeKyHIax, X — y MeTpax). S3HalIiTh
MIBUAKICTH Tijia B MOMeHT Yacy: 1)t =2c; 2) £t =6 c.
. . 2
20.24. Tino pyxaeTbcsa NPAMOJiHITIHO 3a 3aKoHOM X(t) = 5F — §t3
(t BUMipIOEThCA B CEKYHIAX, X — y MeTpax). S3HaANAITh IIIBUJ-
KicTs Tista B MmomeHT yacy: 1) t=1c¢; 2) t =3 c.

20.25. Posp’sxiTe piBHanusa f'(x) = 0, me:

1) f(x) = cosx; 2) f(x) = x2 — 6x.
20.26. Po3B’sxiTh piBHaAHHS g'(x) = 0, me:
1) g(x) = sinx; 2) g(x) = 8x + x2.

20.27. Po3B’sxiTh HepiBHicTE g'(x) > 0, akmo g(x) = 4x + x2.
20.28. Po3s’axiTs HepiBHicTs f'(x) < 0, akmo f(x) = x2 — 10x.
@ BuaigiTe nmoxigay pyaKIii (20.29—20.30):

20.29. 1) f(x) = (3x% + T)(2x — 5); 2) g(x) = Vx(3x2 + 4x).
20.30. 1) f(x) = (5x2 — 9)(3x + 4); 2) g(x) = (3x — 5x2px.

20.31. OGuwucaiTey moximuy ¢yHKIl f(x) = (4\/; - 3)x2 + )
y Touni x, = 1.

20.32. O6uwncaiTy moximzumy ¢yHKII f(x) = (2 + 6\/;)(x2 - 3)
y Touri x, = 1.

3ualigite noxiguay Gyuriii (20.33—20.34):

2 2
- +7
20.33. 1) f(x) = © 5%, 2) f(x) =
+2 X
2 3+x°
20.34. 1) g(x) = X%, 2) g(x) = >
x-1 x
x% +4x
20.35. 3HaiigiTh 3HaueHHA IOXigHOI (GYHKIII g(x) = 1 y
x pa—
TOUKax X, = 2; 0.
2 —
20.36. 3uaiigiTs sHaueHHS moXigHOI MyHKII f(x) = x —x y TOu-

Kax x, = 0; —2.

20.37. Posp’sxiTh piBHAHEA f'(x) = 0 Ta HepiBHicTs f'(x) < 0, AKIO:

1) f(x) = 83x2 + 2x3 + 7; 2) f(x) = %x3 - %x2 - 6x + 8.
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20.38. Posp’sokiTh piBHAHHA g'(x) = 0 Ta HepiBHiCTb g'(x) > 0, axkio:
1) g(x) = 9x2 — x3 + 8; 2) g(x) = x3 + ;xz 3x + 19.

20.39. Posp’siokiTe piBHaAnHA g'(x) = 0, AKIIO:

nam-3+g, mgﬂ=%+4x—1

20.40. Posp’sokiTs piBuanuga f'(x) = 0, AKIro:

1)ﬂ)—5+x

2)f(x):9x+1+3.
x

20.41. MaTepianbHa TOYKa PYXa€ThCSA MNPAMOJIHINHO 3a 3aKo-
HOM x(t) = 3t2 — 12t + 7 (x BUMiplOeThCS B MeTpax, t —
y CeKyHIax):
1) ¥V axkuii MOMEHT dYacy INBUAKICTH TOYKHU JOPiBHIOBATHME

18 m/c?

2) ¥V axuii MOMEHT Yacy TOUKA 3yTUHUTHCA?

20.42. Tino pyxaeTbCcsa NPAMOJIHIAHO 3a 3aKoHOM x(t) = 2t2 —
— 16t + 3 (x BUMipo€EThCA B MeTpax, ¢ — y CeKyHAax):

1) V gxuii MOMEHT dYacy INIBUIKICTL Tijla JOpPiBHIOBaTHUMeE
12 m/c?
2) ¥V axuii MOMEHT Yacy TiJI0O 3yIUHUTHCA?

20.43. Ha rpadiky ¢ysrmoii f(x) = x2 — 8x + 7 3HaiAiTh TOUKY,
y AKill DJOTHMUYHA YTBOPIOE 3 AONATHUM HAIPAMOM OCi abcIiuc
KyT 45°.

20.44. Ha rpadiky pyskmii g(x) = bx + x2 — 9 3HalAiTL, TOUKY,
y AKif JoTMYHA YTBOPIOE 3 HOJATHUM HAIIPAMOM OCi adbciuc
KyT 135°.

20.45. PosB’sokiTh piBHAHHA g'(x) = 0, axiio g(x) = sinx — ?336.

20.46. PosB’s:kiTh piBHAHHA f'(x) = 0, aximro f(x) = g + cosx.

e
Vel

BCix JOIIYCTHMMHUX 3HAYEHb X.

20.47. Hano ¢yukiio f(x) =

. HosexiTs, 1o f'(x) > 0 mus

20.48. 3uatigiTe  abciucm TUX ~ TOUYOK  rpadixka  GYHKILIL
flx) = x3 + 242 — Tx + 5, y AKUX JOTHYHA IapajejbHa oci
abcruc.

X3 x2

20.49. 3uaiigiTe adbciucu ToYoK rpadika QyHrIiil g(x) = ry + 5

y AKMX JOTHUYHA HapaJiejbHa OpAMii y = 2x — 7.
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20.50. CkaagiTe piBHAHHA OOTHUYHOI [ng0 Trpadira GyHKIiI
g(x) =x2 — 4x + 5 B Toumni 3 abcrucomno x, = 1.

20.51. CxaazxiTe piBHAHHA OOTHUYHOI g0 rpadika GyHKITIT
f(x) = x2 + 2x — 3 y TouIli 3 abcIUCOIO x, = 0.
20.52. Criaanmite i posB’sokiTh piBuanua f'(x) = f(6), AKIIO
3x — x?

fla) ==

20.53. Hano pysKIii f(x) = 4cosx i g(x) = 243x + 9. Poss’smxits
piBaanuAa f'(x) = g'(x).

20.54. Tano ¢pyukrmii f(x) = 2sinx i g(x) = x + 11. Poss’sxiTh
piBaaaHA f'(x) = g'(x).

. . 2sinx . T
20.55. 3raiinite noxigHy QyHKIII {(x) = ——— y Toumi x;, = —.
3—cosx 3
.- . cosXx . i
20.56. 3naiinite noxigry GyHKIII @(x) = ———— y Touni x;, = —.
2+sinx 6

@ 20.57. CkiagmiTh piBHAHHA OOTHUYHOLI nO0 rpadika QYHKILI
f(x) =x2 — 8x + 7, Aaxka mapasenbHa npamii y = 5x — 17.

20.58. CkaazxiTe piBHSHHS goTHMYHOI g0 rpadika GyHKITIT
g(x) = x2 + 4x — 6, aKxa mapajieJbHa ONpaAMiil y = 6x — 7.

20.59. Cxaazite i posB’sAKiTL piBHAHHA | If ’((x))l =-1, sAKIIO
x
flx)=—x2—x— 1.
20.60. Cxaazmite i pos3B’sKiTh piBHAHHS %:2, AKIT0
x

flx)=x2+ x + 2.
20.61. Ha cunycoini y = sinx ysaTro Touku 3 abcmucamu x; = 0 i

o . . .o .
Xy = E Yepes 11i TOUKU IPOBEAEHO CiuHy. ¥ sAKiif TouIli 3 ab-

T .
CIIVICOIO X, € [O; 5] CJiJ IIpoBeCTH AOTHUYHY, II[00 BOoHAa Oyja

napaJjejabHOo0 Ciumiii?
20.62. Posp’sxiTh piBHaaHA f'(x) = 0, akiro f(x) = tgx — 2x.
20.63. Posp’sxiTh piBHaAHHA g'(x) = 0, axio g(x) = 2x + ctgx.
3
20.64. o rpadika ¢yHKIII f(x) = ?—\/gx CKJIAJiTh PiBHAHHSA

JOTHUYHOI, AKa YTBOPIOE 3 MOJATHHUM HAIPSIMOM OcCi abdciuc
KyT 60°.
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& Xummeba mamemamuxka

20.65. Camiko i IlaBmo pasom MOXKyTh modapOyBaTu IapKaH 3a
9 roxuH, Ilasmo i Irop pasom — 3a 12 rogun, a Camko i Irop — 3a
18 roguH. 3a CKiJIBKM TOAWH XJOMUMKU IT0(hapOyIoTh Iiel ImapKaH,
MPAIICIOUN BTPHOX i3 Ti€l0 caMOI0 IPOAYKTUBHICTIO mpaili?

Tligzomyimecs go bubuenns Hobozo mamepiany

20.66. 3HaligiTe OPOMIKKK 3POCTAHHA 1 MPOMIMKKHN cHOagaHHsS
(GyHKIIiI, monepeaHbO CXeMATUYHO HaKPECJAUBINN il rpadik:

Dy=3; 2D)y=2x-3; 3)y=4-5x;

6 8
Vy=x )y x )y x \/T\y:f(x)
20.67. ®yukmio y = f(x) 3agaHo Ha MIpo- 1 /
Mmiskky [-6; 6] (man. 20.1). Buaiigite 6 0|1 U 6~

OPOMIiKKM 3POCTAHHA 1 IIPOMIKKN
cuamanua Gyurmii f(x). Mau. 20.1

m O3HAKU CTAIIOCTI,
@ 0 3POCTAHHA TA CNAOAHHA ®YHKUIT

3 ycix cmocobiB 3amaHHSa (QYHKII] HaAWOiJIBIII HAOYHUM € Tpa-
diunuii. ¥ momepenHixX KJiacaX MM HAaBUMJIMNCA <«UYUTATU» T'padi-
KM, TOOTO BU3HAUATH BJIACTUBOCTI PyHKIIII 3a il rpadikom.

3a IOIIOMOroI0 MOXiJAHOI MOKHA PO3B’sA3aTH I 00epHEHY 3aJauy:
nobyaysaTtu rpadik GyuKIii, sHaroun ii BJacTUBOCTI.

OzHe 3 OCHOBHMX 3aBJaHb IiJ] Yac AOCJiMMKeHHs (GyHKIHl i
mo0ymoBu il rpadika — e 3HAXOMKEHHS HPOMIXKKIiB 3pocTaHHA,
cmaJgaHHs Ta crajocTi GyHKIii. Take mociaimkKeHHS MOMKHA IIPO-
BECTH 3a JOTIOMOTO0 IOXiTHOI.

Haranmaemo, mio

‘ (yHKIi}0 HA3UBAIOTh 3POCMAIOY0I0 HA AEeAKOMY IIPOMIiK-
e Ky, AKIIO OiIbIIOMY 3HAUYEHHIO apryMeHTYy i3 IIbOT0 IIPO-
MiKKy BigmoBimae Oijpliie 3HAUYCHHS (PYHKIIIT;

‘ (pYHKI[iI0 HA3WBAIOTh CNadHO HA [OEeAKOMY IIPOMIiKKY,
¢ SKIIO 0iTBIIIOMY 3HAYEHHIO aPTYMEHTY i3 I[bOT0 MPOMIiKKY
BimoBiga€e MeHIIe 3HAYEHHS (PYHKIIII.

IIpomixkkM, Ha AKX QPYHKIIA 3pocTae UM cHajgaec, Ine Has3uBa-
I0Th NPOMIHCKAMU MOHOMOHHKHOCMI.

190

MpaBo anst 6e3onnaTHOro Po3MilLleHHs MigpyYHUKa B Mepexi IHTepHeT mae
>TBO OCBITY i Haykn YkpaiHu https://mon.gov.ua Ta [HCTUTYT MoaepHi3auii 3amicTy ociTu https://imz



Ha mamronky 21.1 3o0paskeHo 3pocTaiouy Ha IIPOMiKKY (a; b)
dyHKIi0O y = f(x). ¥ aKiii 6 TOYIi IILOTO IPOMIKKY MU He IIPO-
BeJIM OOTHUUYHY A0 rpadixka GpyHKIiI, KyT o, KMl BOHA YTBOPIOBA-
THUME 3 AOJATHUM HAIpAMOM oci abciuc, 6yme rocrpum. OCKinab-
KK o — roctpuii, To tgo > 0. Ane tga = f'(x,), ne x, — abcuuca
TOUYKHU JOTUKY, TOMY I OyAb-AKOL TOUYKH X, € (a; b) cupaBmxy-
eTbcs ymona f'(x,) > 0.

yA

y=1(x)

]

0 a X b;'

2><v

Maur. 21.1 Maur. 21.2

Ha mamromky 21.2 300paskeHo rpagdik cmagHol Ha IPOMiXK-
Ky (a; b) dyHKOii y = f(x). ¥ KOXHINI TOUIi IOTO TPOMIKKY
moTuuHa A0 rpadika (GyHKII yTBOproBaTMMEe 3 OOJATHMM Ha-
OopsaMoM oci abcmue KyT o, 10 € TynuM. OCKiIbKM o — TYIINH,
To tga < 0 i Tomy f'(x,) < O musa KoxHOI Toukm x, € (a; b).

Or:xe, 3HAIOUM, 3POCTAE UM CIaJAaE (PYHKIIiA Ha IIeBHOMY IIPO-
MiKKy, MOKHA BM3HAUNTH 3HAK IIOXiTHOI Ha IILOMY IPOMIiXKKY.
A Mo’KHa i HaBIaku, 3a 3HAKOM IIOXimHOI (PyHKIII Ha IPOMiKKY
BU3HAUUTHU, 3POCTA€E 1A QYHKIA, CIaa€ YU € CTAJOI0 HA I[bOMY
TIIPOMIiXKKY.

T Teopema 1 (o3Haka crajocTi GyHKIID). OyHKIiA
y = f(x) € cramoro Ha mpomi:kKy (a; b) Tomi i Timeku TOAI,
Koau f'(x) = O mias KOKHOTO X i3 IIBOT0 IMPOMIKKY.

T Teopema 2 (o3HaKa 3pOCTaHHS, CIaJaHHS (QYHKILIT).

Axmo f'(x) > 0 B KoKHiN Touli mpomikKy (a; b), TO (PyHK-
uig y = f(x) spocrae Ha (a; b). Axmo f(x) < 0 B KOXKHIN
Touli mpomi:kkry (a; b), To dyHKUia y = f(x) cmagae Ha
(a; b).

Crpori moBemeHHA IIMX TEOPEM € JOCUTH I'POMISAKMMN, TOMY
MU IX He HaBOAMMO. 3ayBa)KHMO JIMIIIe, II[0 TeopeMmy 1 1e Ha-
3MBAIOTh HEOOXiJTHOIO i JOCTATHBOIO YMOBOIO CTAJIOCTI (PpyHKILI,
a TeopemMy 2 — OOCTATHLOIO YMOBOIO 3POCTaHHsS ab0 CIagaHHs

GyHKII.
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3HaUTU IPOMiKKM 3POCTAaHHA i cIagaHHA (QYHKINI:
1) f(x) = x3 + 2x; 2) f(x) = cosx — 1,5x.
PosB’as3amuda. 1) 3a Tteopemoio 2, 1100 3HANTH IPOMiKKU
3pocTauHHa GYHKIiI, Tpeba po3B’a3aTu HepiBHiCTS f'(x) > 0. Mae-
Mmo: f'(x) = 8x2 + 2. Ockinpkm 3x2 + 2 > 0 gia Bcix 3HauYeHb X,
to f'(x) > 0 gna Bcix sHadens x. Omxe, QyHKIiA f(x) = x3 + 2x
3pocTae Ha BCi#l obJacTi BUsHaueHHsA, TOOTO Ha R.
2) Maewmo: f'(x) = —sinx — 1,5. Ane -1 < —sinx < 1, Tomy
—sinx — 1,5 < 0 guasa Bcix 3HaueHb X, ToOTO f'(x) < 0 mua Bcix
sHaveHb x. OTike, pyHKIig f(x) = cosx — 1,5x cmamae Ha Bciit
obJiacTi BU3HAUeHHsA, ToOTO Ha R.
BigmoBigsw. 1) 3pocrae uHa R; 2) cuagae Ha R.

Ha wmagnrorky 21.3 cxemarmuHo 300paskeHo rpadik GyHKIil
y = x2.

Ockinbku y' = 2x, To y' > 0, Koau 2x > 0, To6TO
mpu x > 0,1y <0, xonu 2x < 0, To6To Ip; x < 0.
Omxe, Ha (—°°0; 0) ¢yHKIig cmamae, Ha (0; +0)
(GYHKIIisT 3pocTae, IMo IMiATBEePIKYEThCA rpadikom.
Y roumi x = 0, 10 po3ainsge mBa IPOMiKKM, HA OX-
HOMY 3 AKMX (PYHKIIiA cmajgae, a Ha iHmomy apo-
crae, moxigHa mopiBHioe myaro: y'(0) = 0.

Ha mamorry 21.4 cxemaTmuHO 300paskeHo rpadix (QyHKIIiI

Mau. 21.3

KOJIN ——3>0, To6TO0 Koau x3 < 0, a 3HAUUTL IpU
x

yz%. Ockimpkn y' =6 - (x2) =6 - (-2) - x 3 = —%, To y > 0,
x x
Yy
_ 6

x <0,iy <0, gomu x > 0. Orxe, Ha (—°°; 0) J Eﬁ
dyukmia apocrae, Ha (0; +°°) cragae, 110 IiaATBEP-
mKyeTbea rpadikom. ¥V rtouri x = 0, 1o poamiise
IIi I1Ba IPOMiKKU, IOXimHa He icHYE. 0 x

Om:xe, MOKeMO HPUIIYCTUTH, IO ABa CYCimHiX Mau. 21.4
OPOMiKKHM, HA OZHOMY 3 AKUX (PYHKIisT 3pocTae,
a Ha iHIIOMY cHaja€, MOMKYTh PO3ALIATHUCA TOUYKOIO, Yy AKil II0-
xigHa He icHye abo mopiBHIOE HY 0. SIKIIIO TaKa TOUKaA HAJEMKUTH
obsacTti BusHaueHHsa QYHKIiI, TO il HABMBAIOTH KPUMULHOIW.

Kpumuunumu moukamu (pyHKILil Ha3MBaIOTh BHYTPilIHi
K-, TOYKHM 00JIacTi BU3HAUEHH, y AKUX MOXiTHA He icHye a6o
JOPiBHIOE HYJIIO.

6
Ina pysrnoii y = x2 rouka x = 0 € KPUTUYHOIO, A AJIA Y = — =

x
He € KPUTHUYHOIO, OCKIJIBKM He HAJIeXKUTh 00JIaCTi BUSHAUEHHS
dyukiii. OT:ke, TOUKU, AKi He HaJe:KaTh 00JacTi BU3HAUYEHH,
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TAKOXX MOMKYTh JiIUTH rpadik HA IPOMIKKH, HA OJHOMY 3 SIKUX
(dyHKIIA 3pocTae, a Ha iHIIIOMY cIajae.

Buxogauu 3 HaBeJeHUX BUINE MipKyBaHb, MOKHA C(HOPMYJIIO-
BATHU IIOCJHiMOBHIiCTH mi#i mas docnidmcenns pyukruil y = f(x) Ha
3pocmaHHs i cnadanHA.

‘ Aaroputm gociaimkennsa GyHkIii f(x) Ha 3pocTaHHA i cna-
o JTaHHA:
1) 3uaiiTu 001aCTh BUSHAUYEHHS (PYHKILII.
2) 3uaviTy noximHy QYHKILiI.
3) 3HaWTV KPUTUYHI TOYKU PYyHKILii.
4) IlopinuTy 3HAWIEHWMH KPUTUYHUMH TOUKaMU OO0JIACTh
BU3HAUYEHHA (DYHKIIII HA MPOMIiKKM Ta 3’sicyBaTU 3HAK IIO-
XiTHOI Ha KOXKHOMY 3 HUX (IJIA IIbOIO JOCTATHHO BHSHAYU-
TH 3HAK IMOXigHol f'(x) B OgHiM HOBLIBHI# TOYIlI MPOMIiMKKY).
5) 3a 3HAKOM MOXiAHOI BUBHAUMTH IIPOMiKKM 3POCTaHHS i
cIagaHHsa QYyHKITiI.

3ayBamKuMo, IO AKINO QYHKIIA y = f(x) HemepepBHA B TOY-
i, 0 € KiHIleM OPOMIiKKY 3pOCTAaHHSA UM CIAJAHHS, TO IO
TOUKY HPUESHYIOTH OO0 IBOT0 HPOMikKy. Takum umHOM, MOXMK-
Ha CTBEpP/ KyBaTu, I[0 QYHKIiA y = X2 3pocTaec Ha IPOMIiMKKY
[0; +20) i cmamae Ha mpoMmikKYy (—0; 0], ockiapKu B TouIi x = 0
GbyHKNiA y = x2 HemepepBHAa. IIPOMIKKHM 3pOCTAaHHSA i cIajaHHS

6 . . .
GyHKIil Y =—5 SaIHIIAITHCA 0e3 3MiH, ockinbKu B Toumi x = 0
x

151 QYHKIIiA He € HelmepepBHOIO (Mae po3puBs, amke x = 0 He Ha-
JIeKUTH 00JIacTi BU3HAUEHHA (PYyHKILiI).

Posrismemo BImpaBu Ha 3HAXOIKeHHS IIPOMIiKKIB 3pocTaH-
HA i cnazaHHAa (QYHKII] 3a 3aIIPOIIOHOBAHUM BWUIIlE aJTOPUTMOM.
Kpurnuni Touku 6ygemo mosnauatu 3adapboBanuMu (ix IpuiHsA-
TO MPUETHYBATU OO IIPOMiKKiB MOHOTOHHOCTi), a TOUKHU, AKi He
HaJIexKaTh o00JacTi BusHAueHHs (PYHKILI, 300pakaTMeMO «IIO-
pokHiMU» (iX He HPUHUHATO NPUETHYBATH OO0 IPOMiKKIB MOHO-
TouHOCTi). CuMBOJIOM /' OyZeMO IIO3HAUYATH 3POCTAHHS, a CHMBO-
JOoM \ — cHaJaHHA PYHKIII Ha OPOMiKKY.

SENEL GRS 3HalTH IIPOMIsKKM 3POCTAaHHS i crmagaHHa (QYHKINI
y = 2x3 + 6x2 + 3.

PosB’a3anHuda. CKopucTaecMocs BHUIIE3raJaHUM aJITOPUTMOM.

1) D(y): x € R.

2) ¥ = 6x2 + 12x = 6x(x + 2).

3) lloxigua icHye B ycix Toukax oOsacti BusHaueHHdA. 11106

3HAUTU KPUTUYHI TOUKU, Po3B’s:KeMo piBHAHHA Yy = 0. Maewmo:

6x(x + 2) = 0, sBigku x; = 0; x, = 2.
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4) ITosHAaUMMO KPUTUYHI TOUKH Ha 00JacTi

+ +
BUBHAUYECHHS (PYHKIIiI i BUBHAUNMO 3HAK IIO- o \ 0 %
XimHOI HA KOXKHOMY 3 OTPHMAHUX ITPOMIiMK-

KiB (mas. 21.5). Ha mpomimkky (—o0; —2) Mau. 21.5

BuOEpeMO, HANPHUKJIAL, TOUKY X = —3, Mae-

mo: y'(=3) =6 - (-3) *+ (1) > 0. Ha npomixkry (—2; 0) Bubepemo,
HampukJganm, x = —1, Toxi y'(—-1) =6 - (-1) - 1 < 0. Ha mpomix-
Ky (0; +o0) Bubepemo Tourky x = 2. Maewmo: y'(2) =62 -4 > 0.
5) Or:xe, QyHKIIiA 3pocTae Ha mMpoMiskKax (—o0; —2] ta [0; +o0)
i cmagae Ha mpomixkky [—2; 0].

BigmoBigsw. (—o0; —2] i [0; +°0) — mpoMiKKM 3pOCTaHHS;
[-2; 0] — upomisKOK cramamHA.

. . . 16
3HalTH TPOMIMKKM MOHOTOHHOCTI hyHKIII f(x)=x+—.
x

Poss’asanudg. 1) D(f): x € (—90; 0) U (0; +0).

2_ f—
2) fi(x) =1- %zx 216=(x 4)(2x+4)_
X X x

x2

3) f'(x) = 0, TobTO

TUYHI TOUKHU.

4) ITosHaumMoO IIi TOYKHU Ha 00JIacTi BHU- A
3HaUeHHs QYHKII Ta 3’sgcyemMo 3HAK

noxigHoi (3pobiTh Ile camMocCTiiiHO) Ha - N0 N4
KOJKHOMY 3 MPOMIZKKiB (mau. 21..6). Mau. 21.6

5) DyHKIiA 3pocTae Ha MOPOMiKKax
(—o0; —4]1i [4; +0), cnamae Ha mpoMikKax [—4; 0) i (0; 4].
BigmoBigsw. (—90; —4] i [4; +°°) — mOpoMiKKM 3pOCTaHHI,
[-4; 0) i (0; 4] — mpoMiKKK cHagaHHAd.

=0, roxmi x, = 4, x, = -4 — Kpu-

+

3HaUM IPOMiKKM MOHOTOHHOCTi, MOKHA PO3B’A3yBaTH AeAKi
3amaui, mOB’sizaHi 31 3HaXOMKEHHAM KOpeHiB piBHAHHA (IXHBOI
KiJIBbKOCTi; HAOJIMIKEHOTO 3HAYCHHSA KOPEeH).

SEney e TlosecTH, o piBEAHHA x° + 2x3 + x = 0 Mae Tigpkn
OIUH KOPiHb.

NDosenenrnsa. PosragsHemo ¢yHKOiO f(x) = x5 + 2x3 + «x.
Smaiizemo ii moxizmy: f'(x) = 5x* + 6x2 + 1. OueBuzgHO, 110
f'(x) > 0 maa Bcix x, To0TO f(x) 3pocrae Ha R. Tomi rpadik
dyHKII f(x) = x° + 2x3 + x MoXe ImepeTHHATH Bich abcuc He
Oinplle HiXK B OmHiNM TouIlli, BiAmoBiZHO i mouaTKoBe PiBHAHHSA
MaTuMe He OijbIlle OMHOTO KOpeHsA. 3ayBasKUMO, IO B IIiil 3a-

Iaui Jerko momiTuTH, 10 X = 0 — po3B’A30K PiBHAHHSA, amKe
05+2-0%3+0=0.
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y y=1(x) N =i

.
Ry

_ <l
ol-----
Ry

‘]
Mam. 21.7 Man. 21.8

Srmo dysKIia y = f(x) € 3pocramuoio (CHagHOI) HA IPOMIKKY
[a; b] i Ha KIHIEX IIHOTO MPOMIMKKY HaOyBa€ UMCJIOBUX 3HAUEHDL Pis-
HOTO 3HaKYy, IIe 03Hauae, 1o rpadik GyHKIi y = f(x) Ha TPOMiKKY
[a; b] mepeTuHae Bich abcriuc auiiie B ogHi# Tour (mas. 21.7 i 21.8).

Yu mae pisHasHa 2x* + 8x — 3 = 0 KopiEb Ha Hpo-
mixkky [0; 1]?
PosB’aszanHa4a. Posraaremo dyHKIiLO f(x) = 2x* + 8x — 3 Ta
sHalzemo ii mpoMiskku MoHOTOHHOCTI. Maemo: f'(x) = 8x3 + 8.
Poss’axxemo piBHAHHA: 8x3 + 8 = 0; x3 = —1; 3Bigku x = -1 —
KPUTHUYHA TOUKA.
dyukmia f(x) spocrae Ha mpoMikky [—1; +o0) (manx. 21.9),
a Tomy 3pocrtae i Ha mpomiskky [0; 1]. Ha KiHmax mpoMixKKy

[0; 1] smauenmns ¢yHKIiI f(x) mMatoTh pisui smaku: f(0) = —3;
f(1) = 7, omke, rpadik GyHKII Ha TPOMIKKY :_ :+
[0; 1] mepeTurnae Bick X, i TOMy PiBHAHHS Ha ]~ =«

IIBOMY IIPOMIiKKY Ma€ KOPiHb.
Bigmosigse. Tak. Mai. 21.9

3pOCTaHHs, cnagaHHs YHKLUiT. @ AKi TOYKM Ha3MBaloTb KPUTUYHMMU
Toukamu cpyHKUii? @ CchopmynionTe anropuTm SOCHIAXKEHHS YHK-
il Ha 3pOCTaHHS i cnagaHHs.

Q @ Lo Take MpPOMIXOK MOHOTOHHOCTI? @ Cdpopmynionte O3Haky

% Fosb’sximo 3agaui ma bukoHaime bnpabu

@:‘-;, 21.1. Ha wmamouky 21.10 3zo6paskeno rpadik GyHKITT
y = f(x), Axa BusHaueHa Ha IpoMimkKy [—3; 5]. Ha akux mpo-
MiKKax 1 QYHKIIA 3pocTae, a Ha IKUX cIagac?

y
y=f(x)
-3 ol 1 5%
Maxa. 21.10
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21.2. Ha masmosky 21.11 sobpaskeno rpadik ¢ysrumii y = g(x),
AKa BU3HaAUeHa Ha IPOMiKKY [—4; 4]. Ha axux mpoMmimkkax
s QYHKIA 3pocTae, a Ha SIKUX cragae?

21.3. ®yHKIOia y = g(x) BusdHaueHa Ha mpoMixkKy [0; 8], mpuuomy
f'(x) < 0 ma mpomixkky [0; 5) i f'(x) > 0 Ha mpomixkKy (5; 8].
OnuiiriTe xapaxTep 3aMiHu QyHKIil Ha mpoMixkky [0; 8].

y
y=2g(x)
+ - + +Y -
-4 ol 1 4x 5 0o 3 4 x
Mauxa. 21.11 Max. 21.12

21.4. 3uak moxiguoi dyuKUii y = f(x), BusHaueHoi Ha R, 3Mi-
HIOETLCS 34 CXEMOIO, 300pasKkeHo0 Ha MaunoHKy 21.12. Bu-
3HauTe, Ha SIKMX OPOMiKKax (PYHKIIisg 3pocTae, a Ha AKUX
coajae.

(@ 21.5. Ha maarorkax 21.13—-21.15 3o00paskeno rpadgikm GpyHK-
mif, BusHaueHuXx Ha R. YKaXiTh MpoMiKKU, Ha IKUX IIOXin-
Ha (yHKIII fogaTHa, a HAa SKUX Big eMHA.

y y
y=1(x)

/ o 1 \x - 0] 1 x

Mau. 21.13 Mau. 21.14

y ¥ y=o0x)

gl of 1 \ x / o 1 \x
Mag. 21.15 Max. 21.16

21.6. Ha mamonky 21.16 300paxeno rpadixk dyHKIl y = o(x).
BusHauTre 3HaK MOXigHOI (PYHKIII Ha IPOMIKKY:
1) (=005 =2); 2) (=25 -1); 3) (-1; 2); 4) (2; +0).
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3HAUAITh KpUTUYHI TouKu QyHKIi (21.7—21.8):
21.7. 1) y = x? — 2x; 2) y = x3 + 3x2.
21.8. 1) y = 4x — x%; 2) y = 6x2 + x3.

3HalAIT, TPOMIKKY 3pOCTaHHA i cmagauasa QyHkiii (21.9—21.10):

21.9.1) f(x) =5x — 7; 2) g(x) =T — 9x;
3) t(x) =2x2 — 4x + T; 4) p(x) = —x2 + 2x;
5) p(x) = x3 — 9x2 + b5; 6) y(x) = 12x — x8.
21.10. 1) m(x) =4 — x; 2) f(x) = 2x — 11;
3) g(x) = x2 + 2x — 11; 4) t(x) =4 — 6x — x2;
5) ¢p(x) = x3 + 3x2; 6) y(x) = x3 — 3x.

Hosenits, mo Gyukia (21.11-21.12):

21.11. 1) f(x) = 3x3 + x — 7 3pocrae Ha R;
2) g(x) = —x — x3 cuagae Ha R.

21.12. 1) g(x) = x3 + 2x — 5 3pocrae Ha R;

2) f(x) = —2x3 — x cnagae Ha R.

@ 3HaiAiTh KpUTUYHI Touku QpyHKIHi (21.13—21.14):

. 3—x?
21.13. 1) f(x) = 2sinx + x; 2) g(x)= "
x_
2
21.14. 1) g(x) = x + 2cosx; 9) f(x)= 1%
x+1

3HaANAITh MPOMiKKY MOHOTOHHOCTI QyHKII (21.15—21.16):

21.15. 1) f(x) = 4x3 — 9x2 — 12x + 5;
2) g(x) = x5+ 3x3 + x — 17;

3) p(x) = —4x — x7; 1) y(x)=x+22.
x
21.16. 1) g(x)=x3+ x2 - x + T; 2) f(x) =2 + 5x3 + x7 + x;
3) t(x) = —x® — 2x; 1) p(x)=L1x.
x

Hosenits, 1o Gpyukmia (21.17—21.18):

21.17. 1) f(x) = x3 — x2 + Tx — V3 spocrae Ha R;
2) g(x) = sindx — 5x cmamae Ha R.

21.18. 1) f(x) = 7x + cos2x 3pocrae Ha R;

2)g(x)=4-2x + %xz —%x3 cmagae Ha R.
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3HalgiTh MPOMIMKKHK 3pPOCTAaHHSA Ta IPOMIMKKMN CcIaJgaHHSI
dbyurmii (21.19-21.20):
3x-95, 3x+x2 .

’ 2 xX) = ’
2x+7 ) &(x) 4+x

21.19. 1) f(x) =

3) t(x) = ﬂ; 4) o(x) = cosx+1x.
x+1 2
p— 2 f—
21.20. 1) p(x) = +—o%; 2) f(x) = £,
3x+1 4-x
. 3
3) o(x) = (x-3)a; 4) g(x) = smx—gx.
21.21. IIpu axkux 3HaUeHHAX a QyHKIia f(x) spocrae Ha R:
3 2
1) f(x) = ax? + 3x + 5; 2) f(x)=%—%+x+7?

21.22. TIpu AKux 3HAUYeHHAX a QyHKIOia g(x) = 2x3 + 3ax? +
+ 24x — 8 3pocrae Ha R?

21.23. oBemiTh, 110 PiBHAHHA Ma€ €IUHUN KOPiHb:
1) x” + 3x® + 2x = 0; 2) sinx — x = 0.
21.24. oseniTe, mo pisEAEHEA x° + x + 3 = 0 Mae euHNI KOPiHb.

21.25. Yu mae piBHaHHS x* + 4x — 2 = 0 KOpiHBL Ha NPOMIKKY:

1) [-1; O] 2) [05 1]?
21.26. Yu mac piBagHHS x% — 6x + 1 = 0 KopiHE Ha IPOMIKKY:
1) [-1; O] 2) [05 1]?

21.27. (Badava-docnidnenns). Bigomo, mo piBEaaaa x& + 8x —
— 5 = 0 mae 1Ba KOpeHi.
1) 3maiigiTe HesaKi OpOMiKKM, AKUM HaJeXKaTh IIi KOPEeHi.
2) IlepeBipTe pesyabraT, nmoOyamyBaBmiz Trpadik GyHKIIT
y = x® + 8x — 5 3a IOIOMOrom SAKOi-HeOyAbh KOMII IOTEPHOI
IIporpaMu.

g Xummeba mamemamuxka

21.28. 3apobiTHa IIaTa omepaTopa KOJLI-IEHTPY HIPOIOpIiiiHa
KiJIBKOCTI BiAmpamboBaHUX ToAnH. 3a Micalb OyJo BiampalboBa-
HO 170 roamu i 3a Hux HapaxoBaHo 4590 rpu. CKiabKu rogmu
Mae€ BiAIIpalfoBaTU OIepaTop HACTYIIHOTO MicAIlfd, 100 3apoOuTu
4860 rpu?
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Tligzomyiimecs go bubuenns Hobozo mamepiany

21.29. Bukopuctopyioun MaJgoHOK 21.17, yKaMiThb TaKy TOUKY
Xy, o6 Ha NPoMiKKy (—°°; x,] pyHKIia f(x) spocrana, a Ha
IpoMikKYy [x,; +°°) dyHKHia f(x) cnagana.

y y=7fk) y

| \\\*//Zi:g@)
A0

|
012v -1 |07 x

Maxa. 21.17 Mag. 21.18

21.30. BukopucroByoun MaaioHOK 21.18, yKaKiTh TaKy TOUKY
Xy, 06 Ha IpoMixKKy (—°°; x] byHKIia g(x) cnajgana, a Ha
OpoMiXKKY [x,; +°°) dyHKIia g(x) spocTana.

EKCTPEMYMMU
®YHKUII

Hna pocaimsxenHa GyHKIII Ta moOymoBu ii rpadika BasKJIHMBO
3HATHU MOUKU eKCmpemMyMmy Ta eKcmpemymu QyHKuii.

------------- Hocmimkyoun mOBeIiHKY (QYHKILiT
1. Execmpemymu m00JIN3Y AeAKOl TOUKM, 3PYUHO KOPHU-
dynryi CTYBATUCA IIOHATTAM OKOJY MOUKU.

Oxonom mouxu x, Ha3MBAIOTh OyIb-IKHH IIPOMIiKOK, IO
MiCTHUTB III0 TOUKY.

Hamnpuriaan, oKoJoM TOUKE 2 MOKe OyTHu y

KoskeH 3 mpomixkkis (1,9; 2,1) a6o (1; 2,5); 3
OKOJIOM TOUKHU —3 — ImpoMixkok (—3,8; —2,9)
a6o (—3,01; —2,99) rompo.

-2 0 1 x
ik en i Posrasauemo rpadik GyHKITIT / 15 \/

y = f(x), sobpaskenuit Ha MamioHKy 22.1.
Bauumo, 1m0 icHye Takuii OKiJa TOUYKM
—2, M0 IJA BCiX TOYOK i3 IILOTO OKOJY
dbyurnmia y = f(x) HabyBae HalOinbIIOr0 3HAUYEHHA caMe B TOY-
i —2. Taky TOUKY Ha3WBAIOTh MOYKOW0 Makcumymy GyHKII, a
3HaueHHA (GPYHKII] B Iift Touli — MakKcumymom QYHKUYiL.

Mau. 22.1
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Touky x, Ha3HMBAIOTh MOYKOW MaxKcumymy QYHKIII
y = f(x), AKII0 11 BCiX X 3 JeAKOro OKOJIy TOYKH X, CIIpaB-
JIKYETBCS HepiBHiCcTS f(x,) > f(x). SHauenHA (bymgl.xi'l' B TOY-
IIi MAKCHUMYMYy Ha3UBAKOTh MAKCUMYMOM PYHKYIL.

Bynemo mosHayaTu TOUYKKM MaKCUMyMy uYepes X, .., & MaKCUMY-
vu QyHKNii gyepes f ..
ay, .= y-2)=3.

IToBeprarouuces mo maaouka 22.1, momiuaemo, 110 icHye me-
AKHUN OKig Toukm 1, IO AJist BCiX TOYOK i3 IIbOTO OKOJIY (PYHK-
misg y = f(x) HabyBae HaWMEHIIIOTO 3HAUeHHA came B Toumi 1.
Taxky TOUuKy Ha3WMBAIOTh MOYKOI MIHIMYMYy PYHKUIL, a 3HAUEH-
HA QYyHKII B mit Toui — MiHIiMymom GYRKUIL.

abo Ymax: OT?Ke, y HpHRHaHi 1 xmax = _2’

‘ Touxy x, HA3UBAKOTH MOUKOIO minimymy byHEuii y = f(x),
s HAKIIO JJIA BCiX X 3 JeIKOr0 OKOJY TOUYKH X CIIPABIKYETh-
ca HepiBHicTb f(x,) < f(x). SHauenHa GyHKHil B TOUIi Mi-
HiMyMy Ha3UBaIOTh MIHIMYMOM PYHKYIL.
Yepes x,;, TO3HAYAIOTh TOYKHU MiHiMyMy, a uepes [, aboy, . —
mimiMmymu QysKIii. ¥ npukaagi 1 x , =1, ay . =yl)=-2.
Touku MakcuMyMmMy i MiHIiMyMy pasoM HasWBalOTh MOYKAMU
excmpemymy OYHKOIL (Big jar. extremum — kpailniil), a 3HaUYEH-
HA QYHKI] B IIUX TOYKAX — eKcmpemymam QYHKYil.
3ayBajKUMO, III0 OCKIJIBKH B TOUIi MakcuMymy (MiHiMymy)
dyuKIia HaOyBae HamOijbIIOro (HalMeHIIIOT0) 3HAUEHHS MOPiB-
HAHO 3i 3HaueHHAMM Ifiel (PYHKIIl B TOUKaX AEAKOro OKOJY, TO
TOYKW MaKCHUMyMy (MiHiMyMy) Ha3WBAIOTH IMe JOKAJAbHUMU €KC-

mpemymamu.

------------- IToxaxxemo, IO TOUKAMU E€KCTPEMY-
2. Heo6xidna ymosa My MOXYTh OyTHM JIMIIle KPUTHUYHI
excmpemymy Touku @QyHKIii. Cdhopmyroemo Ta

JIOBeJIeMO BiATIOBiAHY Teopemy, AKY
Ha3UBalOTh meopemoro Pepma (Ha decTh GPaHIy3bKOTO MaTeMa-
Tuka II’epa ®epma).

T Teopema ®Pepma (HeoOxiZHa yMOBa eKCTPEMyMY).
H.IS'IIIO TOYKA X, € TOYKOI eKCTPeMyMmy dyHrmii f(x) i B
Iiif ToYli icCHy€e MmoXigHA, TO BOHA JOPiBHIOE HYJIIO:

f'(xy) = 0.

ITpuiimemo meit ¢axT 6e3 JOBeJeHHS i 3ayBa)kKHMO, IO TEO-
pema Pepma € Jnile HeOOXiJHOI YMOBOIO €KCTpeMyMy. Y MOBa
b
1'(xg) =."O Heo0OB’A3KOBO O3HAYA€, IO X, — TOYKA eKCTPeMyMy
GpyHKIII.
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Yy Yy
f(x)=x?
> fx) = |«
X
Man. 22.2 Man. 22.3

Illomeneed) 3okpema  mias  QyHKOE  f(x) = 23  (man. 22.2)
f'(x) = 3x%21if'(0) = 0, ane x, = 0 — He € TOYKOIO EKCTPEMYMY.

11007 e es Posrasanemo dyHKIi0 f(x) = |x| (man. 22.3), gna
akoi x, = 0 — Touxka MmimimMymy. 3’Acyemo, uum Mae (QYHKIis
f(x) = |x| moximmy B TOUni x, = 0.

. Af
3HalgemMo —:
A

x
Af _f(xg +Ax) = f(xp) _[0+Ax|-[0] [Ax|_ ] 1, axmoAx>0,
Ax Ax Ax Ax —1,ax1o0 Ax < 0.

. Af . . . . ..
Omxe, hmA— mpu Ax — 0 He icHye, a ToMy He icHye i moximHoil
x

dysrnii f(x) = |x| y Touni 0.
3 Teopemu Pepma Ta mpukIany 2 SiAgeMO BUCHOBKY, IO

TOYKAMHU eKCTpeMyMy (PYHKIii MOSKYTh OyTH TiJBKH 1l
KPUTUYHI TOYKH.

Tomy, 3HaXO0AAYN TOUKU €KCTPEMYMY (PYHKIIiI, YV mepIiny uepry
3HAXOAATh 1i KpuTuuHi Touku. IIpu nmpomy Tpeba mam’saTaTH, IO
He KOJKHA KPUTHUUYHA TOUKA € TOUKOIO eKcTpeMyMmy (IpukJang 2).

............. 3’sAcyBaTu, YU € KPHUTHUYHA TOUKa
3. Jocmamusa ymosa TOUKOIO eKCTPeMyMy, MOXKHA 3a JIO-
excmpemymy IIOMOTOI0O TEOPeMU — HOCTATHBOI yMO-

BU eKCTPEMYMY.

Teopema (gocraTHA ymMoBa eKkcTpeMymy). kim0 GpyHK-
(I uia f(x) HemepepBHa B TOMIIi X, Ta:
1) f'(x) > 0 ma npomixkKy (a; x,) i f'(x) < 0 Ha Mpomix-
Ky (x; b), TO x, € TOuKOI0 MaKcumMyMy QyHKIII f(x);
2) f'(x) < 0 ma mpomixkKy (a; x,) i f'(x) > 0 Ha mpoMisK-
Ky (x; b), TO x, € TouKkoI0 MiHiMyMYy QyHKUII f(x).

Hosepennsa. 1) ®ysknia f(x) HemepepBHa B TOUIli X, i
f'(x) > 0 Ha mpomixkKy (a; x,), Tomy QyHKIia f(x) spocrae Ha
(a5 xpl i f(x) < f(x,) nna Bcix x € (a; x;).
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Ha nmpowmisky [x,; b) dyrknia f(x) cumagae (moBemeHHA aHAJO-
riune), Tomy f(x) < f(x,) nna Bcix x € (x4; b).

Orsxe, f(x) < f(x,) Ana Bcix x # x, 3 NPOMiXKKY (a; b), Tomy
X, — TOUKa MakKcuMyMy GyHKOIi f(x).

2) HoBeneHHs aHajioTiuHe M0 mMyHKTy 1. M

3posymijo, IO B TOYKAX EKCTpPeMyMy Big0yBaeTbcsA 3MiHaA
MOHOTOHHOCTi (pyHKIIii. AmKe Te, 10 moxigHa QYHKILI npu me-
pexonai uepe3 TOUKY 3MiHIOE 3HAK 3 «—» Ha «+», O3HAUae, II0
cuamaHHda QYHKIII saMiHIOEThCA Ha 3pocraHHsa. OTiKe, TOUKA Mi-
HiMyMy — 11e abciiuca Takoi TOUKM Ha rpadiky GyHKII, y AKilk
cunaganusa (QyHKIiI 3MiHioeThcs Ha 3pocTaHHs. Toi ¢axT, II0
noxigHa GyHKIII npu mepexoi yepe3 TOYKY 3MiHIOE 3HAK 3 «+»
Ha «—», O3HAYa€e, IO 3POCTaHHs (GYyHKIIl 3MiHIOETHCA Ha cHa-
manaA. OT)Ke, TOUKa MaKCUMyMy — Iie abcijmca Takoi TOUYKHU Ha
rpadiky ¢GyHKIil, y AKifl 3pocTramHa (yHKIII 3MiHIOETHCA Ha
cIaJaHHA.

CohopMyIr0eMO BICHOBKHU.

Axmo B Toumi x, MOXiHA 3MiHIOE 3HAK 3 «+» HA «—»

» (pyxarumcs y HanpsaMi 3pOCTaHHA X), TO X, — TOYKA MaK-
cumymy (maj. 22.4), a AKII0 3 «—» HA «+», TO X, — TOYKa
MmirimMmymy (man. 22.5).

SIkmro smiHM 3HaKiB He BimOynoca (man. 22.6 i 22.7), To x,
HE € TOYKOI0 eKCTPEMYMY.

YT Oy T YT L oY
X0 O\ \go/x /io/xr \xo\x
Man. 22.4 Man. 22.5 Man. 22.6 Man. 22.7

TakuM YMHOM, IIPOMIiKKU 3POCTAHHS, CIAJAHHA Ta eKCTpeMYy-
mMu (QyHKII moB’as3ani Mixk cob6oro. Tomy 04 3Haxo0xieHHs ekc-
mpemymie QYHKYII MOYKHA 3aCTOCYBATU TaKWUH aJITOPUTM:

‘ 1) 3uaiiT 00;1aCTh BU3HAUYEHHS (DYHKILiI.

s 2) 3HalTH MOXimHY QYHKITII.
3) 3HAWTV KPUTUYHI TOYKMU PYyHKITi.
4) ITosHaunTy 3HAWAEHI KPUTWYHI TOYKMW HaA 00JIacTi BU-
3HAUeHHsA (PYHKIII Ta 3HAWUTH 3HAK HOXiZHOI Ha KOKHOMY
3 OTPUMAaHUX IIPOMIiXKKiB.
5) 1 KOKHOI KPUTHUUYHOI TOUKHM 3a 3HAKOM IIOXimHOI Ha
IpOoMiKKax 3JiBa i cumpaBa Bij Hel BU3HAUWTH, YW € BOHA
TOUYKOIO €KCTPEeMyMy, i AKOI0 caMe, MaKCUMyMy YK MiHi-
MyMy. 3aIucaTH Pe3yJabTar.
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IO N Po3TyIAHEMO KiJIbKa 3amad.

4. 3adaui na nowyx 3HalTH TOUKM eKCTpe-
MmoO41o0K ekcmpemymy MyMy q)yHKull
ma excmpemymié 1 1
_1.3 2
PYHKYIT y—gx +§x - 2x+3.

PosB’asaunuda. CKopucraeMocs BHUILE 3TaJaHUM aJI'OPUT-
mom. 1) D(y) = R.

2y =x2+x-2=(x—1)(x+ 2).

3) D(y') =R, y' =0, maemo piBHAHHA: (x — 1)(x + 2) = 0, 3BigKM
xy=1; x, = -2 — KPUTUYHI TOUKU.

4) Ilosmaummo kpuTwuHi TOuKuM Ha D(y)

(umcioBiii oci) i BUBHAUMMO 3HAK IMOXigHOL + +

Ha KOXKHOMY 3 OTPMMAaHUX IIPOMIiXKKiB: -2 O\ 1 S
y'(=5) =(-5—-1)(-5 + 2) > 0, To6TO %' > 0 max  min

Ha (=005 2); Mao. 22.8
y'(0) = (0 - 1)0 + 2) <0, To6T0 ¥’ < 0 Ha

(=2; 1);

y(2)=(2—-1)2 + 2) > 0, ro6T0o ¥y’ > 0 ma (1; +0).
PesyabTaT 300paskeHo HAa MaJIiOHKY 22.8.

5) Oraxe, x, .. = —2; x;, = 1.
Bigmosige. x . =—2; x,;, = 1.
x2-3
sEheL i) 3HaliTu eKcTpeMyMu QYHKIL y = 3"
x pa—

PosB’asaunuda. 1) D(y) = (—0; 2) U (2; +0).

, 2x(x—-2)-1(x*-3) x*-4x+3 (x-1)(x-3)

B (x - 2)? -2 (x-2?7
(x-1)(x-3) _

3) ¥ = 0, tooto ——————= 0; x, = 1; x, = 3 — Kpuruumi
y (x - 2)2 1 2

2)y

TOYKH.

4) IlosHauMMO KPUTUYHI TOYKU HA 00-
JacTi BuU3HAUeHHA (PYHKIII Ta 3’sacy-
€MO 3HAK IIOXiHOI Ha KOKHOMY 3 1N 2\ 8 S
OTPUMAHUX ONPOMiKKiB (May. 22.9). Mau. 22.9

+ +

5) Orxe, x_ .. = 1; x ;. = 3 — TOUKH
eKCTpeMyMy.
12 -3 32 -3
Tomi =y(l) = =2 Ypin =Y3B) = =3
Jis ymax y() 1_2 y y( ) 3_1

Bigmosigs: y, .. =y(1) =25y, = y(3) = 3.
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o Ap— T o= 20 o . . A
: aHiWe. .. Jlamuncvri crosa maximum i minimum 03-
A ue P e Hayaomv 8i0nogidHo «Hallbinvule» i «Hall-

N — MeHWe» 3HAYeHHA.

Heaxumu numannamu 6U3SHAYEHHS HAUOIALWLUX | HAUMEHUWUX
JHAYCHD 2€0MEeMPUYHUX GEAUYUH 3almanrucs we 0a6HbOZPeYbKi
amamenamuru. Tax, Hanpurkrad, y 27-ny pewenni VI knuesu «Ha-
uany E6xai0 6UKIIOYUHO 2e0MempPUYHUMU Memodamu 00800Uumy, u,0
3 ycix napanenozpamis, snucaHux y OaHUll MPUKYMHUK, HAl-
OinbWy NAOWY MAE MOil, 0CHO8A K020 0OPIBHIOE NOJIOBUHI OCHOBU
MPUKYMHUKQ.

3adayerd 3HAX00HEHHA MAKCUMYMIB | MIHIMYMiI8 PYHKYIL 84eHi
nouanu 3aimamucs 6 cepednvogiuui. Y 1615 poyi Kenaep sucao-
6u6 idero npo me, W0 nNOOAU3Y MAKCUMYMA BEAUYUHU 3MiHA Ii He-
nomimna, nepeddbavuswyu maKum LuHOM i0er NpupiéHOEaHHSL 00
HYAA NOXiOHOL npu 3HAXO00HCEHHI MAKCUMYMY.

Bnepuwe cucmemruil nidxid 00 3HAxX00HeHHS eKcmpemymie 6Y.Ji0
surnadeno I1. Pepma y 1020 npaui « Memod 00ciOHeHHL MAKCUMY-
Mie i MmiHimymie» (npauys euillwwna Opyxom uwacmkoeo y 1642—
1644 pp., a nosuicmiwo — y 1779 p. nicas cmepmi asmopa ). Jlucmu i
Depma Kaxcymsv npo me, Wo yum memodom 6in 60100i6 yiuce 6 1629 p.

YV nodanvuwomy ueit memod edockonaruau HoiomoH y npaui «Memod
@ariokcitly (1671 p.) i Jleiioniy y ceoemy «Hosomy memodi» (1684 p.).

79 @ LLlo Ha3nBalTb OKOMIOM TOYKM X,? @ AKy TOUKY HasMBakTb TOYKOH

Q MaKCUMyMy (PYHKLT, a KKy — To4kol MiHiMymy? @ Lo HasmBaloTb

MaKCUMyMOM (pyHKLUii, a WO — MiHIMyMOM? @ HAKi TOuKM Ha3uBa-

I0Tb TOUYKAMW EKCTPEMYMY, L0 Ha3UBalOTb EKCTPEMYMOM (OYHKLLi?

@ CopmynionTe Teopemy depma (HeobxiaHy yMOBY eKCTpemMyMmy).

@ CchopmynioviTe i foBefiTb 4OCTATHIO yMOBY ekCcTpeMyMmy. @ Cdop-

MYIOUTE anropuTMm SOCHIIKEHHS OYHKLIT HA TOYKM EKCTPEMYMY Ta
ekcTpemymn?

% Fast’ aximb 3agavui ma buxonavime bnpabu

@ 22.1. Ha wmairoury 21.11 3obOpaskeHo rpadik (yHKILIL
y = g(x), BusHaueHoi Ha MpPoMikKy [—4; 4]. 3HaiAITH TOUKYU
eKCTPeMyMYy Ta eKCTpeMyMH Iiel GpyHKITii.

22.2. Ha mamionky 21.10 3o6paskeno rpadik dyurmii y = f(x),
BU3HAUYEHOI Ha HPOMiKKY [—3; 5]. 3HaAWIAITL TOUKU eKcTpe-
MyMy Ta eKCTpeMyMH Iiel GyHKITii.

22.3. (Ycno). Pynxknis y = f(x) HenepepBHA B TOUIIL X, = 2, IPUYOMY
f'(x) < 0 mHa mpomizkky (1; 2) i f/(x) > 0 Ha nmpomixkKy (2; 3). Uu
€ TOYKA X, = 2 TOYKOIO MiHIMyMy? A TOYKOIO MaKCUMyMy?
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22.4. (Ycno). @ynKIia y = t(x) HelepepBHA B TOYIi X, = —1, mpu-
yomy t'(x) > 0 Ha mpomixkKy (—2; —1) i t'(x) < 0 Ha mpomixK-
Ky (—1; 0). Uu € Touka x, = —1 Toukoo MiHiMymMy? A TOUYKOIO
MaKCUMyMy?

22.5. 3Haku noxigeoi GyHKIII y = g(x), BusHaueHol Ha R, 300pa-
skeHo Ha mMautoHKY 22.10. HasBiTe TOuKM MimiMymy i Toukmu
MaKCUMyMYy ITiel pyHKIii.

Mau. 22.10

% 22.6. 300pasits cxemaTu4yHO rpadik QyHKNII Ta BIEBHITHCS
B TOMY, IIT0 QYHKI[is HE MA€ TOUYOK eKCTPEMyMY:
6
) y=—; Dy=4 3) y = tgx; 4) y = ctgx.
X
3HaligiTh TOuKU eKcTpeMyMmy GyHKIIT y = f(x). ki 8 HUX € TOU-
KaM{ MakKCHUMYMY, a AKi — Toukamu MiHimymy (22.7—22.8)?

22.7. 1) f(x) =2x — T; 2) f(x) = 2x2 — 4x + 5;
3) f(x) =6 — 12x — x2; 4) f(x) = 3x2 — x8.
22.8. 1) f(x) =4 — 2x; 2) f(x) = x2 + 6x — 8;
3) f(x) = 3 + 8x — 2x2; 4) f(x) = x3 — 6x2.
3HAWAITh TOUKM EKCTPEMyMy Ta eKcTpeMyMu QyHKIHl (22.9—
22.10):
229.1)y=x3-6x2-15x+3; 2)y=1+ 18x + 15x2 — 4x5;
3)y=x— 3x3 4)y=ix4—2x2.
22.10. 1) y = 2x3 + 6x2 — 18x; 2)y =2+ 12x + 9x2 — 10x3;
3)y=x3—-3x; 4) y = x* — 2x2 + 3.
@_, 22.11. 3uaiigiTh TOYKY MAKCUMYMY i TOUKY MiHIMyMYy QYHKITii:
3x+1 x 9
1) f(x) = ; 2) g(x)=—+—;
x-1 9 x
3 tx) =5 4)ox) = 4/x —x.
x°+1
22.12. 3HaigiTh TOUKY MiHIMyMy i TOUKE MaKCHUMyMy (DYHKILii:
2x x 4
1) f(x) = ——; 2) o(x) =—+—;
x+2 9 x
x
V@ =5 4 p) - x -2,
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3HaNIITh TOUYKU eKCTPeMyMy Ta eKcTpeMyMu (QyHKIi (22.13—22.14):

1
22.13. 1 = x2(x — 4)?; 2 ==
) f(x) = x%(x ) ) 8(x) 2 axis
x? -1 x+2
3) t(x) = xz _47 4) \|I(.7C) = xz _9'
22.14. 1) ¢(x) = x%(x + 2)%; 2) g(x) = 2;;
x°+6x+8
B i) -~ o 1) 1) = =2
\V(x)_g_x29 X —x2_7.

@ 3HaWAITh TOUKK eKeTpeMyMy QyHKII (22.15—22.16):

22.15. f(x)=sinx— gx.

22.16. g(x) =cosx + %x.

3HaliTh TOUKN eKCTPEMYyMY Ta eKcTpemymu GyHKIii (22.17—22.18):

22.17. f(x) = 15x3 — x5.

22.18. f(x) = Tx® — 5x7.

22.19. IIpu aKux 3HaYeHHAX a QyHKIOig y = 2x3 + 3ax2 + 6x — 2
He Ma€ TOYOK eKcTpeMymy?

{\3 Xummeba mamemamuka

22.20. Bigcraus [ (y M) Big cmocrepiraua, I0 3HAXOIUThb-
cs Ha HeBeJHUKid BumcoTi A M Hanm 3eMJiel0o O0 JiHII ropmsoH-
Ty, 3a SKOI BiH cmocrepirae, oOYMCIIOETHCA 3a (POPMYJIOIO

/Rh
l =,—, ne R=6400 km — pagiyc Sem.ri.
500 pit paaly

Ha sakiift malimeHmIi#i BucoTi cjif posTaimoBy-
BaTHUCs CIIOCTepirauesi, 100 BiH 0auwmB ropu-
30HT Ha BificTaHi He MeHIIIe HiK 4 Kimomerpu?

Tligzomyidmecs go bubuenns Hobozo mamepiany

22.21. 1) 3HaiifiTh KOOPAUHATH BEPIINHU Iapabosu, 1o € rpadi-
KoM (yHKIII f(x) = x2 — 2x + 3, BU3HAUTe HAIPAM ii TiIoK
Ta MoOyAyiTe cxeMaTHuHo ii rpagik.
2) 3HalgiTh TOUKH eKcTpeMyMy QyHKIL f(x) = x2 — 2x + 3,
excTpeMyMu (GyHKIIII Ta ii IpOMiKKM 3pOoCTaHHSA i cramaH-
Ha. IToGynyiiTe cxemaTnuHo rpadik pyuKIrii.
3) IlopiBHsiiTe orpuMani y myHKTax 1) i 2) rpadiku QyHKITIH.
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3ACTOCYBAHHA NOXIAHOI O AOCHIAXEHHA
®YHKUIN 1 TOBYAOBU IXHIX TPA®DIKIB

Pamime mam Bixe Tpanaaanca QYHKILI, BUMIAL rpadikiB aKmx
Ha TO¥M yac MU He 3HaJM. ¥ TaKWX BUOAAKaX MU OymyBaau IxHi
rpadiku mo Toukax. Tak OyJio moOyzoBaHO, HAIPUKJIAL, rpadiku
byHKLOil y = x2; y = Jxs y = E, ne k # 0, Torro.

x

AJe, 3aCTOCOBYIOUHM TAKMI CIIOCiIO MOOYMOBM IJIsI CKJIALHIIIINX
GYHKIIIHA, AKi HaAM He TPAIJIAJNCSI, MOXKHA IIPOIYCTHUTH BaYKJIMBIL
ocobsmBocTi rpagika ¢yurmii. dasa Toro miob6 YHUKHYTH IIOIi0-
HUX IOMUJOK, Tpeba CIOUYaTKy AOCHiINTU TOBENIiHKY (GYHKILT,
BUABUTHU Ii 0cOOJUBOCTiI, a TiabKu moTiM OyamyBatu rpadix. o
ocob0JamBOCTEeN MOBeNiHKM (DYHKIII Hase:xaTh i ii spocTaHHsA, cma-
naHHA Ta ekcrpemymu. Tomy mja mobGymoBu rpadika OymemMo Bu-
KOPHCTOBYBATH IMOXiTHY.

HocaimxyBatu dyHKIi0 ¥y = f(x) Ta OymyBatu ii rpadik Moxk-
Ha 3a TaKUM aJITOPUTMOM:

‘ 1) 3uaiiTu 06JacTh BUSHAUEHHS QYHKILiI.

» 2) [HocaiguTy GyHKIIiI0O Ha MapHiCTh, HEMIAPHICTH Ta mepio-
OIUYHICTD (IJIs TPUTOHOMETPUUYHUX (QDYHKITii).
3) 3HaliTu TOUKHU mepeTuHy rpadika GyHKIII 3 ocamu Ko-
opOuHAT (AKIIMO IIe MOJKJIMBO).
4) 3naiiTy noxigHy QYyHKIII Ta il KPUTUYHI TOYKH.
5) 3HATH IPOMIKKM 3POCTAHHS, CIIaJAaHHS Ta €KCTPeMYy-
MU QYHKITIT.
6) HocaigmTu moBemiHKY (GYHKIII Ha KiHIIAX IPOMIiKKIB
o0JacTi BUBHAUEHH, AKIIO 1€ MOKJINBO.
7) 3a HeoOXigHOCTI 3HAWTHU Ife KilbKa TOUOK rpadika Ta,
BUKOPHCTOBYIOUM OTPUMAaHi pesyabTaTH, MOOYyAyBaTH T'pa-

dik pyHKII.

3acToCcoByIOUM IIeil aJTOPUTM, CJIiJ mam’ ATaTH, IO BizoMu-
MU HaM MeTOJaMU He 3aBKIN BJAE€ThCA PO3B’s3aTH PiBHAHHSA
f(x) = 0, ToOTO 3HalITH TOUKHU HepeTUHy 3 Biccio abcruc. Takox
iHOAI Ba'KKO JOCJHIAMTH HOBEHIHKY (PYHKIII Ha KiHIAX IIPOMIiXK-
KiB oOJiacTi BU3HAUEHHS UM II00JIM3Y TOUOK PO3PUBY. ¥ TAKOMY
pasi mOoLiJbHO 3HAWTHM KigbKa TOUOK rpadika, abCIucH SAKHX €
nyske OJU3bKUMU 0 a0CIKC 3TrafaHnuX TOYOK.

PesyabTaTu mocaimKeHHs 10 OYHKTY D 3pYyYHO IIOJaBAaTU Y BU-
TJIALL TaGImITi.

Posrinamemo mpukigaau gocaimxeHHs (PYHKINI Ta modymoBu ii
rpadika 3a BKasaHUM aJITOPUTMOM.
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Iocaigntu pysKIio0O f(x) = x* — 2x2 — 3 Ta MOOyAyBa-
Tn ii rpagik.
PosB’aszaumuda. 1) D(f)=R
2) f(-x) = (—x)* - 2(—x)? — 3 = x* - 2x% — 3 = f(x); pynKUia
mapHa, ToMy ii rpadik cuMeTPpUUYHMI BiJHOCHO OCi opAamHAT.
3)f(0)=04—-2-02—-3=-3, To6To (0; —3) — TOUKA IIepeTHUHY 3 Bic-
cio y. Hexatt y = 0, Toxi maemo: x* — 2x% — 3 =0, 3Binkm x; , = =143,

oTKe, (\/_ 3; 0), (—V3; 0) — Touku meperuny 3 Biccio Ox.
4) f'(x) = 4x3 — 4x = 4x(x? — 1) = 4x(x — 1)(x + 1); Tozi x, = 0;
Xy =1; X3 = —1 — KDUTUYHI TOUKH.

5) CkinamemMo TabJuIlIO, V AKili 3a3HAYMMO IIPOMiKKM 3pOCTaH-
Hs, CIIaJaHHS, KPUTUYHI TOUYKKM QPYHKII] Ta BUCHOBKH IIOIO IIO-
BeOiHKM HYHKITii:

x (=05 -1)| "1 | (<1;0) | 0 | (0;1) | 1 | (1;+00)
f'(x) - 0 + 0 - 0 +
f(x) N -4 — -3 | ™ | 4 —
BucHoBOK | cmazmae | min | 3pocTae | max | cmamae | min | 3pocTae

6) Ockinbku D(f) = R, To o6GJiacTh BU3HAUEHHS AY
He Ma€ KiHIIiB. 5
7) Bynyemo rpadik (yHKIIii, BUKODPUCTOBY-
I0UM PesyJabTaTH AOCTIIMKEeHHS Ta SHAUEHHS
(byHKIII me y JBOX JOJaTKOBUX TOUKAaX, Ha-
npukiaag, f(-2) =f(2) =5

T'padix 3o0paxkeHo Ha MaaoHKY 23.1.

-2|-1 (01 [2x
MeTon mobynoBu rpadika 3 BUKOPUCTAHHAM
HOXiTHOI 3HAYHO POIMIMPIOE KOJIO 3axad, AKi -3
IOIiJbHO pPo3B’sA3yBaTu rpadiuno (3’sAcyBaHHS
KiZTbKOCTiI KOpeHiB piBHAHHSA, MOITYK HaOJ MKe- —4
HUX 3HaUYeHb KOPEHiB TOIIO).
Max. 23.1

. . x“ —3x
St elA) Iocaigutu dyHKIiI0 f(Xx) = =il Ta 1modyayBaTtu ii
x+

. . . . x x .
rpadik. CKiIbKM KOpeHiB Mae piBHAHHS or1 = @ 3aJIeKHO Bix
X+

3HAYEeHHA a?
PosB’asaumuda. 1) D(f) = (—o0; —1) U (=1; +0).
2) OckinbKu 00JacTh BU3HAUEHHA (DYHKIII He cHMeTpPHUYHA Bif-
HOCHO HYJIA, TO (DYHKI[is Hi ITapHa, Hi HemapHa.
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02-3.0

3) Touka mepetuny 3 Biccio y: f(0) = ﬁ = 0; TouKu Iepe-
+
2
TuHy 3 Biccio Ox: y = 0; yzﬂzo;x1 =0; x, = 3.
x+1

Or:xe, (0; 0), (3; 0) — TOUKU IIEPETUHY 3 OCAMU KOOPIAWHAT.
(2x-38)(x+1)—1-(x* -8x) x®+2x-3 (x—1)(x+3)

4) f'(x) =
(x+1)? (x+1)? (x+1)?
ToAi x; = 1; X, = —3 — KPUTUUHI TOUKH.
5) Hocaigumo (pyHKI[iI0 Ha MOHOTOHHICTB i eKCTPeMyMu:
x (—o0; =8) | =38 |(=3; —-1) -1 L1 1 |(@1; +o0)
7 _ He _
f'(x) + 0 icrye 0 +
f(x) B e N ;T e (S
icuye
TOUKa .
Bucunosok 3pocTa€ | max | cliajgac CIIajga€ | min (| 3pocrae
PO3pPUBY
6) Touka x = —1 He HaJEXKUTh 00JacTi BusHAUeHHA PyHKIiI. [o-

CJLAMMO IOBeiHKY (PYHKIIII B oKoJi Toukm —1.
Hexait crmouatky x — —1, ane x < —1 (kakyrh: 3xiBa Bimg —1).
Tomi x + 1 - 0ix + 1 < 0. 3aysaxkumo, mo x2 — 3x — 4 npu

x - —1. Yum Gamkde x g0 umcyaa —1, TUM OiLIBIIIMM 3a MOIYJIEM
2

x X . .
cTae 3HAUEHHS APOOY 1 i e Bix’emuum. MoskHa ckasaru,
x+

o mpu x — —1, 3a ymoBH, 110 x < —1, 3HaueHHs QYHKINI mps-
My€e 10 —,
Amnajoriumo: y Bunaaky x — —1, ne x > —1 3HaueHHA QPYHKIiI
IPAMYE IO +0,
IIpoBegemo (myrKTHMpPOM) mpsamy x = —1, Toxi 3iiBa Bix mpamoi
x = —1 rpagik Oyme npsaMyBaTH BHH3, a CIIpaBa Big mpsamoi x = —1
Oyzae npamysaTu Bropy. Ilpamy x = —1 y Takomy pasi Ha3MBaIOThb
acumnmomoio. I'padik GyHKIII 300pakeHo Ha MaJTOHKY 23.2.
x? —3x
Temep 3’sicyemMO, CKiJIbKM KOpPEHIB Ma€ pPiBHAHHI ——— = @ 3a-
x+1
JIEJKHO Bij] 3HaueHb a, rpadiuno. g nporo posriiaHeMo rpadikm
2

dyuKIl f(x) = # Ta Yy = a, ae a — yucyao (Maja. 23.3) Ta 3HAa-
x+

JIeMO KiTBKiCTh TOYOK iX mepeTwHy, me i Oyle KiJbKiCTb KOpeHiB
piBHaHHA. [[na pisHMX 3HaUeHb @ IX KiJbKicTh OyZe pisHOIO.
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'y
| v
| | _x2-3x
: f _x?-3x | ftx) = x+1
: (x)= x+1 |
| |
13 ! y=a,
! 1 3 a>-1 /
| 1
-3 -1\1 3 !
o 2 3-1 11 3
| 10 X
l l y=-1
| |
] |
: | y=a,
i : -9<a<-1
l .
| |
-9 I y=-9
: /\—:9
| 1
| / ' y=a, a<-9
: \i
Maux. 23.2 Maux. 23.3

3a mamoaKoM 23.3 Maemo, 110, Koau a < —9, To rpadiku mepe-
THHAIOTBCA YV ABOX TOUYKAX, a4 TOMY PiBHSHHS Ma€ OBa KOpPEHi.
Axio a = -9, To rpadiku mepeTuHATHLCA B OTHIN TOYIIi, a TOMY
PiBHSHHSA Ma€ OOWH KOpPiHb. ¥ BuImaaky —9 < a < —1 rpadiku He
IepeTUHAIOThCS, 4 TOMY PiBHSHHA He Mae KopeHiB. IIpum a = -1
rpagiku mepeTuHaThLCSA B OOHINA TOUIli, TOMY PiBHAHHSA Ma€ OqUH
KOpiHb; a AKINOo a > —1, To rpadiku mepeTUHAIOTHCSA Y JBOX TOU-
KaxX i piBHIHHSA Ma€ IBa KOPEHi.

Bigmosiags. Axmo a < -9 abo a > —1, To piBHAHHS Mae€ IBa
KopeHi; AKI0 a = —9 abo a = —1, To piBHAHHA Ma€ OAUH KO-
piEb; akimo —9 < a < —1, To piBHAHHA He Ma€ KOPEHiB.

3HaliTu MHOMKUHY 3HaueHb QYHKIHI f(x) = (x — 3)\/;
Ta 3’ACyBaTH, OpPH AKUX 3HAUEHHAX @ Ma€ KOpeHi piBHAHHS
(x—3)x/;=a2+a—2.
PosB’asaunuda. Poss’sxemo s3amauy rpagiuso, To0TO 3HAI-
IeMO MHOKUHY 3HadueHb (QYHKIII 3a ii rpadikom. iaa mboro
IOCJIiZMMO HOBEeOiHKY (DYHKITIi.
1) D(f) = [0; +0).
2) ®yHuKIia Hi mapHa, Hi HemapHa, 00 ii 00JacTh BUSHAUEHHS HE
CUMEeTPUYHA BiTHOCHO HYJIS.
3) Touka meperuny 3 Biccio Oy: x = 0; y = f(0) = 0; Touku 1mepe-
TuHy 3 Biccio Ox: f(x) = 0, To6TO (X — 3)\/; = 0; sBigKM X; = 3;
x, = 0.
2
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Omxe, (0; 0), (3; 0) — TouKU HmepeTUHY 3 OCAMU KOOPIAWHAT.

, 1 2x+x—-38 3(x-1)
4 -1. —3). - = .
=Tt (=) == =

Tomi x = 1 — KXpuTHUUYHA TOYKA.

5) x 0 (0; 1) 1 (1; +00)

f'(x) He icuye — 0 N
BUCHOBOK He € KPUTUYHOK | QYHKIIA min dyHKIig
TOIKOIO criajziae 3pocTae

6) Touka (0; 0) Hame:xkuTh rpadiky GyHKIIII.

y &

7) 'padix 306paskeHo Ha MaJiOHKY 23.4. BN
. /7
3a rpadikom JIeTKO BCTAHOBUTH, IO Yy = —2 &
. .o V.
Ha o0JsiacTi BU3HAUeHHA (PYHKILil, TOOTO MHO- ;\\@/

JKMHOIO 3HAUEHb € IIPOMIiMKOK [—2; +09),

1106 piBHAHHS (X — 3Wx = a% + a — 2 mano 0\1/3 x
KopeHi, Tpeba, 1100 B3HaAYeHHA BUpPA3y _9

a? + a — 2 Hale)xalo MHOXKHUHI 3HadeHb
dyurmii f(x) =(x — 3)\/;, TOOTO, 100 CIIpaB- Maur. 23.4
I:KyBajaca ymoBa a2 + a — 2 > —2, 3BigKm

a? + a > 0. Po3p’soxeM0 HepiBHICTb BiZHOCHO @, OTPHMAaEMO,
o a < —1 abo a = 0 (po3B’AKiTH HEPIBHICTHL cCaMOCTifHO).
BigmoBigsw. [-2; +0), a < —1 abo a > 0.

@ Cdopmynionite anroput™M AOCNIMDKEHHS OYHKUiT Ta nobyaosu ii

Q rpadika. @ MosAcHITb Ha Npuknagi 2, K MoXXHa BUKOPUCTOBYBATM rpa-
ik PyHKUIT ANs SOCMIMKEHHS KiNTbKOCTi KOPEHIB piBHAHHSA. @ lMosc-
HiTb, 9K 3a rpadoikom (OyHKLUiT 3HAUTN MHOXWUHY i 3Ha4YEHb.

g Fosb’sximo 3agaui ma bukonaime bnpabu

@ HocaigiTe @yHKIIito Ta mobyayiiTe i rpadik (23.1—23.2):

23.1. 1) f(x) = x2 + 3x — 4; 2) f(x) = —x2 + Bx + 43
3) f(x) = —0,5x2 — x + 1,5; 4) f(x) = %xz -3x.
23.2. 1) f(x) = x% — 4x; 2) f(x) = —x2 + 2x — 1;
3) f(x) = —0,5x2 — 2x + 2,5; 4) f(x) = ixz - x.
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23.3. IloOynyiiTe cxemaTuuHO rpadik (yHKIl g(x) Ta sHaiigiTh
MHOXKUHY ii 3HaUEeHb:

1 2 32 9
1 x)=3x — —x5 2) g(x) =—x"+3x——.
) 8(x) 1 ) 8(x) 3 5

23.4. Ilo6oynyiiTe cxemarnyHo rpadik GyHrmii ¢(x) Ta 3HAAAITH
MHOKUHY ii 3HaUEeHb:

1) (p(x):—gx2+ 5x; 2) (p(x):%xz—2x+g.
@ HocaigiTe pyHKIilo Ta mobyayiiTe il rpadik (23.5—23.6):
23.5. 1) f(x) = x3 — 3x; 2) f(x) = gﬁ —x%
3) f(x) = 16 5 _ 4x*; 4) f(x) = L
3 2
23.6. 1) f(x) = x3 — 3x2; 2) f(x) = %x‘”’ - 3x;
3) f(x) = x* —%x3; 4) f(x) = 2x + 4x2.

23.7. 1) Hocnipite GyHKIiO § = %x3 + %xz —2x+1,5 Ta mobynyii-
Te cXxeMaTUUHO il rpadik.
2) CKijJIbKU KOpeHiB Mae piBHAHHSA %x?’ + %xz -2x+1,56=0?
23.8. 1) Hocaimites QyHKIi0 y = éxS —x? —3x—1 ra noGyxyiire
cxeMaTuvHO ii rpadik.
2) CKinbKY KOpEeHiB Mae piBHAHHSA %x3 —x2-3x-1=0?
23.9. 1) Hocaigits dyuKIiO f(xX) = % Ta MOOYAYyUTE cXeMa-
+

Tu4HO ii rpadik.

2) 3HalAiTh MHOMKUHY 3HaueHb QYHKIII f(x) = ?’();C—_?’()

x“+15
23.10. 1) Hocximite Ta mobyayiiTe cxeMaTWUHO Tpadik QyHKITIT
a(x) = 24x-24
2+8
. 24x -24

2) 3HalAiTE MHOKIHY 3HaUeHb (QYyHKIII g(X) = “Zig

X"+
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@/ HocoigiTe (yHKIiI0O Ta moOyayiTe cxeMaTHWUYHO ii rpadik
(23.11-23.12):

2
23.11. 1) f(x) = 2—2%, 2) g(x) =~ 3%,
x—5 1-x
2
93.12. 1) f(x) = L2=3%, 9) g(x) = X%
x—2 1+x

23.13. 1) Hocaimits dyHKITIIO f(X) = 2Jx —xTa mobyaytiTe ii rpadik.
2) 3uaiigiTh obsacTh 3HaUeHb QYHKINI f(x) = 2\/; - X.

23.14. 1) Hocaimite hyHKIO g(x) =X — 4Jx ta moOyxayiire ii rpadik.
2) 3uaiifiTh ob6sacTh 3HAUEeHb PYHKINI g(x) = x — 4x.

Tx
23.15. 1) Hocmigite dynKOioO f(X) = —5———— Ta mobyay#Te il
2x° —3x +2
rpadixk.
. . . Tx
2) CKiJIbKY KOPEeHiB Ma€ PiBHAHHA ——5——_— = d 3aJIeKHO
2x° —-3x+2

Bim smauens a?
23.16. 1) 3uaiigiTe o6aacTh 3HaUeHb QYHKIIT f(x) = (x — 1)\/; .

2) Yu mae po3B’A3KU piBHAHHA (X —1)\/_ = —%?

23.17. 1) Hocaimite dyuKIio f(x) = x(\/; —6) Ta moOyxmyiiTe ii
rpagixk.
2) 3maiigite 06sacTh sHaueHb QYHKINI f(x) = x(\/; —-6).
3) IIpu axux 3HaUeHHSIX @ PiBHAHHA x(\/; —-6)=a-20 mae
pO3B’aA3KU?

@ XKummeba mamemamuxa

23.18. BucoTra Haj 3eMJIeI0 IiJKMHYTOrO Bropy M’ A4a 3MiHIOETH-
ca 3a sakoHOM h(t) = 1,6 + 8t — 5t2, e h — BucoTa B MeTpax,
t — uac, 1[0 MHHYB 3 MOMEHTY IigKUAAHHI, y ceKyHmax. CKinbKu
CeKyHI M’ a4 mepeOyBaTuMe Ha BUCOTI He MeHIIIEe TPhOX MeTpiB?

Migzomyimecs g0 bubuenns Hobozo mamepiany

23.19. BuaiixiTe Halibinbire i HaliMeHIle 3HAYEHHSA QYHKITIT
y = x2 — 4x Ha IPOMLXKKY:

1) [-2; 1]; 2) [-1; 3]; 3) [-3; 3]; 4) [4; 5].
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HAWBINbLUE | HAMMEHLWIE 3HAYEHHSA
®YHKLIT HA MPOMDKKY

Posp’ssyBanHs 6araThbox MPUKJIATHUX 3a7a4 YaCTO 3BOAUTHCS
I0 BHAXOMKEeHHA Haibiabmioro i (a60) HalilMeHIIOTo 3HAUEHHS He-
IIepepBHOI Ha AesIKOMY IIpPOoMiKKYy GyHKIII. Tomy 3amauy mMokHa
posB’A3aTH 3a AOMOMOTOIO MOXimHOI.

N F )y Posraseemo QyHENiI0 f(x) = X2, AKy
1. Haii6invwe 3ajaHo Ha mpomixkky [-2; 1]. Ii rpa-
i Halimenuwe 3HAYeHH dik so0pakeno Ha MadioHKY 24.1.

PYyHKUYiL Haiibinpmum  3HaueHHAM  Iiel

GYHKIII Ha 3aJaHoOMy IIPOMIMKKY
oyme f(—2) = 4, a maiimenmum — f(0) = 0. Ile 3anucyooTh Tak:
max f(x) = f(-2) = 4; min f(x) = f(0) = 0.
[-2;1] [-2;1]
v 3ayBasKuMo, II0 HA 3aJaHOMY IIPOMIMKKY
(yHKIiA Mae TOYKy MiHiMymy: x, ;. = 0, ame He mae
TOUYOK MaKCUMYyMY.

Bix wmaiibispmioro i HaliMeHIIOro 3HAUYEHb
GyHKIIiI, HemepepBHOI Ha IIPOMIKKY, 3aJeKUTh
L» ii MHOKWHA 3HAUEeHb Ha I[bOMY IIpOoMikKy. Tak,
-2 0l 1 ¥ yposmumoto sHavens GyHKii f(x) = x2, 3amaH0i Ha
npoMizkKy [—2; 1], € muOoxXuHa [0; 4].

Mau. 24.1 TobTo, AKIMO m — HalMeHIle 3HAUEHHsS Hele-

pepBHOI Ha mpoMixkKy [a; b] dysHKNii ¥ = f(x), a

M - ii malibijpllle 3HaUYEHHS, TO MHOMKHUHOIO 3HAUYeHb (PYHKIiL
Yy = f(x) Ha mpomixkky [a; b] 6yae mHOXKUHA [m; M].

SArmro Ha mpoMiKKy [a; b] GYHKIIIZ Mae eKCcTpeMyMu, Iie IIe
He o3Havae€, IM0 HaWOiIbITOro abo HAWMEHIIOT0 3HAYeHHA (PYHK-
IIidg mocArae caMe B TOUKaX eKCTpeMyMy. PosrisHemMo (yHKIIiIO
y = f(x), Busnaueny Ha R, rpadik saxoi 3o6pasKkeHO Ha MaJIIOH-
Kax 24.2-24.4.

Hanpuknazn, ma Biapisky [a; d] HaiimeHIIOro i HambijIbIIIOTO
3HaueHb PYHKIIiA HaOyBae Ha KiHIAX OmpoMixkKa [a; d], xoua mae
Ha IIbOMY IPOMIiKKY TOUKHM MaKCHUMyMy i Mimimymy (mai. 24.2).

y M=zy,.
x yy M=y
M PR — max
| M- - -
|
_y_ma_x_ : Ymax 1
[N w] [ ey
a: xl \:IO d X b 0 d x
| ! Y " # Ymin /) = Yoy
——————— m
Mam. 24.2 Maun. 24.3
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|
I
&
I
N/ I
m=y,_.
m mm K - - - - m

Max. 24.4 Max. 24.5

HatomicTs Ha mpomiskky [b; d] HaliMeHIIIOr0 3HAYeHHSI (PYyHK-
misgs gocsArae B Toulli MiHimymy (majn. 24.3), a Ha TPOMLKKY
[b; ¢] — HaitbinbIIOro sHaUYeHHS B TOUYIll Makcumymy (Maj. 24.4).
dAwrmro &k posraamatTuMeMo HpoMmixkok [b; 0], To Halbinbioro i
HaWMEHIIIOr0 3HadYeHb (YHKI[iSI OOCATa€ BiAIOBIiZHO B TOUKax
Makcumymy i miHimymy (masn. 24.4). Ha manosKy 24.5 QyHKIiA
Ma€ a)X ABi TOUKM MiHIiMyMy Ha IPOMiKKY [a; b], aine BoHU He €
il HaiMEeHIIMMU 3HAYEeHHSIMU Ha IbOMY IIPOMIiMKKY.

MosxkHa miATHM BUCHOBKY, IO KOJM (PYHKI[LSA y
y = f(x) memepepBHa i monHoTOHHa (TOGTO a6Go y=1(x)
3pocrae, abo cmamae) Ha OpoMiKKy [a; b], To
HaMOLJIBIIIOro i HAMMEHIIIOr0 3HAYEeHb LA (PYHK-
miss TouHO HalbyBaTmMe Ha WOro KiHIAX
(mag. 24.6 i 24.7). Yy

SAxmio K QYHKI[iA € HemepepBHOIO Ha IeAKO-
MYy OPOMiXKKY i Mae Ha HbOMY JIMIIIE ONHY TOUYKY Mai. 24.6
eKCTpeMyMy, TO caMe B Iiii Toulli (pyHKIisg Haby-
BaTHUMe HANOiabIIOro (AKIMO IIA TOYKA — TOUKa Y
MaKCUMyMy) a00 HaiiMeHIIOro (AKIIO IA TOYKa — y=1(x)
TOYKa MiHIMyMYy) 3HQUEeHHA Ha IIbOMY IPOMiKKY.

Or:xe, HaAMOIJBIIIOTO 3HAUEHHS HA IIPOMiKKY
dyuKIia MoxKe HaOyBaTu ab0 B TOUII MAKCHUMY-

MY, IO HAJEXKUTh I[bOMY IIPOMiKKY, a00 Ha fioro 0| a b X
Kinmax. Tak camMo HaWMeHIIIOr0 3HAYEHHsS Ha
OPOMiKKY (PYHKIIA Moxxe HabyBaTu abo B TOUILi Man. 24.7

MiHIMyMy, II[0 HAJIEXUTL I[BOMY IIPOMIMKKY, a00 Ha HOro KiHIIgX.
3po3yMinio, IO I[i 3HAUEHHS 3aJeKaTh BUKJIIOUHO Bif] 3aIaHOIO
OPOMIMKKY Ta moBemiHKM (YHKILII (i1 MOHOTOHHOCTi) HA HBOMY.

Onsa 3HaXOmKeHHA HaHOiJbIoro i HalMeHIIIOro 3HauYeHb
dyurmii f(x) Ha samaHoMy TPOMIMKKY MOKHA BUKOPHUCTOBYBATU
TaKUN aJITOPUTM:

‘ 1) IlepeBipuTH, 10 TPOMiKOK HAJIEKUTH 00JaCTi BU3HA-
&, YeHHS QYHKILII.

2) 3HanTy NoXimgHy QYHKILii.

3) 3HAlTH KPUTUYHI TOUYKKU QYHKIIii.
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4) Bubpatu Ti KpUTHYHI TOYKH, III0 HaJEXKaTh JAaHOMY IIDO-
MiXKKY.

5) O0umcanTy 3HAUeHHA (QYHKIII y BUOpPAHNX KPUTUUHUX
TOUKAaX Ta HA KiHIAX IPOMIMKKY.

6) ITopiBHATH Omep:KaHi 3HAUEHHSA Ta BUOpATKU 3 HUX HAali-
OisbIlle i HaliMeHIIIe.

7) SanucaTu pes3yJbTaT.

IIXOIIXK N Po3riissHeMO 3HAXOIMKEHHSA HaMOiab-

2 BHAXODNCCHH S mIoro i HaiMeHINIOTO 3HauYeHb (PYHK-
HA6iNbUL020 nii y = f(x) Ha npomixkKy [a; b] 3a
i HAiMeHUL020 SHALCHD JOIIOMOT'0I0  BUIE3raZlaHoTO  aJiro-

puTtMma.

SEnev Al 3malitu  HaliOigbime i

HaliMeHIIe 3HaYeHHA QYHKIII f(x) = 2x3 — 3x2 — 12x + 1 Ha mpo-
mixkky [0; 3].

Poss’sasaunudg. 1) D(f) = R; [0; 3] — R.

2) f'(x) = 6x2 — 6x — 12 = 6(x2 — x — 2).

3) Posp’sxkemo piBHAHHA x2 — x — 2 =0, ToAi x; = —1; x5 = 2 —

KPUTHYHI TOYKH.

4) -1 ¢ [0; 3]; 2 € [0; 3].

5) f(2) = -19; f(0)=1; f(3)=-8.

6) Ormxe, maxf(x) = f(0) =1; minf(x) = f(2) =-19.

[0; 3] [0; 3]

QyHKYil Ha npomincKy

Bigmosizab. maxf(x)=7(0)=1; minf(x) =f(2) =-19.
[0; 3] [0; 3]

>

IO N Po3B’A3youn MPUKJIALHI 3amadi, IIo-

3. IMpaxmuunuii 3micm B’s3aHi 3 Ha#binbmM abo HaliMeH-
HaUbibUWOo20 abo UM 3HAUYEHHAMU OesSKOl BeJWUYNHU,
HAUMEHULO20 3HAYCHH A BHKOPHUCTOBYIOTH MmamemamuiHe Mmo-
0esKoil enuduHU 0ell08aHHA TAK caMo, AK OJsd pO3B’ﬂ-

3YBaHHA TEKCTOBUX 3a7ad.
3ayBasKuMO, IO IIPU PO3B’SA3Y-
BaHHI JeAKNX NPUKJATHUX 3amad HeoOXiZHO 3HAWTH HAaIOiJbIe
abo HaliMeHIIle 3HAUYEHHs HellepepBHOI QYHKIII He Ha IPOMIKKY
[a; b], a Ha mpomixkKy (a; b). 3a3Bu-
y yail y TAKMUX BUIIAAKAX Ha TPOMIiXK-
Ky (a; b) OYHKIiA Mae Jjunille OZHY
KPUTHUYHY TOUKY. SIKIIIO Ile TOouKa
MaKCUMyMy, TO caMe B IIiif TOUIIi Ha
npoMikKy (a; b) dyHKIis HabyBae
Haiibinbimoro sHauenus (maJua. 24.8),
a fAKII0 Ile TOoYKa MiHIMyMy — TO

Max. 24.8  Maux. 24.9 HalimenIoro (mana. 24.9).
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ety [Tapkamom, goB:xkuHa Axoro 80 M, Tpe-
0a OTOPOAUTH 3 TPHOX CTOPiH MIIAHKY NPAMOKYTHOI
dopmMu AKomora OinabInoil 1maoIgi. SHAHAITE PO3Mipu
Taxkol ginaaku (maa. 24.10).

PosB’aszaumuda. 1) IlosaHaunmo uepesd x (y M)
JOB)KUHY OOHiel 3 IBOX mapaJieIbHMX CTOPiH map-
kana (mana. 24.11), Toxmi cycimus cropoma Oyae
matu goB:xuny 80 — 2x, e 0 < x < 40. Mai. 24.10
2) CraageMo (PYHKITiIO 3aJI€;KHOCTI IO TiTAHKYT
BiJl MOBXKUHU ii CTOPOHU X:

S(x) = x(80 — 2x) = 80x — 2x2.

IIa QyHKIiA € MaTeMaTUYHOIO MOJEJLJII0 3a-
maui. Tomy 3samaua 3HAXOMKEHHS PO3MipiB mi-
JSHKYN 3BOAUTHCA [0 3HAXOMKEHHsS 3HaUYeH-
HA X, IIpU AKOMY (YHKIiA S(x) Ha IPOMiKKY 80 — 2x
(0; 40) mHabyBaTuMe HANOiJIBIIIOTO 3HAUEHHS.
3) 3Haiinemo HalbinbIIe 3HaUeHHA QYHKINT S(x), X
3a ymoBu x € (0; 40).

S'(x) = 80 — 4x = 0, Tomi x = 20. Maewmo, 110
X, = 20 (mar. 24.12). Man. 24.11
4) Ockinpru S(x) = 80x — 2x2 HemepepBHa Ha

(0; 40) i mae egUHY TOUKY €KCTPEeMyMYy —
TOYKY Makcumymy x .. = 20, To came B
mi#i Touri S(x) mocArae HaiibigbIIoTO 3HA-
yeHHda. OTiKe, posMipu HOiAAHKU OyIyTh
20mi80—-2-20=40 m.

BigomoBias. 20 mi 40 M. Maxn. 24.12

07 20 \ (40 ¥
max

OTxe, po3s’a3ysamu npuKaadHi 3a0ayi HA 3HAXO00HCEHHA HATL-
O0inbUl020 a60 HAUMEHUL020 3HAYEHb 0eAKO0l 8eaUYUHL, MOYKHA 34
TaKUM aJITOPUTMOM:

1) Oxuy 3 HEBiIOMUX BeJIWYWH MTO3HAUUTHU UEpPes X Ta 3HAM-
k. T MeXKi 3HaueHHA x. [HITI BeJIMUYMHN BUPA3UTH UEepes X.

2) Cknactu GYHKI[iI0O — MaTeMaTUUYHY MOZEJb 3amadi.

3) 3HaliTy HaNOiNbIle YU HAMeHIIle 3HAaUEeHHS OTPUMAaHOIL

GyHKIIII HA TPOMIKKY AJIA 3HAUEHDb X.

4) IIpoaHanidyBaTu OTpPHMMAHUII pPe3yJbTAT Ta 3alHCATU

BigmoBiab mo 3amaui.

sEheL el 3 apkyllia KapToHy TPAMOKYTHOI dopmu, posmipu
AKoro 15x24 cm, BUpisaBIIM y MOT0 KyTaxX KBaApaTH TaK, AK IIO-

KasaHo Ha MaJaioHKY 24.13, BUTOTOBUJIM BiIKPUTY KOPOOKY Haii-
OinpIroro 06’emy. 3HAUAITL 00°€M IIiel KOPOOKH.
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I
|
' 15— 2x

X

xfj """""" T] 24 - 2x
x 24 — 2x 15 - 2x

Maui. 24.13 Mau. 24.14

PosB’azanuda. 1) [losHaummMo MOBKUHY CTOPOHU BHPi3aHOTO
KBaZpaTuKa uepesd x(cM), ToAi KOKHA 31 CTOPiH ONPAMOKYTHHUKA,
AKUHN Oyae THOM KOPOOKM, 3MEeHIIaTheA Ha 2X i JopiBHIOBATHME
24 — 2x (ecm) i 15 — 2x (em), 0 < x < 7,5.
2) CrkaagemMo (pyHKIIiI0O 3ajI€KHOCTI 00’eMy KOPOOKM Bing JOBIKU-
HU CTOPOHU BUpPi3aHMX KBanpariB (Maju. 24.14):
V(x) = x(15 — 2x)(24 — 2x), To6TO V(X) = 360x — 78x2 + 4x3,
3) 3uaiimemo Halibiynbiie 3HaueHHsa GQYHKINI V(x) Ha mTpoMixK-
Ky (0; 7,5).
Maemo: V'(x) =360 — 156x + 12x2.
V'(x) = 0, xonm x; = 3; x, = 10.
07 3 \75 ¥ 3HaueHHA X, = 10 — He HAJIEKUTH IPOMIiXK-
Ky (0; 7,5), maemo: x .. = 3 (max. 24.15).
Man. 24.15 4) Ockinpru V(x) = 360x — 78x2 + 4x3 meme-
pepsHa Ha (0; 7,5) i Mae TOUKy MakcumMyMmy X, .. = 3, TO caMe B Hiii
V(x) mabyBaTume HaUOiJIbIIIOrO0 3HAUEHHA. SHAWAEMO HOro:
max V(x) =V(3) =3 -9 - 18 = 486 (cm?).
(05 7,5)
BinomoBins. 486 cm3.

@ Cchopmyntorite anroputM 3HaXOKEHHS1 HaMBINbLIOro i HanMeH-

Q LLIOro 3Ha4YeHb YHKLiT y = f(X) Ha npomixky [a; b]. @ Cdopmyntonte
anropuTM po3B’a3yBaHHS NPUKNagHWUX 3a4ay Ha 3HAXOMKEHHS Hal-
OinbLUoro abo HarMeHLLOoro 3Ha4YeHb AesKOl BENTUYUNHU.

g Fosb’saximo 3agaui ma bukonaime bnpabu

@ 24.1. Ha wmaaoouky 24.16 3o06pakeno rpadix GyHKIIIL
y = f(x), sagamoi ma mpomixkKy [1; 7]. HasBirs ii maiibinbime
Ta HaIMEHIIe 3HAUYeHHA Ha I[bOMY HPOMiKKY. S3alUIIiTh Bij-
moBigHI piBHOCTI.

24.2. Ha mamionky 24.17 sobpakeno rpadik pyHKIl y = g(x),
damanoi Ha mpoMmixkKy [—2; 5]. HassiTh ii maiibinbime Ta
HaWMeHINle 3HAYEHHA Ha I[bOMY IPOMiXKKY. SaluIIiTh Bin-
MOBiZHI piBHOCTI.
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y y = f(x) y /<53
\/

0] 1 7x -2 0 1 5%

Mau. 24.16 Mau. 24.17

(‘g 24.3. 3uaiinitTe Haiibinbille i HaliMeHIle 3HaueHHS (GYyHKITIT
~ f(x) Ha 3agaHOMY IIPOMIMKKY:
1) f(x) = 8x = 7, [0; 2]; 2) f(x) = x% — 2x + 3, [2; 3];

3) f(x) = —x2 + 4x + 5, [1; 4]; 4) f(x) = x - %xs, [-2; 0].

24.4. 3HaliiTe Haibinblle i HaliMeHIe 3HAaYeHHA GYHKIIL g(x)
Ha 3aJaHOMY IIPOMiKKY:
1) g(x) = —2x + 3, [0; 3];
2) g(x) = x2 — 4x, [0; 1];
3) g(x)=—x2+6x — 1, [2; 4];

4) g(x) = %xS ~ 4z, [1; 3].

24.5. IloxginiTe BiApisoK 3aBmoB:KKH 12 cM Ha ABa TaKuX Biapis-
KU, 1100 IPAMOKYTHUK, CTOPOHAMU SKOT'0 BOHU OYIyTh, MaB
HAHOiJIbIITY ILIOIMLY.

24.6. IToainiTe BiApisoK 3aBAOBKKMN 8 CM Ha ABA TaKUX Bigpiskwu,
100 MPAMOKYTHHHN TPUKYTHUK, KaTeTaMH SKOT'O BOHU Oy-
IyTh, MaB HANOLIBIIY IIJIOIIY.

24.7. TlopatiTe uncao 16 y BUTIAAL cyMu ABOX HEBiJg €éMHUX JO-
JaHKiB Tak, 100 cyMa iX KBajapaTiB OyJia HAMEHIIIOIO.

24.8. ITopaiite uncao 10 y Burasai cymMu OBOX HEBif €eMHHUX JO-
IaHKiB TaK, 1100 iX T0OyTOK OyB HAMOiMLIITIIM.

@ 24.9. 3uaiigiTe HabigbIlle 1 HaliMeHINle 3HAUeHHA (QYHKITIT
g(x) Ha 3amaHOMYy IIPOMIiKKY:

1) g(x) = ix‘l —2x% x e [-2; 1];
2) g(x) = 2x3 — 9x2 — 24x + 5, x € [-3; 0];

3) g(x) =x*—-2x2+ 5, x € [-1; 3];
4) g(x)=x3+3x2+ 1, x € [-3; 1].
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24.10. 3uaiigiTe HalbiablIe 1 HaliMeHIle 3HaYeHHSA GQYHKILL f(x)
Ha 3aJJaHOMY IIPOMiKKY:
1) f(x) = 8x2 — x4, x € [-1; 2];
2) f(x) = x3 — 12x2 + 45x + 5, x < [0; 4];
3) flx)=2x2—x*+ 3, x € [-3; 1];
4) f(x) = x3 - 3x2+ 4, x € [-1; 3].

24.11. MaTepiajbHA TOUKa PYXAE€ThCA IPSAMOJIIHIAHO 3a 3aKOHOM
3 L2
t t .
x(t) = E — E — 2t +4 (x BUMipIOoeTbCA B MeTpax, { — y CeKyH-
max). flkoro HaMOigbIIOro i HAMEHINIOTO 3HAUeHbL HaOyae
x(t) 3a mepIli YOTUPHU CEKYHAU PYyXy?

. o 1
24.12. Tino pyxaeTbcs MPAMOJIiHINTHO 3a 3aKOHOM S(t) = §t3 +12 -

—3t+2 (s BuMiproeTbesd B MeTpax, ¢ — y CeKyHaax). SIKoro
HalbigbIIoro 1 HaliMeHIIOro 3HaueHb HaOyme s(f) 3a mepIii
TPU CEKYHIU PYXy?

24.13. Yucao 24 mopailiTe y BUIVIALL CyMH OIBOX HEBim eMHHUX IO-
IaHKiB Tak, 1100 JOOYTOK OJHOI'O 3 HUX Ha Ky0 Apyroro 0ys
HaNOLIbIIINM.

24.14. Yucao 18 momaliTe y BUIVIALL CyMH OIBOX HEBim eMHHUX IO-
IaHKiB Tak, 1100 JOOYTOK OJHOI'O 3 HUX HA KBaJapaT APYyroro
OyB HaMOiJBIINM.

24.15. Ilnoma OpAMOKYTHUKA AopiBHIoe 16 cM?. SIKoi mOBXKUHUI
MaloTh OyTH HOro CTOPOHH, IIO0 IIEPUMETP IPAMOKYTHHKA
O0yB HaiimeHIIIM?

24.16. Ilnoma NOPAMOKYTHOTO TPUKYTHUKA [gopiBHIOE 18 cm2.
fAxoi moBxuMHEM MamOTL OyTH HOTo KaTeTHw, IO0 IXHA cyMma
OyJia HaMeHIIIO00?

@ 24.17. 3uaiiniTs Haiibinbille i HaliMeHIle 3HAYEHHA (QYHKITIL
f(x) Ha 3amamOMy IIPOMIiXKKY:

2
1) f(x) = L’;‘l, xc[2 4] 2)f(x)=xVx 43, x € [-3; 1].
24.18. 3uaiigiTe HaibigbIme 1 HaliMeHIlle 3HaUYeHHS QYHKILIL
2
g(x) = x;Sx, Ha npomixky [0; 2].
x+1

2

. 1 .
24.19. Tino pyxaeTbcda 3a 3akoHOM S(t) = 61 —§t3 (s BUMipIOETH-

cAd B MeTpax, ¢ — y cekyHmax). ¥ SKWUHl MOMEHT dacy i, me
3 < t < 8, mBuUAKicTh Tisa Oyme HaMOiIbIINOI i B AKUII Hali-
MEHIIIO0?
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. 2

24.20. MarepiaabHa TOUKa PYXa€ThCS 3a 3aKOHOM Xx(t) = 32 — gts
(x BuMiproeThCA B MeTpax, t — y CEeKYHAax). ¥ AKUI MOMEHT
yacy 3 npoMizkKy [0; 3] mBuaKicTh Tinma Oyme HaAMOiIBIIIO0 i
B AKUU HalMEHIIIO0?

24.21. 3uaiifgitTe HalbOinbile i HaliMeHIle 3HaUeHHA (QYHKITIT

f(x) = x — cosx Ha npoMixkky: 1) [0; g], 2) [-m; O].

24.22. 3gaigiTe HaWOiabIIe 1 HaliMeHIle 3HaueHHA QYHKII
f(x) = sinx — x Ha mpomixkKy: 1) [-m; O]; 2) [0; m].

24.23. AxBapiym o06’emoMm 4 M3 Mae GopMy IPAMOKYTHOTO IIapa-
Jejierrinieia 3 KBaJApaTHUM THOM. $IKi posmipu 1pboro akxkaa-
piymy, AKIIO Ha MOro BUTOTOBJEHHS BUTPATUJIN HAWMEHIII
MOJKJIMNBY KiIbKicTb cKJa?

24.24. Biu"i cTOpoHMN i MeHIIIa OCHOBa Tpalelii MaiTh OJHAKOBY
JOBMKMHY — II0 b cM. S3HaAWAITH HOBMUHY Ii 6isbIoi ocHOBH,
3a AKOI ILIoIa Tpamelii 0yae HaliOijabIIOIO.

@ Xummeba mamemamuka

24.25. Ina ckiainaa myseiiHux BiTpuH Tpeba samoBuTu 28 omHa-
KOBUX CKJAHUX NPAMOKYTHUKIB, IIJIOINA KOMKHOIO 3 AKUX JOPiB-
mI0€ 0,25 M2. 3aMOBIeHHS MOXKHA 3POOUTH B OFHIHM 3 TPHOX (hipM.
Y rabauii HaBeleHO IiHM HA CKJO i Ha pisaHHA ckja. CKiapKu
OyIe KOILITyBaTH HalifellleBIlle 3aMOBJIEHHSA?

®ioma ITina ckaxa PizanHa ckiaa e R e
p (rpH 3a 1 M2) | (TpH 3a ofHE CKJIO) s y
A 140 9
B 150 7
s saMOBJIeHDb Bif
B 160 5 1200 rpu pisaHHS CKJIa
0E3KOIITOBHE
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3aBHaHHA QA IEePeBipKN 3HAHD
3a Kypc aareopu 10 kmacy

@ 1. Tano f(x) = x? - 3. ITopiBusaiiTe:

1) f(-1) i f(@D); 2) f(0) i f(=2).
2. fIki 3 piBHOCTEN € TOTOKHOCTSIMU:
1) sin? o + cos® o = 1; 2)tga = Cf)SO(;
sin a

3) cos 20 = cosa — sina; 4) 2sin o cos o = sin 2a?

3. 3HaUIIiTh MOXigHY PYHKITII:
1) f(x) = x* + cos x; 2) g(x) = 1 - 2Jx.

@ 4, O6unCIiTh:
32
1) ¥27 - 64; 2) 5=
) ) 7
3) J3 sin(-60°); 4) cosg + tg g
5. Po3B’s:KiTh piBHAHHS:
1) x* = 81; 2) ctg 2x = —/3.

6. 3HaligiTh MPOMIKKM MOHOTOHHOCTi, TOUKHM €KCTPEeMyMy Ta
2
eKcTpeMyMH PYHKINI y = 6x — x°.

@ 7. IlomaiiTe y BUTVIAAL CTeIleHS:

1 -12
1)[\5/\/5-x 4] : 2)(%/5.\%‘2) )
8. ano: sina = 0,6; g <o < 7T, 3HAUOITH:

1) cos a; 2) tg (a - E]

@ 9. CkiaaziTe piBHAHHA JOTHYHOI M0 rpadika GyHKIEL
f(x) = x? + 3x — 1, sKa mapajeibHA KO IPAMOIL J = TX.
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=ACTURA I

EEOMETPIq £

] S oE .

PO 1

NAPAAEABHICTb
NPIMUX | NAOLLIMH
Y NPOCTOPI

Y IbOMY PO3IIJII MU

© npuzadaemo akciomu i ocHoBHI
HOHATTSA ILJIaHiMeTpii;

@ 0isnaemoca mpo akxciomm i oc-
HOBHiI IOHATTA cTepeoMeTpii,
B3a€MHE DPO3MII[eHHSA NIPAMUX i
IJIOIIWH y IIPOCTOPi; mapaJsiesb-
He IPOEKTYBaHHA Ta HOro BJa-
CTHBOCTi, O3HAKM MMMOOiMHOCTL
OpAMUX, apajeJbHOCTI IPAMOL
i nomuHEY, IapaJesbHOCTI ILIO-
IIH;

@ nasuumocsa KiaacudikysaTu
B3a€MHE DPO3MIIIeHHA NTPAMUX,
OpsAMUX 1 TJIOIIWH, IJIONUH Y
HpPOCTOPi; BCTAHOBJIOBATH Ta-
paieqbHiCTh TPAMUX, TPAMOL i
IJIOIMHY, TIUJIOIIWH; MUMOOGiMXK-
HicTh mpAMux; OyayBaTm mapa-
JeJbHI IIpoeKItil ¢iryp.
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ﬂ OCHOBHI MOHATTSA, AKCIOMU CTEPEOMETPII
O TA HAUMPOCTIWI HACNIAKWA 3 HUX

------------- IIkinsaMiT Kypc reomeTpii cKJaza-

1. Ilpedmem eThcA 3 TIaHimerpil i crepeomeTtpii.

cmepeomempii Y kypci mimamimerpii 7-9 kKmaciB mu

BUBYAJHU BJACTUBOCTI NJAOCKUX 2eo-

MmempuyHuXx gicyp, Tod6To Qiryp, yci TOUKM SKUX JIeKaTh B OOHiN
IIOIMMHI (Bigpi3oK, KOJIO, TDUKYTHUK TOIII0).

Cmepeomempia — 1e po3xia reomMerpii, AKMI BUBYAE BJia-
e CTHBOCTi reoMeTpu4YHHUX (hiryp y mpocropi.

TepmiH «cTEepeoMeTpisi» MOXOAUTH BiJ] IPeIl. «CTEPEOC» — IIPO-
CTOPOBU, «METPEO» — MipATH.

Y crepeomeTpii po3ryIAmaOTh AK BJIACTUBOCTI (hiryp, Bci TOUuKM
AKUX JIedKaThb B OAHINM ILJIOIMMHI, — mIockux Giryp, Tak i BjlacTu-
BocTi (Qiryp, y AKHUX He BCi TOYKM JieKaTh B ONHIN ILIOIMWHI, —
npocmoposux @hizyp, AKi 11e Ha3UBAIOTb 2e0MEeMPULHUMU MILAMU.

Y Kypci mareMaTHMKH OCHOBHOI IIIKOJM MH BiKe O3HAMOMUJIM-
cAd 3 TEOMETPUYHUMU TijlaMi — IPAMOKYTHUM IIapaJieJiellineaom,
KybOoM, mipamimoio, IWJIiHIPOM, KOHycoM Ta KyJjeio (main. 1.1).
ITlpenmeru, 1110 HAC OTOUYIOTh, 3a3BUYA IIOBTOPIOIOTEH (hOPMY IIPO-
cropoBux Qiryp abo ix kombOinariii. Tomy reomerpisi, 30Kpema cre-
peomeTpis, Mae i mpuKJaagHe (IpaKTUUHe) 3HAYEeHHA. 'eoMeTpUYHI
3aJadi JOBOAUTBHCA PO3B’A3yBAaTH B apXiTeKTypi Ta OyIiBHUIITBI,
reofesii i MarmMHOOYAYBaHHI, IHIINX Taays3sax HAYKW M TeXHIiKH.

RilEyA\YAYE

KyO MUJIiHAD mipamiza KOHYC KyJasd

Mam. 1.1

Ha ypoxkax reometpii B 10—11 Kyacax My 3HAUYHO POIIIHPKHMO
Ta MOrVIMOMMO 3HAHHS IIPO reoMeTPUuHi Girypu B mpocTopi.

------------- OcHOBHUMU (HEO3HAUYBAHUMU, Nnep-
2. OcnoéHi nonamms 8icCHUMU) TIOHATTAMU B cTepeoMeTpii
cmepeomempii € IIOHATTA MOYUKU, NPAMOL 1 NAOWUHU.
Haragaemo, 110 yABJEHHSA IIPO
TOUKY A€, HAIPUKJIAL, CJIiJ Ha Iamepi Big JoTuky mobOpe s3aro-
CTPEHOTO OJIiBIIA, CJIiA HA AOMIMNI Bix moTuKy Kpeiau rtoimo. Ilo-
3HaUYaTU TOUKHU, SK 1 paHimie, OygeMO BeJIHKHUMU JATUHChKUMU
aitrepamu A, B, C, D, ... .
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YsaBaeHHs IIpo IPAMY JIa€ IPOMiHL CBiTJIa, CTpyHa Ha rirapi,
po3MiTKa Mi)K [OBOMa cMyraMm IIPSAMOJIIHIMHOI JOpPOTrHW TOIIO.
Ilpami mMoixkHA mpoBOAMTH 3a AomoMorowo Jgimifikm. Ilpu mpomy
OTPUMYIOTH 300paKeHHs JINIIe YACTHHU MNPAMOI, a BCIO IPAMY
YABJIAIOTh HECKiHUeHHOIO B 00uaBa 6oku. IlodHavaTu npami, gk i
pamimie, OygzeMo MajiuMU JaTUHCLKUMHU JiTepamu a, b, ¢, d, ..
abo gBOMAa BEJMKUMH JIATUHCHBKMMH JIiTepaM¥ 3a Ha3BaMU JBOX
TouoK Iriei mpamoi: AB, CD, MN, ... .

VABNIeHHS PO ILIOIMIMHY OAa€ IIOBepPXHA
crosna, GyTboJbHe IToJle, BiIKOHHA MMOKa, CTe- E
Jasa tomio. IlmomimHy B reoMerpii BBasKaioTh
piBHOIO Ta HEOOMeE)XeHOI0, BOHA He Mae Kpaio Mau. 1.2
Ta He Ma€ TOBIIMHU. Ha MaSIOHKY IIOIIIUHY
OPUNHATO 300paskaTym y BUTIJIALL ITapajeo-
rpama (maJj. 1.2) abo moBiIBbHOI 3aMKHEHOI
obsacti (maj. 1.3). Ilpm 1mmpoMy OTPUMYIOTH
300pasKeHHs Jullle dacTuHU Iomuau. Ilo-
3HAYATH ILJIOIMUHU MOYKHA MaJIMMHU TI'PEIbKU- Mau. 1.3
Mu JitTepamu o (anbda), B (bera), y (rama), ....

------------- OCHOBHi BJIACTMBOCTI HAWIIPOCTIIIHUX
3. Axciomu reoMeTpuuYHUX QIiryp y crepeomerpii
cmepeomempii (QOpPMYJIIOIOTh 3a AOIOMOTOI0 AKCioM.
AxcioMu € IOYaTKOBUMHU iCTUHHUMU
TBepI:KeHHAMU. Yci akciomu miaaHimerpii, aki Bigomi Ham 3
7 KJacy, CIpPaBIKYIOThbCA i B cTepeomerpii. Haramaemo 11i akcio-
MU Ta 3ayBasKHMO, IO KOJIM MOBa Iifie PO «IBi TOuKuU» abo «IBi
OpsaMi», BBaXKaeMo, IO IIi TOUKU abo mpaAMi — pisHi.

‘ I. dxa He Oyma 6 mpsMa, iCHyIOTh TOYKH, AKi 1 HaJje-
s JKaTh, i TOUKH, AKi 1l HEe HAJEKATH.
II. Yepe3 Oyap-AKi ABI TOYKM MOKHA NMPOBECTH NPAMY i
0 TOTO K TiIbKHM OIHY.
II1. 3 TphOX TOYOK HA MPAMi OOHA i TIIBKM OTHA JIEKUTH
MiK JBOMA iHIIMMM.
IV. KosxxHuii Bimpi3ok Ma€ IeBHY TOBKUHY, OiJIbIIy 32 HYJIb.
V. JloB:kuHA Biapiska TOpiBHIOE CyMi JOBKHUH YaCTHH, Ha AKi
BiH PO30MBAETHCA OyIb-IKOI0 HOTO0 BHYTPIIIHHOI0 TOYKOIO.
VI. KoxxHuii KyT Ma€e meBHYy TIpagyCcHY Mipy, Oiaspmry 3a
Hyab. Po3ropryTuit Kyt mopisaioe 180°.
VII. I'pagycHa mipa KyTa DOpPiBHIOE CyMi rpagycHMX Mip
KyTiB, HA AKi BiH po30uBa€eThCA Oyab-AKUM IIPOMEHEM, IO
IIPOXOIUTH MiK HOTO CTOPOHAMMU.
VIII. Ha niomuHi yepe3 TOYKY, IO He JEeKHTh HA TaHIii
IpAMii, MOSKHA IIPOBECTH JINIIE OTHY IIPSIMY, MapaJeabHy
TaHii.
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Ockinpku B mianiMerpii yci ¢girypu, Aki Mmu posrasagaau, Je-
JKaJ B ONHIN IIJIOIMWHI, a B CTepeoMeTpii BOHM MOMKYTH JIeXKaTU
B Pi3HMX ILIOIIMHAX, OCTaHHS aKcioMa, Ky Ha3MBaIOTL AKCio-
MO0 NApanesbHOCmi NPAMUX, IIOTPeO0ye YTOUHEHH.

HoBe moHATTA — naowuHa — TOTPeOye I1Te i PO3IMIUPEeHHS CHUC-
TeMU aKcioM, TOOTO JOIIOBHEHHSA CTepeoMeTpii akciomamu, 1110 Bi-
ITo0pasKkaloTh BJIACTUBOCTI TOUOK, IPAMUX i IJIOIIIUH y IIPOCTOPI.

Tomy poarasiHeMO HOBY I'DyIy akciom — rpymy axciom C.

C,. fIxa 6 He Oyna NJOMMHA, iCHYIOTh TOYKM, AKi il Haje-
s JKaTh, i AKI I He HaJIe;KaTh.

Ha manronky 1.4 touku M i N HajexaTh ILIOIMUHI o (ILI0-
IUHA O TPOXOJAUTH uepes Ii Touku), a Touku C, K i L — He Ha-
Jexars it mnomwuHi. na sanucy, Ak 1 y niaarimerpii, 6ymemo
BUKOPHCTOBYBaTu cuMBOIM € i ¢. Tomy TBepa:KeHHA «ToukKa M
HAJEKUTh IJIOIMMHI o0» MOKHA 3amucaTu Tak: M € o, a «Touka
C He HaJeXUTH IJIOMKH] o» — Tak: C ¢ a.

C,;- Axmo ABi TOYKM NpAMOI HalleKaTh IUIONIMHI, TO BCi
s TOUKM IPSIMOI HAJEKATh I[ili TJIOIIUHI.

(6}
/\
n
D
w e
K L G
Max. 1.4 Maa. 1.5 Mau. 1.6

Y mpoMy BUIIAIKY KaiKyTh, IO NPAMA HAJLEH UMb NJAOULUHI,
abo naowuna npoxodumsv uepes npamy. Ha manoHKy 1.5 TOuKm
C i D npamMoi m HaJeXaThb IJIOLINHI o, TOMY i IIpAMa m, II0 IIPOo-
XOIUTHh Uepe3 I[i TOUYKM, HAJEXKUThb IomumHi o. Iaa spyuHocTi
3aMicTh «IpsgMa m HAJEeXUTh IJIOIIWHI o» OymZemMo ImcaTu:
m cC o. 3ammc N & 0. o3HAYATHMeE, IO IMpPsAMAa N1 He HaJIeKUTh
IJIOIKHI o, TOOTO iCHye Taka TOUKa IIp:-
MOl n, AKa He HaJeKUTh IMJIOIIWHI o
(masa. 1.6 Ta maxa. 1.7). Ha maaoorKy 1.6
g npAMa n i mIoIWHA o MalOTh OMHY CIHiJIBHY

Touky K. ¥V npoMy BUOAAKY KaKyTb, IO
Maur. 1.7 npsaMa n IepeTuHae ILIOMIMHY o B Toulli K.
Ile sanucyiors Tak: nNo = K.

Axcioma Cj; Mae pisHi nmpakTuuHi 3acrocyBanHA. OnHe 3 HUX —
nepeBipka «piBHOCTI» JiiHiTIKHU. I3 1iero MeToO JIIHIWKY IpUKJIaLa-
IOTh KPAEM, SIKWH MEPEeBipAIOTH, 0 MJIOCKOI ITOBEPXHi, HATIPUKJIAT,
crony. SIKII0 Kpait JiHIAKY PiBHUMI, TO BiH yciMa CBOIMM TOUKaMu
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IPUJIATAE OO0 MOBEpXHi croay. AKIMO K Kpall HepiBHUII, TO B Je-
AKUX MICISIX MisK HUM i ITOBepXHEIO CTOJIy YTBOPIOETHCS IIPOCBIT.

Sxmro yepes mpAMy m HIPOXOAUTH ABi pisHi miuomuHm o i B,
TO KaXKyTh, IO NJAOWUHU O i B nepemuHarnmuvcs no npamiii m
(man. 1.8), i sanucyioTh Tak: o NP = m.

Cpp- K10 aBi NIOIMHAN MalOTh CHiJIbHY TOYKY, TO BOHH IIe-
s PETHMHAIOTHCS IO MPAMIil, 1[0 IPOXOTUTH YepPe3 IF0 TOUKY.

Maua. 1.8 Maua. 1.9

Ha masmonky 1.8 miommem o i B MaoTh cminsHy TOYKy P,
TOOTO P HaJeXUTh AK IUIOIMUHI o, Tak i miaommuHi 3. Axcioma Cyy;
CTBEPIKYE, IO TOAI IJIOIIMHU O i B mepeTHHAIOThCA IO MPAMiN
m, IpuuyoMy Touka P, B CBOIO Uepry, HajJexaTuMe Iiii mpaMii m.

Cy- Yepes Oyap-sIKi Tpu TOYKH, IO He JiesKaTh HA O/IHIii Mps-
» Mill, MOKHA IIPOBECTH ILIOIIUHY, i 10 TOTO K TLILKH OTHY.

ITpakTuuHOIO inIocTpalliero 1iei akciomMu €, HaOPUKJIAL, CTii-
KicTh Ha minmosi Oyab-aKkoi TpuHOTH (TabypeTa Ha TPhOX HilKKAaX,
¢oromraruBa Tomio). Tpu Tourku A, B, C, AKi € KiHIIAMU TPUHO-
W, 3aBXKIU MOKHA PO3MICTUTH Yy IJIOIMHI migygoru o (mai. 1.9),
Taxky ILJIOIUHY HAa3WBAIOTh TPboMa ii Toukamu — moniuaooo ABC
i mosnauaoTh (ABC). SAKIo K y3sTH YOTHUPHU AOBiJIbHI TOUKHU, TO
yepe3 HUX MOKe He IIPOXOAUTH KOAHA ILIommHAa. IIpakTudumoio
irfocTpariiero mboro (paxTy MOXKE CTATH CTiJjelb, HiXKKH SAKOTO
pisui 3a goBsxumoro. Toxi crisemns Oyae CTOATH Ha TPHOX HiKKAaX,
TOOTO CIIMPATHCS Ha TPU TOUKHU ILJIOITWHU ITiJJIOTH, a KiHeIb 4eT-
BepTOi HisKKU (UeTBepTa «TOYKa») He Oyle JieyKaTu y Iild IIJIOIIH-
Hi i ToMy cTijsens Oymge XxuTaTucs.

I 6 6666 66666 6 e\
IRRRRRERRRERRRR TTeopeMa 1 (upo icumyBamHa i emu-

4. Haiinpocmiwi HICTH MJIOIWHY, IO IPOXOJUTH Ye-

Hacnidxu 3 axciom pes OpaAMy i Touky, Imo ifi He Haje-

cmepeomempii JKUTH). Yepe3 mpaMy i TOUKy, W0 iit
He HAJEKUTh, MOKHA IMPOBECTH ILJIO-
IIUHY, i O TOTO K TiJIBKHU OTHY.
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HoBenenHnda. Posrnanemo npamMy a i moury M, M ¢ a
(mag. 1.10). 1) ITosmauumo Ha OpAMii a moBiabHi Touku C i D.
Touku C, D i M He jexaTh Ha OLHIN IpAMiil, TOMy uepes HUX
3a axciomoro C;; MOHa IPOBECTH ILIO-

. D a
muay o. Toukm C i D nexaTh y IJIOMIH- C
Hi o, a ToMy 3a axciomoro Cj Bca mpd- a/'/..M/
Ma a HajJdeXuTh nmiaomuHi o. Orxe,
ILIOIIMHA O IPOXOAUTEL Yepe3 HpAMY a i Maz. 1.10
TOuKy M.

2) HoBememo, IIIO0 TaKa ILIOMIMHA €AuHA. IlpumycTmMoO, II0 ue-
pe3 IpAMY a i TouKy M IPOXOJuTh IIe AKach ILIOIUHA 0. AJe
TOAL IS ILJIOIMHA Mae IpoxXomuTu i uepes Touku C i D, mio Jie-
JKaThb Ha mpamiit a. Maewmo, mo uepes Touku C, D i M, aki He
Je)KaTh Ha ONHIA mpAMil, TPOXOAATH ABi pisHi miomwHu, o i
04, 110 cymepednTsb axciomi Cpy.

Or:xe, Hallle IPUNOYIEeHHA XUOHE, a TOMY Yepes IpsaMy a i Tou-
Ky M, mio ifi He HaJIeXKUTh, IPOXOAUTH €IWHA ILJIOIIUHA . M

Teopema 2 (mpo icHyBaHHA i €IWHICTH ILJIOIIMHHI, SIKa
IPOXOAUTH Yepes3 OBi ImpAMi, III0 HepeTHHAThCs). depes
OBi mpAMi, 10 MEPEeTHHAIOTHCA, MOYKHA IIPOBECTH ILIOLIH-
HY, 1 I0 TOTO K TiTBKU OTHY.

HoBeneunnsa. Posraanemo mpami a i b,
npuuomMy a N b = C (man. 1.11). Ilosua-
YyuMO Ha OpAMi#t b Toury M, a Ha mIp4-
Mi#i a — Tourky D, obuzaBi BimmimHiI Bif
Trouku C. Maemo Tpu touku M, C i D, aki
He JIe)KaThb HA OJHIN mpaMiii, a TOMy JaJji TOBeJeHHS aHAaJO-
riuHi 10 mMOBemeHH: IomepedHbOl Teopemu. IIpomoryemo 3aBep-
MINTU Horo camocTiiimo. M

Mau. 1.11

3 axciomu Cy Ta TeopeMm 1 i 2 BUnmBae, 10 IJIOIIKUHY MOKHA
3a/aBaTU:

1) TproMa TOUKaMu, IO He JIeKaTh Ha OOHIN mpaAMiii;

2) IpAMOIO 1 TOUKOIO, IO ifi He HaJIeKUTh;

3) IBOMAa MPAMUMU, IO IEPETUHAIOTHCA.

IIle omgmu cmocib 3amaHHS IJIOIIUHY PO3TJISHEMO IIi3HiIme.

S=EeEn el el TloBecTH, IO Yepe3 TPU TOYKM, SAKi JIedKaTh HA ONHIiNA

npaMif, MoykHA IpoBecTH IouHy. CKiJIBKY iCHYe TaKWUX IJIOMIMH?

HoBenmeunnsa. Hexait Touku A, B i C nexarh Ha OmHIA mps-
Mi#i — opawmii a (maa. 1.12). 1) 3a akciomoro 1 icuye Touka, 10
npaMiii @ He HalleXUTh, HasBeMo ii M,. 3a Teopemoro 1 depes
OpAMy a i TouKy M, MOXHa IPOBECTH ILIOIIUHY, HasBeMo ii a.
Bona nmpoxoauTuMe yepes TPU AaHi TOUKH.
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2) 3a axciomoro C; iCHyIOTH TOUKH, AKi He
HajeKaTh IJIOIuHI o,. Posrisamemo Tou-
Ky M,, AKa He HAJEKWUTDH ILIOIIWHI o, a
TOMY He HaJIeKUTh i OPAMiil a, OCKiIbKU
a c a,. Toxi uepes mpamy a i Toury M,
MOXXHA IPOBECTH ILIOIIMHY O,. Lla mio-
IMHA TAaKOM, K 1 IJIOIIMHA 04, IPOXO-
IUTh Yyepes TPU AaHi TOUKHU.

Mipkyioun aHAJIOTiYHO, MOYKHA MiliTH BUC-
HOBKY, II0 icHye 0eaJriu ILIOMNH, AKi Ipo-
XOOATH Uepe3 TPU TOUKH, IO JIEXKATh Ha
OIMHIN IIPAMIi.

Bigmosigs. Besmiu.

Man. 1.12

sthey Al lamno miuomuuy o i mapangenorpam ABCD. Yu moxke
TLJIOIITUHI ol HaJIeXKaTu:

1) TiabKM ofHA BepIINHA IapajeaorpaMa;

2) TiabKU ABi BepIIMHU IIapaJjiejiorpaMa;

3) TiIbKM TPU BEPIINIUHU HapaJiejorpama?

PosB’a3aumuda. Y Bunagxax 1)1i 2) moske (mai. 1.13 Ta 1.14).
C

Max. 1.13 Man. 1.14 Man. 1.15

3) IIpunycTumo, 110 TpU BEPIINHYU MapaJejorpama A, B i D wane-
JKaTh ILJIOIIUHI o, a BepruHa C — i (maj. 1.15). IIpoBegemo mia-
roHayi napasesnorpama AC i BD. Hexaii O — Touka iX IepeTuHy.
Ockinmerkn Bea i Dea, o BD c a, a Tomy O € o. Ockijnbru
AcaiOea, o AO C a. Ane C € AO, Tomy C € a. Maemo, 1110
BCi YOTHpM BEpIIWHYU HapajejorpaMa HajJe:KaTh IJIOIINHI o, 110
cynepeuuTh ymoBi. OT:ke, Hallle IMPUIYINEeHHs XuOHe, a TOMY
TiIBKM TPU i3 YOTHUPHOX BepInuH napasenorpama ABCD He mo-
JKYTh HaJIeXKaTH! ILJIOIITUHI o.

Bigmosigsw. 1) Tak; 2) Tak; 3) Hi.

IR I T T T T >y OckinbKuM MU BiKe 3HAEMO JAesKi Bi-

5. Hatinpocmiwi 3adaxi | [OMOCTi IPO IPSMOKYTHHH IapaJe-

3 zeomempuiHUMU Jermimen, Ky0 i mipaminy, posrisaHeMo
minamu KijnbKa 3ajad, IOB’A3aHUX 3 IIUMU
dirypamu.
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Ha manmoaKy 1.16 300pakeHo IPAMOKYTHMI Iapa-
neneninen ABCDA,B,C,D,.

1) Yu manexuts Touka C, maomuni CDD,? B, Cq

2) ¥V akiit Touli npsama AB mepeTUHAE ILIOIUHY A

1

B,C,C?

3) fAAka miomumHA TPOXOAUTEL Uepe3 TOUKY B i L
mpamy CD? A¥ D
4) Ilo akiit mpAMili mepeTUHAIOTHCA IJIOITUHI
ABC i A,B,B? Mau. 1.16
PosB’aszanmuda. 1) I'panb IPAMOKYTHOTO IlapaJeJjelnimnena
CDD,C, ranexurs miomuri CDD,. Tomy Touka C, HaJeXUTHb
IIifA IJIOMIMHI.

2) Ockinpku B € ABi B € (B,C,C), to AB n (B,C,C) = B.

3) Yepes Touky B i npamy CD npoxoauts mioinuna BCD.

4) Ockinbxu AB c (ABC) i AB c (A,B,B), To (ABC) " (A,B,B) = AB.
BigmoBigs. 1) Tak; 2) B; 3) (BCD); 4)AB.

Ha manionky 1.17 300paskeHO TPUKYTHY IIipamimy
ABCD. YramxiTs:

1) yci miomuaN, SKUM HaJEXKUTh npama KL;

2) Touky mepetuny npsamoi BN 3 miaomuao0 CAD;

3) npamy nepetuny miomiud DKB i ABC. D

Dy

1
e

PosB’azauuda.

1) KL c (ACD), KL c (DLB).

2)Ockineku L € BN i L e (CAD),
o BN n (CAD) = L.

3) Ockinekn LB < (DKB) i LB < (ABC), c I B
to (DKB) n (ABC) = LB. A
Bigmosins. 1) (ACD), (DLB); 2) L; 3) LB. Maur. 1.17

ﬁf‘“;e' pi:l.luﬂl-;\f_ g;’zz:gep’fubxyagueuuﬂ Ee%ﬂia y ceoiil 3u:

b pauyi «Hauwana» 3i6pasé i ysazanv

P - Hue 0oceid zpeuvkux mamemamukis. Byau

gidomi Eeraidy it akxciomu cmepeomempil, AKi MU PO32AAHYIU 8

yvomy napazpagi. Tax, nanpurxaad, arxciony C;; Eexnid cgopmy-

aweas mak: «dacmunu npamoi RiRil He mouymbv Jexamu 00HG

Had naowunow, a inwa — y camiit naowuni», a axciomy Cp; —
mak; «/]8i NAOWUHU NepemuHambvCs No NPAMIlL AiHIL».

Bescymuisno, « Hauwana» Eeraida exce nonad 08a mucavorimms

cayzyroms 3paskom 0edykmueHoi nobydosu zeomempii. O0Hak ma-

memamuxu 6npo0osx cmopii Haz0l0ULYy68aaU HA OCHOBHOMY Hedo-

NiKY eskaidosux akxciom — ix HenogHomi, moomo HedocmamHocmi

ix Ona wimkoi n02iuHoi nobydoeu zeomempii, 3a AKOL KOXMCHe meéep-

OxcenHs mae Oymu JN02ZiuHO 8usedeHe 3 axciom ma 0osedeHux pa-

Hiwe meepdieHy.
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Ynpodosi cmonime mamemamurxku edasa-
aucs 0o cnpob 0edyxkmuernoi nobydosu zeo-
Mmempii, 3aeepwiuscs ueil npouyec Jauue
Hanpukinuyi XIX cm. 3a80axu pobomam ma-
memamukie M. Ilawa, [Jx. Ilearo, . Be-
ponese, M. Iliepi, i 6 nepwy uepzy 3a60aKu
eudamuomy Himeyvkomy mamemamury [a-
sudy Tliavbepmy. Y ce0iil karacuuHill npaui
«Ocnosu zeomempii» (1899) l'invbepm cKoH-
Ccmpyioeas axkciomamukKy zeomempii maxum
YUHOM, WO J02IYHA CMPpYyKmypa zeomempii
cmana abconomuo nposopow. Tax, Hanpu-
kaad, 'invbepm He 0a8 NpAMO20 03HAUEHHS
OCHOBHUX zeomMempuuHux 00’ €Kmis: mMouKu,
npamoi, naowuru. Te, o Heo6xiOHO 3Hamu npo ui 06’ekmu, 8iH
8UKJLAB8 8 aKciomax, AKi €, no cymi, ix HeNPAMUMU 03HALEHHAMU.

Ceped axciom Tinvbepma € it axciomu cmepeomempii. Hanpu-
Kaad, 00HYy 3 akxciom yvozo napazpaga liavbepm c@opmynrrseas
max: «Axwo mouku A i B npamoi a sexcamv 8 naoWuHi o, MO
0yO0v-1Ka MOYKQ Ui€L NPAMOL LeH UMb 6 NAOULUHL OL».

. T'ins6ept
(1862-1943)

@ Uo Take ctepeometpia? @ Aki dirypn HasuBalTb MNNOCKMMM,

Q a fki — npocTopoBMK? HaBediTb npuknagm nockux i NpocTopo-
BUX piryp. ® HasBiTb OCHOBHi NOHATTA cTepeoMeTpii. @ Ak 306pa-
XaTb Ta NO3HaYaKTb MNAOLWMHN Y cTepeomeTpii? @ CdhopmyntonTe
akciomn ctepeomertpii. @ CdopmynionTe W LOBEAITb HANMPOCTILUi
Hacrigk1 3 akcioM CTepeoMeTpii.

$ Fosb’axims 3agavi ma bukonaime bnpabu

@ 1.1. HamamroliTe HJIOLIUHY O, TOYKY M, 1[0 HAJEKUTDL IIiH
ILJIOIIMHI, Ta TOUKYy N, AKa Iiil IJIOI[MHI He HAJeKUTh. 3a-
OUIITiTh BiAIIOBifHI TBEPIKEHHS 3a JOIIOMOTOIO0 CHMBOJIiB.

1.2. HamanroiiTe nmiaomuHy [ Ta OpAMYy @, 10 il HaJIEXUTb. 3a-
OUIIITh BiATOBiIHE TBEPIAKEHHA 3a AOIIOMOTOI0 CHMMBOJIIB.

1.3. Jaso npamy m, mI0 HaJeXUTh mioniuHi 3. Bukonaiite ma-
JIOHOK Ta II03HAUTe HAa HHhOMY TOUKH A i B, gKi HajlexXaTb
IIoIIuHi 3, aje He HaJieKaThb IPAMIN m.

1.4. Touxku A i B HajexaTh IJIOINHI o.. BUKOHaliTe MaJIOHOK Ta
IMos3HauTe Ha HbOMY TOUKy C, KA HAJEKUTH IJIOIINHI o, ajie
He HaJeXUTh npsamiii AB, ta Toury K, AKa He HAJEKUTH
TJIOIIMHI ol.

1.5. HamanrofiTe mIOIIUHY Y Ta OPAMY @, II0 IIepeTUHAaE il y Tou-
mi M. CKiJIbKHM TOYOK IPAMOI @ JEXKUTh y IIOIMHI y?
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1.6. (Ycrno). ki 3 TBepaKeHb iCTUHHI:
1) Oyab-AKi OBi TOUKM 3aBiKIM HaJIEXKaTh OAHIN HIpAMii;
2) Oyab-IKi TPU TOUYKM 3aBKIU HAJeKaThb OTHIN IMpAMiii;
3) Oyab-IKi TPU TOUKH 3aByKAM HaAJeKAThb OMHIM ILJIOIMHI;
4) Oyab-AKi YOTHPU TOYKM 3aBXKIU HAJNEKATh OJHIH TIJIOIITIHI?
1.7. Ha manrouKy 1.18 300paxxeno ky6 ABCDA,B,C,D,.
1) Yu mane:xkuth Touka C miaomiuai ABD?

2) Yu manexuts Touka B nmiaomuni DCC,? B, C
3) V¥V axiit Touni npama AA, mepeTMHAE ILIO- Ay D
muny ABC? | !
4) YKaxXiTh AedAKy OpaAMYy, III0 [epeTUHAaE B1-1-Jc
mromuny AA,B. A D

5) fIka miuoIMHA IPOXOAUTH Uepes TOUKy B
i npamy C,C?

6) YraxkiTh HOedAKy IIpAMYy, IO HAJIEKUTH
mnomuHi A, B,C;.

Maui. 1.18

1.8. Ha mamiorky 1.19 sobpakeHo TpukyTHy mipamimy SABC,
TOuKky M, IO HAJIEXKUTHL pedbpy AB, Ta Touky N, II0 HaJje-
KUTh pedbpy SC.
1) Yu mamexuts Touka M miaomiuui ABC? N
2) Yu nane:xkuTh Touka B miaomiuni SAC?

3) ¥V axkiit Touni npama SB nepeTHHAE IIJIO- A C
muny ABC? M

4) VKaxiTh OeaKy IpaMy, IO II€PeTHUHAaE B
miotunry SBC.

5) fIka mIOIMHA NPOXOAUTH Uepe3d TOUKy N Mamn. 1.19

i mpamy SA?

6) YKaxiTh HesaKky mpaMmy, IM0 HaJeKUTh miaoinuHi SAB.

<2 1.9. (Vcro). Yu MOKYThH ABi PisHi IJIOIIUMHU MaTH JIMIIIE:

1) oaHy CHOiIBHY TOYKY; 2) aBi cOiJBbHI TOUKM];

3) Tpu cuinbHi TOUKY; 4) 2010 cuinpHEUX TOYOK?
1.10. Y MokyTb IpsAMa i IJIOIMHA MAaTHU JIUIIIE:

1) ogHy cHoiIBHY TOYKY; 2) nBi cOiJBHI TOUKM];

3) Tpu cuinbHi TOUKY; 4) 999 coinpHUX TOYOK?

1.11. Ha mamtoury 1.19 so06pakeHo TpukyTHy mipamimy SABC.
YraxiTh:

1) npamy neperuny miaomusa ASB i SMC;
2) mIomnHy, IKa IpoxXoauTh uepes mpami BN i SC.
1.12. Ha mamonky 1.18 3o6paxeno Ky6 ABCDA,B,C,D,. YKaxiTb:
1) npamy neperuny miomun DD,C, i ABD;
2) niomuHy, AKa NPOXOJUTH depe3 npami A, B i AB,.
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1.13. (¥Ycno). HUu omHaKoOBi 3a 3MicTOM TBep:KEeHHS «MOpAMa Ha-
JEeKUTh ILJIOINUHI» 1 «OpsagMa I ILIONIMHA MAalOTh CIiJIbHY
TouKy»? Bigmosiges obr'pyHTYyiiTE.

1.14. Bigomo, 110 4yepes TPU AaHI TOUKM MOYKHA IIPOBECTHU IIPU-
HalMHIi IBi IJIOITMHMA.
1) fIke B3aeMHe PO3MiIlIeHHS IIUX TOUOK?
2) CKiJbKY IJIOIIIMH MOXKHA IIPOBECTU Uepes IIi TPU TOUKU?

1.15. Bigomo, 1o uepes AaHiI OpAMY i TOUKY MOXKHA IIPOBECTH
OPUHAAMHI IBi IJIOIIMHMA.
1) fIke B3aeMHe PO3MiIlleHHA MPAMOI i TOUKU?
2) CKiJIbKHY ILIOMIMH MOYKHA IPOBECTH uepes IIi IPAMY i TOuKy?

©%1.16. Hano aBi npsami, yepes AKi He MOKHA IIPOBECTU ILIOIIMHY.
Yu MoKyTH I1i Ipami neperuHatuca? BiamoBias o6rpyHTyiiTe.

1.17. [TaHO ABi MJIOMMHM, AKi HE MEPETUHAIOTHCA. YU MOXKYTH IIi
ILJIOMIMHY MAaTH CIIiJbHY TouKy? BimmoBigb oOTr'pyHTyiiTE.

1.18. Ilnomunu o i f maroTh cuinbHi Touku A, B i C.
1) Yu mosKkHa OifiTM BUCHOBKY, IO o i [ 36irarorsca?
2) ¥V axkoMy BUIIAJKy MOKHA TilAiTM BUCHOBKY, IO o i [ 306i-
rarTbsca?

1.19. (Vcno). YoMy MOTOIIMKJI 3 KOJISCKOIO CTOITh HA JOPO3i cTiiiKo,
a I MOTOITMKJIa 0e3 KOJIACKY MOTpibHa JofaTKoBa omopa?

1.20. Yomy HesaMKHeHi aBepi BigUMHAIOTHCA, a 3aMKHEHi aBepi
Hepyxomi?

&=1.21. IIpawmi AB i CD neperunamorbea. Josenite, mo npami AC i
BD ne:xaTh B OOHIN IJIOIIWHI.

1.22. Yepes npami AB i AC mpoBeneHo mioinuny. JoBemiTsh, II10
il maoIuHI HaJdeXKuTh Memiana AM tpurkyTtHuka ABC.

1.23. oBexnits, 110 uepesd OyOb-IKYy IPAMY i TOUKY MOYKHA IIPO-
BECTHU IJIONNHY. PO3T/IAHbTE JBA BUMAAKMU.

1.24. JToBexniTh, 1110 Uepe3 OyAb-AKi TPU TOUKH MOKHA ITPOBECTU
IJIOIKUHY. PO3risiubpTe JBa BUMALKH.

1.25. Tpu npsami, AKI DpoxomAaTh yepe3 TOUKY P, IepeTuHaTh
npaAMy a BigmoBigHo B Toukax A, B i C. JoBeaiTs, 110 TOYKU
A, B, Ci P nexarp B OIHiN mjommiuHi.

1.26. ITpsmi AB i AC mepeTuHAOTh HPAMY a@ B ToukKax M i N
Bigmosizmo. IMoBenmiTh, 110 Touku A, B, C, M i N jiexaTb B
ONHIiNM mJaoIuHi.

1.27. Ilpsama a TPOXOAUTH Yepe3 IeHTP KoJja. Uy MOKHA CTBEDP-
IKyBaTH, IO IPsSMa IepeTrHae Koso? BukonaiiTe Bimmoif-
HUU MaJIOHOK.
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1.28. IIpsama b mpoxoauTh yepes3 IeHTPU BIIMCAHOIO i omuca-
HOro Kinm tpurkyrtHuxa ABC. Uu MoKHA CTBEpPAKYBATH, IO
npama b HamexkuTh nuomuui ABC?

1.29. ITpsama c¢ meperunae cropouu AB i AC TpuxkyrtHura ABC.
Yu MOKHA CTBEPAKYBATH, IO IIPSAMA C HAJEKUTDL ILIOIIH-
Hi ABC?

1.30. Ha maaronky 1.20 3o6pakeno TpukyTHy mipaminy DABC.
VEKaxiTs:
1) miomuuu, AKUM HaJexaTth upami TE, MN, DB, AB, EC
(BpaxoByi#Te BCi MOKJIMBI BUIIAAKM);
2) toury meperuny npamoi DN 3 miomuuoio ABC; mpsamoi
CE i3 miomuuoo ABD;
3) TouKu, IO HaJIe}KaTh AK IJomuHI ADB, Tak i miomiu-

Hi ABC;
4) mpamy, mo akii nmeperuHaiorbea miaommuau DTC i ABC.
D BT ¢
|
N A —
'N/l Dl
Iy
A C v K ML
E B | __
P c
B A D
Max. 1.20 Man. 1.21

1.31. Ha mamionky 1.21 300pakeHO IPAMOKYTHHH IIapaJieselrinesn
ABCDA,B,C,D,. YKa)iTb:
1) Touku, mo HanexaTs AK maomuHi DCC,, Tak i mromu-
Hi BTBy;
2) yci niaomuHn, AKUM HaJEKUTh npama DL;
3) Toury mepetuny npamoi KM i3 mimommuuoo ABC; mpamoi
BN iz nnomunoio A,B,Cy;
4) npamy, o AKiil meperuHaoThea naomuru NB,C, i ABC.
1.32. (Vcro). Ik 3a gOomoMoOroro ABOX HUTOK CTOJIAD MOYKe Ilepe-
BipuTH, UM JIesKaTh KiHIII YOTHPHOX HiKOK cTojia (a00 CTijib-
I51) B OOHiN miomuHi?

1.33. Ilnomuunu o i f mepermHaiorheda. IIpAMa a HaANEKUTDH ILJIO-
muHi o i meperuHae mioniuuy 3 B Touni A. Ilpama b mame-
SKUTH IomuHi B i mepermHae miomuHy o B Toulli B. Jlose-
IiTh, 110 AB — TIpAMa MepeTuHY IJIOIIHUH o i .

1.34. Ilmomuun o i B mepeTnHAaOTHCA O IPAMii c. IIpama a Ha-
JIEKUTDH IJIOMMHI o i mepeTnHae maomuey . Yu mepermHa-
I0ThCA OpAMi a i ¢? Bigmosigs obrpyHTyiiTe.
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1.35. Touka M He HaJeXuUTh IJoHIMHI TpukyTHUKa ABC. J[oBe-
IiTh, mo upaMmi MA i BC He nmepeTHHAIOTHCS.

1.36. lamo npawmy ! i Touxky P, 1o it He HasexkuTh. Touka K He
JIeKUTDH y ILJIOIIMHI, IO IIPOXOAUTH uepesd MpAMYy [ i TOuky
P. JloBeniTs, 1m0 npami [ i PK He mepeTUHAIOTHCA.

1.37. (Ycro). Uu ogHAKOBIL 3a 3MiCTOM TBEPIKEHHS «HpaMi a i b
HaJIe)KaTh PiSHUM ILJIOIIMHAM» 1 «IpaAMi a i b He HaIeKaThb
onHil maomuui»? Bigmoigs obrpyuTyiite.

1.38. ABCDA,B,C,D, — ky6 (man. 1.22).

1) IlepemanioiiTe MaJIIOHOK Yy 30IIUT Ta MOOYAYyHTE TOUKY Iie-
petuny npamoi KL i3 miaomimuoo ABC Ta TOUKY IIepeTHuHY
npamoi KL iz nnomunomwo A,B,C,. IlobyzoBy ob6rpyHTYyliTe.

2) 3a AK0i yMOBU BKas3aHi TOUKM IMOOYAYBATH HEMOKJIMUBO?

P C
A Bll G D
x5 e N B/
5: 0, A c
A= D B
Mau. 1.22 Mau. 1.23 Mau. 1.24

1.39. PABC - TpukyTrHa mipamiza (man. 1.23).
1) ITepemastioiiTe MAJIIOHOK Y 3OIIMUT Ta IIOOYAYITE TOUKY IIepe-
Tury npamol MN i3 miommuuo ABC. ITo6ynoBy oOr'pyHTYIATE.
2) 3a sxKoi yMOBM BKasaHy TOUKY MOOYIYBATH HEMOKJINBO?

1.40. [IBi BepmuHU MapajejiorpaMa Ta TOYKa HEpPeTHHY HOoro miaro-
HaJIed HaJe:KaThb ILIOIMHI o.. U1 MOKHA CTBEPAKYBaTH, IO IBi
iHITTI BepITMHY IapajesorpaMa TaKoK HaJeKaTh ILIOMTUHI au?

@ 1.41. Bepmuaa A OOYyKJIOIO ILIOCKOrO YOTUPUKYTHUKA HAJe-
SKUTH miromuHi o (man. 1.24), a Bepmuau B, C i D He Haje-
sKaTb ik miaommuHi. [Ipami CB i CD nepeTUHAIOTH ILJIOIIUHY
o BigmoBimHO B Toukax M i N. Uum mpaBUJIbHO BUKOHAHO
MaJIIOHOK 1.247? BigmoBigs oOr'pyHTyiiTe.

1.42. Bepminaa D ma0CcKOTO 4YOTUPUKYTHUKA ABCD HaleXKuThb
momuHi B, a Bci iHmII BepmuHM — i He HasexaThb. I[Ipami
BC i AC nepeTuHaOTh IJIOMUHY [ BigmoBigHOo B Toukax K i
L. Hosenith, mo Touku K, L i D jexxaTh Ha OAHIN IpAMiii.

1.43. PABC — tpukytHa mipamima (masn. 1.23). Ilpama MN He
napajenbua npamiii BC. IlepemasoiiTe MaJIlOHOK Y 3OIIHT
Ta mooyay#Te npsamy nepetruny maomua AMN i ABC. ITo0Oy-
JIOBY OOI'DYHTYIITE.
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1.44. ABCDA,B,C,D, — npaMoKyTHuii napajenenines (mau. 1.22).
IIpsama KL He napaJjenbHa npamiit AD. IlepemaJsroiiTe MaJjiio-
HOK Y 30ILIUT Ta modyayire npsamy neperuny miomnud KLC i
ABC. Ilo6ymoBy oOI'pyHTYITE.

©41.45. 1)Hexait A, B, C — Tpu Touku mpoctopy. IoBemiTe misa
npocrtopy HepisHicTs AB < BC + CA.
2) CKinbKY IIJIOIUH MOJYKHA IIpoBecTH udepe3 Touku M, N i
P, arxmo MN = 0,5 om, NP =40 mm, MP = 8 cm?

1.46. CKinpKY ILIOIUH MOXKHA IIpoBecTHu dyepes Touku K, L i M,
akmo KL =5 em, LM =110 mm, KM = 0,6 gm?

1.47. KoxHa 3 TphOX NPSAMUX IMEePETUHAETHCA i3 JBOMA iHIIIMMH.
CkinbKM PisHUX ILJIOIIMH MOJKHA IIPOBECTU Uepe3 JaHi Imps-
Mi, B3ATI momapHO? YKaKiTh i oOT'pyHTYHTe BCi MOXKJIMBI
BUIIAKU.

1.48. OcHOBM TPHOX OiCEKTpPHC TPUKYTHUKA HAJIEKATh ILJIOIIH-
Hi o. Yu HajexaThb ILIOIIUHI O BEPINNHYN TPUKYTHUKA? Bin-
OBiAbL OOT'PYHTYIITE.

1.49. CepeauHu TPHOX CTOPiH TPUKYTHUKA HAJEKaTh ILJIOIIHHI o.
Yy HasexaTh IJIOIIWHI o BePINIUMHYA TPUKYTHHUKA? Bignmosins
OOTpPYHTYTE.

1.50. OcHOBM TPHOX BUCOT TPUKYTHUKA HAJEKATb ILJIOIIWHI f.
Yu MOKHA CTBEPAKYBATH, IO IJIOHIWHI [} HalexaThb i Bep-
IIUHYU TPUKYTHUKA?

@ XKummeba mamemamuxa

1.51. BigxolmeHHs BHCOTH OO0 IIHPUHU
eKpaHa MoHiTopa mopiBHioe 9 : 16. [iaro-
HaJIb eKpaHa MOHiTopa gopiBHioe 40 mroii-
miB. 3HAHAiITH, INMMPUHY €KpaHa B CaHTHU-
MeTpax.

. Tligzomyimecs go bubuenns Hobozo mamepiany

1.52. Ha momuui maHo npamy m i Tourky A, mio miil mpsamii He
HaIeKUTh. CKIIbKY MIPAMUX, HapaJeIbHUX HPAMiil m, MOXKHA
IIpoBeCcTH uepes TOUuKy A?

1.53. ABCD — mapajesiorpam. ¥ IJIOIIMHI mapaJjieiorpaMa IpoBe-
meno upamy KL, mapanensny BC. loBenits, mo KL || AD.
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B3AEMHE PO3MILLEHHA NPAMUX
Y MPOCTOPI

------------- A Bimomo 3 Kypcy mjaaHimMerpii, mis

1. ITpami y npocmopi IBOX TOPAMUX Ha IUJIOIIWHI € JInIIe

IBa BUIIQJIKW B3aEMHOTO PO3MiIeH-

HA: BOHK a00 ImepeTMHAIOThCsA, a00 mapaJjeiabHi. OCKiJIbKYU B IIPO-

CTOpPi iCHYIOTH ILJIOIMIMHU i1 y IIMX IJOIIMHAX CIPaBIKYIOThCA

IJIaHiMeTPUYHI BJIACTHMBOCTI, TO 3rajJaHi PO3MiIleHHS IPAMUX
30epiraroThCcs TakoMX i y mpocTopi.

IIpore y mpocTopi MOMKJIMBUI Ile OAMH BUMIAJOK PO3MIiIIleH-
Ha npamux. Posrnamemo Ky6 (man. 2.1). Ilpami AD i D,C, ne
MaIOTh CIILJILHUX TOYOK i He ImapajiebHi. ¥ TAaKOMY BHUOAIKy Ka-
JKYTb, IO OBi IPAMi He JieKaTh B ONHill MJIONINHI, TOOTO He icHye
JKOJIHOI IJIOIIWHU, IO IIpoxXoauiaa 6 uepes oOMABL Ii mpsami.

JBi mpami, AKi He JekaTh B OOHIN ILIOIIWHI, HA3WBAIOTH
MUMOGIHCHUMU .

Ha mamonky 2.1 npawmi AD i D;C; — mumo06ixui. Haoune yas-
JIEHHS IIPO MHMOOiKHI mpsami garoTs aBI moporm, ogHa 3 AKUX
OPOXOAUTH II0 MOCTY, a iHma mig moctom (mMaua. 2.2).

B
A : D, G
B _|_J¢
A - D
Mazx. 2.1 Mau. 2.2

Haramaemo, 1mio miaaHiMeTpis — IIe reoMeTpis Ha MNJIOIIMHI,
a, OT)Ke, yci Girypm Hajge:xkaTh Iiii oaHii maomimui. HaTowmicTh
y cTepeoMeTpil poOsriIAgalTh He OLHY, a 0e3Jiu IJIOIUH, TOMY
dirypu MoxyTh HaJexatu pisEuM miaommeEaM. OTiKe, O3HAUYEHHA
napaniervHuX NPpAMUX y cTepeoMeTpii IMOPiBHAHO 3 O3HAYEHHIM
napaJjieJJbHUX MPAMUX Ha IJIONMHI MOTpedye yTOUHEHHS.

JBi nmpami y mpocTopi Ha3UBaIOTh NAPALELbHUMU, STKIIO
BOHM JI€;KATh B OJHIH IJIONIMHI i He IePEeTUHAIOTHCS.

ITapanensHicTh IpaAMUX a i b To3HAYATD AK i y maHiMmeTpii: a || b.

Or:ke, y npocmopi € mpu 8unadku 83AEMHO020 PO3MIULCHHS
080X npaMux:

1) npami nexcamsv 8 00HIll NAOWUHL | MalOMb CNiLbHY MOUKY,
mobmo ue npami, wo nepemurnarmuscsa (Maua. 2.3);
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2) npami nexcamv 6 00Hill NAOWUHLI i He Mma-
E Iomob CnilbHUX mMOY0K, mob6mo ue napaJsiesvHi
npami (maa. 2.4);

Maur. 2.3 3) npami ne nexamv 6 00Hill nAOWUHI, MOO-
mo ye mMumoOidcHi npami.

Z IlpuknagamMmu Bcix BUIIAAKIB poaTalryBaHHSA

IPAMUX MOKYTH OYyTH MPSAMi, MO0 SKUX IIepeTHu-

HAIOThCA CTiHM KiMHATH MiXK co00i0 Ta 3i crejero

Mau. 2.4 ¥ migororo, abo mpsaMi, 1o MicTATE pedpa Kyoda.

Tax, na mamouky 2.1 npami AB i BC nepeTuHaoOTLCS B Toulli B,
npawmi AD i BC — napanenssi, npami AD i D,C, — MUMOGixKHi.

------------- 3 o3HaueHHA IapajeJbHUX IIPIAMHUX
2. Ilapanenvui npami BUILINBAE, IO uepe3 IBi mapaJiesibHi
y npocmopi OpAMi MOKHA IIPOBECTH ILJIOIIHMHY.

Oa nnomumua enmua. SKmio mpuiry-
CTUTH, IO Yepe3 IapaJiesbHI mpsaMi a i b MoXHA mpoBecTH ABi
pPisHi miommHM, TO IIe O3HAYATHMeE, IO ABi Pi3HI MJIOIMWHU IIPO-
BeleHO Uepes3 IpAMY a i gedary Touky M mpsamoi b. A 1e cymepe-
YUTh TeopeMi Npo icHyBaHHS i €IWHICTH MJIOMIMHU, IO IPOXO-
IUTH Yepes MPAMY i TOUKY, 1o ifi He HaJdexuThb. OT:Ke,

yepe3 MBI mMapaJjesibHi MPAMi MOKHA IIPOBECTH ILJIOIIMHY,
e 1 0 TOrO K TiJIBKH OIHY.

Tenep 10 TPLOX CIOCO0IB 3aMaHHSA ILJIONIMHU, AKi MM PO3IJis-
HYJIU Yy TOoneperHsrOMYy maparpadi, MoKHA TogaTu Ie OAWH: MJO-
WUHY MOXCHaA 3a0asamu 080Ma NAPANLEALHUMU NPAMUMU.

A BimomMo 3 Kypcy mIaHiMeTpii, Ha IJIOIINHI Yepe3 TOUKY,
AKa He JIEXKUTHh Ha JaHIN NmpaAMiil, MOXXHa IIPOBECTU TiJIbKU OIHY
opaMy, napajeibHy JaHil (akxcioma napaneavHocmi npamux Ha
naowuHi). Taka camMa BJIACTUBICTH CIPABAKYETHCS i ¥ IPOCTOPi.

Teopema 1 (mpo icHyBaHHS HPSIMOi, mapajeIbHOI ma-

T Hit1). Yepe3 Oyab-IKy TOUKY IIPOCTOPY, IO HEe JICKUTHh Ha
JaHid NpAMil, MOKHA IPOBECTH NIPAMY, IlapaJeJbHy Jaa-
Hili, i MO TOro K TiIBKU OOHY.

HoBeneHHasa. Posrasaaemo mpamy a i Toury M, mio it He Ha-
aexuTth (Mas. 2.5). Uepes nmpamy a i Touky M MOKHA IIPOBECTU
€OVHY ILJIOIIUHY, AKY IIO3HAUMMO uepe3 o. Y ILJIOMIMHI o Mae
Miciie akcioma mapajyieIbHOCTI IpPSAIMUX, TOOTO uepe3d TOUKy M
MOJKHa IIPOBECTH €IWHY IpamMy b, mapa-

JenbHy npamiii a. OTike, y mpocTopi ue-

pes3 Touky M, sgKa He JIe:KUTL Ha HaHil

OpaMiii a, MOKHa IIPOBECTH €AUHY IIPs-

My, mapaJjebHy npamii a. M Maur. 2.5
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ChopmyiroeMo i 1oBeIeMO BJIACTUBICTD IapajieIbHUX IPAMUX.

T Teopema 2 (IIpo IIepeTHH ILJIOIIWHU ITapaJeIbHUMU IIPA-
mMuMu). K0 omHA 3 ABOX MapajielbHUX IMPAMHUX IT€pPeTH-
Ha€ ILUIOIIMHY, TO i Apyra mpsMa IepeTHHAE IO ILIOLNHY.

HoBeneHnHsa. PosrismemMo mapajenbHi mps-
Mi a i b. Hexali mpsaMa a mepeTUHAE TJIOIUHY
o y Touni M (mam. 2.6). [floBememo, 1o mpAaMa
b TaKkoK IepeTWHAaE IJIOIIUHY o, TOOTO Ma€e 3
HEI0 OJHY CHiJIbHY TOUYKY.

1) Ockineku a || b, To uepes Ii IpAMi MoOKHa Maur. 2.6
mpoBectu mwiomuuy . OcKiabku o i B mMaoTh

CIIiIBPHY TOUKY — TOUKY M, TO BOHU Iepe-

TUHAIOTbCA 10 upamiii. IlosHaummo 110

npamy uepes ¢ (man. 2.7). Boua HaleXUTb

mIomuHi B i mepeTuHae WMpPAMY a4 Yy TOU-

1mi M, Tomy BOHA IlepeTuHAE i mpamy b, ma-

paneabHy a, y gesakiii Tourni N. OckKijabku

Nec, cca, To N €a. Orxe, Touka N — A

CIIiJIbHA TOUKA NPAMOI b i mIoIuHM o. v

2) ToBememo, 1110 mpAMa b He Ma€ 3 ILIOIIH-

HOIO Ol IHININX CIiIBPHUX TOYOK. IIpuiryctumo,
o npsaMa b Mae 3 IJIOIIMHOIO O IIe OJHY
criyibHy TOuKy. Tozmi TouKku mpaMoi b HajeKaTh ILJIONINHI o, a TOMY
BCA IPSAMA HAJIEKUTDH ILIOMIMHI o. OCKiIbKM IpsiMa b HaJIeXUTb
mwiomyHi B, To mpaMa b € IPAMOI0 IEePEeTUHY IUIOMINH o i B, To6TO
30iraeTbca 3 mpaMoo c¢. Ile HeMOKJIMBO, OCKiIbKM ¢ Na =M, a
3a ymoBoo a || b. OT:ke, Hallle MPUIYINEHHS X10OHE, TOMY IpsaMa b
Ma€ 3 IUIOIIMHOIO O OZHY CHiIBLHY TOYKY — Touky N. M

a
b

‘

Mau. 2.7

3 Kypcy maaHiMeTpil HaMm Bimomo, IO Ha IJIOIWHI ABI mps-
Mi, AKi mapajsenbHi Tperiii mpaAMiii, mapaJjeabHi MisK co6oro. Ila
BJACTHUBICTL CHOPaABAMKYETHCS i ¥ IIPOCTOPi.

T Teopema 3 (o3Haka mapaJieJbHOCTI mpAMUX). [IBi mpa-
Mi, mapaJjejibHi TpeTiil mpamiii, mapaJjieJbHi MisK C000X0.

HoBenenusa. Hexait al|c i b|| c. HoBememo, 1o a || b.
1) ITosmaummo Touky N Ha npaAmii b Ta TPOBeIEMO UYepes
opaMy a i ToukKy N IJIOIMUHY O

(man. 2.8). [loememo, 1mo bc a. /

IIpunyctumo, 1o mpsma b mepeTu-
Hae mwiromuuy o (B Tourmi N). Tomi M
3a TOIEPENHHOI0 TEOPEMOIO ILJIOIIU- V'/
HY O TaKOXX IepeTWHaAE i IpAma c,
AKa mapajgejabHa mnpamiii b. Ockiib- Mau. 2.8
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KU al|c i ¢ meperuHae o, TO, 3a IIONEPeSHHLOIO TeOPEMOIO,
nmpAMa a HepeTHHae o. AJjie e HeMOKJIUBO, OCKiJIbKKH a C .
Or:xe, Hallle IPUIYIeHHs Xn0He, TOMy b C o.

2) IlpunyctTumo, 1110 a i b mepeTuHAaOThCA B mAesakiit Touri. Toxi
Yepe3 I[I0 TOYKY MPOXOAATH ABI mpAmi, a i b, mapasenbHi mps-
Mili ¢, II[0 CyIepeuYuTh TeopeMi PO iCHyBaHHSA IPAMOi, Imapa-
JeJIbHOI maHiii.

Or:xe, mpaMi a i b jexkaTh B OAHIN IJIOIIWHI 1 He IIepPeTUHAIOTh-
ca. Tomy BoHU mapaJseisibHi. M

Gfﬁ HoBectun, 110 BCi mapajenbHi mpami, AKi mepeTwHa-
I0Th TaHy IIPAMY, JIeKaTh B OOHIN IIJIOITMHI.

Hosenenna. 1) Hexait mapanespHi npami a, i a, nepeTHHAIOTH
opaMy m B Toukax A; i A, Bignosizao (man. 2.9). IIposexemo
yepes3 IpaAMi a, i a, mromuny o. Ockinbku A, e o i A, € a, TO
mc d.
2) IIpoBenemMo IpAMY ag, AKa Iapajesb-
Ha a, i a, i mepeTuHae IpAMY m y TOYIIi
Agz. Hosenemo, mo ag C a. Ilpumycru-
MO, IO IpAMAa Gy Mae 3 IJIOIMHOI O
JWIe OJHY CILJIBHY TOYKY — Ag, TOOTO,
[0 IpsAMa Gg IepeTHHae ILIOIIUHY Ol. Maur. 2.9
Ockineku a, || a; i npama a; nepeTuHaE
0, TO 3a TEOPEMOIO IIPO IIePETHH ILJIOIIUHY HapajeJIbHUMU MIPs-
MHUMK OTPUMAa€EMO, IO IpsAMa 4, IepeTHHAE ILIOIUHY o. Aje
Ile CyIepeduTh TOMY, 10 IpsAMa @, HajlexuTb o. OT:ke, Hallle
OPUIYIIeHHA XubHe, TOMY, a5 C O
3) OckinbKu ag — JOBiIbHA IPAMA, AKAa IapajelbHa IPAMUM @,
i a, i mepeTuHAE IPAMY M, TO BCi MapaJeJbHi IpAMi, gKi mepe-
TUHAIOTH NaHy IPAMY, JeKaThb B OAHIN IJIONIWHI, a caMe, B ILJIO-
IIVHL o.

o= BT Yepes kinmens A Bimpiska AB

IIPOBEJIeHO ILIOMINHY o. Uepes Kimens B i Tou-
Ky M 1mboro Bimpiska IIpoBeZeHO HapajeibHi
npami, AKi IepeTWHaOTh IJIOIIUHY O B TOU-
kax B, i M, signosiguo (mau. 2.10). 3naiiTu
TOBXUHY Bigpiska MM,, axmo BB, =15cm i
BM : MA=1: 2.

Poss’asanua. 1) Ockineku BB, || MM,,

TO 4yepe3 npami BB; i MM, MoXHa IpoBe- Mau. 2.10

CTHU TJIOITUHY, Ha3dBeMo ii f3.

2) Ilnomuan o i B mepeTuHarOThCA Ho mpawmiii B;M,, A €.

Ockineku A € BM, BM cf3, To Aep. Omxe, Aca, Acp,
onpB=BM,, romy A € BM,.

240

lMpaBo anst 6e3onnaTHOro Po3MillleHHs MigpyYHUKa B Mepexi IHTepHeT mae
>TBO OCBITY i Haykn YkpaiHu https://mon.gov.ua Ta [HCTUTYT MoaepHi3alii 3amicTy ociTu https://imz



3) Posrismemo AAMM, i AABB,, y AKux KyT A — cHiIbHUI,
ZABB, = ZAMM, (A BifnOBiJHI KyTU IpHU HapajelbHUX Ips-
vux BB, i MM, ra ciuniit AB). Toxi AAMM, ~ AABB, (3a
AM MM,
IBOMa KyTaMH), TOMy —— = ————.
AB BB,
4) Ockinbku BM : MA =1 : 2, to BM = x (cm), MA = 2x (cm).
Toni AB = BM + MA = x + 2x = 3x (cm).
MM.
Maewmo: 2_x =1
3x 15
Bigomosigs. 10 cm.

, 8Bigxum MM, = 10 (cm).

3ayBasKuMO, IO IIapajeJbHMMU OyBalOTh He JIMINlE IPaMi, a
¥ mpomeni Ta Bifgpisku. Bidpisku abo npomeri Ha3sMBAIOTH napa-
JeNbHUMU, SKIO BOHU JIEKATh Ha IapajeIbHUX IPIMUX.

------------- HoBemeMo TeopeMy, IO € O3HAKOIO
3. Mumobisxcni npami MUMOOIKHOCTI IPAMUX.

Teopema 4 (o3HaKka MHUMOOIKHOCTI mpaAMEUX). K0

T OdHA 3 MBOX IPAMMX JICKUTHh Yy MeAKii ILIONMHI, a Apyra
npsaAMa IMepeTHHAE L0 IJIOUIUHY B TOYI[i, III0 HE HAJIEKUTH
Imepuriii IpaMii, To Ii MPAMi — MUMOOIMKHI.

HoBenennsa. Hexait npama AB HaJIe;KUTh IJIOMIWHI O, a IPs-
ma CD mepetuHae 1o miaomuay B Touni C (man. 2.11). Josexe-
Mo, 110 upsami AB i CD — MuMoOiKHi.
ITpunyctumo, 1o npami AB i CD He € Mu-
MOOLKHMMM, TOOTO JIeXKaTh y AeAKil ILI0-
muHi B. Toxi miomwmHa [ BHUBHAUYAETHCS
mpsamoio AB i Toukoio C, sika He HAJEKUTH
mif mpaMii. AJe Taka IJIOMIMHA, IO IIPO-
xoauTh yepes npamMy AB i Touky C Bike ic-
Hy€, Ie IJIOIINHA O. A OCKiIbKM Taka ILIO-
IIUHAa €qUHA, TOo [} 30iraeTecsa 3 a. IIpore e
HEeMOJKJINBO, amyke npama CD, 3a yMOBOIO, He
HaJeXKUTh ILIomuHi o. Ilpumiimmam mo mpoTu-
piuusi 3 yMOBOIO, 00 HaIlle IIPUIIYINEHHS € X10-
HuMm. OTxe, upsami AB i CD — mumo06ikui. M

3ayBasKUMO, IO SAKIIO OJHA 3 ABOX IIPAMUX
JIeKUTH Y IJIOIINHI o, a Apyra He JIeXKUTDb V Il
ILIOIIMHI, TO Ii HpAMi He 000B’SI3KOBO MIMO-
6iskmi. Ha mamonry 2.12: ac o, bz a, ¢ q,
ase a i b — He € MUMOOIKHUMY (BOHU HapaJiesib-
Hi), TAKOXK a i ¢ — He € MUMOOLKHUMU (BOHU
epPeTUHAIOTHC). Max. 2.12
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Touka P He JeXUTh y ILIOINUHI TpukyTHuKa ABC,

CM — mepmiana 1mporo TpukyTHukKa (majn. 2.13). fIke B3aeMue pos-
mimrenua npamux CM i AP? p

PosB’asamuda. Ockinbku CM € (ABC),

AP N (ABC) = A, A ¢ CM, To npawmi CM i

AP — mumo06iskHi (32 03HAKOI0 MUMOOiKHO- —
CTi mpsaMux). V
Bigmosingsb. Ilpami MumMoOiKHi.

st noBemeHHA MUMOOIKHOCTI IPAMUX Ua-
C¢TO0 BUKOPHCTOBYIOTH METOJ BiJl CYIIPOTUBHOTIO. Mau. 2.13

CaEsEneL e i TIpami AB i CD — mumo0Oiskui. [ToBecTu, 1Mo IIpsaMmi
AD i BC Takox MUMOOIHI.

HoBemgeunrnsa. 1) [Ipunycrumo, mo npami AD i BC He € mMu-
MobixxHUMU, TOOTO ab0 mapaJjeabHi, ad0 IMepeTUHAITHC.

2) Toxmi B KOKHOMY i3 IIMX ABOX BUIAAKIB uepe3 mpami AD
i BC MoO’KHaA IPOBECTH ILJIOMIIMHY, i TOMY BCi YOTHPH TOUKHU
A, B, C, D 6yayTh HajlexaTHu il IJOMIMHi, ToOTO npsami AB
i CD — me OyayTh MUMOOIKHNMM, IO CYIIEPEUYNTHL YMOBL 3amadi.
3) Or:xe, Hallle IPUOYINEHHS IPO Te, 1o npami AD i BC He €
MUMOOiKHUMU, XubHe, a Tomy npami AD i BC — MuMob6ixHi.

@ Ak ABi npsAMi Ha3vnBaloTb MUMOBIKHUMK? @ Ak ABi NpAMi y npo-

Q CTOpi Ha3uBalTb NapanensHMMn? @ HasBiTb yCi BUNagku B3aem-
HOro pO3MillleHHs ABOX MpsAMuxX y npoctopi. @ Cdopmyntonte W
[0BefiTb Teopemy MNpo iCHyBaHHA MPAMOI, MapanenbHoi AaHii.
@ Cohopmynionte 1 gosediTe Teopemy nNpo NepeTuH NrowWwmnHW na-
panensHumMu npsamumun. @ Ccopmyntonite 1 4OBeAiTb O3HAKK napa-
NenbHOCTI Ta MUMOBIXXHOCTI MPAMUX.

$ Fasb’ aximb 3agavui ma buxonavime bnpabu

4) 2.1. Ha mamonky 2.14 so0paxeno ky06. fIkum e B3aemHe
PO3MIiIlleHHA IPAMUX:

1) AB i AB; 2) AD i BC; 3) AD, i BC;
4)DD,iCC,;;  5)A,D,iB,A;  6)D,C,iBC?
Bl
I “ B, C
Al /II Dl A | !
/1 1 [ Dy
/ |
B L e B-J-Jc
/- - = =
A D A D
Man. 2.14 Maan. 2.15
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2.2. ABCDA,B,C,D, — upamokyTHUi napajenemnines (man. 2.15).
KM € B3aeMHe PO3MiIllleHHS IIPAMUX:
1) ABi CD; 2) AC i BD; 3)AD i A,Dy;
4) ACi ADy; 5) BB, i DD,; 6) A,D, i DC?
2.3. (¥Ycno). CkinbKu pisHUX ILJIOIIIUH MOKHA IIPOBECTHU:
1) uepes aBi mpAMi, 110 IePEeTUHAIOTHC;
2) uepes OBi mapaJjesbHi IpaAMi;
3) uepes ABi MUMOOGiIKHI TTpAMi?

(2 2.4. TIpsami a i b e mapanenbHi i He nepernHaOTHCA. CKiIb-
~ KM IUJIOIIMH MOJXKHA IIPOBECTHU uepes Ii mpsimi?

2.5. ABCDA,B,C,D, — nupamoKyTHuil napaieemnines (maa. 2.15).
Hosenits, mo AD || B,C,.

2.6. ABCDA,B,C,D, — xy0 (man. 2.14). Hosexnits, mo DC || A;B,.

2.7. Ilpama MN, 110 He JeXUTh y ILIoInuHi pomba ABCD, mapa-
JeabHa cTopoHi AB mporo pomb6a. 3’scyiiTe B3aeMHE DPO3Mi-
IIeHHA IPAMUX:

1) MN i CD; 2) AM i CD. Bignosinb o0r'pyHTyIiTE.

2.8. IIpama KL, 1m0 He JIeXKUTh y ILIOIMUHI KBaapata ABCD, na-
paienbHa ctopoHi BC 1boro KBajpaTa. 3’fAcyiiTe B3aeMHe
PO3MIillleHHA IPAMUX:

1) KL i AD; 2) LB i CD. BignoBigb oGI'pyHTYHTE.

2.9. IIpami m i n He mapaJjeJbHi, IpAMa @ IapaJjejbHa IIpPsd-
Mmiit m. Uu MOKHA CTBEepAXKYyBaTH, IO IPAMA @ IIePeTHHAE
npaAMy n:

1) ma miomnInHi; 2) y upocTtopi?

2.10. Yu MosKHA CTBEPIKYBaTH, IO IPAMA, IKA IEePEeTUHAE OSHY
3 IBOX IIapajieIbHUX NMPAMUX, IIePEeTUHAE I iHITY:

1) Ha miomInHi; 2) y upoctopi?

2.11. Touku A, B, C i D He jexaTh B OOHiN miomuui. Yu mo-
KyTh npami AB i CD:

1) 6yTu mapajiebHUMU; 2) mepeTUHATUCH;
3) 6yt MuMOOGiKHUMI?
Bigmoias o6TpyHTYIITE.

2.12. Touxku A, B, C i D nexaTh B OgHi# miaommuui. Y1 MOXKYTb
upsami AB i CD:

1) 6yTu mapajgesbHUMU; 2) mepeTuHaTUCH;
3) 6yt MuUMOOGiKHUMI?
BigmoBigns ob6rpyuTyiiTe.

2.13. Yepes kiumi A, B i cepegquny M Bigpiska AB mpoBemeHO
mapajejbHi mpaMi, AKi mepeTWHAIOTh AeSKY ILIOIIUHY O B
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Toukax A,, B, 1 M, BignosizHo. 3HaAITE AOBXKUHY BiApis-
ka MM,, akmo Bifpisok AB He IlepeTHHae ILIOIIMHY o i
AA, =8 cm, BB, = 4 cm.

2.14. Yepes kimens A Bigpiska AB mpoBeAeHO ILIOIIUHY o. Ye-
pe3 Kimenpb B i cepemuny C 1pOro Bigpiska mpoBegeHO IIa-
paJiesibHI IpAMi, AKi MepeTuHAIOTh IUIOIUHY o B TOYKax B,
i C, BigmoBizHO. 3HaHAiTH AOBXHUHY Bigpiska BB;, AKIIO
CC, =T cm.

2.15. IIpsami a i b — napanensHi. IIpama ¢ nmeperunae upamy a i
He mepetuHae npamy b. IoBexith, 1o npami b i ¢ — mumo-
OisHi.

2.16. IIpami m i n mepeTWHAOTHCS, MPAMA @ HapaJieJbHa IIPHA-
Mift m i He mepermHae mpAmMy n. HoBemiTh, mo mpami n i
a — MUMOOIKHi.

2.17. IIpama n, AKa He JIEKUTh y MJIOIMuHI TpuKyrHuxa ABC,
neperunae oro cropony BC B Touri K.
1) Yu moxe mpsama n meperumHaTu cropony AB? BimmoBinb
OOTpPYHTYTE.
2) fAxum € B3aemHe posMmiineHHs npamux n i AC?

2.18. IIpsama m TPOXOAUTH uepes BepinuHy A TpukyTHuKa ABC i
He JIeXKUTH V IJIOIINHI IIHOT0 TPUKYTHUKA.
1) Yu moske mpsMa m mepetmHaTH cToporny BC? Biamoigsb
00T pyHTYHTE.
2) BM — mepiana TpukyTHuKa ABC. fIKuM € B3aeMHe po3Mi-
IHIeHHs npaMux m i BM?

2.19. (Ycno). ¥ vy6i ABCDA,B,C,D, K — cepenuna AB, L — cepenu-
Ha AA; (mMan. 2.16). SIkum € B3acMHe po3MillleHHSA NPAMUX:

1) AB i KL; 2) BB, i KL; 3) A,D, i KL;
4) C,A, i AB; 5) A,C, i BB; 6) A,C, i A,D;;
7) C,B i AB; 8) C,B i BBy; 9) C,BiA,Dy;

10) KL i A,B?

Mai. 2.16 Max. 2.17

2.20. ITapanenorpam ABCD i tpurkytaux CDP He jeKaThb B OOHiN
miaomtuHi (manx. 2.17), K — cepeguna CP, L — cepeguna PD.
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1) HoBexnits, mo KL || BA.
2) 3uaiigite KL, akmo AB = 8 cwm.

2.21. ITapamenorpam ABCD i tpamenis ABKL,
y akoi AB || KL, He jexaTh B OOHiI ILJIO-
muHi (Maa. 2.18), M — cepeanmHa BK,
N — cepenuna AL.

1) Hosexits, mo MN || CD.
2) Buaungite MN, axkmo CD = 10 cwm,
KL = 4 cm. Mau. 2.18

2.22. Touku M i N mame:xxaTh npAMil a, a Touku K i L mpamii
b, mpuuomy a || b. Y moxyTh npami KM i LN:
1) mepeTuHaTHCS; 2) 6yTu mapaJjieIbHUMU;
3) 6yt MUMOOiKHIMI?

2.23. Touxku A i B HajiexaTth upamiit m, a touxku C i D npawmiii n,
npuuyoMy m i n mepetTuHaThcA. Uu MoxKyTh ipami AC i BD:
1) mepeTuHaTHUCS; 2) 6yTu mapaJjielbHUMU;
3) 6yTu MUMOOGiKHUMMU?

@r 2.24. TTpami a i b nepernHaOThCA. SIKUM MOKe OyTH B3AEM-
He PO3MiIeHHA npaMux b i ¢, axio opami a i c:
1) mapasenbHi; 2) mepeTUHAIOTHC; 3) Mumo0OiKHI?
Jlo KOXKHOTO MOJKJIMBOTO PO3MIiIlleHHSA BUKOHANTE BiAIIOBiA-
HUII MAJIOHOK. IKIIO pPO3MillleHHs HEMOMKJINBE, JOBEIiTh Iie.

2.25. IIpami a i ¢ mapanenbri. AxkuM Moxke OYyTH B3aeMHE PO3Mi-
HIeHHA npaMux b i ¢, aximio nupami a i b:
1) mapanenbHi; 2) IepeTUHAaIThC; 3) MuMOOiKHi?
Jlo KOKHOTO MOJKJIMBOTO PO3MIiIlleHHS BUKOHANUTE BimIosin-
HUUM MAaJIIOHOK. SIKIITO pO3MillleHHs HeMOKJINBE, JOBEIiTh Ie.

2.26. Tpu npsami posmilieHo Tak, 10 KOXKHIi ABi 3 HUX IIepeTHHAa-
oThbecsa. Uu JeKaTh Bei Tpu npami B ogHil maomuui? Bigmo-
Bib OOT'pPYHTYHTE.

2.27. lIpsawmi a i b mumobixkHi, ¢ || a, d || b. Y1 MOKHA CTBEDPAKY-
BaTH, M0 OPAMi ¢ i d MuMOOGixKHI?

2.28. Bigomo, 1m0 a || b, c|la, d | b. Yu npaBuabHo, 1110 C || d?

2.29. Yepes kimenp C Bigpiska CD mpoBemeHo IJIOIIUHY o. Yepes
Ki"ens D i Touky A IbOro BifjpisKa HIpoBeIeHO HapajelbHi
OpaAMi, 10 IePeTUHAIOTH ILIOIUHY o B TouKax D; i A; Bigmo-
BigHO. 3HAUAITE HOBKUHY Bifgpiska AA,, axkmo DD, = 12 cm
iCA:AD=3:1.

2.30. Yepes kimens M Bigpiska M N mpoBemeHo miaomuny (. Ye-
pes kKiHens N i Touky B 1boro Bimpiska IIpoBemeHO IIapa-
JIeJIbHI IpAMi, IO NepeTHHAITH ILUIOMUHY [ B ToukKax N,
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i B, Bignmosigzo. 3HalifiTe MOBXKUHY Binpiska NN,, AKII0
MB :BN=3:2iBB;=15cwm.

2.31. Ha mantouKy 2.19 npawmi a, b i ¢ monapHo mepeTnHAOTHCA i
IepeTUHAIOTh IJIOIIUHY o BigmoBiguo B Toukax A, Bi C. Ynu
€ MOMMJKM Ha MaJoHKY? JKIIo Tak, BUKOHANTe MAJIOHOK
MIPaBUJIBHO.

Mau. 2.19 Man. 2.20

2.32. Ha mauouky 2.20 mpsami m i n mapajenbHi, a mpsaMa p mepe-
TUHAE KOXKHY 3 nmpamMux m i n. Ilpami m, n i p nepernHaOTh
momuHy 3 BizmoBiguao B Toukax M, N i P. Yu € moMuiKu Ha
MaaoHKY? JIKITO TaKk, BUKOHAITE MAJIIOHOK IIPABUJILHO.

2.33. ABCD — napanenorpam, P,p-,= 40 cm, Touka N He HaleXUTh
mromuHi napanenorpama. Touku A, By, C;, D, — cepeinan
BigpiskiB NA, NB, NC i ND Bignosigno. 3uaiigits P A{B{C;D;*

2.34. Touka M He JeXuThb y maoHMHI KBagpara ABCD,
AB = 3 cm, Touku A,, B,, C;, D, — cepenunu Bigpiskis MA,
MB, MC i MD Bignosiguo. 3HAUIITH PA13101D1°

2.35. CKinbKM icHye TpAMUX, TapajeIbHUX OPAMiN @, KOMKHaA
3 AKNX Ma€ IPUHAWNMHI OIHY CILJIBLHY TOYKY 3 IPSIMOI0 b,
AKINO npami a i b:

1) mepeTuHAIOTHCS; 2) mapaJjiesibHi; 3) MmumoOixKHI?

@ &= 2.36. Yepes kiuni A, B i cepensuny M Bigpisxa AB mpo-
BEJIEHO HapajeJibHi mpaMi, IKi mepeTHHAIOTh JesKY ILJIOIM-
my [} B Toukax A,;, B, i M, BignmoBigHO. 3HAUAITE NOBXUHY
Bispiska BB,, axmo AA;, =9 cm, MM, =1 cm, AA, > BB, i
Biipi3ok AB mepeTuMHAaE ILJIOIUHY 3.

2.37. Yepes kiumi M, N i cepenuny A Bigpiska MN mpoBemeHO
mapajeybHi OpaMi, AKi mepeTWHAIOTh AEeSKYy ILJIOIMUHY O B
Toukax M,, N, i A, BignosigHo. 3HAUAITE TOBXKUHY BipizKa
AA,, axmo NN, = 10 cm, MM, = 2 cm i Bifpisox MN mepe-
THUHAE ILJIOIIUHY O.

2.38. Ilapamenorpam KLMN He TepeTHWHAE ILIOIIUHY O
(mag. 2.21). Yepes Bepmimau K, L, M i N mpoBeneHo mapa-
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JeJIbHI mpsaMi, II0 HepeTHuHAIOTh ILJIOMIMHY O BiAIIOBiZTHO B
rouxkax K,, L;, M, i N,. 3raiinitre KK,, axkmo LL, = 8 cm,
MM, =12 cm, NN, = 9 cm.

Max. 2.21 Man. 2.22

2.39. Uepes sBepmimHy A mapaieaorpama ABCD mnpoBemeHO
mwiromuuy B tak, mo BepmuHu B, C i D i#i He HajmeXarb
(mam. 2.22). Yepes Touku B, C i D mpoBefeHO TapajebHi
npaMi, AKi mepeTMHAIOTH IJIOIMWHY [3 BiANIOBiZHO B TOYKax
B,, C, i D,. 3naiigite CC,, axkmo BB, = 2 cm, DD, = 10 cMm.

2.40. Tpuxkyrauku ABC i ABD He JeXaThb D
B omHin muomuHi (Man. 2.23). Toukn
K, L, M i N — BignoBigHO cepeguHu K L
Bigpiskis AD, BD, CB i AC.

1) Busmaute BujA  YOTUPUKYTHUKA A B
KLMN. N M

2) 3maiigite Py, v, K0 AB = a cMm, c

LA Mau. 2.23

@ Xummeba mamemamuka

2.41. V uenrpi Kuesa y 2008 poui 6ima Maiinany HesamesxuocTi
3pobuIM HaNOLABLIIMK Ha TOW Yac y CBiTi KBIiTKOBUI TOOUHHUK.
ToguHHUKOBUII MexXaHi3M Ha TJi KBIiTKOBOIO IIaHHO PO3MicTHBCHA
Ha cxuiai 6ima KoBTHeBoro majaiy.
Hiamerp roguuuuka — 19,5 M, miamerp
mudepbdbaaTa — 16,5 M, a JOBKMHA CTPi-
JoKk — 4 M i 7 M. 3HaHAITHL MOBKUHU
KiJ, AKi ommcyroTh KiHIII TrogmHHOI Ta
XBUJUHHOI CTPiJIOK IIPOTATOM OnHiel
roguuau. ([Iyas coporeHHA OOYUCIEHD
npuiimits © ~ 3)?
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Tigzomyimecs go bubuenns Hobozo mamepiany

2.42. Ha wmamosKy 2.24 npami AA,,
B,B,, C,C, napanenpHi Mix co06o0.
IITo Tpeba 3ammcaTu 3aMicThb IIPOIyC-
KiB, 11100 YyTBOpWJIUCS TIPaBUJIBbHI
CIIiBBiIHOIIIEHHS:

p LB BG
A,B, .

A58y =19
B,Cy ... Mau. 2.24

NMAPANENBHE NPOEKTYBAHHA, NOIO .
BITIACTUBOCTI.3OBPAXEHHA®II'YPYCTEPEOMETPII

s crepeomerpii BakJMBe 3HAUEHHSA Ma€ Take 300pasKeHHSA
npocTopoBUX (iryp Ha IJIOMIMHI, AKe A€ MaKCHMAaJbHO IIOBHE
yaBiaeHHa 1po ¢irypy. Iloxku 1o, BuBUarouM BJIACTHUBOCTI Haii-
OPOCTIMUX TeoMeTPUUYHUX Qiryp (TOUOK, IPAMUX, MJIOIIUH), MU
BUKOPUCTOBYBAJI CYTO YMOBHIi, iHTYiTHUBHO 3p0O3yMiJji 300pasKkeH-
HA uX Hainpocrimux Qiryp. ¥ npomy naparpadi Mu osHaiiomMu-
MocsA 3 AesIKUMU IIPaBUJIaMU 300pasKeHHs IIPOCTOpPoBuX Giryp Ha

TLJIOIIUHI.
------------- s 300pakeHHsa IPOCTOPOBUX Piryp
1. ITapanenvne Ha IUIOIIIUHI YacTO BUKOPUCTOBYIOTH
npoeKmy6anni napaaeavHe npoexkmyseamnHs. Posris-

HeMO IIel crmoci6 3obpakeHHsA (iryp.

Hexaii o — mesxa miomiuHa, a | — npsaMa, sSKa IepPeTHuHAaE IfI0
miaomuuy (Mmaa. 3.1). IlpunycTumo, 10 MM MAEMO Ha IIJIOIIWHI o
300pasutu Qirypy F,, 10 He JeXUTh y IIill IIOMMHI.

In1s 1mboro mpoBedeMO uYepe3 ITOBiJIBHY
TOuKy A, Girypu F, npamy, mnapajejbHy
npamiii [. Touka A nmeperuny Iiei mpamoi 3
IJIOIIWHOKO o i Oy/ie 300paKeHHAM TOYKHU A
Ha miaomuHi o. ITo6yayBaBIIN y TAKUHA CIIO-
ci6 300paskeHHsA KOKHOI Touku Girypu F,
orpumMmaemo Qirypy F — sobpaskenusa ¢irypu
F, Ha miomuHi a.

Mau. 3.1 Touky A IIpU IIbOMY HA3UBAIOTb 300PANCEH-
HAM TOYKH A, Ha ILIOIIUHI 0. a00 napa/eibHO NpoeKyicio TOUKN
A, Ha IWIOIUHY a, a Girypy F — s3o0pasxenHam dirypu F, Ha mio-
IuHI o0 a00 ImapajieIbHOI NpoeKlieio dirypu F|, Ha IJIOUIMHY O.
Raxyrp Taxox, mo ¢irypy F orpumano 3 ¢dirypu F, 3a gomomo-
roI0 IapajieIbHOTO IpoeKTyBaHHsA. IIpamy [ Ha3uBaoTh npoexmy-
104010 NPAMOI0, a TIJIOUINHY O — NJOULULHOI0 NPOEKUil.
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3a IOIIOMOro0 IapaJiesIbHOTO ITPOEeKTYBaHHSA MOJKHA 300parka-
TH Ha ILUIOIIUHI AK IJIOCKi ¢irypu (Ipsamy, BigpisoK, TPUKYTHUK
TOII0), TaK 1 IpocTOpPOBi (mmipamingy, Ky6 TOI0). Y ABJIEHHS IPO IIa-
pajieibHEe TIPOEKTYBaHHS IIPOCTOPOBOI (hirypu, HampukJaan Kyoda,
MOXKHA OTPUMATH, SKIIO IOMIiCTUTH IIepe/l EKPAHOM BUTOTOBJIECHUN
i3 IpoTy Kapkac Ky0a Ta OCBITHUTH HOro IpoekTopoMm (Maj. 3.2).

/

/

Maax. 3.2

Y mobyTi IpOTOTHUIIOM HIapajebHOI'0 IIPOEKTYBAHHS MOYKHA
BBa)KaTU TiHb, 1[0 IIaJla€ HA IIJIOCKY IIOBEPXHIO (3eMJII0, CTiHY
TOII0) IPU COHAYHOMY a00 eJeKTPUUHOMY OocBiTiaeHHi (Mai. 3.3).

IR T )y ChopmMymroeMO OCHOBHI BJIACTHBOCTI

2. Bracmueocmi IapaJejIibHOIO IPOEKTYBAHHSA 34 YMO-
napanenvHozo BH, IO BiApisKm Ta mpaAMi, AKi mpo-
npoexmy6anns eKTYEMO, He MapaJiejibHi IIPOeKTYIo-

iyt mpamin [.
( ! 1. IIpoeknicio mpamoi € npama (Maa. 3.4).
! 2. IIpoexkuicro Bigpiska € Bigpisok (mai. 3.5).

l|A0/BO
>
|

(03

Maua. 3.4 Maua. 3.5

‘ 3. Ilpoeknii mapajieTbHUX BigpisKiB — mapaJjiejbHi Bimpis-
&. Ku (Maa. 3.6) a6o Bigpisku, 1o Jie:KaTh Ha OTHIW MPAMiH
(mam. 3.7).

4. IIpoekiii mapajieJpbHUX NMPAMHUX MapajiesbHi a0o 30ira-
HOThCA.
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0

D XAA

BCD

Maux. 3.6 Maua. 3.7

5. [Ipoekwii mapaxeasHUX BinpiskiB a6o Bigpiskis, 1o Je-
JKaTh Ha OFHIM MpsaMil, MpomopIiliHi caMuM Bigpiskam.

Ha wmamonky 8.8 Bigpiskm A,C, i
C,B, — Biapiskm oxmiei mpamoi, AC i
CB — BigmoBigHO iX mpoekiIrii. 3a Biac-
A4,Cy _ COBO_

AC CB
Ha 1mpomy camoMy  MAaIOHKY
B D,E,

B, || D E,, Toxui 4oBy =00 g
AoBo Il Do AB  DE
DE — mapajiesbHa IIPOEKIIisT Bimpiska
DyE, Ha IJIOIUHY .

THUBIiCTIO 5:

B Hacaigox. CepemuHa Bigpiska IPOEKTYETHCSI B cepe-
OUHY HOr0 MPOEeKIIii.

------------- V¥V crepeomerpii 300paskeHHS ILJIOCKUX

3. 3o6pascenns diryp I'pyHTYeETbCS Ha BJIACTUBOCTAX

naockux gizyp mapajejibHOTO IIPOeKTyBaHHsS. Poa-

TIAdHEeMO KiJbKa IIPHUKJIALIB 300pa-

JKeHHS mIockux ¢iryp (3a ymoBu, 1Mo miominHa Girypu He € ma-

pajieIbHOIO IPOEKTYIOUill mpamiii).

Tpuxymuux ma iiozo enemernmu. Hexait A\B,C, — TPUKYTHUK,

a A, B, C — npoeknii Bigmosigao Touok A, B\, C, Ha IIOIUHY O

(man. 3.9). OckinbKM IPOEKITie€l0 BigpisKa € BiIpisdoK, TO TPUKYT-
HuK ABC € npoekiieio TpukyTHUKa A B C,,.

IIpoekIier0 KOKHOTO TPUKYTHHKA MOJKE OYyTH TPHKYTHHMK
JOBLIBHOTO BUIY.

Hampukaan, mHa mandioEKy 3.10 300parkeHHAM OPAMOKYTHOI'O
piBHOOeapeHoro TpUKyTHHUKA A)B)C| (3 IpaMuM KyToMm A,) € pis-
HOCTOPOHHIN TpuKkyTHuUK ABC.

Buxogaum 3 HaciaigKa BJIACTHUBOCTL 5, MaeMo:
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Co
Ay A
¢ :1 BWO
A B a | A
I
Mau. 3.9 Mau. 3.10

IPOEKI[i€I0 MeJiaHM TPUMKYTHUKA € MeJiaHa IPOeKIIil
&. TPUKYTHUKA, a MPOEKI[i€I0 cepeaHbol JiHii TPMKYTHUKA —
€ cepemHs JiHIA MPOEKIil TPMKYTHUKA.

SKmoio B 3amaui He 3amaHO METPUYHUX CHIiBBiITHOINIEHb MiXK
eJleMeHTaMI TPUKYTHUKA, TO IIapajieJIbHOIO IPOEKIli€lo ioro 0i-
CceKTpucu Oyme AOBiJIbHUH BiApi3oK, IO CHOJIyUAE€ BEPINUHY TPU-
KYTHHUKA 3 TOYKOIO MpOoTUIekHoi cTopoHu. [lapanenbHOIO IIPOEK-
I[i€e}0 BHUCOTH TPUKYTHMKA TaKoK OyAe MOBLILHUI Bimpisok, III0
CIIOJIyYa€ BEePIINHY TPUKYTHUKA 3 TOYKOIO IPOTUJIEIKHOI CTOPOHU
abo 3 TOUKOIO, IO JIEJKUTh Ha IIPOJOBKEeHHi Ifiei cToponu (y BHU-
nagKy, KOJIW I BUCOTa IPOBeJEHA 3 BEPIIMHU I'OCTPOTO KyTa TY-
MOKYTHOTO TPUKYTHUKA).

Y piBHOOEIpPeHOMY TPUKYTHUKY MeJiaHa, ITPOBeJeHa O OC-
HOBU, € TaKOK OicexkTpucoio i Bucorowo. Tomy mapajaelbHOIO
IpoeKIlielo OiceKTpucu i BHCOTH PiBHOOEAPEHOr0 TPUKYTHUKA,
NpPOBeIeHUX [0 OCHOBU, € MediaHa IIPOeKIIii A
TPUKYTHUKA, IIpOBedeHa MO0 #oro ocHoBu. Ha
manoHKy 3.11 TpukyTHUK ABC — mapaJjejbHa

IpoeKIisa piBHOOeApeHoro TpukyTHUKa A,B,C,, C X B
y akoro A B, = A,C,. AK — npoeknia mexnianu,
OiceKTpucu ¥ BUCOTU IILOTO TPUKYTHUKA, IIPO- Mau. 3.11

BeJIeHUX IO OCHOBIU.

sthee Bl TpukyTHuk ABC € mapajejgbHOI0 IPOeKITielo PiBHO-
CTOPOHHBOTO TPUKYTHUMKA (Maja. 3.12). IlobymyBaTm IIPOEKIIit0
IeHTpa KoJia, BIUCAHOTO B PiBHOCTOPOHHINA TPUKYTHUK.

B B
A Cc 4 K ¢

Maur. 3.12 Mau. 3.13

PosB’aszanuda. lleuTpomM Kojia, BIMCAHOTO y TPUKYTHUK, €
TOUKa mepeTuny ioro Oicekrpuc. OCKiJIbKM TPUKYTHUK, AKUI
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MU IIPOEKTYEMO, € PiBHOCTOPOHHIM, TO #Oro 6iceKTpucu € Ta-
KOXK 1 MegiaHamMm, a TOYKa mepeTHHY OiceKTpuc BigmoBigHO 30i-
raeTbCsA 3 TOUKOIO IepeTuHy megian. Tomy aiasda moOymoBU IIPO-
eKIlii ImeHTpa KoJa, BIIMCAHOTO B PiBHOCTOPOHHINA TPUKYTHUK,
Tpeba mobyIyBaTH IMIPOEKIIiI0 TOUKK HmepeTuHy Memiad. Hasa mbo-
ro MaeMO IpoBecTH MBI Menianu TpuKyTHuKa ABC, Hanpukaaz
AL i BK (man. 3.13), sKi € mpoeKIiAMU MeJiaH TPUKYTHUKA
ABC, orixe, i fioro 6icekTpuc. Tozxi Touka I nmepeTuHy BinpisKiB
AL i BK i 6yze IIpoeKIliero IeHTpa Ko0Jia, BIIMCAHOIO Y PiBHOCTO-
POHHIi¥ TPUKYTHUK.

ITapanenozpam ma iiozo eudu. OCKIJIbKU TPOEKIiAMH mapa-
JeJbHUX i piBHUX MisK c0o0010 BifpiskiB € mapaJeabHi i piBHI Mix
co6o10 BifpisKu (3a BJIAaCTHUBOCTAME 3 i 5 ImapajelbHOTO IIPOEKTY-
BaHHA), TO IIPOEKI[i€I0 IIapaJjiejiorpaMa € IrapaJjieiorpam.

IIpoekIiicl0 KOKHOrO ImmapajiejiorpamMa € IapaJjelorpam
e OBLIBHOTO BHUIY.

30KpeMa, IOBLILHUWII IIapajiejiorpaM Mo:Ke OyTH HPOEKIIi€ro
npaMokyTHuKa (mas. 3.14), pomba, kKBagpara. I HaBIaKu, KBajgpaT
MOKe OyTHU MIPOeKIli€0 mapaJieorpaMa, SKUM He € KBaJpaToM.

By

Maux. 3.14 Maux. 3.15

Tpaneuyis. OCKiTbKY IPOEKITi€I0 MapajeJbHUX BilPisKiB € ma-
pajenbHi BigpisKm, TO IpoeKIlieio Tpamellii € Tpamerid. SAKIIo
ABCD - mpoeknia tpanenii A,B,C D, 3 ocuoBamu A,D, i B,C,
(mai. 3.15), To

A,D, B,C, 5 A,D, AD
AD BC B,C, BC

(3a BJIACTHRICTIO 5 MapajieIbHOTO TPOEKTYBAHHS).

SuEhN et ) ABCD — napaJiebHa NPOeKIlisd piBHOOGIUHOI Tpamerii
A BCoDy, ne AyD, | B,Cy, AyD, > B,C,. IloGynysaTu npoexiii
BHCOT Tpamelrii, mo BUXOAATH 3 BePIINH TYIUX KYTiB.
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D, A D

A, K, |E, L, K \EL

Mau. 3.16 Mau. 3.17

Poss’asanna. 1) Hexait A,B,C,D, — piBHOOiuHa Tpameris,
A,D, | B,Cy, AyD, > B,C, (man. 3.16), ABCD — ii npoeknis, y
AD A,D
AKOl — = —2 0 (maux. 3.17).
BC  ByC,
2) Hexait E, — cepeguna A,D,, F, — cepeguna B,C,, Tomy
EF, — Bick cumerpii Tpanenii. fAxmo E — cepeguna AD, F — ce-
penuna BC, to EF — mpoekiiia oci cumeTpii piBHOOiuHOI Tpare-
1Iii (3a BjacTUBiCTIO 5 TMapajaeJbHOTO ITPOEKTYBAHHA).
3)BOKOiCOL0—BPI(?OTI/ITpaHeI_LﬁAQBOCODO,l'[pI/I‘-IOMy BOK(_) I f‘OE'O,
CoL, || FyE,. OCKiTbKM NpPOEKI[iAMKU MapaJeJbHUX BiAPi3KiB
€ mapaJieJbHi Bifpiskm (BiacTuBicTh 3 IapajieIbHOTO IIPOEK-
TyBaHHA), TO npoeknii sucor ByK, i C L, maroTe OyTu mapa-
JeIbHUMH IPoeKIrii oci cumerpii Tpamernii. Tomy mis mobymosu
npoekniit sucor ByK, i C,L, tpeba 3 Bepmuna B i C mposectu
Bimpiskm, mapasenbHi Biapisky FE. Orxe, BK i CL — 300pa-
JKeHHS BUCOT Tparlelii, IpoBeeHNX 3 BEPIIUH TYMUX KYTiB.

IIpasunvruit wecmurkymuuk. Hexait AyB)CoDyE F, — mpa-
BUJIbHMY mmecTUKYTHUK (Mau. 3.18). Hiaromami A,D, i C,F, ni-
JIATh HOT0 Ha [Ba IEHTPAJbHO CHMETPUYHI BiTHOCHO TOYKHK @,
pombu F E\D,Q, i C,B;A,Q.

Onsa 3o00pa’keHHA OTPAaBUJBHOTO IIECTUKYTHHKA CIIOYATKY
nobyayemo mapaJjiesorpam FEDQ, sAKuili € mpoekIiliero pomba
F,E,D,Q, (man. 3.19), nami — cuMeTpU4YHHUI oMy BiJHOCHO TOU-
Ku @ mapanenorpam CBAQ®. CooayumBmu touku A i F, C i D,
orpumaemo 300pakeHHss ABCDEF mpaBUJIBHOTO IIECTUKYTHUKA
AyByCyD\E\F,.

N

B
Maua. 3.18 Maui. 3.19
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FKoxno Kono. IlapanenbHy IIPOEKIIilI0 KoJia
ﬁ HasuBawOTh enincom (man. 3.20). Tou-
Ky @, sKa € IIPOeKI[i€l0 IIeHTpa KoJja —

TOYKH ), HA3UBAIOTH YEHMPOM elinca.
3o00pakeHHsI TPOCTOPOBUX (iryp Ha

(’a’) Ezinc IJIOIIMUHI OyIeMo JeTaJbHO PO3TJISIATU
B 11-my KJaci, Koy BUBUATHMEMO Jesd-
Maur. 3.20 Ki 3 HUX, 30KpeMa, IIipaminy, npusmy,
IIIIHAP TOIIO.
e -
= & ‘&Hime“, Hapucna zeomempisa — posdin zeomempii, y
\A uge p . — AKOMY 2e0MempuyHi aaracmusocmi npedmemis,

Wo Hac omouyiomyv, 6UELAIOMb 36 00NOMO2010
F00paxceHns ix Ha nAowWuHi abo Ha 6YO0b-aKiil iHWill noGepxXHi.

O6'exmom HAPUCHOL zeomempii € 6UKAA0 i OOT PYHMYBAHHA MeMmoO-
die nobdydosu 306paixeHb nPocmoposux opm Ha NJAOWUHI Ma CNOCo-
0is po36’sa3aHHA 300a4 2e0MEeMPUYHO20 XAPAKMepY 3a 3a0aAHUMU
Fo0paxcenHamu yux gopm. 3o00paxcernus, nobydosarni 6i0nogiodno 0o
npasus HapucHoi zeomempii, daomyb 3mozy yaeumu Gopmy npedme-
mie, ix 63a€MHe PO3MAULYEAHHA 6 NPOCMOPi, UHAYUMU PO3MIDU.
BueuenHnsa HapucHoi zeomempii cnpuse po3sumry npocmoposoi Yysaeu
i HABUUOK JI02iUH020 MUCAEHHA, W0 MAE BeluKe 3HAYEeHHS 6 nidzo-
mosuyi i meopuomy po3eUMKY MaillOymHb020 Paxieus.

AKx Hayxa HapucHa zeomempis ichye auwe 3 Kinys XVIII cmo-
aimma. Ii meopuyem esaxcaiomo PPARYY3bK020 84EHO020, LHIHCEeHePa i
noaimuunozo diaua I'acnapa Monxca (1746—1818).

T'onosnoto rRayroeoto npayeio Monaca esaxcaiomsv «Hapuchy zeo-
Mmempiwy», 0e suKkiadeHo mMemold npoeyirn8anHHs npedmemis Ha 08iQ
6830€MHO nepneHOUKYAApHi naowunu. Lla KHuicka euillwwna Opy-
Kom y 1799 p., 03Hameny8asuLu HAPOO*eHHS HOB0T HAYKU.

Cmeopuswiu HapucHy zeomempito, MOHXMC 3616 Y CMPYHKY cucmemy
PO3pi3HEeHUll i PI3HOMAHIMHUL mamepial, AKUll 41acmKo80 iCHY8as i
0o Hvozo. CmapodasHi €zunmsaHu BMIAU NPABUNLHO nepedasamu
gopmy i posmipu 36edeHux Humu nipamio i xpamie. 3a 6GiOAiILHUM ne-
pexaszom, nid uac 36e0enHA OUBOBUNCHO20 3A APXIMEKMYPOI0 Xpamy
Cosnomona 6 Epycanumi (npubausno 3 mucaii poxie momy) He OY.J0
YymHuo ani mecaa, ani monroma. Ckaadui 3a gpopmor Kameri, mabymo,
obmicysaaucs Ha pyoOHuKax i Ha micye 6ydieHuymea 00CMABAALUC
8xce 20mosuMu. A ye 0YJl0 MOHCAUBO AUlLe 3a4 HAABHOCMI KPeCaeHb.

YV ezanysi meopii 306paxenv npayroseaau Jleonapdo da Binui, Anv-
opexm [wpep, Baes Ilackaav. A Oeski sunHaxiOHUKU il iHJ}iCeHepU,
3oxpema 1.II. Kynioin ma 1.I. Ilon3ynos, 6ukonyeasu ce0i Kpec-
JeHHA 34 NPABUNLAMU NPAMOKYNMHOZ0 NPOEKYil6AHHA Ue 00 noasu
«Hapucnoi zeomempii» MoHiica.

@ llo Take napanenbHe npoekTyBaHHA? @ Lo Take npoekTyto-
Ya npsama, nnowmHa npoekuii? @ CcopmyntonTe BNacTMBOCTI na-
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panenbHOro MpPOEKTYBaHHA. @ Ak 306pa3nTu TPUKYTHUK Ta MOro
enemeHTn? ® Ak 306pas3vTy napanenorpam npv napanenbHoOMY
NPOEKTYBaHHI? @ Ak 306pa3nT poMO, NPAMOKYTHMK, KBagpaTt npu
napanenbHOMYy MPOEKTYBaHHI? @ Ak 3006pa3uTu Tpanewito, npa-
BUIbHWIA LLUECTUKYTHWK, KOMO NpU NapanenbHOMY NPOEKTYBaHHI?

s Fosb’sximo 3agaui ma bukonaime bnpabu

@ 3.1. AB — mapanenbHa mpoeknisa Bigpiska AyB,, CD — mapa-
JenbHa mpoekmis Bimpiska C,D,. Bigomo, mo Ay B, || C)D,.
Yu mo:kyTh Binpisku AB i CD 6yTu:
1) mapanenbHUMU; 2) mepneHIuKyJIaPpHUMU ?

3.2. MN — napaJjeibHa IpoeKmia Biapiska M N, KL — napanesb-
Ha mnpoekuis Biapiska K,L,. Bigomo, mo My N, || K L,. Yu
MOXKYTH Biapisku KL i MN:

1) mame)xaTu OgHIN TpPAMiii;
2) nmepetuHatuca mig kyrom 30°?

3.3. Toukn A,, B,, C, nexars Ha OJHIiH
npawmiii, A,B, = 8 cm, B)C, = 5 cm
(mazx. 3.21). Touxku A, B, C — mapaJjieJb-
Hi npoekii Touok A,, B, C, Ha miaomu-
HY o. 3Ha#AiTe BigzmomernHs AB : BC. Max. 3.21

3.4. Toura B, ginute BiApisox A,C, y BisHOmeHHi 7 : 4, paxyo-
un Bij Touku A, (man. 3.21). Touxku A, B, C — mapaneibHi
npoeknii Touok A\, B, C, Ha mIOIMuHy 0. S3HAKIITH BIIHO-
menna BC : AB.

3.5. (Veno). Yu morke mapajebHOIO IPOEKITi€lo Tpamerii 6yTu:

1) kBaapar; 2) Tpamnertis;
3) IPAMOKYTHHUK; 4) mapaJiesorpam?

3.6. (Vcno). Yu Moxke mapajebHOIO IIPOEKIlielo pomba OyTH:
1) mapasesgorpam; 2) pom0G;
3) Tpamelris; 4) kBagpat?

3.7. Yu mMosKe mapajieibHOIO IIPOEKIiel0 IPAMOKYTHUKA OyTH:
1) xBazpar; 2) mapaJjiejiorpam;
3) IPAMOKYTHHUK; 4) Tpaneria?

(2 3.8. 1) Y MokyTh pi3Hi 3a MOBKWHOIO BiIpisKM MaTu mpo-
~ eKIIil oJHAKOBOI JOBKUHM?
2) Yu Mo:KyTh piBHI MisK co60i0 BiipidKu MaTu TMPOEKIIii pis-
HOI JOBXKUHHN?
3) Uu mo:xe HOB:KMHA HapajesbHOI HmpoekIlii Bimpiska OyTu
0iJIBIIIOI0 3a HOBXKUMHY IILOTO Bimpiska?
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3.9. Aki reomerpuuHi (pirypum MOKYyTH OyTH HapajeJbHUMU IIPO-
eKIliamMu:
1) maomuuwm; 2) Bigpiska; 38) ABOX MapajieIbHUX IPAMUX?

3.10. Axi reomerpuuni Girypu MoKyTb OyTH HapajieIbHUMU IIPO-
eKIliamMu:
1) mpamoi; 2) mpomens; 3) ABOX MapajieIbHUX Biapiskin?
3.11. Yu MOKyTh ABi IpsaAMi, II[0 IEPETUHAIOTHCH, IPOEKTYBATHUCS
1) y aBi mpami, 110 mepeTUuHAITHC;
2) y oBi mapajienbHi mpami;
3) B OOHY TIPAMY;
4) vy npamy i Toury?
3.12. Yu MOXKYyTh ABi MUMOOiKHI IPAMi IPOEKTyBaATUCH:
1) y nBi mpami, 110 mepeTUHaAITHC;
2) y nBi mapajesbHi IpAMi;
3) B omHY IpAMY;
4) y IpaMy i TOUKY, IO 1#i He HAJNEXKUTH?
3.13. ¥V mpocTopi maHO OpAMY i TOUKY, AKAa Il He HAIEKUTb. Hu

MO:Ke TapaJjieibHa MPOeKI[id JAaHol TOUKM HAJeKaTU IPOeK-
mii mamoi mpamoi? BukoHaliTe MaJIIOHOK.

B 3.14. Tpuxkytauk ABC — mnapajeabHa IIPOEKIlis
piBHOOEPEHOTO TPUKYTHUKA, AB — OpOEKIid OCHO-
A Bu (may. 3.22). IToOynyiiTe IpoeKILito:
C 1) cepenabOi JiHII TPUKYTHUKA, IO cHOJy4Yae Oiumi
CTOPOHU;

Man. 3.22 2) BUCOTH TPUKYTHUKA, IIPOBEJAEHOI O OCHOBH.

3.15. Tpuxkyruuxk ABC — mapaJjejbHa IPOEKI[isd PiBHOCTOPOHHBO-
ro TpukyTHuKa (MaJ. 3.22). IlobyayiiTe mpoekIrio:
1) oxmiel i3 cepenHix JiHiNl TPUKYTHUKA;
2) oxHiei i3 OiceKTpuC TPUKYTHUKA.

3.16. Tpukyrauk ABC — mapaJieJibHa IIPOEKI[isI PiBHOCTOPOHHLO-
ro TpukytHuKa A,B)C,. IloOyayiiTe MpoeKIliio meHTpa KoJa,
ONMCAHOTO HABKOJIO TPUKYTHUKA A B C,,.

3.17. Tpukyrtauk ABC — mapaJjejbHA HPOEKIlid pPiBHOOEIPEHOro
TpuKkyTHuUKa (BC — mpoekIlis ocuoBu). [lo6yayiiTe IpoeKIlito
CepPeJUHHOr0 MEePIeHIUKYJIApa OO0 OCHOBM PiBHOOEIPEHOTrO

TPUKYTHHUKA.
@ 3.18. ITapanenorpam ABCD — mapajeabHa B C
npoekiia pomba (man. 3.23). IToGymyiiTe M
IPOEKIIi}0 HepHeHANKYIAPa, IPOBEJeHOTO
3 Touku M, 110 JIeKUTH Ha cTopoHi CD, mo A D
miaromami AC. Mau. 3.23
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3.19. ITapanxenorpam ABCD — mapaJjeibHa IIPOEKIlisg KBaapaTa
(mam. 3.23), Touka M nexkuthb Ha cTopoHi CD. IloGymyiiTe
IPOEKIIiI0 MepIeHauKYyJIaIpa, IIPoBeaeHoro 3 Touku M mo mia-
rouaJi BD.

3.20. 300pa3iTh IPOEKI[il0 MPABUJILHOI'O IECTHUKYTHUKA Ta IIPO-
eKIil0 MepIeHAUKYJIsIpa, IPOBEAeHOro 3 MOoro IeHTpa MO0
MeHIIIol giaroHaJIi.

3.21. 300pas3iTh IPOEKI[il0 NPABUJILHOI'O INECTHKYTHUKA Ta IIPO-
eKIIil0 IepIeHAnuKYJaApa, IIPOBEAeHOT0 3 MOoTo IeHTPa 0 Of-
Hiel 3i cTopiH.

3.22. Yu MoskHA IpU HapajelbHOMY IIPOEKTYBaHHI mapaJesorpa-
Ma OTPUMATH YOTHPUKYTHHUK, ABA KYTH SIKOTO JOPiBHIOIOTH
85° i 105°? fdxmio Bimmosimp mosuTMBHA, 3HAWAITH ABA iH-
XX KYTH IIHOT0 YOTUPUKYTHUKA.

3.23. Uu MosKHa IIpU mapajieibHOMY IIPOeKTYBaHHI KBaapaTa OT-
pUMAaTHh YOTUPHUKYTHHUK, OBA KYTH SIKOI'O JOPiBHIOIOTH 89° i
91°? dAximo BigmoBiAh MO3UTHBHA, 3HAHUAITE ABA iHIINX KYyTH
I[bOT'0 YOTUPUKYTHUKA.

3.24. Tpurytuuk ABC — mapaJjejbHa MPOEKI[id PiBHOCTOPOHHBOI'O
TpukyTHUKa A)B,C\. IlobyayiiTe NpoeKIil NepneHauKyIApiB,
IPOBeleHuX i3 cepequnu cropouu B,C, mo cropin AjB, i A,C,,.

3.25. Tpuxkytauk KLM — mapajeiabHa TPOEKIiA TPUKYTHUKA
K,L,M, y axoro KL, : LM, =1 : 4. Ilobyay#iTe IpoeKIiio
OicekTpucu KyTa L.

3.26. Tpuxkyruuxk ABC — mapajejbHa IIPOEKI[is TPUKYTHHUKA
A,ByC,, y aroro A,B, : B,C, =1 : 3. IlobyayiiTe IpoeKIiio
OicexTpucu KyTa B.

3.27. Tpamernia ABCD — mapaJjejbHa IPOEKIlisg piBHOOIuHOI Tpa-
nenii Ay,B,C,D,, ne A,B, i C,D, — ocHOBHU, KyTH A, i B, — ro-
crpi. IlobynyiiTe mpoeknii Bucor Tpanenii A,B,C,D,, mpose-
JeHnX i3 BepmuH A i B,

@ 3.28. [lano mapaJjieJibHYy IIPOEKIIiI0 TPUKYTHHKA 1 IIEHTP
KOJIa, ONMCAHOTO HABKOJO Hboro (Maja. 3.24). IlobGymytiTe
MIPOEKIIil BUCOT TPUKYTHUKA.

3.29. ITapasesorpam ABCD e mapajiejlbHOIO IIPOEK- A
miero pomba 3 Kyrom 60°. IToGymyiiTe mpoeKItii Bu-
coT pom0ba, IPOBeIeHNX i3 BePIIIUHU IILOTO KyTa. Mag. 3.24

3.30. ITapasesorpam KLMN € mapaJieJibHOIO IIPOEKIi€io pomba 3

Kyrom 120°. IToOyxayiiTe mpoeKIiii BucoT poMmba, IPOBELEHUX
i3 BepIIUHU IILOTO KYyTAa.
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SO
) D
Maux. 3.25 Max. 3.26

3.31. [Tano mapajejlbHy HPOEKIIiio KoJia i3 mentpom O (ma. 3.25).
IloOynmyiiTe mpoekIlito niameTpa, HepHeHIUKYIAPHOTO A0 mia-
meTpa AB.

3.32. JaHo mapaJjieIbHY IIPOEKIlifo KoJia i3 meatpom O (mau. 3.25).
IToGynyiiTe mapajieibHY IIPOEKIiI0 KBajpaTa, BIUCAHOTO Y
11e KO0JIo.

3.33. Jano mapajeabHy IpoeKIiiio KoJja (maa. 3.26). Ilo6yayiiTe
IPOEKIliio fioro IeHTpa.

3.34. Maemo 300pasKeHHs KoOJia, HMOro IeHTpa i JeAKOol TOUKM, IO
HaJEeKUTDL Koury. Ilo0yayiiTe 300paskeHHsa JOTUYHOI, IIT0 IPOXO0-
IUTH Uepes III0 TOUKY.

3.35. TpuxkyTauk ABC € mapajeJbHOI0 MPOEKIliel0 MPIMOKYTHOTO
TPUKYTHUKA 3 TrocTpuM KyToM 60°. IloGyayiiTe mpoekirito Oi-
CeKTPUCH IIHOTO KyTa.

3.36. JaHo mpoeKIlito TPMKYTHUKA i ABOX #oro BucoT. Ilob6yayiiTe
TPOeKI[i0 IeHTPA K0Jia, OMMCAHOTO HABKOJIO TPUKYTHUKA.

a Xummeba mamemamuxka

3.37. BukopucroByoun JaHi, HaBeIeHi HA MAJIIOHKY, 3HAHIITL BHICO-
Ty 1orau AB.

=% 3 1
C 2iM 108 JE

H Tigzomyiimecs go bubuenns Hobozo mamepiany

3.38. ¥ AABC Tourka K — cepenuna AB, Touxka L — cepenuna BC.
3HalgiTh:
1) KL, axmo AC = 16 cwm; 2) AC, axmo KL = 3 cm.
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3.39. IIpama MN mnapanennuHa ctopoHi AB TtpurkyrHuxa ABC,
M e AC, N € BC,CM = 2 cm, AC = 6 cm, MN = 3 cm. 3Haii-
mite AB.

NAPANENbLHICTb NPAMOI
| MIOLWWKNHN

------------- Ik crBepmEyeThca B akrciomi Cy,
1. Baaemne posmiujenns AKINO OBi TOUKM NOPAMOI HaJeKaThb
npaAMOL i NAOWUHU IJIOIUHI, TO i Bca mpama (ToO6TO Bci
ii TOYKM) HAJEKUTDL Il IIJOIIMHI.
ITpama i miomuHa MOMKYTh TAKOXK MATH OLHY CIILJIBLHY TOUKY abo
He MaTHU CIiJIbHHX TOUOK ysarasi. OT:ke, MOKHa 3pOOUTH BUCHO-
BOK, IIIO € MPpuU 6UNAOKU 63A€EMHO20 PO3MIULEHHA NPAMOL i NAOULU-
HU:
1) npama moxce nHanrexcamu naouwuni (maua. 4.1);
2) npama i naowuHa Moxymdv mamu O00HY CNiAbHY MOUKY,
mobmo nepemunamucs (maiu. 4.2);
3) npama i nAOWUHA MOXYMb 63A2all He Mamu CNniAbHUX MO-
yox (mau. 4.3).

ia a
Maui. 4.1 Man. 4.2 Max. 4.3

2. Ilapanenvricmeo
npamoi i niowWuRu

d IIpamy i nIomuHy Ha3WBAIOTh NAPA-
NlelbHUMU, SKII0O BOHM HE MAaloTh
CHiJIBHUX TOYOK.

Ha mamionky 4.3 npsmMa a mapaJiesibHa IJIOIMHI o, IO TTO3HA-
YaioTh Tak: a || o.

YsaBiieHHA TPO OpAMY i ILJIOIIUHY, IIa-
panenbHi MiX 00010, Y IIOBCAKIECHHOMY
JKHUTTI MOKHA OTPUMATH, HAIPUKJAI, CIIO-
cTepiraroum 3a TYro HATATHYTUMU eJIeK-
TPUYHUMU [APOTAMHU, AKi MMapajesbHi II0-
BepxHi 3emuti (man. 4.4), abo 3a JiHielo
IepeTuHy CTiHM KiMHaTH 3i cresiero, AKa
mapaJjejbHa Iigiosi (IpsMa a Ha MaJlOH-
Ky 4.5 mapaJiesbHA ILJIOIIUHI o). 3ayBarKu-
MO, IO Yy ILJIOMIMHI mifijoru € mpaMa b, Axa mapajesibHa IPIMii a.
JloBemeMo, IO HASBHICTh Yy ILJIOMIMHI o IpaMoi b, mapaJjeabHOI
OPAMiHA @, € 03HAKOIO ITapaJIeIbHOCTI IIPAMOI i IJIOMIMHY.

Man. 4.4
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oW
L

Maiz. 4.5

Teopema 1 (o3HaKa ImapaJjeIbHOCTI HIPAMOI i IIJIOIIH-
HU). K0 npaMa, IKka He JIeKUTHh y IIOIIMHI, mapaJieisb-
Ha AKiM-HeOyah NpAMii i€l IJIOIMMHM, TO BOHA IIapa-
JeJbHA i camiil IJIOIIUHI.

HoBenenna. Hexaii npama a He JeXUTh y IJIONIUHI O, a
npAMa b JeKuTh y IJIOMNHI o, mpuuomy a || b (main. 4.6). Ho-
BezeMo, 1o a || o.

Mau. 4.6

1) Ockineku a || b, To yepes npAMi a i b MOKHA TPOBECTU TLJIO-
muHYy, HazBemo ii B (man. 4.6).

2) Toxi mpsama b JeXUTh y KOMKHIN i3 miomuH o i 3, oToKe, €
IPAMOIO iX IEePeTuHy.

3) IIpunyctumo, 1o mpsaMa a He IapajejbHa IJIOUIUHI o,
TOANl BOHA ii IepeTwuHae, TOOTO Ma€ 3 HEO CHLIbHY TOUKy M
(mai. 4.6).

4) Ockinbku M €a, a c 3, To M € p. To6To Touka M HaIEKUTDH
i momuHi o, i TWIoImMHI B, a TOMYy HAJEXKUTL OPAMIN b IIepeTuHY
mwiomyH o i P.

5) OT:ke, oTpuManau, IO OpAMi @ i b mepeTHHAIOTHCA B TOYILL
M, uro cymepeuuTh yMoBi. TomMy Hallle IPUIIYIeHHS XUOHE.

6) Or:xe, IpaAMa a mapaJjejbHa ILIomHi o. M

s poss’sa3yBaHHA 3ajau KOPUCHOIO Oyae TeopeMa, oOepHeHa
[0 OBHAKHU ITapajieIbHOCTI IPAMOI i IJIOITHUHU.

Teopema 2 (obepHeHA A0 O3HAKK IIApaJIeJILHOCTI IIPS-
Moi i mromuHM). AKN0 MJaHa MpsaMa mapaJjejbHa ILJIOI[H-
Hi, TO B I[i{i IJIOIUHI 3HAWIETHCA MpPsAMa, apaJjieJibHa JIa-
Hill IPAMIi.
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HoBenennda. Hexat a — mama npama, o — JaHa ILJIOIIUHA,
all o (man. 4.7).

Mau. 4.7

1) ¥V myomuui o Bubepemo mnoBiabHY Touky N. Uepes npamy a i
TouKy N, 110 il He HaJeKUTh, IIPOBEJEMO ILJIOIITUHY [3.

2) IlnomuHa B BigMiHHA Bif IJIOIMIWHYM O, OCKiJIBKU IIPOXOIUTH
yepes3 MpAMY d, AKA He HAJEKUTDH ILJIOIIUHI O.

3) OckinbKY mIIOHIMHY O i B MAOTh CIiJIBHY TOYKY — TOYKY N,
TO BOHHU II€PETHHAIOTHLCA IO JAeAKill mpamiii b, 1[0 IPOXOIUTH
yepes 110 Touky. IHoBegemo, 1o b || a.

4) IIpami a i b mexxaTh B ofgHil maomuHi — 1IomuHi 3 1 He 36i-
ralotbcd. IIpumycTuMo, IO BOHU II€PETHMHAIOTHCS B Toulri M.
Ockinpku M € b, a bc o, To M € a. Maemo, 110 Touka M —
TOUYKA MEePeTUHY MPSAMOI @ 3 IIOITUHOIO O, a Ile CYIEePeUunuTh YMOBI.
5) OTr:ke, Hallle IPUIYIIIEeHHS XuOHe, ToMy a || b. W

(B Hacanigox. fAxmo nmpavma mapaJjejbHA IJIOIIWHI, TO Ue-
pe3 Oyab-AKy TOUKY IIi€l MIOIIMHUA MOKHA MPOBECTH IIPS-
MYy, HapaJjejbHy JaHid, i 10 TOro K TiJIbKH OTHY.

S PVEVEN B MTosecT, 10 KOAM OJHA 3 JBOX MapajebHUX MPH-
MHX IIapajielbHa OeAKill miomuui, To apyra mpama abo mapa-

JejbHa il IJIOMIMHI, ab0 JIEeXKUTh y Iill MJIOIINHI.

HoBeneununsa. Hexait a i b — gani npawmi, a || b, all a.
1) IIpama b moxke Haje:xkaTu ILTommHL o (Maa. 4.8) (y mbomy
BUMAAKY YMOBA 3aJaui BUKOHYETHCH).

a—

P

Mag. 4.8 Man. 4.9

i

2) IIpsama b mMosKe He Haje:kaTw TomuHI o (Maa. 4.9). ¥V mwio-
IUHI O, 3a TEOpeMOi0, O0EPHEHOI0 0 O3HAKM IIapaJieIbHOCTI
OpAMOi i IIoIUHY, icHye mpsaMa c, nmapaJjeibHa a. OT:e, a || ¢,
a || b. Tomi, 3a 03HaKOI0 mapajJelbHOCTI mpAMUX, b || c. Ypaxo-
BYIOUH, I[O ¢ C 0O, 3a 03HAKOIO MMapajeJbHOCTI mpAMOI i maoIu-
HU, OTPUMAEMO, 1110 b || a.. OToxe, b < a abo b || a.
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S WAl osecTH, 10 KOJM IJIOI[MHA IPOXOAUTHL Uepes IIps-
MY, IIapaJjieJibHYy iHNIi# nmiomuHi, i nepeTuHae If0 IJIOIIUHY, TO
npAMa IepeTHHY ILIONIMH HapaJiebHa JaHill IMpsaMii.

HoBenennasa. Hexail uepes many mpamMy a, napajejbHy ILJIO-
IUHI o/, TPOXOAUTH IJOIIUHA 3, IKa MEPeTUHAE O TI0 MPAMIiH b
(mai. 4.6). IToBememo, 1110 b || a, Bif CyIpoOTUBHOTO.

1) IIpsawmi a i b nexaTh B OAHIN IJIOIIWHI — MJIOIIWHI [3.

2) IIpuniyctumo, 1o a i b neperuHatoThcsa B Touti M. Axe Tonmi
ToyKa M — TOYKA IEepeTHuHY MPAMOI 4 i IJIOIIUHU A, IO CyIe-
peuYnuTh YMOBI.

3) Omxe, Hallle IPUIIYIeHHS XubHe, ToMy a || b.

Ilnomuua, mnapasmenbHa cTOpoHi AB TPUKYTHU-
xa ABC, nepeturae cropoHy AC y Toumi A,, a cropory BC — B
roulli B,. SHaliTu moBxKUHY cTOpoHU AB, akmio A;B; = 10 cm i
AC:AC=5:2.
Poss’asanna. 1) Ilpami AB i A;B, nexaTb B OJHil ILIOITH-
Hi — mromuHi TpukyTHuKa ABC (Mmaia. 4.10).
2) Ilpunyctumo, mo AB i A;B, nepeTuHaThca B Touni M.
3) Ockineku M € A B,, AB, €a, T0 M €.
Toxi Touka M € TOUKOIO MEePETHUHY HP-
Moi AB i mjomumHM o, IO CYyHIepeuYnuTh
ymosi. Orxe, AB || A,B,.
4) Posrnaaemo AACB i AACB;. Kyt C
y Hux cmoineEuii, ZCBA; = ZCBA (ax
BiATIOBimHI 1pm  mapaJjesibHUX  Mps-

mux AB i A;B, ra ciuniit CB). Tomy Mau. 4.10
AACB © AA,CB, (3a ABOMa KyTaMu).
AB  AC AB
5) Tomi = ——, TOOTO — = é, 3Bigxu AB = 25 (cm).
AB AC 10 2

Bigmosigs. 25 cm.

79 © AkuM Moxe OyTv B3aEMHE PO3MILLEHHS MPSMOI i NAOWMWHN?

Q @ [lante o3HayeHHA napanenbHux nNpsamoi i nnowwmHu. @ Cdop-

MyJIIOMTE W OOBEAiTb O3HAKy MapanernbHOCTi MNPsMOI i NIIOLWMHM.

® CdhopmynionTe Ta OOBEAiITb TeopeMy, obepHeHy A0 O3Haku na-

panenbHOCTI NpAMOi i nnowmHK. ® CchopmyntoriTe Hacnigok i3 uiei
Teopemum.

g Fosb’sximo 3agaui ma bukonaime bnpabu

4.1. OcuoBa AB Ttpanernii ABCD HaJleXWUTh IJOIWHI o
(man. 4.11), a ocHoBa DC He HaJEXUTL Iiil maomumai. A
posMmintena nmpama DC BigHOCHO ILJIOMIHHU o7
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Mau. 4.11 Maur. 4.12 Maur. 4.13

4.2, Cropona AD mnapainenorpama ABCD HaneXUTh IJIOIIMHI f3,
a cropona BC He HaXeXKUTh i miuomuHi (Maax. 4.12). ke
B3aeMHe poaMiIeHHs npsamMoi BC BiZHOCHO momuHu 3?

4.3. IlnomuHa TPOXOAUTh Yepes3 OAHY 3 ABOX IapajebHUX IIPdA-
MHUX i He IPOXOAUTH Uepes ApPyry. SIke B3acMHe PO3MIiITlEeHHS
ILJIOIITWHY 1 Apyroi mpsamMoi?

4.4. Ilnomuan o i f mepeTmHAOTHCA MO OpAMii n (mana. 4.13).
Y miomuHiI o IPOBEAEHO IPAMY M, IapajieIbHy OPAMif n.
fAxe B3aemHe posMmileHHA TPAMOI m i maomuuau ?

4.5. CKinmpKy nOpAMUX, OapajeJbHUX [JaHill IIJIOMMHiI, MOJKHA

IIPOBECTH Uepe3 TOUKY, IO He JIEKHUTh y Miil miaormuui? Bu-
KOHalTe MaJIOHOK.

4.6. ABCDA,B,C,D, — npaMOKYTHHUI mapaJee- B, c
minen (mas. 4.14). 3anuIriTe yci mpami: A | 1
1) mapanensni miromusai ABC; 1D
2) aki nepeTuHaOTh IIomuEy ABB,; BJI 1 Je
3) aki HamexaTh momuHi AA,D. -

A D
4.7. ABCDA,B,C,D, — ky6 (max. 4.14). 3Haii-
OiTh mesaKi aBi mpsami: Mau. 4.14
1) aki napanensni miomunai BB,Cy;
2) aki nepetuHanTh miomuny DCC,;
3) aki Hasmexarp maomuni A,BC,.

{2 4.8. Yu MOKJIMBO, 100 IpsAMa a IIepeTHHaJa IJIOIIMHY o,
~  aje y IJIOLIHMHI o icHyBaJia mpsaMa, IapajejbHa a?

4.9. JToBemiTh, M0 KOJU ILJIOIIMHA IIepeTHUHAE ONHY 3 ABOX IIapa-
JIeJIbHUX NPAMUX, TO BOHA IEepeTUHAE 1 Apyry.

4.10. IIpsawmi a i b napanensHi. AKuM MoyKe OyTH B3aeMHE po3Ta-
IIyBaHHS IPAMOI b i miaomuHE o, AKIIO:
1) a i o mapanenbHi; 2) a i o mepeTUHAIOTHCH;
3) mpaMa a JIeKUTh Y IJIOITHHI o?
BukoHnaiiTe BiAIIOBiZHI MaJIOHKHA.

4.11. IIpami a i b mepermHaOTbCcA. AKUM Mo:Ke OyTH B3aEMHE
posTallyBaHHsAa OPAMOI b i mJIOMIMHE O, IKIIO:
1) a i o mapasenbHi; 2) a i o mepeTUHAIOTHCH;
3) mpaAMa @ JIeKUTh Yy MJIOINHI o?
BukonaiiTe BifmmoBigHI MaJIOHKH.
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4.12. IIpama m mepeTHHAE ILJIOMINHY O. JIKMM MOKe OyTH B3a€EM-
He POo3TalllyBaHHS IPAMHUX M i n, AKIIO:
1) o i n mapaJyenbHi; 2) 0. i n IepeTUHAIOTHCS;
3) n HameRUTHL O?
BuxonaiiTe BiAIIOBifHI MaJTIOHKH.

4.13. IIpama m JeXKUTH ¥ MIOIMUHI o. AKuUM MoKe OyTH B3aeMHe
po3TalllyBaHHS OPAMUX M i n, AKIIO:
1) o i n mapanenbHi;
2) o i n mepeTUHAIOTHCS;
3) n HaIEeHUTL O?
BukownaiiTe BiAIOBigHI MaJIIOHKHU.

4.14. Touxka N He JIeKUTH y IJIOIUHI TpaMokyTHUKa ABCD. Ilo-
BeOiTh, 1o npama CD mapaJsenbHa maoniuui ABN.

4.15. Touxa L He Je:XUTh y IIouHI napamgenxorpama ABCD. Ilo-
BemiTh, 110 npama AB mapasenbHa miaomuni DLC.

4.16. Yepes cropouny ML uortupukyrauxka KLMN, y sAKOro
ZLNK = ZNLM, npoBeneHo miomuny o (manx. 4.15). Jlose-
IiTe, mo NK || o.

4.17. Yepes cropouy ML uworupukyrauka KLMN, y sAKOro
ZNKL + ZKLM = 180° mpoBemeHo miaoiuuy o (manx. 4.15).
HoBemits, mo NK || a.

4.18. Cropoua AB TtpuxkyrtHuxka ABC ma-
panenbHa IJIOIMMHL o, a cropouu CA i CB
IepeTHHAIOTh ILIOIUHY o B TouKax K i L

BimmoBimHO.
1) Hosexnits, mo ACKL ~ ACAB.
Maun. 4.15 2) 3uatigitb KL, akmo CK = 3 cwm,

CA="T7cm, AB = 14 cwm.

4.19. Cropona BC tpukyTtHuka ABC mapajejbHa IJOIHWHI B, a
croporu AB i AC neperuHaioTh mIomuHy 3 B Toukax M i N
BigmoBizmHO.

1) Hosexnits, mo AAMN < AABC.
2) 3muaiigite BC, akmo MN = 2 cm, AB =9 cm, AM = 3 cMm.

4.20. IlnomuHa o, AKa mapajeabHa ocHoBaM AB i CD Tpamemii
ABCD, ueperunae 6iuni cropouu AD i BC B Toukax M i
N sBigmoBigHo. 3Haiigite AB, akmo M -— cepemuma AD,
MN =6 cm, DC = 10 cm.

4.21. Ilnomwuua P, axa mapasenbHa ocHoBaM AD i BC Tparme-
mii ABCD, neperunae 6iuHi cropouu AB i CD B Touxkax K
i L BigmoBimmo. 3maiigite KL, akmo K — cepemnuma AB,
AD =12 cm, BC = 4 cMm.
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@, 4.22. JloBeniTh, IO KOJU IpsAMa 71 HapaJjejbHa KOMKHIN i3
OBOX IJIOLIIWH o i B, AKi mepeTmHAIOTHCA, TO IIPsAMAa N Iapa-
JeJbHA MPAMIil IepeTUHy IJIOIIUH o i P.

4.23. Touka P He HaJNEXWUTh ILJIOMIMHI mapajesorpama ABCD
(man. 4.16). 3anuiriTe yci mapu OpAMHX 1 IJIOIWH, IIapa-
JIeIbHUX MiK c000I0.

A
P
K N
B
L
D A M
Mau. 4.16 Mau. 4.17

4.24. Touka A He HaJexXuTh IaomuHi Tpamenii KLMN 3 ocHo-
Bamu KL i MN (man. 4.17). 3anuirite yci mapu npamMmx i
TLJIOIUH, TTapaJeJbHUX MidK c000I0.

4.25. Ilnomuua o i IpsaMa a, 10 He JEeXKUTh y ILIOIIUHI o, mapa-
JeJIbHI omHill i Ti#i camiit mpamiit b. Axe B3aeMHe po3sTamry-
BaHHA ONpAMOI a i mnomuuau o? BigmoBigs o6rpyHTYyiiTE.

4.26. IIpama a mapasenpHa miomuHi f. Yepes mpsamy a mpose-
IEeHO ILIOIUHY O, KA IePEeTHHAE IJIOIUHY 3 1Mo MpAMii c.
fIke B3aemMHe posTallyBaHHA OpPAMHUX a i ¢? Bigmomiges 006-
I'PYHTYHTE.

4.27. Ilnomuua o mapajgeiabHa cTOopoHi AB TpukyTtHuka ABC Ta
nepetunae cropouu AC i BC y touxkax D i E BimmoBimHo.
Suangite AC, armo AD =8 cm, DE =3 cm, AB =7 cm.

4.28. ITnomuua [ napanenbHa cropori BC tpurkytHura ABC Ta
neperunae cropoHu AB i AC y Toukax M i N Bigmosizmo.
3uaigite AN, axkmo MN =9 cm, BC =13 cm, NC = 8 cMm.

4.29. [JoBeniTh, 10 KOJMU IpsAMa a IapaJiejbHa IJIOIIMHI o, TO
OyAb-sIKA IPsIMAa, SKa HapajejbHa IPAMIiHA a i IpOXOguTh Ue-
pe3 TOUKY MJIOIIUHK O, JEeXKUTh Y IJIOIIHUHI o.

4.30. Tpukytauk ABP i npamMokyTHUK ABCD MaioTh CIiJIbHY
cTOpoHY AB i jexaTh y pPisHHX ILIOIMHHAX. depes CTOPOHY
DC i Touky M — cepenuny Bifgpiska AP mpoBefeHO ILJIOIM-
HY, siKa neperuHae PB y Toumi N.
1) HoBenits, mo npami AB i M N mapaJjenbHi.
2) Buaiigite AB, akiio MN = 5 cMm.
3) Busnaurte Buj yorupukytHuka DMNC.
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4.31. Tpukyrauk ADF i pom6 ABCD MaioTh CIiJIbHY CTOPOHY AD
i mexxkars y pisHmx miaomiuHax. Yepes croporny BC i Toukry
P — cepenuny DF mpoBeneHO IJIOIIUHY, siKa IepeTuHae AF
y Touri T.
1) HoBenits, mo npami AD i TP napajnenbHi.
2) Buangitey TP, axkmo AD = 12 cm.
3) Busnaute Buj yorupukytHuka BTPC.

@ 4.32. ITnomuau o i f mepeTUHAOTHLCA MO MPAMili n, mpama
m € MHUMOOIKHOIO i3 mpAMOI0 n i mapaJiesbHa ILJIOMWHL 3.
SAxum Moxxke OyTH B3a€eMHe PO3MIIleHHS MPSAMOI m i IJIOIIu-
HU o? Bigmosigbs oOr'pyHTYyIiTE.

4.33. Ilnomuuau o i B mepeTuHAOTHCA MO TpAMiil ¢, mpaMa d ma-
pajenbHa IJIOIIMHI o 1 mapajenbHa OpaAMii c. AKuM MoKe
OyTu B3aeMHe poaMimeHHA npamoi d i miomuau B? Bigmo-
BiZb OOI'PYHTYIiTE.

4.34. Touka D He JeXWUTb y IJIOHMINHI TpuKyTHuka ABC
(mau. 4.18). Ha Bigpisxax AD, CD i BC Basaro Touku K, L i M
Bigmosiguo Tak, 1m0 DK : KA=DL : LC=BM : MC =1 : 3.
1) HoBenits, 1o npama AC nmapasenbHa momuai KLM.

2) fxum € B3aemue posmitnernas upamoi BD i mwrormuan KLM?
3) IloGyayiiTe Touky N — TOuKy mepeTuny momrmuau KLM i
Bigpiska AB. IIo6ynoBy oOr'pyHTYyIiTE.

4) 3HatimiTe nepumerp UYOoTUPUKYyTHMKA KLMN,  axmo
AC =8cm, BD =12 cm.

L
K E
A B A C
M
G F
C B
Mau. 4.18 Mau. 4.19

4.35. Touka L He JeXuThb Yy ILIOIUHI TpuKyTHuUKa ABC
(maxn. 4.19). Ha Bigpiskax LC, BC i BA B3aro Touxku E, F i
G Bignosiguo Tak, mo LE : EC=BF : FC=BG: GA =1 : 2.
1) HoBenits, mo npama BL mapanensHa nyoinuHi EFG.
2) fAxum € B3aemHe posmintenns npamoi AC i muomiuau EFG?
3) Ilobynyitre H — Touky nieperuny 1wiommuau EFG i npamvoi AL.
4) 3uaigiTe Pypopy, axmo AC =9 cm, BL = 15 cm.

4.36. [oBeniTh, 1110 uepes OYAL-AKY TOUKY IPOCTOPY, AKA HE Jie-
JKUTDH Ha JKOIHIiM i3 IBOX JaHUX MUMOOLKHUX IPAMUX, MOK-
Ha IIPOBECTHU ILIOHIMHY, IIapajieibHy KOMKHIiN i3 1BOX maHUX
npamMux. CKiIbKM TaKMUX IIJIOIIMH MOYKHA IIPOBECTU?
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%
(3 E)

4.37. TIpami AC i BD — mumoOixkui. Touxka M JgeXKuUTh Ha Ips-
miti AB mixk Touxkamu A i B. IloOyayiiTe mIOLUHY, AKa IIPO-
xXoauTh ueped TouKy M mapanenbHo npsavmuM AC i BD. Ckiab-
KM TaKUX ILIOIIUH MOJKHA IIOOyAyBaTH?

4.38. Touka P He HaJeXUTh ILTOIUHI TpukyTHuKa ABC, M — ce-
penuna AP. fAkum € B3aemuHe posmimnenHsa miomuau MPB
Ta ONPAMOI, IO IIPOXOAUTE uepes cepesunu cropin CA i CB?

4.39. Touka L JeXuTh II03a ILIOIKMHOI mapaJjenorpama ABCD.
1) ITo6ynyiiTe mpamy nepetuny miaomiud LAB i LCD.
2) SIkuM € B3aeMHe PO3MillleHHA MO0y J0BaHOI mpAMOi i mio-
IUHY IIapajgegorpama?

4.40. Touka M J1eXKUTH 034 IJIOIIUHOIO TPUKyTHUKa ABC, TOU-
Ku E i D — cepegunu BC i AC BimmosigHo.
1) Ilo6yayitiTe ipaMy niepeTury maonua MAB i MED.
2) dxuMm € B3aeMHe PO3MIiIlleHHS IOOYI0OBAHOI IPAMOI i miIo-
IMUHY TPUKYTHUKA?

& Xummeba mamemamuka

4.41. Isarm Ta IBaHKa, pO3JYyUYMBININCHL Ha IEPEXPECTi, Milmam
M0 B3aEMHO IEPUEHAVWKYJIAPHUM [Ioporax, IBanm 31 mBHAKicTIO
3,6 km/rox, Isanka — 2,7 kM/roa. fIka BimcTaub (B KM) Oyme MixK
HuUMU uepes 45 xB?

Bl -
oy P

Tligzomyiimecs go bubuenns Hobozo mamepiany

L/m
4.42. Bigomo, mo allb, m|n (var. 4.20). @
YramxiTs Bug vorupukyTauka KLMN. b n
K ‘M
N,
Mau. 4.20
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NAPANENBHICTb
nnoLwnH

------------- SIx crBepmKyeTbca B akciomi Cpy,
1. Baaemmne posmiufeHna | grmo OB IJIOIMIMHK MAIOThb CIILIBHY
060ox niowun TOUKY, TO BOHU IIEPETUHAIOTHCA IIO
npamiii. OT:Ke, MOYKHa AiNTH BHUCHOB-
Ky, 110 € 06a 8UunadKu 63aeMH020 PO3MiULeHHsL 060X NAOUUH:
1) naowurnu moxcymv nepemunamucs no npamiii (maiu. 5.1);
2) nAOWUHU MOKYMb He mamu cniibHux mouok (Maja. 5.2).

P v e
\ e

Maia. 5.1 Maa. 5.2

2. Ilapanenvui
nAOWUHU

‘ JBi IIOIUHY HA3HUBAIOTH IMapPaJIeiIh-
® HHMMH, SKII0 BOHM HE€ MAIOTh CIIiJIb-
HHUX TOUYOK.

Ha manmonky 5.2 naomusu o i f mapangenbHi, 1le MO3HAYAIOTH
Tak: o | B.

YaBieHHS Ipo mapajebHi MIOIMUHYN B HOBCAKICHHOMY JKUTTI
IaloTh, HAIPUKJA, THO Ta KPUIIKA 3aKPUTOl KOPOOKMU, ABi mpo-
THUJIEKHL CTiHM KiMHATH, MIMOKM CKJOIIAKeTa TOIIO.

Teopema 1 (0o3HaKa mapajeJbHOCTI MJIOIIMH). AKIIO

T OBi mpami, AKi mepeTHHAIOTHCS, OTHIE€] IIOIIMHHU BigImo-
BiTHO mapaJieJbHi TBOM HPAMHMM IPYrol IJIOIMHH, TO IIi
ILUTOIIMHY IapaJjiebHi.

Hosenennsa. Hexait o i B — gani miomunan (man. 5.3), a, i
a, —.,Z[Bi npf{Mi, 10 JIesKaTh y mwIomuHi o i NepeTHHAIOTLCA B
rouri A, b; i b, — ABi mpami, 0 JexXAaTh y IUIOIUHI 3, TPUUO-
My a, || b, a, || b,.

A
Aa1><az AR
- == 7

Max. 5.3
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1) Maemo, mo a, ||B, a,||B (3a o3HaKO0 mapajeJbHOCTI MpH-
Moi i mIoIuH]).

2) Nosememo, 1o o || B Bix cymporuBHOro. Ilpumycrumo, 1110
IIJIOITMHY o i 3 He mapajesbHi, TOOTO MEPETUHAIOTHCA IO MIPS-
Mi#t c.

3) IIpama c JieKUTh y IJIOIIWHI 0 i HE Mae CHITBHUX TOYOK 3
a,. MificHO, AKOU ¢ i a, NepeTUHAINCA, TO Id TOUKa Oysa 6 Ta-
KOK TOUKOIO IIePeTHHY NpAMOi @, i nuomunu B, axe & a || B.
Tomy a, || c.

4) Ananoriuuo a, || c. Ilpuxogumo 10 TOro, 110 Yepes TOUKY A
IPOXOAATh ABL pisHi mpami — a, i a,, mapanenpHi npamii c,
1[0 CYIIepeuYuTh TeOpeMi IIpPo iCHyBaHHSA IPAMOI, HapaJieJbHOI
JaHin.

5) OT:xe, Hallle IPUOYITeHHA X1bOHEe, TomMy o || B. M

H Hacnigox. fxkmo nBi mpami, AKki mepeTHHAIOTHCS, OJI-

Hi€l IJIOIIWMHU MapaJjieIbHi iHIIid IIOIIMHI, TO Ii IJIOIIH-
HH TapaJieIbHi.

sEneL e [TooynyBaTy mapajebHi IIJIOMIMHU, IO HPOXONATH
yepes OBl JaHi MUMOOiKHI mpaMi.
PosB’s3aumuda. Hexaii a i b — mumobikui
1) Yepes r0oBibBHY TOYKY IIPSAMOI @ IIPOBE[E-
Mo npamy b,, napanensHy b, a yepes JOBLIb-
Hy TOYKY IpAMoi b mpoBejgeMo IpAMY a,, Ia-
paienbHy a (Man. 5.4).
2) Uepes mpami a i b, mpoBejeMO ILJIOIIU- Maur. 5.4
HYy O, a 4epes npami b i a; — niomuny f.
3) Tomi a||B (3a 03HAKOIO HmapajeJbHOCTI IJIOIMH). ¥ MOBY 3a-
Jadyi BUKOHAHO.

Teopema 2 (mpo icHyBaHHA IJIOIIWHYU, IIapajelbHOL
naHii). Yepe3 TOUYKY m03a JAHOIO ILIOIIMHOIO MOSKHA IPO-
BEeCTH ILIOLIWHY, IMapaJieIbHy AaHii, i 10 TOro K TiIBKH
OIHY.

HoBeneHHA 11i€l TeopeMU He HaBOAWMO, OCKiJIbKU BOHO € JTOCUTh
T'POMiBAKIIM.

sthey Al loBecTH, 1110 OBi ILIOIIMHY, AKi mapajeabHi Tperiit
IJIOIITMHI, mapaJjieJibHI MisK coboro.

HoBengenunda. Hexa#t af|B i aly. Hoememo, mo By Bix

CYIIPOTHUBHOTO.

1) IIpunycrumo, 1o B i y mepeTuHAIOTHCA IO AeAKild npAMii m,

a JesiKa TOYKAa A HAJEKUTDb I[if mpAMiii.
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2) Toxi maemo, 1110 Yepe3 TOYKY A TPOXOAATH ABi miomueH B i v,
mapaJjieJibHi MJIOMINHI o, IO CYIEePeUYUTh TeopeMi Ipo iCHyBaHHSA
ILJIOIITUHY, SKa IPOXOAUTh Uepes JaHy TOUKY IIapajieIbHO JaHiit
TLJIOIITWHI.

3) OT:xe, Hallle IPUTYIIIeHHS XubHe, TomMy [ | v. M

------------- Posriamemo mesxi BiacTuBOCTI mapa-

3. Baacmueocmi JeJbHUX IIJIOIIUH.
napajienivHux niowun

‘ 1. dxmo nBi mapajieabHi IIOIUHM TEPETHYTH TPETHOIO,
&, TO IPAMi IIepeTHHY OyAyTh IapaJejabHi.

HoBenenHnsa. Hexall niyomuHa y nepeTuHae napajejbHi ILJIO-
muHT o i f mo mpAMuUX a i b BigmoBiguo (Mas. 5.5).

1) Ipami a i b nexars B oAHiM WJONIMHI — TJIOIMHI Y, TOMY
BOHHI ab0 IIePeTHHAITLCs, a00 ImapajesbHi.

2) IIpunyctumo, 110 npaAMi a i b mepeTnHATLCA B JeAKilA TOU-
mi. Toxmi ma TouKa HaJMeKUTh KOMKHIN i3 miaomuH o i , ToOTO
IJIOIIMHY MIEPETUHAIOTHC, 10 CynepeunuTh yMoBi. [Ipuiinim no
nmpoTupivudg, oTe, a || b. W

Q
Q
N
\
N
o

T
1
I
'

y V

Max. 5.5 Max. 5.6

=
>
s
S

2. Bigpizku mapajieIbHUX MPAMUX, KiHI[I AKUX HAJEKATH
JBOM IIapaJieIbHUM ILTONMHAM, PiBHI MisK c000rx0.

HoBengeunHsa. Poarnsmemo Bigpisku AB i CD mapajelbHUX
OpAMUX, KiHII AKUX HaJeXKaTh IBOM IIapajebHUM IJIOIHHAM
oifp (max. 5.6).

1) 3a nonepegusoro Baactusictio AC || BD.

2) Omxe, AB||CD i AC || BD, tomy ABDC — mnapaJjiesorpam.
Toxi AB = CD (3a BiacTuBicTiO mapaJiejorpama). M
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0"“ “hieh e [Ba mpoMeHi 3i CHIIBHUM IIOYAaTKOM — TOUKOi0 M —
nepeTUHAIOTh ITapajefbHi IaomuHnu o i B y Toukax A, B, i A,
B, Bigmosizno (max. 5.7). IoBectu, mo TpukyTHuKH A;MB, i
A,MB, nopni6Hi. M

HoBenmeunus. 1) IIpoBememo uepes

npami MA, i MB, nnomuny. Ila mio-

IIUHA TTePEeTUHAE TJIONIUHY O TI0 MPAMI \B
A,B,, a mromuny 3 — mo npamii A,B,. 4 Ay N
2) 3a ByacTUBiCTIO TapajeJbHUX ILJIO-

muH A B, || A,B,. \
3) Posrnmamemo AAMB, i AA,MB,. \B
Kyr M y mux coimermiti, ZMB/A, = B 14, /{
=/ZMB,A, (AKX BiANOBigHI KyTH npH [
MePeTHH] MapateNbHuX MPAMUX AB, i Mar. 5.7
A,B, ciunoo MB,).

4) Tomy AA,MB, © AA,MB, (3a nBoma KyTramu). M

@ Axum Moxe ByTV B3aeMHE PO3MILLEHHS ABOX MAOLMH? @ HAki nno-
LUMHM Ha3uBaloTb napanensHuMn? @ Cdopmynionte W O0BEOiTb
03HaKy napanenbHocTti nnowwH. Cdopmynionte Hacnigok i3 Hei.
@ Cchbopmynionte Teopemy npo iCHyBaHHSA MAOLLMHK, NapanensHoi aa-
Hin. ® CchopmynionTe 11 AOBELiTb BNACTMBOCTI NapanenbHUX MiloLLmH.

% Fosb’axims 3agavi ma bukonaidme bnpabu

@ 5.1. HaBeniTs, mpukJaay mapajieIbHUX IJIOIUH y IOBCIK-
IEeHHOMY JKHUTTi.

5.2. Ilmoutuun o i B mapanenpri. [IpamMa a JeXUTh y IJIOIUHI O.
SKuM € B3aeMHe po3TalllyBaHHA MPAMOI a i maomuau 3?7

5.3. Ilnomuan o i f mapamenbui. [IpAMa a JeXUTH y ILIOIIHHI O,
npsama b — y miomuHi B. Yu MoKyTh IpsaMmi a i b neperunaTucsa?

5.4. Ha maaoHKY 5.8 300paxeHO IPAMOKYTHHUI IIapaJieseline].
Yu mapajenbHi IJIOIITUHA:

1) ABC i A,B,Cy; 2) ABB, i ABC?

5.5. Ha maioHKy 5.8 300paskeno Ky0. Yu ma-
pajienbHi IIOIUHNA: B, c,
1) AA,D i ACD; 2) ABB, i CDC,? A

|

|

5.6. IIpami m i n nepermHamTbes B Touli O :
i mepeTuHaOTh IapajejbHI ILIOIIHHUI B,

o i B B Toukax A, B, C i D BigmosiznO -
(mam. 5.9). Axum € B3aeMHe PO3MilIeHHA
npamux AB i CD? Mai. 5.8
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Man. 5.9 Maax. 5.10 Maux. 5.11

5.7. Cropouu Kyta ABC mepeTHHAIOTh HapaJiejbHi IJIOMIHHU O i
B B Toukax K, L, M i N Bigmosimuo (Maxn. 5.10). fxum e
B3aeMHe poaralryBaHHA npamMux KL i MN?

5.8. Ilmomuum o i B mapanmenbui. Touka M He HaNEXKUTH KOMHIil
i3 Hux. CKiJnbKM iCHye mpAMHUX, AKi mapajiesibHI KOMKHIN i3
ILIoIIWH o i B Ta TpoxoxATs yepe3 Toury M?

5.9. IImomuuu o i B mapanensHi. Touka P He HaJIEXKUTh KOMHIl
i3 Hux. CKiJIbKU icHye HJONIMH, AKi ImapaJjejbHI KOXKHIN i3
ILJIOIIWH o i B Ta TPOXOLATE yepe3 TOury P?

5.10. Bigpisku ML i NK napajgelbHUX IPAMUX M i n MicTATbCS
MiK ImapajeJbHUMHU IIomumHAMM o, i  (Masa. 5.11). 3HalgiTh:
1) MN, akmio LK = 3 cwm; 2) ML, sixmo NK =9 cwm.

5.11. Bigpisku ML i NK napajgelbHUX IPAMUX M i n MicTATbCS
MiK IapajeJbHUMHU IIommHAMu o i  (maa. 5.11). 3HalgiTh:
1) NK, axmo ML = 10 cwm; 2) LK, akmio MN =4 cwm.

(@ 5.12. ABCDA,B,C{D; — xy6 (man. 5.8). YKaxiTs mapayueib-
~  Hi IJIOMUHU, AKUM HajlexaTh MUMOOLKHI mpawmi AA, i DC.
BigmoBigs obrpyuTyiiTe.

5.13. ABCDA,B,C,D, — npaMOKyTHUII apanieiemninesn (man. 5.8).
VEKaxiTh, mapajieJibHI IJOIMIMHU, SKUM HaJeXaTbhb MUMOOiK-
Hi npawmi AB i B,C,. Bignosine o0rpyHTYyIiTe.

5.14. Touka P He JeXKUTh y IJOIIUHI TpH- P
kytauka ABC (man. 5.12). Toukm K,
L, N — cepemunu Bimpiskis AB, AC i N
AP simmoBigno. JloBemiTs, IO MJIOIITMHA l
KLN mnapanensua miomiuai BPC. A A
5.15. IIpami, mo mictars cropouu AC i AB K C
TpukyTHUKa ABC, mapajejbHi IIJIOIIH- '
Hi o (Manx. 5.13). HoBexiTh, 110 mpaMa
BC Tako:k mapajejbHa ILJIOIIWHI o. Mar. 5.12
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5.16. Y mromuHi B icHyroTs Tpu npami, mapa- B
. . A"
JIeJIbHI tromuHi o. Y MoXKHA 3p0oOUTH BU- C

CHOBOK, IO ILJIONITWHU 0, i B mapaneabHi? E

5.17. Yn MoXyTb OyTHM IapaJjieJIJbHUMH ILJIO-
IMVWHY, AKi IPOXOomATH dyepes MUMOOiXKHI Maur. 5.13
npami?

5.18. [loBeniTh, 110 KOJIM HpsAMa IIepeTHHAE OAHY 3 IBOX Iapa-
JIeIbHUX TJIOIIWH, TO BOHA MEePeTUHAaE i Apyry.

5.19. Ilnomuun o i f mapasenbHi. IlpAMa a mapajsieiabHa ILJIO-
muHi o i He jgexuTh y miomuHi B. HoBexits, mo npama a
nmapaJiejbHa ILIOIIMHI .

5.20. JoBeniTs, 1110 KOJU ILJIOIMNHA IePeTUHAE OOHY 3 ABOX IIapa-
JIeIbHUX ILJIOIIUH, TO BOHA IIePeTUHAE i Apyry.

5.21. Ilnomueu o i p mapanenbui. AKuM Mo:ke OyTH B3aEMHE
posTallyBaHHA IPAMOI a i miuomueYy B, AKIIO:
1) nmpsama a mapaJjiebHa IJIOIWUHI O;
2) mpAMa @ TepeTuHae IJIOIIUHY O]
3) mpAMa @ HAJEeXUTh ILJIOIIUHI o?
Jlo KOKHOT0 3 BUIIAAKIB BUKOHAITe BiAMMOBIZHWI MaJIOHOK.

5.22. Ilnomueu o i f mepeTuHAOTHCA MO OpAMiN b. kUM MoKe
OyTu B3a€MHE PO3MIIlleHHA IPAMOI a i IJIOMUHA [, AKIIO:
1) mpsama a mapaJiesbHa IJIOIIWHI O
2) mpaAMa a TepeTUHAaE TJIOIIUHY o;
3) mpAMa a HAJEeXUTh ILJIOIIUHI o?
Jlo KOKHOTO 3 BUIIAAKIB BUKOHAUTe BiAMIOBITHWII MaJIOHOK.

5.23. IIpama a mapajenbHa ILJIOMIUHI o.. IKUM MOKe OyTH B3aeEM-
He PO3MIiIlleHHA IJIOIMWH o i , AKIIOo:
1) npama a HaJNEXUTH MJIOMNHI [3;
2) mpAMa @ nepeTWHAaE IJIOIIUHY [3;
3) mpaMa a nmapaJiejibHA IJIOMUHI 3?
Jlo KOKHOT0 3 BUIIaAKIB BUKOHAMTe BiAMIOBIAHUII MaJIOHOK.

5.24. IIpama a mepeTHHAaE IJIOIIUHY O. JIKMM MOKe OyTH B3aeM-
He PO3MIiIlfeHHA IJIOUIUH o i B, AKIIO:
1) opama a HaJIEXXUTH IJIOIMHI B;
2) mpaMa a mepeTUHAE IIOLIUHY [3;
3) mpaMa a mapaJiesibHa TJIOMUHI 3?7
Jlo KOKHOTO 3 BUIIAAKIB BUKOHAITe BiAIIOBIIHWII MaJIOHOK.

5.25. Yepes Touky O, AKa JeKUTh MiXK IapajieIbHUMH ILJIOIIHHA-
Mu o i B, mpoBemeno npami m i n (man. 5.9). IIpama m mepe-
TUHAE WIONUHY o i B y Toukax A i D, a mpAMa n — y TOUYKax
B i C sigmosigao. 3HauimiTe AB, akmio OC = OB i CD =5 cwMm.
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5.26. Ilnmomuun o i B napanensHi. [lapanenbHi npawmi a i b me-
PETUHAIOTH IJIOIIWHY O B TOYKax A i B, a miomuny f — vy
roukax C i D Bigmosiguo. HoBexmits, mo LABC = /BCD.

8.27. Ilnomuuu B i y napanensHi. [lapanensHi npami m i n nepe-
TUHAIOTH IUIOMIUHY 3 B TouKax M i N, a mJIOUIUHY ¥ — Y TOY-
kax K i L sigmoBiguo. HoBexite, mo /MNL + /NLK = 180°.

5.28. Yu mpaBusbHe TBepPI:KeHHA: «fIKIIO MpsiMa HaJIeXKUTD ILIO-
muHI o 1 mapajenpHa IJIOIIWHI , TO ILIOIMHU o i [ mapa-
JenbHi»? BigmoBiges oOr'pyHTYyiiTE.

5.29. Y1 MOKyTb NepeTHMHATHUCS ILIOIIUHU, II[0 IIapajiejibHi Of-
Hif i Ti# camiit mpamiii?
5.30. JIBi mpsawmi, 1o HaJeKaTh IJIONIMHI O, BiAMMOBimZHO mapa-

JIEJIbHI IBOM IIPAMUM, IIIO HaJeXXaTh ILIOMuHL . Yu MoKHaA
CTBEPJ KyBaTH, o o | B?

5.31. OcHoBu Tparnerii napaJejabHi mIomuHi o. Y1 MOXKHaA cTBep-
IKyBaTH, 10 ILJIOIMHA Tpamerlii mapajgejbHa ILJIOIIUHL o?

@ 5.32. Ilnomuuu o i f mapanenbpni. Yepes Touky M ILIOIIUHYA
p mpoBemeHo mpAMy m, IapaJieabHy ILToImuHi o. IoBeniTs,
10 IpAMa M HAJEKUTDH IJIOMIUH] [3.

5.33. ILnomuuau B i y mapajgenbHi. ¥ IIOmMuHI [ IpoBemeHo IpH-
My b. Uepes Tourky C IJIOIIVHY Y IPOBELEHO IPAMY €, IIapa-
genbHy b. [foBeniTh, 110 OpAMa ¢ HAJEKUTH ILJIOIIMHI Y.

5.34. Touka S He HameKUTh IJIOIMKHI TpuKyTHUKA ABC. Touku
K, L i M mnanexars Bigpiskam SA, SB i SC sigmoigHoO,
npuuomy /MKA + Z/KAC = 180°, /LKA + Z/KAB = 180°.
Hosexnits, mio miaomiuau ABC i KLM napajenbHi.

5.35. Touka @ He HaNeXUTH IIoOHUHI TpuKyTHUKA KLM. Touku
A, B, C HanexaThb Bigpiskam QK, QL i QM Bigmosiguo, mpu-
yomy /QAC = /QKM, /QCB = /QML. loBenitsb, 10 ILIO-
muan KML i ABC napajieibHi.

. Q

5.36. Touky @, 110 He JIEKUTH y IJIOIIWHI IIa- M
panenorpama ABCD, croJiy4eHo 3 BepIIu- / "
HaMu mapaJjejorpama (man. 5.14). ITo- '
OyayiiTe IJIOIIHHY, IO IIPOXOAUTHL uepes C a B
Touky M Bimpiska QA mapaseibHO ILIO-

IUHi mapajeiorpama. Mau. 5.14

5.37. Tourky K, 110 He JIeKUTh y ILIOmIMHI TpuryTtHuka ABC,
CIoJIy4YeHO 3 poro BepmimHamu (Maja. 5.15). IlobyayiiTe mio-
IIUHY, II10 IPOXOAUTE UYepe3 Touky L Bigpiska KC mapajeib-
HO miormuHi ABC.
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5.38. Ilnomuuu a i f mapaneasHi. Yepes Touky K, K
110 JIEKUTHh MidK IIUMU ILJIOIMIMHAMHU, IIPOBee-
HO IIpAMi a i b, AKi mepeTuHAIOTh MJOIINHY O
y Toukax A, i B;, a miomuny  — y Toukax A, C
i B,. 3HaiIiTL JOBXKUHY Bifipiska A,B,, AKIII0 B
AB, =10 cm, KB, = 6 cm, KB, = 3 cMm.
Maun. 5.15
5.39. JIBa mpoMeHi 3 moyaTKOM y TOUIli A mepeTu-

HAIOTh OJHY 3 ABOX IapaJIeIbHUX ILUIOIMWH y Toukax K, i L,
a apyry — y toukax K, i L,. 3HalifiTh NOBXHUHY Bipiska
K,L,, axmpo K,L, = 20 cm, AK, : AK, =4 : 5.

5.40. [IBa mpoMeHi 3 MOYATKOM y TOUIli B mepeTMHAIOTH OAHY 3
ABOX IapaJeJbHUX ILIOMuH y Toukax C; i D, a apyry — y

roukax C, i D,. 3Haifite poBxuny Bigpiska C,D,, AKIIO0
C,D, =8 cm, BC, =10 cm, BC, = 15 cm.

5.41. ABCDA,B,C,D, — Ky6 (max. 5.16). M — cepeguna CC,.
IToGyayiiTe uepes Touky M IJIOIIHHY, IapajejbHy IJIOIIH-

Hi ADC;.
B, c, B c,
4 — D. Ay
// : 1 M ,/ : N Dl
|
/Bio ) Je ANAVALR
A D A= D
Mau. 5.16 Maun. 5.17

5.42. ABCDA,B,C,D, — xy6 (man. 5.17). [loBexiTs, 1[0 IJIOUIMHI
A,C,D i AB,C napaneibHi.

@ 5.43. ILmomuum o i B mapanenwvri. Touku M i N HagexKaThb
mnomuHi o, K i L — nuromtuHi . Bigpisku ML i KN nepetu-
HawTbCcA, npuuomy ML = KN i MN = KL.

1) HoBenits, 1mo Touku M, N, K i L jexxaTb B OOHili IILJIO-
IITMHi.

2) Busnaurte Buj yoTupukyTHuka MNLK.

3) 3uaiifiTh WOy YOTHMPUKYTHUKA MNLK, Ko
KL =5cm, ML =13 cm.

5.44. Ilnoutuum B i y napanenpri. Touku A i B HaneXaTh IJIOIH-
Hi B, a Touku C i D — mmomuHi y, mpuuomy AB = CD. Biagpis-
ku AC i BD nepeTnHAIOTHCS.

1) HosexiTs, 1o Touku A, B, C i D jiexxaTh B OfHIi# TJIOIITWHI.
2) Busnaurte Buj yoTupukyTHUKa ABCD.
3) 3uangite mipy Kyra ADC, akmo L/DAB = 130°.
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5.45. Pebpo ry6a ABCDA,B,C,D, nopisaioe 10 cm. Touka M —
cepesnHa pebpa AA,.
1) ITo6ynyiite Touky L — TouKy nepetury miaomuau CB,M 3
pedpom AD.
2) 3uaiigiTh NOBXKUHY Biapiska ML.

5.46. Tpu npsmi, 110 IPOXOAATH Uepe3 OLHY TOUKY i He JeKaThb
B ONHi ILJIOIIMHi, IEePeTHHAIOTh OJHY 3 ABOX IapajiebHIX
mwIomuH y Toukax A, B, C, a apyry — y Toukax A,, By, C,.
Hosenits, mo AABC ~ AA,B,C,.

5.47. Ilnomuua tpukyTHuKka ABC 3i cropoHamu 5 ¢cM, 5 cm i 8 cm
napaJjenbHa ILIOIMUHLI o. CBiTJ/IO, IO BUXOAUTL 3 TOUKHU S,
yTBOpIOE Ha ILIomuHi o Tiek A,B;C, Bix TpukyrHuka ABC.
O0uucTiTh:

1) croponu TpukyTtHuUKa A,B{C{, AKImo0 SA : AA; =1:2;

2) niomty TpuxkyTHuKa A,B,C,.

Yu moskHa 3HaiiTu miomy TpukyTHuka A,B,C,, He 3Haxo-
Isa4u #oro cTopiu?

5.48. Ilmomuua [ mnapanenbHa mIomuHI TpuKyTHUKa KLM.
CBiTJiO, IO BUXOAUTH i3 TOUKHM ), YTBOPIOE HA ILJIOINMHI [
riab K,L, M, Bix TpukyTHuka KLM. CTOPOHNM TPHUKYTHHKAa
K,L,M, popiBaIOI0TE 12 cM, 15 cMm i 9 cm. 3HalimiTh:

1) croporu Tpukyrauka KLM, axmo QK : KK, =2 :1;
2) oy TpukytHuka KLM.

E\} Xummeba mamemamuxa

5.49. Ha oxmakosiii BifcTaHi oguH 3a
IPYTUM B3IOBXX NPAMOI BCTAHOBJIEHO
Tpu TegerpadguHmx croBou. Ilepmwmit i
IPYTUA B3HAXOAATHLCS BiJ moporu Ha
Bimcramax 18 m i 24 M. 3HalmiThL Bifg-
CTaHB Bijl JOPOTH IO TPETLOTO CTOBIA.

l, Tigzomyimecs go bubuenns Hobozo mamepiany

5.50. IIpami a i b mepneHIAUKYJIAPHI Ta IEePEeTHHAIOTHLCA Y TOU-
mi M. Touxa A HaJeXUTh NPAMili a, a Touka B — npawmiii b.
3HaNmiTh:

1) AB, akmo AM =5 cm, MB =12 cwm;
2) AM, saxiio AB = 10 cm, MB = 8 cwMm.
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NEPMNEHAUKYAS PHICTb
NPAMUX | NAOLLIMH
Y MPOCTOPI

Y IbOMY PO3IILJII MU

© npuzadaemo BIACTHBOCTI MOXU-
JINX Ta iX MMPOEeKI[iil Ha ILJIOIIUHI;

@ 0disnaemoca TIpPO TEPIEHAUKY-
JAPHICTP MTPAMUX 1 ILJIOIIWH;
BJIACTUBOCTI MOXUJIUX Ta 1X IIPO-
eKIlili y HpocTopi; ABOTPaHHUH
KyT Ta #ioro BuUMipioBaHHSA; KYT
Mi)X IIJTOIMHAMM Ta MOro BUMi-
PIOBaHHA; OPTOTOHAJbHE ITPOEK-
TYBaHHS;

© maéuumocsa y IpocTopi BCTaHOB-
JII0BATH NEePUEeHINKYIAPHICTD
OpAMHUX i IJIOIMWH; BUMipioBaTHU
BimcTaHi i KyTH.
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NEPNEHAUKYNAPHICTb MPAMUX'Y NMPOCTOPI.
NEPMNEHAUKYNAPHICTb NMPAMOI | NJTIOWWHU

Y mpomy maparpadi posrisHeMO IMUTAHHSA PO MEePIeHAUKY-
JIAPHICTL NPAMUX, IO IIEPEeTUHAIOTHCSI, 4 B OJHOMY 3 HACTYII-
HUX — NUTAHHA IPO NEePHEeHANKYJIAPHICTE MUMOOGIIKHUX IPAMUX.

1. Ilepnendukxynapuicmeo
npamux y npocmopi . . .
P SImp Lid Ax i Ha muomuHi, y mpocTopi
‘ OBl mpaMi, AKi mepeTHHAIOTHCA I MPAMUM KYTOM, HA3H-
&. BalOTh nepnenHduKyrapHumu (63a€MHO nepnenHouKynap-
Humu) (Mayx. 6.1).

s 1o3HAUYeHHS IMEePIeHIUKYJIIPHOCTI Yy

b . . .
)W IPOCTOPi BUKOPUCTOBYIOTH TOM CaMUi CIMBOJI,
a 10 ¥ Ha IJIOIINHI, HAIPUKJIAL, AKII0 OPIMi a
Maur. 6.1 i b B3aeMHO HEPIEHIUKYJISIPHiI, TO IIe 3aIHuCy-

I0TL Tak: a L b.

SENEVENES ABCDAB,C,D, — npAMOKYTHHI mIapaJeemninesn
(man. 6.2). SHaliTm Bci mpami, 10 IepeTHHaOTh npamy AA, i
IepIeHauKYJAAPHI 10 Hel.

Bignosins. AB, AD, A,D,, AB,.

D, ,
A I
1 : B1
I
Di__L_Jo
A 5
Mau. 6.2 Max. 6.3

stV el Al ITpami AB, AC i AD momapHO IIepHeHINKYJIADPHIL

(maJt. 6.3). 3uaiiTu goB:KuHY Biapiska BC, akmo DB =281 cwM,
DC = 20 cm, DA = 16 cMm.

PosB’azanmuda. 1) Is ADAB (ZA = 90°):

AB=+/DB2 - DA? =/(-/281)2 - 162 = /281 - 256 = /25 =5 (cMm).
2) Is ADAC (ZA = 90°):

AC =/DC? - DA? = /202 —162 = /400 — 256 = /144 =12 (cm).
3) Is AABC (LA = 90°):

BC =+JAB2 + AC2? = /52 +122 = /25 + 144 = /169 =13 (cwm).
Bigmosingn. 13 cm.
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TTTTTETISISISSE Yy Slkmo npaMa He JIEKUTH Y ILJIOIIU-

2. llpanma, Hi i He mapasenbHa i, To BOHa Iepe-
nepnendukynapra TUHAE ILJIOMUHY. ¥ oMY Iaparpadi
0o nrowuru PO3TJIAHEMO BUIIALO0K, KOJU IIpsAMAa

IIEpIeHInKyJAPHa A0 IIJIOIIMHHN.

‘ IIpamy, gxa mepeTMHA€ ILIOIIMHY, HA3UBAIOTh IEePIIeHIU-

K. KYJAPHOIO 0 Ii€l IJIOIINHN, AKII0 BOHA IMEePIeHIUKYJIAP-
Ha 10 KOKHOI NMpAMOi, IO JIEKUTh y ILIOIINHI i IMpoxo-
IUTH Yepe3 TOUKY meperuny (mamu. 6.4).

IIle wayTh, IO IJIOIMMHA MEPHEeHAWKYJIAPHA 0 IIPAMOI,
a00 mpAMa i IJIOIMHA B3a€MHO IIEPIEHAUKYJISIPHi. 3amucaTy Iie
MOXKHA Tak: a | o abo a L a.

Y mOBCAKIEHHOMY KHTTi MU IIOCTifHO CTUKAEMOCSH i3 B3a€MHO
HePHeHIUKYIAPHUMY IPSIMOIO i IIJIOIMIMHOIO: TeJerpa)HUMA CTOBII
HePHeHIUKYIAPHUNA 10 TOBEPXHi 3eMJIi; IITHYP, HA AKOMY BUCUTD
JaMIia, TepIeHAuKYJIAPHUN 0 MIJIOIIUMHU CTeJi; JiHifd IepeTuHy
CTiH MepHeHIUKYJIAPHA AK OO IJOIMWHU HifJOTH, TaK i M0 ILIO-
IIMHYU CTeJIi; HiMKKa CTOJIy IepHeHIMKYJIApHa OO0 MOro moBepxXHi

TOIIIO.
a
N7
Mag. 6.4 Max. 6.5
I E I T TIIITTITI >y Ha wmanosky 6.5 Uinia mepetuHy
3. Osnaxu CTiH b HepHneHAWKYJIAPHA OO ILJIOIIH-
nepnerndukyniaprocmi Hu mignoru o. Takox JsiHig nepetuny
npamoi i nIowWuHU CTiH b TepHeHAVKYJISPHA OO0 MPIMHUX

a; i ay, AKi Jexarp y IIOmMMHLI o i
nepeTuHaOThCA 3 mpAMo b. Ileil MamiOHOK € HAOYHOIO ijfocTpa-
IIi€l0 O3HAKM IEPHEeHINKYIAPHOCTI IPAMOI i IJIOIUHN.

Teopema (03HaKaA MEePIEHAUKYJIAPHOCTI IIPSAMOI i ILJIOIIM-
HU). KMo mpama, AKa MepPeTHHAE ILIOIIMHY, IMePIeHInKY-
JApHA 0 ABOX MPAMHUX I[i€l ILIOIIMHM, 1[0 IPOXOIATH Yepes
TOYKY IIePeTHHY, TO BOHA NMEePIEHANKYJIAPHA 0 ILTOIINHH.
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b A
|b Ha manronky 6.6 mpama b mepeTu-
HAa€ThCA 3 ILJIONIMHOI o y Touli M.
>‘<11 Ipsmi @, i a, IPOXOZATH Yepes TOU-
o M a Ky M, a; Lb, a, Lb. 3Ba o03HaKOIO

I
I
[ MEePIEeHANKYJAPHOCTI IpaMol 1 1I0-
IUHA OTPUMAEMO, I10: b L a.
Maz. 6.6 HoBemenHsas oO3HAKUW IEPHEHAUKY-
JAPHOCTI OIPSAMOI i ILJTOIMUHU He HaBOAWMO, OCKiJIBKU BOHO € JI0-
CUTBH I'DOMIBIKUM.

Hacnigox. IIpama, mo nepmeHTUKYJISIpHA 0 TBOX
NpPSIMHX, IKi IePeTUHAIOTHCS, MePIEeHINKYIAPHA T0 IJIO-
IVHA, KA IPOXOIUTH Yepe3 i mpami.

OsHaky OepHneHIUKYJIPHOCTI HMpPAMOI i ILJIOIIMHU 3aCTOCOBY-
I0Th Ha npakTtuii. Taxk, Hanpukianm, 1100 IepeBipuTH, Yu mepHeH-
IUKYJISIPHA JiHid IMepeTHuHyY CTiH KiMHATH OO HiJJIOTH, JOCTATHLO
IepeBipUTH, YU YTBOPIOE 1A JIiHiA NpAMi KyTH i3 TeAKUMU JBOMA
UpAMUMU, AKi JeKaTh y IJIOIIWHI Oifgjlorm i IpoxXonATh uepes
TOUKY HePeTUHY JiHil mepeTuHY CTiH i3 mimgororo.

ﬁ"—f 53 Uepes Touky P, IO JEKUTH 11034 ILJIOI[MHOIO TPH-
KyTHuKa ABC, mpoBesieHo npAMy AP, mepueHInKyJIAPHY I0 Hps-
mux AB i AC. Ilpama AK jexXuth y miolnuHi Tpukyrauka ABC.
Hosectn, 1o npami AP i AK nepueHguKyJIAPHi.

HoBenmeununsa. 1) 3a ymoBoio AP | AB i P
AP 1 AC (man. 6.7). Tomy, 3a 03HAKOIO
OepPHeHAUKYJIAPHOCTI mpsaMoi i maomuHMU,

AP 1 (ABC).
2) Ockinvrku AP | (ABC), To upama AP '

MepIeHAuKYyJAApHa 10 OyAb-AKOI mnpAMoi,
dKa JIeXKUTh y IIOIMUHI TpuKyTHuKa ABC
i mpoxoguTe yepe3 TOUKy A, 30Kpema, # [0
npamoi AK. B Man. 6.7

PR EEEEREREE. et  Jlosectn, w0 uepes

4. Ilo6yodosa 63a€mHO OyIb-IKY TOUKY IIPOCTOPY MOYKHA
nepneHouKyiaApHUX IPOBECTH ILJIOIMHY, NEePIEeHAUKY-
npamoi i nAowWUHY JAPHY OO IaHOl IPSIMOI.

HoBenenna. Hexalh gano npamy a i Touky K, 1o ifi He Ha-
aexursb (maa. 6.8). [loBememo, 10 icHYye WJIOIMHA, AKa IPOXO-
IUTh ueped TOUKY K mepneHIMKYJIAPHO IO HIPSIMOI a.

1) Yepes mpamy a i Tourky K, 1o iii He HaJe}KUTh, IIPOBEIEMO
TLJIOIITUHY Ol.

2) Yepes npAMy a IPOBeJeMO IJIOMIWHY [3, BiAMiHHY Bif o.
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3) ¥V miromuHi a0 yepes Touky K mposefe-
MO IIPAMY C, HEePIEeHIUKYJIAPHY A0 HpPsA-
MOl a.

4) ¥ mnomuHi [ Uepes TOUKY IEPEeTUHY
OpAMUX a i ¢ mpoBenemMo mpsaMy b, mep-
NeHAUKYJIAPHY OO IPAMOIL a.

5) Yepes mpsami b i ¢ mpoBemeMo IIJIOIIHU-
HY Y. II4 mIomuHa IPOXOJUTh Yepe3 ToU-
Ky K i1 mepumeHZUKYJSApHA OO OPSIMOI a
(3a 03HAKOI0 IEePHEeHIMKYJIAPHOCTI Hps-
MOl i IJIOITUHM).

Amnajioriuno moBomATh i BUmamok, Koau K € a.
3ayBayKMMO, III0 MOXMXHA TAKOMK JOBECTH, III0 IIOOY/0BAHA IIJIOII[H-
Ha y — eIWHA.

IS S EEITTIITITTI Yy Y IOpaMoKyTHOMY —IlapajeJenineni
5. Bracmueocmi ézaemno | ABCDA,B,C,D, (maxn. 6.2) npami AA,
nepnenduKyAPHUX i BB, napaJjeJbHi Mk co00I0 i KoxHA
npamux i niowun 3 HUX NEePIeHAUKYIAPHA IO IJIOIUHNI

ABC. YszaraibHUMO 1€l (haKT.

1. ko maoNIMHA MEePHEeHANKYISIPHA T0 OMHIET 3 TBOX mAa-
pajieTbHUX MPSIMUX, TO BOHA NMEPHEeHTUKYJISIPHA i 10 aIpyroi.

Ha mamronrky 6.9: a||b i a L o, Tomy, 3a Baactusictio 1, b L o.

Ha mamosKy 6.2 KosHa 3 nmpamux BB, i CC, nepnesHAuKy-
asapua go mwiaonmau ABC. Mix coboro 1i npsMi mapaJieabHi. ¥3a-
TaJIbHAMO ITI0 BJIACTHUBiCTh.

‘ 2. JIBi mpami, nmepmeHIUKYJIAPHI 0 omHiei i Tiel camol
k. IJIOUIWHM, MapaJjieJibHi MiK c00010.

Ha mamonky 6.9: a L o, b L o, Tomy, 3a Bractusictio 2, a || b.

alb a|b
M
A AT
Maui. 6.9 Man. 6.10

IIpsaMa a HmepIeHAWKYJIApHA 4O ILIOMUHU o. Uepes
TOuKy M, AKa He JeKUTh Ha NPAMill @, IpoBecTH HpAMY, Iep-
MeHAUKYJIAPHY A0 ILJIOIMIUHHA C.
PosB’ss3aHHA. 3a TeOpeMOIO IPO iCHYBaHHSA IPsAMOI, Iapa-
JeJbHOI maHiii, uepe3 Touky M mpoBememMo IpAMYy b Taxy, IO
b | a (Man. 6.10). Ockineku a L o, a| b, T0i b L o (3a BIacTH-
BicTio 1). IIpama b — mrykaHa.
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S — — 1 :
A ~me paﬂime"‘ Tpu (3 XI no XIII) krnueu «Havan» Eexui-

A da micmambv mailyxe BUHAMKOB0 cmepeome-
Sl mpuuHuil mamepian. 3okpema, 8 XI-it KHuU3i

suKrIadaomscs 3a2albHi 0OCHOBU cmepeomMempii, NUMAHHA 83AEM-
HOZ0 PO3MAULYBAHHA, BKAIYHO 3 napajenvHicmio i nepneHouxy-
JAAPHICMIO NPAMUX | NAOUUH.

XI-ma knuza «Hauwan» nowunaemocs 3 32 03Havenb, ceped AKux
€ i 03naueHHs npamoi, nepnenouKyaaproi 0o naowuru: «Ilpama €
nepnenOuKyAapHoi0 00 NAOWUHU, SKUL0 B0HA € NEePNEeHOUKYLAPHON
do écix npamux, AKi nposedeHo 8 NAOWUHLI 8 Mouyi, Y AKill B0HA
U0 NAOWUHY 3Yycmpiiae».

Ile o3HauenHs He 0ae NPAKMUYLHO20 Kpumepiio, w06 6CMAHO-
eumu, wu € 0aHA NPAMa NepneHOuUKYLAPHOI 00 NJIOWUHU, YU Hi.
Tomy dani, y uiil camiii kHu3i, Egxaid gopmyare i dosodumsv meo-
pemy: «AKwo npama 3 080Ma NPAMUMU, U0 NEPEMUHAOMBCS, Y
mouyi ix nepemuny Yymeopwe Npami Kymu, mo 60Ha nepnenoukxy-
JApHa 00 NAOWUHU, AKA Micmumb ui 08i npsami».

3zadana meopema, axa 6 Eexnida, paxmuuno, 6y.a 03HAKOW nep-
neHouKyasaprHocmi npamoi 00 nNAOWUHU, Y Oilbll KOMNAKMHOMY
i 3pyuHoOMYy Ons 3acmOCcy6aHHs 6U2aA0i HasedeHa 8 YyboMy napazpagi.

© Aki Npsami HasuBaloTb NepneHaNKYNApHUMU? @ SAKy nNpsiMy HasuBa-

Q 0Tb MepNeHaMKYNApHO A0 nnowmHn? @ CchopMyntonTe o3HaKy nep-
NEHONKYNAPHOCTI NPSIMOI i NAOLLUMHK Ta Hacnigok 3 Hei. @ Cdopmynton-
Te BMacTUBOCTi B3aEMHO NMePneHANKYNApHUX NPSAMUX i MNOLLUH.

g Posb’sximo 3agaui ma bukonaime bnpabu
@/ 6.1. IIpava m nepreHAWKYJIApHA A0 IIomuHu o (Masa. 6.11), a

npsMa 1 JIEPKUTD Yy ILIOIIYHI o i TpOX0oauTh Yepesd TouKy P mepe-
THHY IPSAMOI M i IJIOIUHY o. AKNM € KyT MiK npavMumu m i n?

A B
C
Maix. 6.11 Mai. 6.12

6.2. CC; 1 (ABC) (max. 6.12). fIkum € KyT MisK NpAMUMH:
1) CC, i CB; 2) CC, i AC?
6.3. IIpama AA; IpoxXonauTh depe3 BepmuHYy A TpukyTHuKa ABC

(man. 6.12), AA, 1 AC, AA, | AB. fx posmimena npama
AA, BigaocHO muomuau ABC?
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6.4. IIpasma AP mpoxXoauTh uepe3 BeplIuHy A IapaJejgorpama
ABCD (man. 6.13), AP 1L AB, AP | AD. flx poamimieHa
npama AP BigmHocHO mioinmuHYN napasuenorpama ABCD?

6.5. (Vcrno). Yu mpaBusibHe TBepI:KeHHA: «Yepes TOUKy, AKa Jie-
JKUTHh Ha JaHill OpamMiii, MOKHA IPOBECTH TiJIbKHU OAHY IIpS-
MY, IEPIeHIUKYJIIAPHY OO0 SaHOI mpAMOoi»?

6.6. (Ycno). HaBeniTh MpUKJIaaAu 3 MOBCAKIAEHHOTO JKUTTH:
1) B3a€MHO IEPIEeHINKYIAPHUX HPAMUX;
2) B3a€MHO NePIeHIUKYJIIPHUX OPAMOI i IJIOIITUHHA.

K
P

L
B A B

A D C
Mau. 6.13 Mau. 6.14

6.7. AK | (ABC), AK ||CL (man. 6.14). Yu mepreHAMKYJIApHA
npama CL mo miuomuau ABC? BignoBiges oOr'pyuTyiiTe.

6.8. AK | (ABC), CL 1 (ABC) (man. 6.14). Yu mnapaJsenbHi
npamvi AK i CL? BignoBigb oOIr'pyHTYHTE.

@ 6.9. [Ipami a i b B3aeMHO TepHeHAMKYJIAPHi. AKUM MoKe
6yTu B3aeMHEe PO3MiIlleHHS MPAMUX @ i ¢, AKI0 npami b i c:
1) mepneHINKYJIADHI; 2) mapaJiesibHi; 3) MUMOOiKHI;
4) mepeTUHAIOTHCA, ajie He IePHeHIuKYyIAPHi?
Jlo KOKHOTO BUIIAAKY BUKOHAaTe MAJIIOHOK.

6.10. IIpami a i b mepHneHIUKYIAPHLI 00 mpaAMoi m. Yu MOXKYTb
opami a i b:
1) mepeTuHAaTHCS; 2) OyTU HMepUeHAUKYJIAPHUMU;
3) 6yt MuMOOiKHIMI?
Jo KOKHOTO BUIIaIKy BUKOHANUTE MAJIOHOK.

6.11. IIpama AP TpOXOAWTL Uepe3 BEPIIHHY A MapaJiejsorpama
ABCD, AP | AB, AP 1 AD (man. 6.13). [osexmiTh, 1110

AP 1 AC. K

6.12. [Ipama CK 1mpoxXoAuTh Uepe3  Bep-
muuay C tpukytauka ABC, CK 1 CB, c B
CK 1 CA (man. 6.15). [oBemith, 1110 M
CK 1L CM, ge M — nmoBijbHaA TOUYKAa, IO Ha- A

JIEXKUTH CTOPOHI AB. Maur. 6.15

6.13. Yepes aBi Touxku mpoctopy A i B, ki He HaJeXaTh IIJIOIIU-
Hi o0, IepHeHAUKYJIAPHO A0 Hel mpoBemeHo mpami AK i BL.
Hosemits, o AK i BL ne:XaTh B OGHIH IJIOIIWHI.
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6.14. Ha wmamosry 6.14 AK | AB, AK 1 AC, LC 1 AC,
LC 1 CB. Hosexnits, mo AK || LC.

6.15. Ha mamionky 6.14 AK | AB, AK 1 AC, AK || LC. [Iose-
mite, mo LC 1 CB.

6.16. IIpama a mepHmeHAUKYJIAPHA OO0 ILJIOIMIMHU . SIK MOMKYTb
O0yTu poamileHi nmpsaMa b i niaommHa o, AKI0 TpAMi a i b:
1) MmuMmoGixKHi; 2) neprneHIuKYJIAPHi;
3) mepeTUHAIOTHCS, ajie He MepPIeHINKYIIPHI;
4) mapaJjeabHi?
BukonaiiTe BiZIIoBigHI MaJIOHKU.

6.17. IIpsama a HepHeHAUKYJIAPHA OO0 IJIOMIMHU O. JIK MOMXYTb
OyTu poamiineHi npami a i b, aximo npama b:
1) HaIeKUTDH MJIOIIUHI o] 2) mapaJjiesbHa ILIOIMINHL o
3) mepueHAUKYJIAPHA OO0 IJIOIIUHHI O;
4) mepeTUHAE IJIOIMIMHY O, ajie He € IePIeHIUKYJIIPHOIO M0
miel mioniuum?
BuxonaiiTe BiAIIOBiZHI MaJIOHKH.

6.18. Ak posmimieHa BiZHOCHO IJIOITMHU Kpyra mpsMma, MeprHeH-
IUKYJIApHA 0 IBOX MOro miameTpis?

6.19. Ak posmimnieHa BiZHOCHO IJIOMIMHU Kpyra mpsMa, MepreH-
OUKYJISPHA 0 JBOX HOT0 XOPJ, 10 MePeTHHAITHCHA?

6.20. IIpama AS nepneHIUKYJIAPHA [0 TLJIOIIA- S
HE KBagpara ABCD (main. 6.16). 3HaigiTe
SC, akmio AB = 3 cm, SA = 4 cMm.

6.21. IIpama AS meprneHIUKYJIIPHA OO0 ILJIOIIU- ’( A
uu kBagpara ABCD (mai. 6.16). 3HaimiTh C
AB, armo SC = 10 cm, SA = 6 cMm.
Mau. 6.16
6.22. Yepes Bepiuny C OpAMOro KyTa TPUKYT-

Huka ABC mposegeno npamy CP, meprueHIuKYJIAPHY A0 ILIO-
IMUHY TPUKYyTHUKA. IloBeniTh, mo npava BC TeprIeHAuKY-
asapua po miaomuau ACP.

6.23. Yepes Touky O — TOUKYy IepeTHHYy Aiaromajein pomba
ABCD — uposepeno upsamy OK, nepueHIUKYJISPHY OO ILIO-
muHu pomba. IloBemiTh, 1o mpamMa BD mepneHAWKYJISPHA
mo maomuau AKC.

6.24. IIpami DA, DB i DC momapHO IeplIeH u-
Kyaapui (man. 6.17). 3HaiigiTe SOBKUHY
Bizmpiska AB, AKIIO:

1) CD =6 cm, BC =14 cm, AD = 3 cm;
2)AC:a, BCZb,ADZC. Mau. 6.17
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6.25. IIpami DA, DB i DC mnomapHO MNepHeHAUKYIAPHIi
(mam. 6.17). 3uaiigiTe JOBKUHY Bigpiska AC, AKIIO:
1) AB=9 cm, BC =16 cm, AD =5 cm;
2) BD = a, BC =b, AD = c.

6.26. IIpama SO mepHneHAUKYJAApPHA OO IJIOMIMHU KOJIAa i3 IleH-
poMm O. Touxka M jexuthb Ha Koji. 3HAWAiTh pagiyc KoJia,
akmo SM =12 cm, ZSMO = 45°.

6.27. IIpavma M@ neprneHAUKYJSpPHaA A0 ILJIOIMMHU KoJia i3 IieH-
TpoMm Q. Toura P jexuTh Ha KoJai. S3HAWAITHL Bigcramnb Bifn
Touku M mo Touku P, akmio PQ = 8 cm, LZMPQ = 60°.

@ 6.28. [Miaronans AC mapasenorpama ABCD meplneHIUKYJISAP-
Ha J0 ILJTOIMWHU O, a BepmuHU B i D HajmexaThb I[ill ILJIOIIN-
Hi. 3HAUAITh IIepuMeTp IapaJjejorpama, AKmo AB = a cM.

6.29. Cropona BC napanenorpama ABCD HaJeXUTh ILJIOIIMHI ¥, a
cTopoHa AB mepneHAUKYJASpPHA OO0 Iiel miommuu. SHalIiTh
AC, skmo BD = b cMm.

6.30. 3 BepmEM A IPaBUIBLHOIO TPUKYTHUKA ABC 10 ILIOIUHHA
TPUKYTHUKA IIPOBEAEHO HepueHIuKyaap AS. SHaigits Bizcra-
Hi Bim Toukm S M0 BepIIMH TPUKYTHUKA, AKIo AC = 243 cMm,
Z/SCA = 30°.

6.31. Touka O — 1eHTP TpaBUJbHOTO TpUKyTHHUKA ABC. Yepes
Touky O [0 IJIOIWHYN TPUKYTHUKA IPOBEIEHO MePIeHIuKY-
agp OM. 3HaigiTe Biacraui Bim Touku M 10 BepIIUMH TPH-
KyTHUKa, akmo OM =1 cm, AB = 3 cM.

6.32. ABCD — mapaJiejsorpam, S — TOUKa I103a ILJIOIIMHOIO Iapa-
aenorpama, SA = SC, SB = SD (maxn. 6.18). IloBenits, 1110
npama SO NepHeHAUKYIAPHA OO0 ILIOIMHY IIapaJiejiorpaMa.

S

Maui. 6.18 Mau. 6.19 Mau. 6.20

6.33. ABCD — pom06, M — TouKa I103a IJIOINHO pomba, MA = MC
(man. 6.19). HoBemits, 1o npama AC mepneHIUKYJIAPHA IO
miomuuau MOB.

6.34. ABCD — npAMOKYTHUK, TOYKa S He JIeKUTb y HOro IJIOIIH-
Hi i SA 1 AB (man. 6.20). 3HalifiTh B3a€MHO IIePHEeHINKY-
JSAPHI OpaAMYy 1 IJIOIUHY.

285

MpaBo anst 6e3onnaTHOro PO3MilLleHHs MigpyYHUKa B Mepexi I[HTepHeT mae
>TBO OCBITW i Haykn YkpaiHu https://mon.gov.ua Ta [HCTUTYT MoaepHi3aLii 3amicTy ociTu https://imz



6.35. Tourka A He HAJNEKUTDL IIJIONINHI TPUKYTHU- A
ka BCD, /ABC = 90°, /DBC = 90°
(man. 6.21). 3HaiigiTh B3a€MHO IIepIeHIU-

KYJISApHI IpAMY i IJIOIMUHY. D B
©%6,36. Touka S He JIEKUTH y ILIOMIMHI TPUKYT- C

Huka ABC i piBHOBigmanena Bim ycix #oro

BepmuH. IIpama SO HepHeHIUKYJIAPHA IO Mau. 6.21

IUJIOIIMHY TPUKYTHUKA, ne O — TouKa mepe-
TuHy upamoi SO i mmomuum TpurkyTHuka ABC. IloBenits,
m1o O — LEeHTP KoJia, OMUCAHOTO HaBKOJIO TpuKyTHUKA ABC.

6.37. Touxka M JIeKUTH 1034 ILIONMHOIO MPAMOKYTHOTO TPUKYT-
Huka ABC (£C = 90°) i piBHOBigmaseHa Bin ycix #oro sep-
muH. MO 1L (ABC), ne O — Touka mepeTuHy npsamoi MO i
miommuau ABC.

1) Busuaure nonoxxenHsa Touku O.
2) 3mnaiigite MO, akmio MA = 13 cm, AC = 6 cm, BC = 8 cm.

6.38. Touka S JeXUTh T03a MJIOINHOIO ITPABUJIBHOIO TPUKYTHUKA
ABC i piBHOBigganena Bix ycix ioro Bepmua. SO 1 (ABC),
Ie O — touka nepetuny npamoi SO i miomuuau ABC.
1) Busuaure moJjosxkeHHs Touku O.
2) 3muaiigite SO, akmo AB = 6 cm, SA = 4 cMm.

6.39. Binpisox AB szaBmoB:xKu 20 ¢cM He Ma€ CILIBHUX TOYOK 3
mwioruuo o. IIpsavi AK i BM, aAKi mepneHIuKyJIApHi IO
IJIOIIMHYU O, IEePeTHHAIOTH I[I0 ILIOMIMHY B ToukKax K i M,
KM = 16 cm. 3uaiigite BM, aximo AK = 15 cm. Posrisgabre
nBa Bunagku: 1) AK > BM; 2) AK < BM.

6.40. Bigpisox CD 3aBmoB:KKU 15 cM He Mae CIiJIBHMX TOYOK i3
miomuuol P. Ilpami CA i DB, AKi nmeprneHAWKYJAPHI A0
IJIONUHYU [3, TepeTUHAIOTh II0 IJIONMHY B TOuKax A i B.
3uaigite AB, akmio BD = 10 cm, AC = 22 cwMm.

@ 6.41. Yepes Bepmiuny A npamoxkyTHuka ABCD mnpoBemeHO
npamy AS, nepueHAUKYJIAPHY 10 Horo miaomuan, SD = 6 cMm,
SC =9 cm, SB = 7 cMm. 3HAAIITE:
1) SA; 2) momnty npsamokyTHuka ABCD.

6.42. IIpama AK mnepHeHIMKYJIAPHA OO ILJIOI[MHKA IIPAMOKYTHH-
ka ABCD. 3uaiigite AK, akmo KD = 20 cm, KC = 24 cwm,
KB =15 cwMm.

6.43. Y piBaoOGegpenomy TpukyTHUKY ABC (AB = BC) ocHoBa i
BHICOTAa, IIPOBeJeHa m0 Hei, MaioTh JOBXKUHY 4 cMm. Tourka O
JeXUTh y maoiuai Tpurytauxa ABC, OK — mepueHIUKY-
Jap mo foro miaommHU. Bimomo, mo AK = BK = CK. 3Haii-
IiTe moB:xkuHY Bigpiska CK, akito OK = 6 cwm.
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6.44. YV tpurkytaury ABC AB = 8 cm, BC = CA = 5 cm. Touka O
JEXUTh B moluHi Tpukytauka ABC, OM — mnepueHINKY-
JSIp OO0 HOro IIOIMWHU. SHAWIITh NOBXKUHY Biapiska OM,
akmo MA = MB = MC = 5 cwm.

6.45. TIpami AC i BD nepneHUKYJIAPHI M0 MJOIIUHA O i IepeTu-
HaMoOTh i1l y Toukax A i B. 3HaHAiTh BifcTaHb MidK TOYKaAMU
CiD, armo AB = 24 cm, BD = 21 cm, AC = 11 cm. CKinbxku
posB’a3KiB mMae 3amaua?

6.46. Yepes Bepmmany A pomba ABCD upoBeneno upsamy AM,
MepIeHAuKyAApHy a0 npavmux AD i AC. loBeniTh, IO Ips-
Mma BD nepunenauryaapHa o miaomuan AMC.

6.47. Yepes Bepminay D kBagpata ABCD mnpoBeneno npamy DN,

NepPHeHAUKYJIAPHY A0 HOoro ILIOIMuHU. [oBemiTh, IO mpaMa
AC mepnengukyasapHa o miaomuau DBN.

@ XKXummeba mamemamuka

6.48. OgHoro pyJioHY HIIAJep BUCTAYaE AJIs OOKJICIOBAHHSA CMY-
ru Bimg migmorm mo creni saBmmpiiku 1,6 M. CKilbKM PyJIOHIB
mimaJjiep IOTPiOHO KYyOUTH [Js OOKJEIOBAHHSA IPAMOKYTHOIL
KiMmHaTH posmipamu 3,7 M Ha 4,6 M (IJIOIe0 ABepei Ta BikHA
3HeXTyBaTu)?

Tigzomyidmecs g0 bubuenns Hobozo mamepiany

6.49. AH | a (man. 6.22). Ik Mo:KHa HasBaTH:
1) Binpisox AH; 2) Bigpisok AK;
3) Tourky H; 4) Toury K?
ITopiBusaliTe Mixk coboio moB:kuHU BigpiskiB AH i AK.

A A A
JL a/lw\ a/L\
H K K H L L H K

Mau. 6.22 Max. 6.23 Mag. 6.24
6.50. AH 1 a (mau. 6.23). IlopiBusaiiTe:
1)KH i HL, akmio AK = AL; 2) AK i AL, sxmo KH = HL.

6.51. AH | a (mau. 6.24). IlopiBusaiiTe:
1)AK i AL, axmo HK > HL; 2) HK i HL, asxmo AK > AL.
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@ NEPMNEHAUKYIAP | NTOXUNA.
O TEOPEMA NPO TPU NEPNEHAWNKYNAPU

------------- Posrnsgaemo miomuHy o i TOury A,

1. Ilepnendurynsap 1o ifi He HaJe:XuTth (MaJua. 7.1).
i noxuna A

[ Ilepnendurxynapom, mpoBeXeHUM i3 ‘
s [JAHOI TOYKU 0 TaHOI IJIOUIWHU, Ha-
3UBAIOTh BiIPi30K, IO CIIOJIyUYa€E JaHY ’i
TOYKY 3 TOYKOIO0 ILIOIIMHM i JIeKHUTH M
HAa MNpAMii, NEePIEeHIUKYIAPHIA mT0
[UTOLMHM. Man. 7.1

Ha masmtonry 7.1 AH — nepneHIUKYJISAP, IIPOBEIEHUNA 3 TOUKK
A po mnomuuu o. Kinenps H neprneHAUKYJIApPa, AKUUA JIEKUTH Y
ILIOIIMHI O, HA3UBAIOTh OCHOB010 NepneHouKyIapa.

Bidocmannio 6i0 mourku 00 naoujuHu HA3UBAIOTH TOBKH-
s HY IEPIEeHINKYJAPa, IIPOBEAEHOTO i3 Ii€l TOYKH M0 Iri€l
ILIOLIMHM.

Ha mamouky 7.1 mos:kuHa Bigpiska AH — BigcTaHb Bim TOUKH
A o ILJIOITUHU O.

‘ IToxunoro, MpoBeIeHOI® 3 JaHOI TOUKH A0 TAHOI ILJIOIIH-
s HH, HA3MBAIOTh OYyIb-AKWH BiAPi3OK, AKUH CIIOJYYA€E IIIO
TOYKY 3 TOYKOIO IIJIONIWHM i He € MepIeHIuKYIIPOM.

Ha mamrouky 7.1 AK — noxuja, IpoBeaeHa 3 TOUKU A 10 ILJIO-
muan o. Kinenps K 1miel moxwmioi, AKUHA J€KUTH y IJIOIIUHI O,
Ha3WBAIOTh 0CHO8010 noxusoi. Bimpisok HK, AKHU CIOJIydYae oOcC-
HOBU IEPHEHINKYJIAPA i MOXMI0i, Ha3WBAIOTh NPOEKUIEI NOXULOL
AK Ha naowury d.

PosrismeMo BJIACTUBOCTI IEpPIEHAUKYJIApPa, MOXUINX Ta IiX
OpoeKIiii. 3ayBaKuMo, IO I[i BJIACTHUBOCTI aHAJOTiuHi OO Bifgmo-
BiIHMX BJIACTUBOCTEN MEPIEeHANKYJAAPA, MOXUJANX Ta IX IIPOEKI[ii
Ha IPAMY Yy ILJIOMIIMHI.

1. /loB:kMHA TEPIEHIUKYISAPaA, IMPOBEIEHOr0 3 TOUYKH 10
¢ ILUIOIIMHM, MEHIIIA 3a MOBKUHY OyIb-AKOI IIOXWJIOI, IIPOBE-
IeHol i3 1iel caMol TOYKH 0 IJIOLIWMHH.

Cupaspai, y npaMokyTHOMY TpUKYTHUKY AHK (Z/H = 90°) Bin-
pisox AH € xareToMm, a Bimpisok AK — rimorenysoio (maj. 7.1),
Tomy AH < AK.

2. Sdxkmo ABi MOXUJIi, NMPOBEeIEHi 3 TOYKHM OO0 ILJIONIUHH,
e PiBHIi, TO piBHI i IX HIpoeKii.
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Hexait i3 Toukum A g0 miaommHM o IpoBedeno moxmiai AK i
AK,, AK = AK,, ra nepnesgukynrap AH (max. 7.2). Togi
AAHK = ADAHK, (3a KareToM i rinorenysomn), a tomy HK = HK .

Mau. 7.2 Mau. 7.3

ITpaBunbHUM € i 0OepHEHE TBEPAKEeHH.

3. AKImo mpoekKIrii IBOX MOXMJINX, MPOBEIEHUX 3 TOUKH 0
&. ILIOIIMHM, PiBHi, TO PiBHI M MOXMJIi.

Ha mamonky 7.2 AAHK = AQAHK, (3a JBOMa KaTeTaMu), TOMY
AK = AK,.

‘ 4. JKImo 3 TOYKH A0 ILIOUIMHM IIPOBEdEHO ABi IMOXWJI, TO
&. OiJIBIIOI0 3 HUX € Ta, IO MAa€ OLIBIIy MPOEKIiI0 Ha II0
ILJIOLUHY.

Hexait AH | o, AK i AL — moxwuii go o, HK i HL — ixX mpoek-
mii (max. 7.3). Hexait HK > HL.

Toni 8 AAHK: AK =VAH? + HK?,

y AMAHL: AL =<V AH? + HI?,

Ockineku HK > HL, 10 AH? + HK? > AH? + HI?, Tomy
AK > AL.
IIpaBuiLHUM € i o6epHeHe TBepIKeHHS.

‘ 5. Km0 3 TOYKM M0 ILIOI[MHU IIPOBEIEHO IBi MOXMJi, TO
&. OlJIbIIa MOXUJIA MA€E OiIBIIY IMPOEKIiI0 HA If0 IJIOLIUHY.

Hexait AH | o, AK i AL — moxwuii go o, HK i HL — ixX mpoek-
mii (man. 7.3). Hexait AK > AL.
Toni 8 NAHK HK =~AK? - AH?,

y ANMAHL: HL = VAI?2 - AH?,
Ockineku AK > AL, to AK? - AH? > AI? - AH?, Tomy
HK > HL.

sEhev e 3 TOUKY 0 IION[MHY IIPOBEAEHO ABI MOXMJIi 3aBIOB-

KKU 41 cm i 50 ecm. SuaiiTu BigcTaHb BiJ TOUKM [0 ILJIOIMHMU Ta
IOBMKUHU IIPOEKIIiH IMOXUINX, SIKIIO BOHU BigHOCATHCA K 3 : 10.

Poss’asaunua. Hexait AL = 41 cm, AK =50 cm i AH 1 «
(man. 7.3). Togi AH — Bimcranb Bif TOUYKHM A [0 IJIOIIWHU O.
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3a BiactuBicTio 5 maemo: HL < HK. Hexatt HL = 3x (cm),
HK = 10x (cm).

1) Is AAHL AH? = AI? - LH? = 412 — (3x)2.

2) Is NAAHK AH? = AK2 - HK?2 =502 — (10x)2.

3) IIpupiBHIOIOUM OTPUMAaHi BUpa3u, MaeMo:

412 - 9x2 = 502 —100x2,

3Bigrm x2 =9, To6TO X = 3, ypaxoByouu, o x > 0.

Or:xxe, HL=3 -3 =9 (cm), HK =10 - 3 = 30 (cm).

4) Toxi AH =412 - 92 = /1600 = 40 (cm).

Bigmosigse. 40 ecm; 9 em i 30 cm.

3 TOUKHU A0 ILJIOIWHY IMPOBEIEHO ABi MOXUJIi 3aBI0OB-
KKHU 2 cM KokHA. KyT mMixk moxmammu gopiBHIoe 60°, a KyT Mix
ix mpoekImisgMu — mpaMuii. S3HaAWUTHU BificTaHb Bil TOUKU A0 ILIO-
HVHA. A

PosB’asamua. AC = AB = 2 cwm,

/BAC = 60°, /BHC = 90° (max. 7.4).

3uarinemo AH.

1) YV AABC: LB:AC:M:GOC’, é |H: “
‘B C

Tomy ANABC — piBaocToponHiii, BC = 2 cmM.
2) OCEclJILRH AB = AC, to HB = HC. Ma. 7.4
Hexait HB = HC = x (cm).

Is AHBC: HB? + HC2 = BC2, x2 +x2 =22, 2x2=4, x2=2,
x =2 (cm).

3) Is AABH: AH = AB? - HB? = /22 — (+/2)2 = V2 (cw).

BigmoBigs. \/ECM.

60°

------------- Posrissaemo omHy 3 HaWBaKJIMBITIIIX
2. Teopema npo mpu TEeOpeM cTepeoMeTpii, Ky HasMBAIOTh
nepnenHouKyaAapu meopemoro npo mpu nepnenouKyiapu.

Teopema (mpo Tpu HepHEeHAMKYJIApH). AKmo mpama,
ImpoBeleHA Ha IJIOUIUHI Yepe3 OCHOBY IOXHJIOI, IepPIIeH-
OUKYJISIpHA OO0 il IPOEKIii, To BOHA IepHeHIUKYJAIpHa i
oo moxujoi. I HaBmakKu, AKIIO IPSAMA HA ILIOIIMHI Imep-
NMEeHIUKYJISIPHA T0 MOXWJIOI, TO BOHA NEPHEeHAUKYJIAPHA i
IO TMIPOEKIIil IMOXUJIO].

HoBenennsa. Hexait AH — mepuneHaukyasap, AM — moxwuia go
IJIOIIUHYU O, IPAMY G IPOBEeIEHO Y MJOIIMHI o uepesd TOuky M
(mam. 7.5).
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Posriamemo mepiry uactuHy Teopemu. Hexait a | HM. JloBe-
zemo, 1mo a 1L AM.

1) IIpoBenemo mpsamy BM mnapanenbHo npamiii AH. 3a Biac-
THUBIiCTI0O B3a€MHO IEPHEHANKYIAPHUX MIPAMOI 1 IJIOIIKHWU,
BM 1 oa. Tomy BM 1 a.
2) IIpoBegemo uepes mpami BM i HM pAa
IJIOIUHY f3. -
3) Ockinbku a L BM i a 1l HM, o, ,/
3a 03HAKOIO IIePHeHINKYJIAPHOCTI Ips-
Mol i mmomuun, a L B. Tomy npsama a v H a/ M
MepIeHAUKYJIApHa A0 OyIab-siKol mps-
MOi, IO JIEXKUTHL B IJIOHIMHI [ i mpo-
XOOUTh uepe3 TOUKy M, 30KpeMa, 10
npamoi AM. Ilepmury yacTuHy TeopeMu Mau. 7.5
JIOBeIEHO.

Posraamemo gpyry uactuHy Teopemu. Ockimabkm a 1L AM i
al BM, to a 1 } (3a 03HAKOI0 NEPHEHAUKYJIAPHOCTI mpAMOi i
JIomuum), a tomy a L HM. W

sty et 3 Bepinau A kBagpara ABCD mpoBeneHO HMepIreH u-
Kynap AK p[o mJIomuHM KBajgpara. SHAWTH S,pqp, AKIIO
KD =6 cm, KC =10 cMm.

PosB’asauuda. Hexait ABCD — KBajgpar, K

AK | (ABC), Ttomi KD — moxuiaa, AD — ii

mpoekItia (man. 7.6).

1) Ockinmsrku AD | DC, To, 3a Teopemoio

Ipo Tpu nepueHaukyaapu, KD 1 DC.

2) Is AKDC (£D = 90°):

DC =JKC2 - KD? =102 - 62 = 8 (cm).

3) Toxi S,pcp = 8% = 64 (cm?).

BinomoBins. 64 cm2.

sEneiel i) Yepes Bepmiuny D pomba ABCD mpoBeneHO IepIieH-

muKyasap DT po tioro miaommuu. I1o0yayBaTyu HepHeHIUKYIAD i3
Touku T mo mpsmoi AC.

PosB’ssaumuda. 1) IIposegemo miaro- T
Hayi pomba AC i BD, sKi mepeTHHAOTh-

ca B Touri O.

2) 3a BiacruBicTio ngiaroHaseir pomba c

BD 1 AC, romy DO 1 AC. —— D
3) DT 1 (ADC), TO — noxuina go (ADC), A(
DO - ii npoeknisz, DO L AC. Tonxi, 3a B A
TEOPEeMOI0 TIPO TPH TEPHEeHIUKYJIAPH,
TO L AC (maxn. 7.7). Orke, TO i € 1m1y-
KaHUM IIepIeHAuKYISIPOM.
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P — == R

/ aniute... Teopemu npo mpu nepnenOuKyLIpu, 6e3 Kol

A we p—_._._r_’__,‘, Cb0200HI HEMONIUBO YSEUMU KYPC cmepeome-
Nl mpii, y «Havanax» Eexaida nemae. [Josede-

Ha soHa Oyaa nisniwe mamemamuramu Bausvkozo i CepedHnvozo
Cxody. 3oxpema, dosedenns uiei meopemu € y «Tpaxkmami npo nos-
Hitit womupucmoponnuk» Hacup aod-lina am-Tyci ma 6 mpuzoro-
MempuyHomy mpaxmami l020 AHORIMHO20 NOnepedHuKa.

V €sponi meopemy npo mpu nepnenHdukyaapu enepuie chopmy-
JArweas weellyapcvruii mamemamurx Jlyi Bepmpan (1731-1812),
yuers i Opye Jleonapda Eiinepa, a 008i8 ii ppanHyysvKuil mamema-
mukx Adpian Mapi Jlexncarndp (1752—1833 ). [losedenns micmumuvcs
8 ilozo nidpyunury «Ilouamku zeomempii» (1794), akuili 8sa-
Haecs HAUKPAWUM MO20YACHUM nifpyiHuKom 3 zeomempii. I1i0-
maeepoyceHHAM Ub020 € me, W0 8iH He0OHOPa3080 nepesudasascs,
6 momy ducai ue 3a xummasa Jlexandpa, i nepexaadascs, a Hage-
Oene 8 HboMmy 008edeHHs meopemu npo mpu nepneHOUKyYLApU ua-
cmo 8UKOPUCMO8YBALU iHWwi  mamemamuru, 30Kpema,
A.Jl. Kucenvos, asmop KaacuuHozo nidpyuHuka «Enemenmapua
2zeomempis Ons cepedHiX HABYANbHUX 3GKAA0I6», 34 AKUM HABUA-
aucs maixe uyine cmoaimmasa (nepwe 6udanHs Oamyemuvcs
1892 p., a ocmanne — 1980 p.).

@ LLlo Ha3nBaloTb NEpPNEHAMKYNAPOM, NPOBEAEHNM i3 AAHOI TOYKMN 0

Q AaHoi nnoLmHn? @ LLlo Ha3nBatoTb OCHOBOO NeprieHankynsapa? @ Lo
Ha3nBalTb MOXUIMOI, NPOBEAEHOI 3 AaHOI TOYKM OO0 AaHOl NnoLy-
HN? @ LLlo Ha3nBalOTb OCHOBOK MOXMIOI i L0 HA3MBaKTb NPOEKLIED
noxunoi? @ CopmMyntonTe BNacTMBOCTI NepneHanKynsapa i noxmnoi.
@ Cdopmyntorite 11 oBefiTb Teopemy Npo Tpy NEPNEHANKYNAPK.

g Fosb’aximo 3agaui ma bukonaime bnpabu

@ 7.1. AC — mepueHIUKYJIApP, a AB — moxmJja I0 ILIOIIUHU o
(mag. 7.8). IlopiBuaiiTe: 1) AB i AC; 2) AB i BC.

7.2. 3 TouKu A [0 WJIOIIMHU O IIPOBeAeHO ImepneHAuKyaap AC i
noxuny AB (maj. 7.8). 3uaiimiTh:
1) AB, akmio BC = 5 cm, AC = 12 cwm;
2) AC, axio AB = 10 cm, BC = 6 cm;
3) BC, akmio AB = 20 cm, /BAC = 30°;
4) AC, axmo BC =6 cm, ZABC = 45°.

7.3. 3 TOUKM A [0 IJIOUIMHU O, IIPOBeAeHO ImepneHgukyaap AC i
moxuny AB (main. 7.8). 3HaWIITH:
1) AC, akmo AB =15 cm, BC = 9 cwm;
2) AB, axmio AC = BC = 2 cwm;
3) BC, akmio AC = 8 cm, LBAC = 45°;
4) AB, axmo AC = 6 cm, LZABC = 30°.
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Maxa. 7.8 Mamn. 7.9

7.4. 3 Touku A 1m0 maommHU o IpoBeleHo moxuiai AB i AC Ta
nepueHauKyaap AD (man. 7.9). IlopiBusaiire BD i DC, akimo
AB > AC.

7.5. 3 TouKn A 10 IJIONIMHHN o IpoBemeHo moxwmiai AB i AC Ta
nepueHAUKyaap AD (man. 7.9). IlopiBuaiite AB i AC, AKImo
BD > DC.

@ 7.6. 3 TOUKHU [O IJIOIIMHM IPOBEAEHO IIEPHEeHIUKYIAP i Io-
XHJy, SKi yTBOPIOIOTH MiK cobGoro KyT 60°. 3HaAmiTh Bif-
CTaHb BiJl TOUKM MO IJOIMWHMN, SKINO IPOEKIid MOXMUJIOl MIo-
piBHIOE 3 cM.

7.7. 3 TOYKM OO0 IJIONIMHU ITPOBEIEHO MOXUJIY, MOBMKHHA SAKOI
10 cm. 3HaifiTh BigcTaHb BiJi TOUKM OO ILJIOIIUHM, SKIIO
TIOXUJIa YTBOPIOE 3i CBOEIO TIPOEKITieio KyT 45°.

7.8. 3 Touku A 0 ILIOIUHY o IpoBemeHo moxuiai AB i AC ta mep-
neHaguKyasap AD (man. 7.9). 3HaiigiTh BigcTaHb Big TOuKu A
IO ILIOIMHU o Ta HOBuUHY moxmiol AC, saximo AB = 10 cwMm,
BD =6 cm, DC = 15 cMm.

7.9. 3 Touku A 10 ILIOIIMHY o IpoBemeHo moxuiai AB i AC ta mep-
neHaguKyasap AD (man. 7.9). 3HaiigiTe BigcTaHb Big TOuKu A
IO ILIOIIMHHU O Ta HOBMKUHY Bigpiska CD, saximo AB = 25 cwM,
BD = 20 cm, AC =17 cm.

7.10. M B — nepneEAuKyJasap OO0 ILJIOMINHA IpAMOKyTHUKa ABCD.
Hosemits, mo /MAD = 90°.

7.11. KC — nepueHIUKYJIAp O0 Ioiuau KBagpata ABCD. Ilose-
IiTh, 1m0 KyT KDA — nmpaMuIii.

7.12. I3 TouKu A [0 TJIOIIWHU TPOBeJeHOo meprneHAuKyasp AK i
noxuny AP, AaKa Ha 3 cM [OOBIIA 3a CBOIO MPOEKIIio. 3Hali-
OiTh DOBXKUHY IMOXMJIOL, AKIN0o AK =9 cm.

7.13. I3 Touku B 10 MJIOIMHYN TPOBEIAEHO MepneHAuKyasap BL i
noxuny BM, 1o mopiBHIOE 26 cM. SHAUAITL OOBKUHY IIEp-
MeHIUKYJIApa, AKI0 BiH Ha 14 cM KOpOTINWII 3a IPOEKI[il0
TIOXMUJION.
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7.14. Y tpurkytauxry ABC AC = BC = 10 cm, AB = 12 cm, CH —
BHUCOTA TPUKYTHUKA, CM — HOepneHIUKYJSP OO ILJIOIIUHU
TpukyTHuKa, CM = 6 cMm.

1) 3uaiigits BimcTaHb Big Touku M 40 BEPINNUH TPUKYTHUKA.
2) Mosexite, mo MH | AB.
3) 3uaigiTe nqoBKUHY Binpiska MH.

7.15. Y upaBunbHomy TpuKyTHuRy ABC AM — wmepmiana, AP —
MEePIeHANKYJAP A0 IJIONMHU TPUKYTHUKa, AB = 2 cwm,
AP =23 cwm.
1) 3umaiigits BimcTaHb Big Touku P 10 BepIIMH TPUKYTHUKA.
2) Nosexite, mo PM 1 BC.
3) 3HalimiTh JOBXKUHY Bimpiska PM.

7.16. 3 Bepmimau D kBagpata ABCD, miola SIKOT'O JIOPiBHIOE
25 cm2, o ioro NMJIOIIMHU NIpoBeleHO HeprneHAuKyasap DK.
3HaigiTe Bigcraums Big Touku K mo BepmiuH A i B KBajpara,
akmo KC = 12 cm.

7.17. 3 Bepminau C KBagpatra ABCD, mepuMeTrp SIKOro JOPiBHIOE
32 cMm, o0 HOT0 MJIOIWHHU NPOBeAeHO meprneHAuKyasap CM.
3HanigiTe Bigcrauni Bixm Toukum M o BepmumH B i D KBajgpara,
aKmo MA = 17 cm.

7.18. OcuoBa AB piBHOGeapenoro TpukyTHuKa ABC HaJIeXUTb
miromuHi a, AC = BC = 13 cm, AB = 24 cm. 3 Touku C 10
IJIOIIMHY O, IPoBeAeHo neprneaaukyaap CO, a 3 touxku O 1o
npamoi AB — nepuesaukyaap OM. 3uaigite CM.

7.19. Cropona BC mpaBuiabHOTO TpukyTHuUKa ABC HaJIeXUTb
miaoiuHi . 3 TOUKM A [0 TJIOIWHU [} TIPOBEIEHO IepPIeH-
murynsap AK, a 3 touku K no npsamoi BC — nepneHIUKYJIAD
KN. Buaiigite AN, axigo BC = 6 cMm.

7.20. KB — nepneHAuKyJasap o moiuau pomoa ABCD. Ilobyayii-
Te MePIeHIuKYJIIp, IpoBeaeHui i3 Touku K mo mpsamoi AC.

7.21. AP — nepuneHAuMKYyJAp g0 momuHu KBagpata ABCD. IToGy-
OyHATe MepueHIuKYJIsIp, IpoBeaennii i3 Touku P no npsamoi BD.

@ 7.22. Touxka S piBHOBiAmajeHa Big ycix BepIIMH mapaJeJio-
rpama ABCD. Hosexits, mo ABCD — IpsIMOKYTHUK.

7.23. Touxka P piBHOBigmaseHna Bim ycix BepmiuH pomba ABCD.
Hosexits, o ABCD — KBaapar.

7.24. Touka M BigmajeHa Bij IJIOIWHUA MPABUJIBHOTO TPUKYTHUKA
Ha 8 cM i piBHOBigmaseHa Bim ycix iioro BepIIuH. SHAWIITH
BifcTamb Big Touku M [0 BEpIIMH TPUKYTHUKA, AKIIO IIEpPH-
MeTp TPUKYTHHUKA JOPiBHIOE 18\/§ cM.
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7.25. Touxka K BiggaJjena Big Ko)kHOI Bepmiuuu KBaapata ABCD
Ha 26 cMm. 3HaAHAITL BifcTaHb Bifg Touku K 0 MJIOLIMHN KBa-
Ipata, AKINO Horo mioia gopisaioe 1152 cm2.

7.26. 3 TOUKH OO0 ILJIOIIMHN IIPOBEIEHO [OBi IOXMWJIi, JOBXKUHU
AKX 5 cM 1 7 cM, a pisHHIA iX IpoeKIii — 4 cMm. 3HAHLITE
OPOEeKIil MoXMIMX i BifcTaHb BiJ TOUKM A0 IJIOIIUHU.

7.27. 3 TOUKHU [0 ILJIOIMHI IIPOBEIEHO IBi IMOXMJi, Pi3HUILSA JOB-
JKMH SKUX AopiBHIOE 4 cM. SHAHAITH MOBMKUHM MOXMJINX i
BificTaHBb Biff TOUKM [0 ILJIOMIMHU, SKINO IIPOEKIII MOXMIMX
zopiBHIOIOTH 10 M i 2 cm.

7.28. 3 Bepiuinau A pomb6a ABCD 1poBeneHO HepHneHguKryaap AM
mo fioro miaomuuau, AM =1 cm, AB = BD = 3 cMm. S3HaHIITD
moB:kuHYy moxmuioi MC Ta ii mpoekIiii Ha ILIOMIUHY poMba.

7.29. Y tpuxkyraury ABC /BAC = 31°, ZACB = 59°. IIpama AD
MepIeHAUKYJAApHa [0 IJIOInHN TpukyTHuKa ABC. Busha-
uTe BuA TpuKyTHUKA BCD.

7.30. Y tpurkytaurky ABC ZABC = 40°, Z/BAC = 50°. IIpama BK
MepIeHAuKYyJAdpHa m0 mioinuuau Tpukytuunxka ABC. Ilose-
mite, mo KC L CA.

7.31. 3 TouKu A [0 IJIOMIMHU O IIPOBEAEHO ABi MOXMUJi, KYT MiiK
arumu 60°, a KyT Misk ix npoekmiamu — 90°. [JloBKUHA KOMXK-
HOI mpoeKIii 2 cM. 3HAWAITE JOBKUHY IIOXUJINX i BiIcTaHb
BiI Touku A [0 IJIOIIMHU O.

7.32. 3 Touku M [0 IJIOIIMHY IIPOBENEHO OBi IIOXMJi, KOXKHA 3

AKUX 3aBIOBMKKU \/6 cm. Kyt mixk moxmammu — 90°, a KyT
MixK ixX mpoermiavu — 120°. 3HalIiTh JOBXKUHU IIPOEKILii I10-
XWJINX i BigcTaHp BiJi TOUKM IO ILJIOIIMHU.

7.33. Ilnoma IpAMOKYTHOTO TPUKYTHUKa HOpiBHIOE 6 cMm2, a pis-
Huia foro Kareris — 1 cm. Touka M BigmaneHa Bif ILIONIHHHI
TPUKYTHUKA Ha 6 ¢cM i piBHOBiAmaseHa Bif ycix foro BepIIIUH.
3HalaiTh BifcTaHb Bifg TOuKM M 10 BEpIIWH TPUKYTHUKA.

7.34. OguH i3 KaTeTiB NPAMOKYTHOTO TPUKYTHHKA TOPiBHIOE
6 cM, a Ipyruii — Ha 2 ¢cM KOPOTIIHi 3a rimorexnysy. Touka,
110 He JIXKUTh Y IJIOMINHI TPUKYTHUKA, BiIgajieHa Bim KOXK-
HOi 3 ¥toro BepmmH Ha 13 cM. 3HAUZITHL BiAcTaHb Bim mamoi
TOUKU J0 ILIOITMHU TPUKYTHUKA.

7.35. AK — nepueHuKyJIAp A0 maoimuau pomoa ABCD, O — tou-
Ka mepeTuHy uoro pgiaronaieii. loBemith, 1mo mpsama BD
neprneHAUKYyJaApHa no miuomuuau AKO.

7.36. BL — mepueHIuKYJAp A0 ILIOMmHM KBajgpara ABCD, @ —
TOUKa IepeTuHy ioro miaronanueit. lloemits, mo AC | (LB®).
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Maua. 7.10 Max. 7.11 Max. 7.12 Max. 7.13

7.37. AS — 1mepumeHAUKYJIAP OO IJIoIuHE KBaapara ABCD
(man. 7.10). 3HalgiTh yci IPAMOKYTHI TPUKYTHUKU 3 BepP-
IIIMHOIO B TOUIIi S.

7.38. AABC — piBuob6enpeunii, AC = BC, npama CP nepueHIuKY-
aapua go maomuuau ABC (man. 7.11). IIpoBeniTs meprenmu-
KyJadAp i3 Touku P mo mpsamoi AB.

7.39. IIpama AS neprueHIUKYJIAPHA OO0 IJIOIIMHN IPAMOKYTHOI'O
rpukytauka ABC, ZC = 90° (mai. 7.12). IIpoBeniTs nepreH-
IURyaAp i3 Toukm S mo npamoi BC.

@ 7.40. NAABC - upsamorytauii, /C = 90°, AM = MB,
" MK 1 (ABC) (man. 7.13). IIpoBeniTh IepHeHIUKYJIAPU 3
Touku K go raretiB AC i BC.

7.41. 3 Touku A [0 TJOIIMHHU O IIPOBeNeHO IBi piBHI moxwuii,
KyT Misk axumu 90°. Kyt mik mpoekiiamu moxuamx 120°.
3HalIiTh KOCHHYC KyTa, KW YTBOPIOE KOXKHA IIOXHJa 3i
CBOEI0 MPOEKITieIo.

7.42. 3 Touku K [0 IJIOIIWHY 3 IpOBeNeHO ABi piBHI moxwmii, KyT
MixKk axuMu gopisuioe 60°. 3HalgiTL KyT, AKHI YTBOPIOE
OHA 3 MOXWJNX 3i CBOEIO MPOEKIIi€l0 HA ILJIOIIUHY [3, AKIIO
IPOEKIil MOXMINX B3a€MHO IEePIeHANKYJJIAPHI.

7.43. 3 TOUKHU O MJIOIUHU IIPoBeJeHo ABi moxwmii. JJoB:xuHa of-
Hiel 3 HUX — 8 cM, a ii mpoek1ii — 2v15 cm. Kyt mixk moxu-
auMu gopiBuioe 60°, a BimcTaHb MiK OCHOBAMHU IOXUJIUX —
7 cM. 3HAHAITL HOBXKUHY NPoeKIii apyroi moxmuaoi. CKinbKHu
po3B’sA3KiB Mae 3amaua?

7.44. 3 TOUKYU [0 MJIOIIWHU IPOBemeHo nBi moxmii. JloB:KuHA Of-
Hiei 3 Hux — 55 cM, a ii mpoexiii — 11 ecm. Kyt mix mpo-
eKI[igMM moXmamx mopiBHioe 60°, a BizcTaHb MiXK OocHOBaMH
OTOXUJIUX — x/ﬁ cM. 3HaAUIOITh AOBKUHY OPYrol IIOXMUJIOI.
Ckijbku po3B’sa3kiB mae 3amaua?

7.45. CTOpoHN TPUKYTHHKA IOPiBHIOIOTL 4 cM, 13 c¢cm i 15 cm.
3 BepHIMHMU HAWMEHIIIOTO KyTa TPUKYTHUKA OO0 HOTO ILIO-
IIMHU TIPOBEJIEeHO MEepPIeHAUKYJIAP, i 3 APYroro KiHHOA IILO-
ro IepHeHAWMKYJIApa A0 OPAMOI, IO MiCTHUTb HPOTUJIEIKHY
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0 IIBOTO KyTa CTOPOHY TPUKYTHUKA, IIPOBEIEHO IIePIIeH/IM-
KyJadp 3aBAOBXKKN 13 cM. SHAHAITHL JOBXKHUHY HEePHEHIUKY-
JIsIpa, IIPOBEAEHOTO 0 IJIOIUHN TPUKYTHUKA.

7.46. CtropoHu TpPUKYTHUKA mopisBHioloTh 11 cm, 25 cm i 30 cwm.
Yepes BeplINHY HAHOIJIBIIIONO KyTa TPUKYTHUKA [0 HOr0 ILJIO-
IUHY OPOBEIEHO IEePHeHIUKYJIAP i 3 APYyroro KiHIE IIHOT'O
MEPUEHANKYJIAPA 0 IPOTUIEKHOI IIbOMY KYTY CTOPOHHU ITPO-
BeIeHO IePHeHINKYJIAP 3aBIOBKKM 11 cM. SHAUOITH JOBXKU-
HY IEePIeHANKYJIAPa, TPOBEJEHOr0 0 IJIONINHN TPUKYTHUKA.

7.47. Touka M nexuthb Ha Bifgcrami 30 cM Bim ILIOH[MHH PiBHO-
b6iumoi Tpamelii Ta piBHOBigmaJeHa Bim ycix BepIIuWH Tpailie-
mii. Bucora Tpamemnii gopiBHioe 12 cm, a giaromaab Tpare-
il saBmoBKKM 20 cM NepneHAUKYJAAPHA OO0 0iUHOI CTOPOHH.
3HaligiTe BigcTaub Big Touku M 10 BepIIMH Tpamelrii.

7.48. Touka K BimmaieHa Bif KOKHOI 3 BepIIHNH piBHOOiuHOI Tpa-
nenii Ha 65 cMm. BiuHa cTopoHa Tpamemnii mepHmeHIUKYIApPHA
mo ii miaromaui. 3HaiaiTe BigcTaHp Bif Touku K 1O ILIOIIU-
HU Tpalmerii, AKIo BHcOoTa Tpamellii gopiBHioe 24 cm, a mia-
roHajb Tpamerii — 40 cm.

7.49. Touka O — HEHTP KOJia, BIIMCAHOTO B PiBHOOIYHY TpareIriio,
nepuMeTp sKoi 48 cm, a roctpuii Kyt 30°. Uepes Touky O 10
IUIOIIMHY Tparmerii mpoBeneHo mnepneHIuKyJIap OM 3aBIOBK-
K 4 cM. 3 Touku M IIpPOBeNeHO MHePIeHINKYJISIPU IO OCHOB
Tparmeltii. 3HAUIITEL JOBKUHYU IIUX HEePIeHINKYJISIPiB.

7.50. Touxka @ — IeHTP KOJia, BOMCAHOTO y TPUKYTHUK 3i cTOpO-
"HamMu 10 cm, 10 ecm i 12 cM. 3 TOUKHM @ OO0 ILJIOIIMHU TPU-
KYTHUKa TPOBEAEHO IEPHeHAMKYIAP QL 3aBHoBKKU 4 cM.
3HalIiTh JOBKUHY IEPIEeHANKYJIAPa, IPOBEAEHOr0 3 TOUKH
L 1o HaiibiibIIOl CTOPOHU TPUKYTHUKA.

@ KXummeba mamemamuka

7.51. HeoOximmo modapbyBaTu CTeJI0 y ABOX KiMHaTax: omgHA 3
HHX KBaapaTHol ¢opMu 3i cTOpoHOIO 4 M, a iHIIA — IPAMOKYTHA
3 posmipamu 5 M i 4 m. [Ina papbysamsa 1 M2 crenai moTpi6HO
240 r papbu. Papba mpomaeThca B 0amkax mo 2,5 Kr. Ary Haii-
MEHINY KiJabKicTh 6aHOK (papbu Tpeba mpumdbaTm?

H Tligzomyimecs g0 bubuenns Hobozo mamepiany

7.52. IIpsami a i b neperuHaroTbes mig Kyrom 60°. Touxa M Haue-

JKUTh OPAMiH a i Bigmandewa Bim mpsmoi b mHa 4\/§ cM. 3Haii-
OiTh BificTaHb Bixg Toukum M 10 TOUKU IEPETHUHY IpAMux a i b.
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)

OBOrPAHHUM KYT.
NEPNEHOAUKYNAPHICTb NNOLWMWH

------------- Y crepeomerpii, KpiM IJIOCKHUX KY-
1. Jeozpannuil kym TiB, POBIVIANAIOTH INfe H IBOTPAHHI
KYTH.
II1o6 BBecTM MHOHATTA ABOTPAHHOTO KyTa, 3ayBaskKHMMO, IO
KOJKHa IpAMa, NpoBeleHa y IJIOINMWHI, AiauTh ii Ha ABi nisn.go-
wunu (maa. 8.1).

H6o0zpannum kymom Ha3UBAIOTH (irypy, SKa yrBopeHa JBO-
&. Ma IMiBILUIOIIMHAMH 3i CIILJIHHOIO MPAMOIO, IO iX 00MEKYE.

Ha manonky 8.2 300paskeHo asBorpanuuii kyt. IliBILiomiuau,
10 YTBOPIOIOTH ABOTPAHHUU KYT, HA3UBAIOTH ZPAHAMU, & IIPAMY,
mo ix obmeKye, — pebpom 0802panHH020 Kyma.

Y HOBCAKIEHHOMY JKHUTTi HAM YacTO TPAILIAIOTHCA IPEeIMETH,
10 MapTh (OPMY ABOTPAHHOTO KyTa, HAIIPUKJIAK, HAIiBpO3TOp-
HyTa KHH)KKAa, OABi cyMiskHi cTiHm KiMHaTu, AZBOCKaTHI maxu Oy-
IUHKiB TOIIO.

= [

Maux. 8.1 Max. 8.2 Mazx. 8.3

Ilnomuua o, sKa mepHneHIUKYJASIPHA M0 pedpa a ABOTPAaHHOTO
KyTa, IepeTuHae rpaHi ABOTpaHHOTO KyTa 1mo mpomeHsax AB i AC
(man. 8.3). Kyr BAC Has3uBaWOTh JAiHIULHUM KYymom 0802pAHHO20
kKyma. BorpanHuii Kyr Mae 6esjiu JiHiAHUX KyTiB, yci BOHU
MixK coboro piBHI.

I'padycnoro miporo 0602panr02z0 Kyma Ha3UBAIOTh TPATY-
k. CHY Mipy #Oro JiHiiHOTO KyTa.

3a3Buuail 3aMicTh «TpajycHa Mipa ABOTPAHHOTO KyTa JOpPiB-
HIOE...» KaXXYTh «IBOTPAHHUN KYT HOPiBHIOE...».

ILBorpaHHHﬁ KyT mopiBHi0oE 30°.
Ha ogniit i3 rpameit BubpaHo TOUKY Ha BiacTa-
Hi 6 cM Bix pebpa ABOrpaHHOTO KyTa. 3HAUTH
BificTaHb Bin 1miel TOuKmM 10 Apyroi rpaHi.

PosB’asamua. Hexaili Touka A Hale-
JKUTH ONHiI i3 rpaHeil ABOTPAHHOIO KyTa 3
pebpom a, AC 1 a, AC =6 cm (mau. 8.4). Mau. 8.4
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1) ITosHaummo ApPYyry TI'paHb KyTa 4Yepes O i IIpoBeaeMo 10 Heil
nepneaaukyaap AB. Cnoayuumo Touku B i C.

2) AB | o, AC — moxuiaa go o, BC — ii mpoekmis, AC | a. Toxi
BC 1 a (3a TeopeMoOI0 IIPO TPU IEPIEHIAUKYJIIAPH).

3) AC La i BC 1l a, Tomy a 1 (ABC) (3a 03HaKOIO IIepPIEHIN-
KyJadapHocTi npamoi i maomuanm). Otike, LACB — miHIAHUNA KyT
IBOTPAHHOTO KyTa, Toai LACB = 30° (3a yMOBOIO).

4) Is NABC (/B = 90°), 3a BiacTUBiCTIO KaTeTa, IO JIEKUTH
mpotu Kyta 30°, maemo: AB = % = g =3 (cm).
Bigmosign. 3 cMm.

------------- JIBi IJIOIMIMHU, IO IEePEeTUHAIOTHCSI,
2. Ilepnendurynapricme YTBOPIOIOTH YOTHUPH ABOTPAHHI KYTH.
niowun fAxmoro omuH 3 HuX mopiBuioe 90°, To

iHOIi, IiJIKOM OYEeBHIHO, TEXK TOPiB-
HIoI0Th o 90° (Mmau. 8.5).

JBi IJIOIMHN HA3WBAIOTh nepneHoukyaaprumu (63aem-
s HO nepneHduKynLaApHUMU), AKIIO0, MEPEeTHHAIOUYNCh, BOHUI
YTBOPIOKOTH IIPAMi JBOrpPaHHI KyTH.

SAxmro mromuEM o i f IepPIeHANKYIAAPHi, IIe 3aNMUCYIOTh TaK:

ol p.
B,
| 1 IK
4/ P
il B Al
a
Max. 8.5 Mau. 8.6

Teopema (0o3HaKa MEPIEHAUKYJISIPHOCTI ILJIOIIWUH).
AKmo niaoumuHa IIPOXOOUTH Yepe3 MPAMY, NEPIEeHTUKY-
JSAPHY [0 iHIIOI IJIOUIWHM, TO Iii IIOIIMHUA B3a€EMHO IIEp-
MEeHINKYJIIPHi.

HoBenennsa. Hexaill miommea o MPOXOAUTH yepes npamMy AB,
fAKa MepHeHIUKYJIApHa N0 IIoluHY 3 i mepetuHae ii B Tounmi A
(man. 8.6). HoBememo, mo o L P.

1) Hexaii o N f = AK. Ockinsku AB 1 B, To AB nepueHIuKYy-
JApHA A0 OyAb-AKOI MPAMOi, IO JEKUTh y IJIOIMMHI f i mpoxo-
IUTh uepes TOuky A, 30Kkpema, AB 1 AK.
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2) IIpoBegemo B momuHi B npamy AP tary, mo AP 1 AK. Toxi
ZBAP — ni”HifiHMHA KyT ABOTrPAHHOI'0 KyTa, I'pPaHi AKOro HaJe-
JKaTh IJIOMUHAM o i .

3) Ockinbxku /BAP =90°, o o L 3. W

sty ei4l Touka M piBHOBiAmasmeHa Bif yciX BepIIMH IPAMO-
KyTHuKa ABCD i He JeXUThH y Horo ImjomiuHi. JloBecTH, IO ILIO-
i ABC i MAC B3aeMHO IePIeHINKYJIAPHI.

HoBemeunnsa. 1) Hexait O — TouKa IepeTUHY AiaroHaJei mps-
mokyTHUKA ABCD (Mai. 8.7), toni AO = OC.

2) Ockinsru AM = MC, to MO — mezniana i BucoTa TPUKYTHHKA
AMC. Orxe, MO 1 AC.

3) AmaJjoriumo goBogumo, mo MO | BD.

4) Ockinpru MO 1 AC i MO 1 BD, to MO 1 (ABC) (3a o3Ha-
KOIO TIePHeHANKYJIAPHOCTI MPAMO]I i ILJIOMINHM).

5) Toni, 3a O3HAKOIO IePHeHINKYJIAPHOCTL TJIOIIUH,
(MAC) L (ABC). B

C
M
AN
K/ / C,
C 7
N AN—F A,
A@‘(
A D

Mau. 8.7 Mau. 8.8

IIBa piBHOOenpenux TpukyTHuKu ABC i ABC, ma-
IOTh CIiJIBbHY OCHOBY AB. ILmomuHu TPUKYTHUKIB B3a€MHO IIep-
OeHAUKYIApHi. 3Halitu Bigcramp Mix Toukamu C i C,, axmio
AB =16 cm, AC = 10 cm, AC, = 17 cm.
Poss’assamuda. 1) Hexait K — cepenuna AB, Toni CK — meni-
aHa i Bucora pisHOOGeapenoro TpukyTHnka ABC, a C;K — menia-
Ha i BucoTa piBHOOeApeHOrO TPpUKyTHUKA ABC, (Mai. 8.8).
2) Ockineku CK | AB i C;K 1 AB, to ZCKC, — niHiiiEnit KyT
JBOIPaHHOIO KyTa 3 pebpom AB, Ttomy ZCKC, = 90°.
3) Mz%z%zS (cm).

4) YV AACK: KC =+AC? - AK? =102 - 82 = 6 (cm).
5) V AAC,K: KC, = /AC2 - AK? =172 -82 =15 (cm).
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6) Y ACKCy: CC, = JCK2 + KC;2 =62 +15% = 3429 (cm).
BigmoBins. 3\/5 CM.

@ SKy dirypy HasvBaTb ABOrpaHHMM KyToM? @ LLlo Ha3mBaloThb rpa-

Q HAMMK | pebpomM ABorpaHHoro kyta? @ Lo Take niHiMHWIA KyT ABO-
rpaHHoro kyta? @ Lo € rpagycHolo Mipoto ABorpaHHoOro kyta? @ HAki
NNOWWHMA Ha3nBaloTb B3aEMHO MneprneHaukynsapHuMm? @ Cdopmy-
NIONTE N OOBELITb O3HAKY NEPNEHONKYNAPHOCTI MAOLLMH.

$ Fosb’sximo 3agaui ma bukonaime bnpabu

I 8.1. (Ycno). HaBeniTh OpUKJIagu B3a€MHO IEPHEHINKYJIAP-
HHX ILIOINMH cepej IIpeaMeTiB, 10 Hac OTOUYIOTh.

8.2, (YcHo). Kyt ABC — niHifiumii KyT ABOTPAHHOTO KyTa 3 pe-
opom m (mai. 8.9). fIKi 3 TBepIKeHDb € MPABUILHUMU:
1) AB || BC; 2) BC 1 m; 3) (ABC) 1. m;
4) ZACB — Tako: JiHifiHuii KyT ABOTpaHHOrO KyTra?

8.3. Ha mamionky 8.9 ZABC — nmiHiliHu#i KyT ABOTPAHHOTO KyTa.
SIKuM € B3aeMHe PO3MIillleHHA:

1) npamoi AB i nmpamoi m; 2) mpamoi m i nnomuuau ABC?
K
L
B c
A D
Maun. 8.9 Maun. 8.10

8.4. JlinitiHmii KyT ABOTPAHHOTO KyTa MOPiBHIOE MHOJOBWHI TIpA-
MoTo KyTa. YoMy MOpiBHIOE ABOTPAHHUM KYyT?

8.5. [IBorpaHHUII KyT MOOPIBHIOE TPETHHI POSTOPHYTOTO KYTa.
Yomy mopiBHIOE JiHIAHMEA KYT I[HOIO ABOIPAHHOI'O KyTa?

8.6. Ilnomuuu npamMoryTHuKiB ABCD i ABKL B3a€eMHO IepIeH-
muryaapHi (maa. 8.10). AkuM € B3acMHe PO3MIiIlleHHS:
1) upsamoi AL i maomiuau ABC;
2) mpamoi DC i nnomuau ALK?

8.7. Ilnomuuu kBagpaTiB ABCD i ABKL B3a€MHO HepIeHIUKY-
aspui (maua. 8.10). AKuM € B3acMHe PO3MiIlleHHA:
1) nmpawmoi BC i nnomuunu ABK;
2) mpamoi LK i miaommuuu ABC?
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8.8. (¥Ycno). CkinbKu map B3a€EMHO IIEPHEHINKYJIAPHUX IIJIOIIUH
MOXKHA IPOBECTH Uepes AaHy IpaMy?

<2 8.9. Ilnomuuu xBagpatiB ABCD i ABKL B3a€MHO IepHeHIU-
— kyaapHi (masa. 8.10). 3uaiigiTs BimcTaHi Big ToukKu L 10 TOUOK
DiC, akmo AB =4 cMm.

8.10. ITnomuan npavmoxkyTHuka ABCD i kBagpara ABKL B3a-
eMHO mepneHAuKyaapHi (Mana. 8.10). 3umaiigiTey BigcraHi Bif
Touku K o Ttouoxk C i D, axmo AB = 3 cm, BC = 4 cwm.

8.11. [Borpamuuii Kyt mopiBHioe 60°. Ha omHiii i3 fioro rpaneii Ha
Bimcrami 2\/§ cM Bin immroi rpaHi mosHaueHo TOUKY. SHAHIITH
BifcTaHb Bif 1iel TouKu g0 pebpa JBOIPAHHOIO KyTa.

8.12. IBorpanuuit Kyt gopiBHioe 45°. Ha ogmniit i3 itoro rpaneit

Ha BimcraHi 62 cM Binm pebpa JBOTrpaHHOTrO KyTa B3sSTO TOY-
Ky. 3HaiimiTe BimcTraub Bing miei Toukum mo mapyroi rpadi aBso-
TPaAHHOIO KyTa. B

8.13. Ilnomuum piBHEMX MiK coboro piBHOOEH-
pernx TpukyTHuKiB ABC i AB,C B3a- C
€MHO TIepHeHAuMKyJaApHi (max. 8.11). A
Meniana BK, mpoBeieHa OO OCHOBUW TpPU-
kytunka ABC, mopiBHIOE 3V2 cm. Bmaii- B
JiTh BificTaHb Mix Toukamu B i B,. Mau. 8.11

8.14. ITnomuuy piBHUX MiXK c000I0 PiBHOCTOPOHHIX TPUKYTHUKIB
ABC i AB,C B3aecMHO IepmeHIAUKYIApHL (max. 8.11). 3naii-

nite Bucory B,K tpuxyrHuKa AB,C, axmo BB, = 5v2 cm.

8.15. fki 3 TBepAKEeHDb IPABUJIbHI:
1) uepes TOUKY, B3ATY I103a ILJIOIMHOIO, MOKXHA IIPOBECTU
IJIOIINHY, HePIeHANKYIAPHY 0 IIi€l IJIOMINHU, 1 IPUIOMY
TIIBKY OOHY;
2) AKINO IJIOIIWHA O MEPIEHANKYJIAPHA OO ILJIOIUHY 3, TO Y
ILJIOIIMHI o icHye TIpAMa a, MepPIeHANKYIAPHA A0 IJIOMNHY [3;
3) AKIO mpAMa i IJIOIMMHA NEePIEeHAWKYJIAPHI M0 onxHiel i
Tiel caMoi IIJIOIIIMHU, TO BOHU IIapaJieJbHiI MiK c000I0;
4) AKIIO IJIOIIUHU A i 3 B3BaEMHO NePIEeHANKYISAPHi, TO ILJIO-
IUHA O MEePHeHAUKYJISAPHA OO0 Oyab-AKOl mpsaMmoi, Io Je-
JKUTDH y IIomiuHi ?

8.16. Touka, 110 HaAJEXKUTh ONHINW i3 rpaHeil JBOTPAHHOrO KyTa,

JIeKUTh Ha BimcraHi 4\/5 cM Big apyroi rpami Ta Ha BigcTaHi
8 cM Bix pebpa 11bOTO KyTa. 3HANAITH Mipy ABOTPAHHOTO KYTA.

8.17. Toura, 110 HAJIEKUTH ONHIN i3 rpaHell JBOIPaHHOrO KyTa, 3HA-
xoguThbesa Ha Bigcrami 10 cm Bix peOpa ABOrpaHHOIO KyTa Ta Ha
BimcTaHi 5 cM Bifg Apyroi rpaHi. SHAWITL Mipy FBOIPAHHOIO KyTa.
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8.18. Ilnomuun o i f — nepuenguKyAApHi. IKUM Moxe OyTH B3a-
€MHE PO3TAIIIYBAHHA IMPAMOI @ i IIoImuHY B, AKIO IpAMa a:
1) mapasenbHa IJIOIITUHI O 2) HaJIeXKUTh ILJIOMINHIL O
3) meprueHAUKYJIAPHA OO0 MIJIOIIHUHU O}
4) i muomuHA O IePeTUHAIOThCA, ajie He € MePIeHIUuKYJIAp-
HUMEI?
BukonaiiTe BiAIOBigHI MaJIIOHKH.

8.19. ITnomuun o i B — mepmeHAUKYJAApHi. AKUM MoxKe OyTH
B3a€MHE PO3TaITyBaHHS IJIOIMWH [ i ¥, AKIIO MJIOIIWHY O i V:
1) mepneHIMKYIAPHI; 2) mapaJjiesibHi;
3) mepeTHHAIOTLC, ajie He IiJ IPpAMUM KyToM?
BukoHatiiTe BifIIOBiHI MaJIIOHKH.

8.20. PisroGenpeni TpukyTHuku ABC i ABC, nexarsb y pisHEX
TpaHsaX ABOTPAHHOTO KyTa 3 pedpom AB, SKUH IOPiBHIOE
120°. 3maiigire CC,, axmo CK =3 cm, C;K =5 cMm, ge CK i
C,K — BucoTu TPUKYTHHUKIB.

8.21. PiBroGesnpeni TpuxkyrtHuku KLM i KLM, nexars y pis-
HUX TpaHAX OBOTPAHHOTO KyTa 3 pedpom KL, AKUHA HOpiB-
HIo€ 60°. 3maiigite MM,, axkmo MP = 3 cm, M,P = 8 cwm,
ge MP i M,P — BUCOTU TPUKYTHHUKiB.

8.22. ABCDAB,C,D; — xy0. 3HaiifiTe Mipy ABOTPAHHOIO KyTa,
AKuil yreopioroTh miuomuan ABC, i1 ABC.

@ 8.23. [Ilo6 mobyayBaTu JiHiIWHWI KyT ABOTPAHHOTO KYyTa,
MIPOBOJATEL ILJIOIIUHY, IEePIHeHAUKYJISAPHY mO0 pebpa ILOTO
KyTa. Uu Oyge A ILION[MHA HEPIEHAMKYJISPHA OO0 TI'paHei
IBOTpamHoro Kyra?

8.24. [IBi nmpsami nmeprneHAUKYJAPHI 0 ABOX I'paHeil JBOTPAHHOIO
KyTa i IepeTHHATLCA. SHAWAITh KYT MidK IPAMUMU, AKIIIO
JBOTPAaHHUN KYT JopiBHIoe 70°.

8.25. [IBi npsamMi mepeTUHAIOTLCA IMiJ IPAMUM KYTOM i HepIIeHIu-
KYJIApHI OO0 rpaHell ABOTPAHHOIO KyTa. SHAHAITHL I'palycHY
Mipy ABOTPAHHOIO KyTa.

8.26. Ilnomuun o i f B3aemMHO nepueHguKyaapHi. Touka M Bigpa-
JIeHa Bij miuommEM o Ha 8 ¢M, a Bij JiHii mepeTHHY ILIOMIMH —
Ha 10 cMm. 3HalAiTh BifcTaHb Bifg Touku M 10 TIOIMHU [3.

8.27. Touka P BigmaseHa Bim OBOX B3a€EMHO HEPHEHAUKYJIAPHUX
miomuH Ha 8 ¢cm i 15 cm. 3HalmiTh BiscTaHp Bifg Toukum P 1o
JIiHI1 TepeTuHy TJIOIIH.

8.28. DS — mepneHguKyJasap Ao miaominau KBagpara ABCD. JloBe-
JiTh, II10:
1) (SAD) L (SCD); 2) (SBC) L (SCD).
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8.29. Touxa O — mentp kBaapata ABCD, OS — nepneHIUKYJIAP
o 1ioro muaomiuHu. oBemiTs, II0:
1) (SAC) 1 (ABD); 2) (SAC) 1L (SBD).

8.30. 3 Touok A i B, AKi HaJexaThb OBOM IEPIEHIUKYJIIPHUM
miaomuHaM o i B, mpoBegeHo nepneHaukyaapu AC i BD no
npaMol mepeTuny miomue. S3HaigiTe AC, akmo AB = 7 cwm,
CD =3 cm, BD = 2 cm.

8.31. 3 Touok M i N, aAKi JgekaTh y ABOX MePHEHAUKYIAPHUIX
niaomuHax P i y, mpoBeneHo nepuneHAuKyaapu MK i NL mo
IPAMOI MepeTury mioint. 3uangite MN, akio ML = 8 cm,
KN =14 cm, KL = 2 cm.

8.32. Ilnomunu piBHOOeApPeHuX TpuUKyTHHUKiB KLM i KLM, 3i
coisibHOI OocHOBOI0O KI B3a€eMHO MHepIeHAUKYJIAPHi. 3Haii-
aite MM, akmo £M, = 60°, KL =8 cm, MK = 5 cM.

8.33. Ilnomuun piBHOOeApenux TpukyTHUKiB ABC i ABC,
3i cCIoimbHOI0O O0CHOBOIO AB B3aeMHO IEepPHEeHANKYJIAPHI,
ZACB = 90°, AB = 10 cm, AC; = 13 cwm. 3naiigite CC,.

8.34. Ilnomuan npasuabHOro TpuKyTHuKa ABC i xBazgpara
ABDE B3aeMHO HepHeHAUKYIAPHi, AB = 2a cM. S3HAHITD:

1) moe:xuHU Bimpiskis CD i CE; 2) xocunyc Kyra ECD.

8.35. [IBa piBHOCTOPOHHIX TpUKyTHUKU ABC i ABC, nexath y B3a-
€MHO IIePIeHAUKYJIAPHUX ILIoInHax, AB = 2b cm. 3HalgiTh:

1) nos:xuny Bigpiska CCy; 2) xocunyc Kyra CAC,.
@ 8.36. Touku C i D jexxaTb Ha OJHIN i3 rpaHell ABOrpPAHHOI'O
KyTa © BiggmameHi Bim Pioro pebGpa BigmoBimHO Ha 2\/5 i

3v/2 cwm. 3HaigiTe Mipy ABOrpaHHOro KyTa, AKIN0 Touka C Bif-
JaJieHa Bifn mpyroi rpadi Kyra Ha 1 cMm MeHIe, Hixk Touxa D.

8.37. Touku M i N nexxaTh Ha OAHill i3 rpaHell JBOIPAaHHOIO KyTa
¥ Bigmaneni Big mapyroi rpaxi Ha 3 cMm i 4 cm. SHalAiTE Mipy
IOBOT'PAHHOIO KyTa, AKIINO cyMa BimcraHeill Bim Touoxk M i N
Io pebpa ABOrpamHOro KyTa mopiBHIOE 14 cM.

8.38. Horupukyruuk ABCD, y saxoro AB = AD i BC = CD, 3si-
rayan mig kyrom 90° mo miarowmasi BD. Ilnomii TpUKYTHUKIB
ABD i BDC, 110 npu IbOMY yTBOPWJINCS, NJOPiBHIOIOTH BiAIIO-
Bigmo 28 cM2 i 96 cm2. SHaAITL, AKOIO CTAJa BiJCTAaHL MiX
ToukaMu A i C micaa sruHaHHA, k1o BD = 8 cMm.

8.39. KBagpar, miomia SKOro AOpPiBHIOE S, 3irHyJIM II0 AiaroHaJi
TaK, 10 HOT0 YaCTHUHU CTAJXM B3a€EMHO MHEePHEeHIAUKYJIAPHI-
Mu. 3HaUOiTh BiZcTaHb MiK KiHIAMHN Ipyroi miaroHaJti mic-
JIsl 3STUHAHHA.
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8.40. Binpisok 3aBIOBIKKHU M CIUPAETHCA KiHIAMU Ha IBi B3aeM-
HO IepHeHANKYJIAPHI miaomuun. Bigcrani Big KiHIiB Bigpis-
Ka [0 JIiHil mepeTHHY ILJIOIIMH AOPiBHIOOTE a i b. 3HaimiTh
BificTaHL Mi’K OCHOBaAMHU HEePIEHIUKYJISAPiB, IPOBEeNeHUX 3
KiHIiB Bizmpiska mo JgiHii mepermny miomuH. Ilpu sxmux 00-
Me)KeHHAX Ha a, b i m 3amaua mae po3B’sA3KuU?

6\ KXummeba mamemamuxka

8.41. 3maiigiTe miomry (B rekrapax) JiiCOBOTO - -
MacuBy, 300pa)KeHOro Ha IUIaHi 3 KBaAPATHOO ;| . T
citroio 1x1 (y cm) B macmira6i 1 : 20 000.

]

lcm
Tligzomyimecs g0 bubuenns Hobozo mamepiany

8.42. IIposexgits npamy a i mosuaure Trouxu M i K, aki sigmanxeni
Big mpsamoi a Ha 2 cMm i 3 cMm BigmosigHO.

8.43. IIpoBexiTh mpsAMi a i b Tak, 110 a | b, i BimcTamp Misk HUMUT
IopiBHIOE 2,5 cM.

@3 BIACTAHI
Y NPOCTOPI

1. Biocmanbw 6i0 mouku
0o npamoi

Ak i Ha momuHi, y mpocTopi

6idcmand 6i0 mouku 00 npamoi — Ie TOBKUHA IEePIIeH-
IUKYJISIpa, MPOBEIeHOro 3 Ii€l TOYKM M0 Ii€l mpsaMoi.

Ha mamouky 9.1 mo)xkuHa Bigpisxka AB — Bin- A
CTaHb BiJ TOuKu A 10 mpsaMoi a.
sty el Ipava AM nepneHIUKYJIAPHA OO0 IJIO-
[WHY PiBHOCTOPOHHBOTO TpUKyTHHKA ABC. Bmaii- ¢ B
™A BimcTaHb Big Toukum M mo mpamoi BC, aAKIo Mau. 9.1

AM = 4 cm, AB =23 cm.

PosB’assanmuda. 1) Hexait Touka K — cepe-
puaa BC (maxa. 9.2). Toxi AK — memiana i Bu-
coTa PiBHOCTOPOHHKOTO TPUKyTHUKA ABC. A B
2) IlpoBegemo Bimpisoxk MK. OckiabKu

M

AM 1 (ABC), MK — moxuna no (ABC), AK — p K

ii mpoektia, AK | BC, to MK | BC (3a Teo-

peMol0 IIpo TpW MepueHAuKyJaApu). Tomi Mau. 9.2
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MK - Bigcraub Big Touku M gpo npsamoi BC.

3) CK:%C 23 =3 (cm
4) V AAKC (41{ = 90°):

AK =JAC? - CK? = /(2/3)? - (/3)2 = 3 (cm).
5) YV AAMK (LA = 90°):

MK =JAM? + AK? =42 + 32 = 5 (cm).
Bigmosigse. 5 cMm.

""""""" Ax 6y.710 3a3HAUYEeHO B OJHOMY 3 IIOIIe-
2. Biocmanwv 6i0 mouku pe/I[HiX Hapa]‘!pa(piB’

0o naiowunu

eéidcmand 6i0 moixu 00 niOUUHU — Iie JOBKMHA IIePIIeH-
IUKYJISIpa, MPOBEIeHOro i3 Ii€l TOUKH 10 i€l MIOIuHH.

ey e Y npaMokyTHuKy ABCD 3i cropoHamu AB = 6 cwM,

BC = 8 cm piaronasi meperuHaoThesa B Toulli O, OK — mepreHan-
KyJadp A0 ILIOIMHYM NPAMOKYTHMKA. SHAWTHU BiAcTaHb BiJ TOU-
Ku K 10 IJIOIIMHYN IPAMOKYTHHKA, AKII0 AK = 13 cMm.

PosB’azamuda. OK | (ABC), tomy OK — mrykaHa BifcTaHb

(mai. 9.3).
1) AC =JAB? + BC? =62 + 82 =10 (cm). K
2)A0_Azc %:5 (cm). c
3) ¥ AAOK (£0 = 90°): " A
OK = JAK? - A0? =132 52 =12 (cwm).

Maz. 9.3

Bigmosigse. 12 cMm.

............. SKmio mnOpaMa HaJEXKUTh ILJIOMIM-

3. Bidcmanbw 6id Hi abo mepeTwHAaE IJIOIIWHY, TO BBa-

npamoi 00 niowWuHu JKaloTh, IO BifcTaHmb Bim mpamoi mo
IJIOIIUHY LOP1BHIOE HYJIIO.

Bidcmannio 6i0 npamoi 0o napanenvHoi il nAOWUHU HA-
3MBAIOTH JOBKMHY MEPIEHIUKYJIAPA, IPOBEIEHOro 3 Oy/Ib-
AKOI TOYKH IIPAMOI d0 TLIOIINHMH.

Ha mamounky 9.4 mos:kuHa Bigpiska AB — Biacradb Bin mpd-
Moi a 1o mapaJiesibHOI 1Y IJIOIUHU O.

Moskua moBecTu, IO BifcTaHb Bim mpsMoi mo mapaJjeiabHOI ik
IUIOIUHY He 3aJeXUTh Bifl Bubopy Touku A. [lilicro, A;B, = AB
(AK TIPOTUJIEKHI CTOPOHU TPAMOKYTHUKA).
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B
Al A a 1 Cl
Ay g
r D,
r O
/
. /B e
o B, B A D
Max. 9.4 Max. 9.5

ABCDA,B,C,D, — xy0, pebpo #AKOI0 /[IOpPiBHIOE
4\/§ cm. 3Halitu Bifcrans Bif npamoi BC no nmuaomusau ABC,.

Poss’asamna (mar 9.5). 1) Ockinexku BC || B,C;, To npama
BC napanensHa miomuni AB,C,.
2) CD, L C,D, Trouka O — TOYKa IepeTHUHYy JiaroHajeil rpasi

CD,C,D.
3) CO 1L AB,C,, tomy CO — mykaHa BiZiCTaHb.
4) CD, =CD -2 =442 -2 = 8 (cwm).

CD
5)CO=—1=§=4 (cm).
2 2

Bigmosigs. 4 cMm.

------------- SAKII0 MIOMIMHN IIePeTHHAIOTLCHA, TO
4. Bidcmanbs BBAYKalOTh, 1110 BiICTAHb MiK TaKUMI
MUHC NOWUHAMU IJIOIIMHAMU JOPiBHIOE HYJIIO.

Bidcmannio misxe 0éoma napanervHumu NAouWUHAMU Ha-
k. 3UBAIOTh JOB:KMHY NEPIEHAUKYJIAPA, IPOBEIEHOTO 3 Oyab-
AKOI TOYKH OTHi€l IIONIUHU 0 JAPYroi.

Ha manrorrky 9.6 moBkmnua Binpiska AB — BijcTaHb MixK I11J10-
muHaMu o i B. Bigcrans Mik mapasiebHUMU IJIOIIIMHAMM He 3a-
JIeKUTDH Bim BUOOPY TOUKMU A.

Max. 9.6 Man. 9.7
Kiuni sigpiska MN 3aBaoBxKu 17 cM HajJIeXaThb Ia-

pasmenbHuM ILTomuHaM o i B. IIpoekmia Bixpiska Ha oxHy i3 mux
ILJTOIMH AOPiBHIOE 8 cM. 3HAWTH BificTaHb MiXK ILIOIMHAMHU o i [3.

PosB’assanuda. 1) IIpoegzemo MK — nmeprneHIUKYJISIP OO ILIO-
mua" f (Mana. 9.7).
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2) Toxi MK — mrykaHa Bifgcranb, a NK — npoekiiia M N mHa 1jo0-
muny , NK = 8 cm.

3) Is AMNK (/K = 90°):

MK =JMN2 - NK2 =172 - 82 =15 (cwm).

Bigomosiags. 15 cm.

TOYKM OO NNOWMHM? @ AKOK € BigCTaHb Big NMPsAMOI 4O MITOLLUMHN,
AKLO NpsiMa nepeTuMHae nNnoLmHy abo i HanexuTb? @ Lo HasuBa-
I0Tb Bif,CTaHHIO Big NpsAMOI 40 NapanenbHoi i NownHN? @ Akoto €
BiCTaHb MiX NOLMHAMK, WO nepeTnHatTbea? @ Lo HasueatoTb
BifJCT@HHIO Mi>X NapanenbHUMN NAoLWMHaMn?

Q @ lllo HasuBaloTb BiACTaHHIO Big TOYKM OO MPSIMOI; BiACTaHHIO Bif

$ Posb’sximo 3agaui ma bukonaime bnpabu

(ﬂf 9.1. ABCDA,B,C,D, — Ky0 (D{IaJI. 9.5). HassiTh Bimpisok,
JIOBXKMHA AKOTO € BiCTaHHIO Bif:
1) Toukn D, no npamoi DC;
2) rouxku A po miomureu A,B,C,.

9.2. ABCDA,B,C{D; — xy6 (maxn. 9.5). HaspiTs Bifipi3oK, moBxu-
Ha SKOTO € BifcTaHHIO Bijn:
1) Touknu B go npamoi DC; 2) touku B, mo nnomusau ABC.

9.3. Ilano Ky6 i3 pebpom a (mai. 9.5). 3HaiAiTh BiACcTaHb:
1) Bix Touku A, mo mnomuru DD,Cy;
2) Big Touku D mo npsamoi BC;
3) Bix npamoi CC, mo nnomuru ABD;
4) Big npamoi DC o nnomunu ABB;
5) mix muomunamu ABD i DCCy;
6) mixx nnomuramu ABC i A;B,C,.
9.4. [Tano Ky0 i3 pedbpom b (mas. 9.5). 3HailigiTe BimcTaHb:
1) Bixg Touku D mo mnomunu A,B,C;;
2) Bix Touxkn B, mo npamoi A, D;;
3) Bix npamoi A, D, xo mnomunu ABC;
4) Big npamoi AB po nnomuru B,C,C;
5) mixx muomuBamu ABB, i DCCy;
6) mixx nnomunamu ADD, i A,B,C,. a M

9.5. IIpama a mapajgeilbHa IJIOIUHLI o
(man. 9.8). 3 geakoi Ttouku M npamoi a
IO ILIOIIUHU O IIPOBEJEHO MOXUJY 3aB-

IOBXKKKM D cM, mpoekiiia aAxkoi KN mo- N K ¢
piBHIOE 4 cMm. 3HaAiTe, BigcTaHb Bifm
OpAMOl @ 0 IJIOHMIUHU O. Maix. 9.8

308

MpaBo anst 6e3onnaTHOro PO3MilLleHHs MigpyYHUKa B Mepexi I[HTepHeT mae
>TBO OCBITW | Hayku YkpaiHu https://mon.gov.ua Ta [HCTUTYT MoaepHi3alii 3amicTy ociTu https://imz



9.6. Ilmomuuan o i B mapanensHi (mana. 9.7). 3 Touku M, dAka
HAJIEJKUTDH IJIOIIUHI O, O IJIOIIVHY [} IPOBEAEHO IEePIEeHIU-
Kyaap MK i moxuay MN saBmoB:xkKu 10 cm. Smaiigite Bin-
CTaHb MidK MJIOIMMHAMHU O i B, AKIIO mpoeKIlia moxuaoi MN
Ha IJIOIIUHY [ mopiBHIOE 6 cM.

(*2 9.7. Kingmi Bigpiska M N, 1110 He IepeTUHAE ILJIOIIUHY O, 3HAa-

~  xomAarbesa Ha BigcraHax 6 cm i 10 cm Bigmosizmo Bipm iel

maommau. Ha axifi BizcTaHi Bif HMJIOIMIMHM 3HAXOAUTHCS Ce-
penuna Bigpisxka MN?

9.8. Kinmi Bigpiska AB, 110 He TepeTHWHAE IJIOIMHY [3, 3HAXO-
IAThbCA Ha BizcraHax 8 cM i 4 cM BigmosigHO Bif Iriei 1mio-
muuu. Ha akifi BigcTaHi Big maomuHM 3HAXOAUTHCS CEpeI-
Ha Bimpiska AB?

9.9. 3 ToukKu A [0 IJIOIMIMHU [ TPOBENEHO TMOXUJIY 3aBIOBMKKU
8\/§ CM Ta MePHeHIUKYJIAP, IKi YTBOPIOIOTHL MiK CO00I0 KYT
30°. 3mainiTs BimcTaHb BiJ TOUKU A 10 ILIOIIWHU .

9.10. 3 Touku B [0 ILIOI[MHY O MPOBEAEHO MEePIeHAUKYJIAP i mo-
XUJIy. SHAUIITh BigcTaHb Big TOUKU B 10 MJIOIMUHU O, AKIIO
IPOEKIliA MOXMUJIOI JOPiBHIOE 3\/5 CM 1 yTBOPIOE 3 MOXUJIOIO
KyT 45°.

9.11. OguH i3 KiHIiB Bifgpiska JIeKUTHh y ILIOIIHHI o, a HOro ce-
penuHa BimmaseHa Bim miuomuHM Ha 3 cM. Ha akiii Bigcrami
BiJ IJIOMIMHYN 3HAXOOUTHLCA IPYTUi KiHelb Bimpisxa?

9.12. OguH i3 KiHIiB Bigpiska HaJ€KUTH IJIOIMMWHI O, a APYTUi
Bigmamenuit Bim Hel Ha 10 cm. Ha akii Bimcrami Bim miormru-
HU 3HaXOAUTLCS cepeIuHa IOro Bimpiska?

9.13. Yepes Bepmiuay A npamMorkyTHuxa ABCD go #ioro mjoiu-
HU TIpoBejfieHO meprneHAuKyaap AK. 3HaiimiTe BiAcTaub Bifg
Touku K mo mpsamoi CD, axmo AC = 20 cm, CD = 16 cwm,
AK =9 cwm.

9.14. Yepes Bepmiuay B kBaapata ABCD 10 #10ro ILJIOIMUHU IIPO-
BelleHO IepneHAuKyaap BM. 3HaimiTh BimcTaHb Bil TOUKH

M o npamoi AD, akmo BD = 42 cm, BM = 3 cm.

9.15. ¥V mpukytaury ABC AC = BC =5 cm, AB = 6 cm. CM — miep-
NeHIUKYJIAP OO ILJIONIMHU TPuUKyTHuUKa, CM = 3 cm. 3Haii-
IiTh Bimcrausb Bim Touku M mo mpsamoi AB.

9.16. BK — nepueHAUKYJIAP A0 ILJIOIIUHNA PiBHOCTOPOHHBOI'O TPHU-

kyrHuka ABC, AB =63 cMm, BK = 12 cm. 3mafigite Biz-
ctaHb Big Touku K mo npsamoi AB.
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@ 9.17. Ha mamiouky 9.9 3o00pakeHo Ky0O M B C

i3 pebpom 3aBHoB:KKU b, MN — ce- 4 :

penusa JiHia TpuxkyTHuKa ABD. 3Haii- {V C P

niTe Bimcrans Bijg mpamoi CC; mo mio- I :

musan MNN,. M1: e N R P
< 1

9.18. Ha mamioEky 9.9 300paskeHo Ky0 iz 4] N, D,
peépom a. MN — cepeinHd JiHis Tpu-
KyTHuUKa ABD. 3HalifiTs BifcTaHp Mix Mau. 9.9
miromuHamMu BB, D i MNN,.

9.19. Yepes Bepmmuy A KBagpatra ABCD mpoBeneHO TepHEeHIU-
Kyaap AT. 3HaigiTe BigcTaHp Big ToukKu T 10 NpAMUX, IO
MicTATH miaroHaJi KBaapara, Akimo AB = 8 cm, AT = 7 cMm.

9.20. Karet mNpAMOKYTHOTO TPUKYTHHKA [TOPiBHIOIOTH 5 cM i
9 cm. Uepes cepeauHy TimOTEHY3W OO0 MJIOIIWHU TPUKYTHUKA
OPOBENEHO IIEePHeHIUKYJIAP 3aBHOBXKKH 6 cMm. 3HAUAITH Bin-
CTaHb BiJ KiHIIA MepPIeHIUKYJISIpa, IO He JIeXKUTL Y ILIOIIHU-
Hi TPUKYTHUKA, [0 IPAMUX, 0 MiCTATh KATETH TPUKYTHUKA.

9.21. Touxka M jexxutrb Ha OicexkTpuci xyra ABC. [0 mIOL{UHN
KyTa IIpoBeJeHo mepueHaukyaap MS. JoseniTe, 110 Touka S
PiBHOBiAmaseHa Bif NpAMUX, IO MiCTATH CTOPOHU KyTa.

£=9.22, NoBeniTe, 110 Koau Touka M piBHOBigmaJieHa Bif ycix Bep-
MINH MHOTOKYTHHKA M He JeXKUTL y HOTro IJIOHIMHiI, TO ii
MIPOEKIli€l0 Ha IJIOIMHY MHOTOKYTHUKA € IIeHTP KOoJia, OIH-
CaHOT'0 HABKOJIO MHOTOKYTHHKA.

9.23. Touxka S piBHOBiAZajieHa BiJ yciX BepIIMH NPAMOKYTHH-
kKa ABCD i 3HaxoauThCcs Ha Bigcrami 3 cM Bim #oro mio-
MUHU. SHAHAITh BigcTaHb Bifg TOUKM S M0 TOUKH A, AKIIO
CD =4 cm, Z/CAD = 30°.

9.24. I'inmoTeHy3a HOPAMOKYTHOT'O TPUKYTHHKA IOpPiBHIOE 24 cCM.
Touka @, 1[0 He JIEKUTHL y ILIOLMHI TPUKYTHUKA, BigmageHa
Big xo)kHOI 3 ioro Bepmua Ha 20 cMm. 3HAHAITH BigcTaHb Bin
TOYKY @ O ILIOIUHYN TPUKYTHUKA.

9.25. Touka BiggayieHa Bil KOMKHOI 3 IPAMUX, IO MiCTATHL CTOPO-
HY PiBHOCTOPOHHBLOI'O TPUKYTHHKA, HaA 15 cM, a Bim miaomiu-
HY TPUKYTHUKA — Ha 12 cM. S8HAHAITH ILIOIY TPUKYTHUKA.

9.26. ILioira mpaBUJIBHOTO TPUKYTHUKA TOPiBHIOE 273 cm2. Bin-
CTaHb Bifl TouKu M, II0 JIEKUTH 034 ILJIOIIMHOI0 TPUKYTHUKA,
IO IIPSIMUX, IO MIiCTATH CTOPOHU TPUKYTHUKA, SOPiBHIOE 5 CM.
3HaigiTe BiscTaHb Bif Touky M [0 ILIOMHUA TPUKYTHUKA.

9.27. Tourka K BiggaJjeHa BiJ JBOX JaHUX NapaeIbHUX MIPAMUX
Ha 13 cm i 15 cm, a Bifgcranp Misk mumMm npaAMuMu — 14 cm.
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3HaligiTe Bigcramb Bimg Toukm K 0 IJIOIMIMHU, V AKiN Je-
JKaTh IIi ImapajeabHi mpami.

9.28. 3 BepmuHU OiJBIIIOTO KyTa TPUKYTHUKA, CTOPOHU SKOTO
mopiBHIOIOTE 21 cM, 13 cm i 20 cM, [0 MJIOIIUMHYN TPUKYTHUKA
IPOBEJEHO IIEPIEHINKYJIAP 3aBI0OBKKI 35 cM. SHAHAITL Bia-
cTaHi BiJ KiHIiB ImepmeHAMKYJIApPa OO HPAMOI, IO MiCTHUTH
MIPOTUJIEKHY [0 IILOr0 KyTa CTOPOHY TPUKYTHHUKA.

9.29. 3 BepIIMHU CEPEeJHBOI0 3a BEJUUYMHOIO KyTa TPUKYTHUKA,
CTOPOHHU SIKOr'o JopiBHIOIOTL 9 cM, 10 em i 11 cm, mo maoriu-
HY TPUKYTHUKA IPOBEAEHO IIEPIEHIUKYJIAP, JOBMXKUHA SIKO-
ro 7 cm. 3HAHAITL BigcTaHi Big KiHIIB meprIeHIUKYJIsapa IO
OpAMOi, IMO MICTHUTh HPOTUIENKHY OO I[LOT'O KyTa CTOPOHY
TPUKYTHUKA.

@\'—WBBO. IIpoexkiriero Toukm S Ha MJIOIMIMHY MHOTOKYTHHKA €
Touka O, IO JIEXKUTH yCepeAWHI MHOTOKYTHUKA. JloBemiTh,
[0 AKII0 TOuKa S piBHOBigmajeHa Bim ycix mpaMux, IO
MICTATH CTOPOHM MHOIOKYTHHKA, TO TOuKa O — IIeHTp KoJia,
BIIMCAHOTO B MHOTOKYTHUK.

9.31. Touka P piBHOBigmajseHa BiJ yCiX MPAMUX, IO MiCTATH CTOPO-
HU mapasiesnorpama. JloBeiTh, 1110 el mapajesorpaM € poMooM.

9.32. Touka K piBHOBigmajeHa Bim ycix mpaAMHX, IO MiCTATH
CcTOpoHU pomba, i Bigmamena Ha 1 cM Big IOT0O IJIONIWMHU.
3HaigiTe Bigcrams Bim Toukm K gm0 cTopidm pomba, SAKIIIO
#ioro miaronaJji mopiBHIOIOTH 6 cM i 8 cMm.

9.33. Touka F BigmameHa Ha 5 c¢M Big ycix mpaMHx, IO MiCTATH
CTOPOHU IPSIMOKYTHOTO TPUKYTHUKA. IIpoeKIlia 1miei Touku Ha
ILIOIIMHY TPUKYTHUKA JIEXKUTh YCepeArHi TPUKYTHUKA. SHali-
OiTh BiAcTaHb Bif ToOuKuM F OO ILJIOIIMHU TPUKYTHUKA, SKIIO
oro Karer gopiBHIOE 12 cm, a rimorenysa — 15 cm.

9.34. Kiuni gBox Bimpiskis, moBxuamy axux 40 cm i 30 cm, HaJe-
JKaThb OBOM IIapaJieIbHUM ILJIOIIMHAM, a IIPOeKI[ii mmux Bin-
PiBKiB Ha omHYy 3 HUX BigHOCATHCA AK 16 : 9. 3HaumiThL Bix-
CTaHb MiK IJIOIIMHAMU.

9.35. Kiami 7aBox BigpiskiB, JOBKUHU SAKHUX BiJHOCATHECA HAK
26 : 25, Haje:xaThb IBOM MapaJieIbHUM ILJIOIITUMHAM, a IIPOeK-
mii mux BigpiskiB Ha omHy 3 HuX mopiBHiolOTb 40 cM i 28 cm.
3HAUAITh BiACTAHL MiXK ILJIOIIMHAMU.

9.36. Bepmiuau A i D mapanenorpama ABCD nexaTh y HJIOIIU-
Hi o, a ABi iHIII BepIImHU — II03a Ii€f0 MJIOIIMHOI0. IIpoek-
1ii giaromaseil Ha 10 ILIOIIMHY AopiBHIOIOTE 20 cMm i 22 cm.
3HaigiTe BigcraHp Big mpsmoi BC [0 IJIOMIMHUA O, SAKIIO
AB =15 cm, BC = 19 cMm.
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'y

& XKummeba mamemamuxa

9.37. Kopobxa mae ¢opMy IPSIMOKYTHOTO IIapajejelimena 3 BU-
mipamu 20 cm, 30 cm i 50 cm. CKilbKM TaKUX KOPOOOK MOKHA
MOMICTHUTH B Ky30B BaHTaKiBKM, po3Mipu akoro 2 M, 3 mi 1,5 m?

Tligzomyimecs qo bubuenns Hobozo mamepiany

9.38. IloOyayiiTe mpami a i b, 1110 TepeTUHAIOTHCS IIiJ KYTOM:
1) 30°; 2) 45°; 3) 60°; 4) 90°.

{I BUMIPIOBAHHSA KYTIB Y TPOCTOPI.
OPTOIOHAJBHE NMPOEKTYBAHHA

------------- A i Ha mIomuHIi, y mpocTopi
1. Kym misxc npamumu

‘ KYmom Mmixn npamumu, u,0 nepemuHaromscs, Ha3uBa-
I0Th MEHIIW# i3 KYTiB, IO YTBOPUJIMCA IIPH II€PETHHI
IIUX MPAMHAX.

Ao nmpami mapajneabHi, TO KYT MiX HUMM BBa)KalOTh PiB-
HUM HYJIIO.
PosrasmeMo MOHATTA KyTa MisK MUMOOIMKHUMU TIPIMUMU.

| RKymom min mumobisrnumu npamumu Ha3UBAIOTh KYT
&. MiK NPAMHMH, IO MapajiejibHi JaHNM MHUMOOIKHUMHI IIPA-
MMM i mepeTHHaIOThCA.

Hexait a, i b; — npawmi, mo nepeturHaroTbca B Toulli C i mapa-
JebHI MEMOOIXKHMM IPAMUM a i b, a KyT MiX OpAMUMHU aq i b,
mopiBHIoe @ (Mas. 10.1). Toxi KyT Mixk mpaMuMu

a; a i b rakox nopiBHIOE @. Mo:KHa JOBECTH, IO
% KYT MiK MUMOOI:KHUMU TIPAMUME @ i b He 3aiie-
C 1

KuUTh Bixm BuOopy Toukm C. ¥V 3amauax Toury C

3pyYHO BMOWpPaATHM HA OAHIH i3 mpAMUX, HaAIPHU-
KJaJ Ha IPAMIA a, i IPOBOAUTHU uepes II0 TOUKY

Mau. 10.1 OpaMy, mapajejbHy npamii b. B, c

1

GPNCLel M) ABCDA,B,C,D, - xy6. 3maitru ‘i

. D
KyT Mix mumobixunmu npamumu BC i DC,. : !
Poss’asanua (manx. 10.2). 1) IIpama AD B3 Jc
napajenbHa npamiii BC, ToMy IIYKaHUN KYT A D
JopiBHIOE KyTy Misk nmpamumu AD i DC,.

Max. 10.2
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2) Ockinpku DC — npoeknia noxunoi DC, Ha (ADC)i DC 1 AD,
TO, 32 TEOPEMOI0 PO TPU mnepuneHguKyasapu, DC; L AD.

3) Oraxe, KyT mixk npamumu BC i DC, nopisaioe 90°.
Bigmosigse. 90°.

TakuM YMHOM, MOKHA TOBOPUTH IIPO KYT (¢ MK OyAb-AKUMU
IBOMAa IPAMUMHU IPocTopy. OUueBUIHO, IO Ileil KYT ¢ 3aJA0BOJIb-
Hae ymoBy 0° < ¢ < 90°.

IlepueHAUKYJIAPHUMY MOXKYTL OYyTH SIK IPAMIi, IO IIepeTHUHA-
IOThCA, TAK i MUMOOLKHI IIpsaAMi.

| JBi IpsAMi Ha3UBaIOTh nepneHdurynaprumu (63a€MHO nep-
k. neHOuKYyiaApHUMU), SKIIO0 KyT MiK HUMU aopiBHIoEe 90°.

Y sagaui 1 npawmi BC i DC; — B3a€MHO IepHeHUKYIAPHi.

------------- Jknio npamMa mnapajesbHa IIJIOIIH-
2. KEym mix npamoro Hi abo Il HaJIEeXUTh, TO KYT MiXx
i NIOWUHOIO HUMH BBa)XalOTh PIBHUM  HYJIIO.
Ao mpsaMa TeprIeHAWKYJIAPHA A0
IJIOIIMUHM, TO KYT MiK HUMHU BBa’KaioTh piBHUM 90°.
Hexait mamo mpamy a, 1m0 mepeTuHaE a\A
IJIOITUHY o B Toulli M i He € IepneHAu-
KyJaspHoio mo miei miaomumau (Maa. 10.3).

OcHOBU NEPHEHAUKYJIAPiB, IPOBEHEHUX 3 Z b \M
TOYOK IPAMOI @ Ha IJIOIIUHY O, HaJIEKATh a B
npawmiii b. g npama b € npoexuyieo npamoi

a Ha IJOIMUHY . Mau. 10.3

SAxmo npAMa nepeTuHa€ IIONIUHY i He € MePIeHAUKYIIAD-
Lo HOIO 0 Hel, TO KYymom Mid npamoro i niou,uHo0 Ha3M-
BAaIOTh KYT MisK MPAMOIO i 1i MPoeKIiel0 HA 1[I0 ILIOLINHY.

Tax camo BU3HAUaIOTh 1 KYT MidK MOXUJIOIO i ILJIOIIUHOIO.
OueBHUJHO, IO KYT (¢ MiX IPAMOIO i IJIOIIMHOIO 3aJ0BOJIbHSE
ymoBy 0° < ¢ < 90°.

BENEL eI 3 TOUKK [0 ILIOM[MHY IIPOBEJEHO IIOXUJIY 3aBIOBMKKU
18 cMm. 3HaliTu KyT, AKUH YTBOPIOE IMOXMWJIA 3 IJIOIIMHOIO, SAKIIO
IPOEKIlid MOXMJIOI Ha ILJIOIIMHY AOPiBHIOE 9 cM.

PosB’aszanmuda. 1) AM — noxuna, AM = 18 cm, BM - ii upo-

ekmisa, BM =9 cm (mag. 10.3). Toxni Z/AMB — mriykaHnuii.
BM 9 1

=—, tomy LM = 60°.

2) Y AAMB (/B =90°)cos /M =——=—=—
AM 18 2

Bigmosings. 60°.
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------------- SIKIIo aBi IJIOIMIMHU IapaJjejbHi, TO
3. Kym mioxc KYT MisK HUMM BBa’KalOTh PiBHUM
naiowunamu HyI10. SIKINO ABi IJIOIMIMHYN IepeTHHA-
IOTbCSA, TO BOHH YTBOPIOIOTH UYOTHUPU

MBOTPAHHUX KYTH 3i coiabHuM pebpom (mas. 10.4).

BeauuuHy MEHIIIOTO 3 JBOTPAHHMX KYTiB, IO yTBOPWJIH-
cd IpH NMePeTHHi IBOX IJIOIIWNH, HA3UBAIOTh KYMOM Midic
niowurHamu.

3po3yMijio, 0 KYT (¢ Mi¥K IJIOIIMHAMU 3aI0-
BoabHAE yMOBY 0° < ¢ < 90°. fAxmio ¢ = 90°, To

ILIOIMHA B3a€MHO MEePHeHAUKYIAPH]. 0 ,
SIKmo mpuWrazaTm O3HAYEHHA JIHIAHOTO f‘,’

KyTa JIBOI'DAHHOT'O KyTa, TO O3HAUEHHS KyTa '
MiK IJIOIIMHAME MOKHA c()OPMYJIIOBATH IIO-iH-
IIIomy. Maun. 10.4

Kymom misx naouwunamu, w0 nepemunaromsbcsa, Ha3upa-
I0Th KYT Mi¥k IPAMHMH, NMPOBeAeHUMM B IUX ILIOIMMHAX
NePIEeHAUKYJJIAPHO 0 iX JiHil mepeTUHy.

Ha mamrorky 10.5 muomwmaum o i
NePeTUHAIOTHCA 10 MPAMIN m. ¥ ILIO-
IMUHI 0 IIPOBENEHO NMPAMY @ TaKy, IO

a 1 m, a B nomuHi B — npamy b Taky, } a
mo b L m, upami a i b nepeTHHAIOTHCA. L @
AKmorio Kyt Misk npamMuMu a i b gopis-

HIOE (¢, TO KyT MidK IomuHamMu o i B W
TaKOYK JJOPiBHIOE .

v ety Ksagpar ABCD i mpsmo- Mau. 10.5

KyTHUK ABC,D, MamTh CIiIbHY CTOpPO-

HY, a KyT MK iX ILIommumHamMu mopiBHioe 60°. 3HaliTu BimcTaHb
. . _ 2 _ 2

Mix TOIII-CaMI/I’D 1.D1, AKIO S,pop = 9 cm?, SABch] = 24 cm?.

CkinbKu pos3B’sA3KiB Mae 3amaua?
Poss’ssamuda. 1) Ockimbxu AD | AB i
AD, 1| AB, TO KyTOM Mi¥ ILJIOI[MHAMHU
MOKHa BBaKaTU MEHIIUHA i3 KyTiB, III0
YTBOPUJINCA TIPpU IepeTwHi npamumx AD i
AD, (man. 10.6). Menmmuif 3 HUX 3a yMO-
Boio jopisHioe 60°. Tomy KyT DAD, Moxe
mopiBuioBatu 60° a6o 120°. Omxke, 3amaua Mauzx. 10.6
Ma€ JBa PO3B’A3KU.

2) S, pcp =9 cm2, Tomy AB = AD = 3 (cm).

3) SABchl =24 cm?, romy AD, = 23—4 =8 (cm).
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4) fIxmo ZDAD, = 60°, Tto i3 AADD, 3a TeopeMOI0O KOCUHYCiB:
DD, = /32 +82 -2-3-8-c0s60° = /49 = 7 (cm).

fAxmo ZDAD, = 120°, To

DD, =+/32 1+ 82 -2-3-8-c0s120° = /97 (cm).

Bigmosings. 7 cm abo V97 em.

------------- OkpeMuUM BUIIAAKOM IIapajieIbHOTO
4. Opmozonanvhe IPOEKTYBaHHS € OPTOrOHAJbHE IIPO-
nNpoeKmy6anna eKTyBaHHS.

| ITapanenpHe NMPOEKTYBaHHSA, HANPAM SKOTO IEPIEHIHKY-

» JIAPDHUA [0 ILIOUIWHU IPOEKIlii, HA3UBAIOTh OPIMOZOHANb-
Hum npoexmyeéannam. IlapanensHy npoekiiro ¢irypu, mo
YTBOPIOETHCA IMPH OPTOrOHAJHHOMY IIPOEKTyBaHHi, HA3UBA-
IOTh 0PMOZOHALbHOI0 npoekyicto dirypu.

Ha wmamonky 10.7 dirypa F' € opTOTOHaAJbHOIO TPOEKIi€0
dirypu (tina) F.

Maun. 10.7 Mai. 10.8

OpToroHajsbHe TPOEKTYBaHHS YacTO BUKOPUCTOBYIOTH y Kpec-
neuHi. JleTasb mpoeKTyOTh Ha ABi (ab0 TpHW) MJIOIMIMHU, i MOTiM
nBi (abo Tpu) mpoeKIlii 300parKyloTh Ha IJIOIWHI Kpeciaenud. Ha
manouHKy 10.8 300paskeHo ABi opToroHAJbHI IPOEKIIil AesaKoi me-
TaJi MUWIiHAPUYHOI hopMmu.

PosrissmeMmo BIacTUBOCTI OPTOTOHAJIBLHOTO TPOEKTYBAHHA MHO-
TOKYTHUKA.

T Teopema (Ipo IJIOIIY OPTOTOHAJIHLHOI IPOEKITil MHOTOKYT-
HuKa). Il1oia opToroHajJbHOI NMPOEKIii MHOTOKYTHHKA Ha
ILIOIIUHY JOPiBHIOE MJOOYTKY HOro ILIOINI Ha KOCHHYC KyTa
Mi’K IJIONIWHOI) MHOTOKYTHUKA i ILIOIIMHOIO ITPOEKIii:
Syp =Sy -COSQ,
e S«b — ILIOIIA MHOTOKYTHHKA, Snp — ILIOIIA HMOTro IPOEKIIl,
¢ — KyT Mi’K ILIOIIMHOI0 MHOTOKYTHHMKA i IIOIIAHOIO ITPOEKIIil.
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HoBeneHHad. JloBegeMo CIIOUaTKy Te-
opeMy MIJd TPUKYTHHKA Y BUIAAKY,
KOJIM ILJIOIIWHA IIPOeKIlil IIPOXOIUTH
yepes3 O4HY 3 HOro CTOPiH.

1) IIpoexriiero TPUKYTHUKA ABC
Ha ILJIOIUHY o € TPUKYTHUK ABC,
(man. 10.9).

2) IIposegemo Bucory CK TPUKYTHUKA
ABC. 3a TeopeMoOI0 IIPO TPU IIEPIEHIH-
kyaapu C K | AB. Orxe, C,K — Buco-
Ta TpuKyTHHKa ABC;.

3) Ockinpku CK 1 ABi C;K 1 AB, To Max. 10.9
¢ = ZCKC, — KyT MiX IJIOIIMHOIO TPH-

KyTHUKa ABC i HJIOIIUHOIO IPOEKIIii o.

4) KC, = KCcos .

1 1 1
5) Sypc =5 ABCK, S5, =5 AB-CK = AB-CK -coso.

Tomy Sppe, = Sapc - €OSO.
JJia BUNIagKy, AKUN MU PO3IJIALAEMO, TEOPEMY AOBEIEHO.

SKmro samicTh, WJIOHIMHU O Bi3bMeMO OyIb-AKY iHITY Iapa-
JeJbHy 1# IJIOIMHY, TeopeMa TaKoK OyJe mpaBUJIbHOIO, OCKiJb-
KM TPOEeKIlii TPMKYTHHKA Ha IMapajejibHi IJIONMHU OyAyTh MiXK
co00010 piBHUMH.

¥ szarasmbHOMY BHUHOAIKY AJIA JOBEIeHHA TEOPEMU MHOTOKYTHUK
pos0uBaOThL (HAIIPUKJIAL, AiaroHaJsMIM) HAa CKiHUEHHY KiJbKicTb
TPpUKYTHUKIB. Tomi opToroHasbHa MPoOeKIid MHOTOKYTHHNKA CKJIa-
JTaTUMEThCA 3 OPTOTOHAJLHUX HPOEKIi#l TPUKYTHUKIB, IO YTBO-
puaucs, i TeopeMy TaKOXK MOKHa Oyae moBectu. CTpore matema-
TUYHE NTOBEeIEeHHS TEOPEMU B I[bOMY BUIIAAKY He HaBoxumo. M

OpTOroHAJILHOIO MpPOeKIlielo TpurkyrHuka ABC Ha
IUIOIUHY O € IPAMOKYTHUN TpUKYyTHUK A,B;C; 3 Karetramu 4 cm
i 6 cm. 3HaiiTu noIy TPUKYTHUKA ABC, SKIIIO KYT MiXK IIJIOIIH-
mamu ABC i A,B,C, nopisaioe 30°.

1

Posp’asanuda. 1) S, :§-4~6:12 (cm?).

181G
2) Hexaii ¢ = 30° — kyT misx nuomunamu ABC i A;B,C,. Ockins-
KU SA131C1 =S, pc - COSQ, TO

SaBc 12 12 24
ABC cos @ cos 30° \/§ \/§ ( )

2

BigmoBings. 83 cm2.
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@ Lo Ha3uBaloTb KyTOM MiXK MPSAMUMM, SKi NEPETUHAKTLCA? @ AKUM

Q € KyT MiX napanenbHMu npsMmmun? @ LLlo HasuBaloTb KyTOM MiXk
MUMOODKHUMW NpAMUMKN? @ AKi NpsAMi Ha3MBalOTb NEPNEHANKYNSAP-
HUMU? @ AKUM € KyT Midk napanenbHMMM NPsIMOLO | NAOLLMHOLD; MS10-
LLMHOK i NPSAMOLO, WO i HanexuTb? @ LLlo Ha3nBaloTb KyTOM MK
NPSIMOIO i NAOLNHOI? @ AKUM € KyT MiX napanensHUMY NoLumMHa-
Mn? @ LLlo Ha3nBalTb KyTOM MiXK MAOLWMHAaMK, SKi NepeTnHaTbCAa?
@ LLlo Ha3nBaloTb OPTOroHaNbHMM NpPoekTyBaHHAM? @ Lo Ha3uea-
I0Tb OPTOroHanbHO NpoekLieto dirypn? @ Cdhopmynionte Teopemy
Npo MroLy OPTOroHanbHOT NPoeKLii.

% Fosb’sximo 3agaui ma bukoHaime bnpabu

10.1. (YcrHo). YUu MoKe KYT MiK MHUMOOIKHUMU TPAMUMU

TOPiBHIOBATH:
1) 0° 2) 20°; 3) 90°; 4) 100°?

10.2. (VcnHo). Hu MosKe KyT MisK IPSAMOIO i ILIOIIMHOIO JOPiBHIOBATH:
1) 0°; 2) 30°% 3) 90°; 4) 120°7?

10.3. Yu Moske KyT MiK IJIOIMUHAMI, II[0 II€PETUHAIOTHCS, I0-
piBHIOBaTH:
1) 0° 2) 40°; 3) 90°; 4) 150°7?

10.4. YoMy I0piBHIOE KYT MiK:
1) cymiskHUMU rpaHAMU Ky0a;
2) IPOTUJIEKHUMU TpaHAMHU Kyba?

10.5. IToxuma AM yTBOpIOE 3 MJIOLIUHOIO o KyT 45° (masu. 10.3).
3HaUIiTh JOBKUHY IMOXUJIOL, AKIIO JOBXKUHA Ii MpoeKIlii mo-
piBHIOE 42 cm.

10.6. IToxuna AM popisuioe 10 cM i yTBOPIOE 3 ILJIOIIMHOIO Ol KYT
60° (man. 10.3). 3HaHAITH TPOEKITit0 TOXMJIO]L.

10.7. (VcHo). 3HaligiTsy cepen mpeaMeTiB, III0 BAC OTOUYYIOTh, MU-
MOOLYKHI MepHneHguKyAAPHI mpsmi.

{2 10.8. I3 ToOuKu [0 IJIOMIMHYU NPOBENEHO IOXWJY 3aBIOBIKKU

~ 12 cm. 3HAUAITL KYT, AKUI YTBOPIOE IIOXMUJA 3 ILJIOL[HUHOIO,
SKIIO IIPOEKIliA MOXMJIOl JOPiBHIOE 6+/3 cwm.

10.9. I3 TOuKM [0 IJIOIIUHU IIPOBEAEHO IOXMIY 3aBIOBKKH 8 CM.
3HaAUOITh KYT, AKUN YTBOPIOE MOXWJA 3 ILJIOIIMHOIO, AKIIIO
MePIeHAUKYJIAP, MPOBEeAEeHNHA i3 TOUKM IO ILJIOM[MHH, HOPiB-
HIoE 44/2 cM.

10.10. [IBi miomuHM mepeTwmHalOTheA Iig Kyrom 60°. Touxa P

JEXUTh B ONHIN 3 HUX i Bigmasena Bim mpyroi Ha 6\/§ CM.
3HaigiTh BigcTaub Bixg Toukm P 1o JiHII mepeTHMHY IIJIOIIMH.
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10.11. [IBi nyomuHu nepetuHaoThes miax Kyrom 30°. Touka M Je-
JKUTH B ofHiN 3 Hux i Ha 10 cMm Bigmanewa Bipm ix Jjimii mepe-
THHY. SHAUAITh BigcTanp Big Touku M [0 Apyroi ILIOIMHMN.

10.12. (Ycno). Yu mMorKe ILTOIA OPTOTOHAJBHOI ITPOEKITii MHOTrOo-
KYTHUKA:
1) mopiBHIOBATHU ILJIOII[i MHOTOKYTHHKA;
2) 6yTu GiNBIITOI0 3a TJIOIY MHOTOKYTHUKA;
3) OyTH MEHIIIO0 34 ILJIOIY MHOTOKYTHHKA?

10.13. IlepeHeciTh TabMUIIO B 3OIMHUT i 3aMOBHITH il MOPOKHI KO-

MipKu.
Ilxo1mxa KyT Mixk mromuHaM# MHOTOKYTHHKA ILaoma
MHOTOKYTHHKA i #HOro OPTOrOHAJBHOIO MPOEKIiEI0 MPoeKIil
40 cm?2 30°
45° 10V/2 cm?
60 cm?2 30 cm?

10.14. ITepeHeciTh TAGAMITIO B 30IIUT i 3aOBHITH ii TOPOMKHI KO-

MipKwu.
ILxo1ma KyT MiK mromuHaM#d MHOTOKYTHHKA Ilmoma
MHOTOKYTHHKA i #HOro OPTOroOHAJBHOIO IIPOEKIiEI0 MpoeKIil
42 cm? 45°
60° 30 cm?
32 cm?2 1643 cm2
B, c 10.15. ABCDA,B,C,D, — xy6 (mau. 10.10).
~~ D =1 3HAWUAITH KyTHU, AKi YTBOPIOE:
A - S L= 1) npama AA; 3 npamumu BC, BC,, DC;
/ : N 2) npama CB, 3 npamumu BC, BC,.
/) : P A . 10.16. ABCDA,B,C,D, — xy6 (man. 10.10).
/' B A WA ¢ SHaWITE KyTH, #AKi yTBOpIOE TNpAMa
e A,B, 3 npamumu BC i DC,.
A D 10.17. ABCDA,B,C,D, — xy6 (man. 10.10).
Mau. 10.10 Sxwuit Kyt npama DC, yTBOpIOE 3 ILJIOIIHU-
HOI0 ABC?

10.18. [Ipama a HepHmeHIUKYIAPHA OO0 TPHOX IIPAMHUX, IO Je-
JKaTh y ILIOIUHI o.. UM MOXKHA CTBEPAKYBaTH, II[0 IPAMA @
MEePHeHUKYIAPHA OO0 IJIOIIUHA o7

10.19. IIpama meprneHAUKYJSIPHA OO ABOX CTOPIiH IIapaJjejorpa-
Ma. U MOXKHA CTBEPI KYBATH, II[0 IPAMA MePIeHANKYIAPHA
i mo mIomuHM mapaJjegorpama?
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10.20. IIpama MA mnepueHIUKYJIApHA mo npamux AB i AD, mo
MicTATHL cTopoHHN mapajuenorpama ABCD. 3HaHAiTh KYyT Mix
npamvmumu MA i CD.

10.21. IIpama CK mnepuneHgukyJaspHa go npavmux CA i CB, 1o
MicTATH cTOpPOHU TPUKYTHUKA ABC. 3HalAITEL KYyT MiK mps-
mumu CK i AB.

10.22. Pebpo kyb6a mopiBuioe 1 cm (masa. 10.10). SuaiigiTe miomry
voTupukyTHuKa AB,C;D, BUKOPUCTOBYOUHN (HOPMYJIy ILIOIIL
OPTOTOHAJIbHOI IIPOEKITii.

10.23. 3 ToOuKM [0 ILIOIIMHY HpoBeaeHo ABi moxmiai. OgHa 3 HUX,
3aBIOBXKKU 8 cM, YTBOpPIOE 3 IaomnHoo KyT 30°. 3HaimiTh
JOBXKUWHY IPYTrol IIOXUJOI, AKIIO BOHA YTBOPIOE 3 ILJIOIIMHOIO
KyT 60°.

10.24. 3 Touku [0 IJIOIMHM IIPOoBeAeHO ABi moxwiai. OgHa 3 HUX
yTBOpPIOE 3 IJIOI[MHOIO KyT 45°, a mpyra — 30°. IIpoekiis
mepHIoi mMOXMJ0l Ha MJIOIIHHY TOPiBHIOE 2\/5 cM. 3HaAUIITH
IOBXKXUHY JIPYTol IOXMUJOI.

10.25. Touka O — menTtp KBagpata ABCD, OK — nepueHguKyJiap
0o TLIoIMWHYN KBaapata. IIpsma AK HaxuieHa OO0 TJIOIUHU
KBagpara mig xyrom 60°. 3maiimiTe moB:KuMHY Bimpiska AK,
Ao AB = 4 cm.

10.26. AS — mepneHIUKYJIAp A0 miomuuau KBagpara ABCD. Ilps-
ma SC maxujaeHa OO0 ILIOIMWMHM KBaapaTta mig xkytom 30°.
3HaigiTe goB:xuny Bigpiska SC, axmio AB = 6 cMm.

@ 10.27. [Tano npamoryTHUK ABCD 3i cropomamu AB =9 cm i
BC =12 cm. AM — nepneHIUKYJAAP OO0 ILIOIMUHYA OPSIMOKYT-
Huka. IIpama MC HaxmjieHa 0 ILIOIMUHYU IPAMOKYTHHKA
oig kyrom 30°. 3HaNAITE:

1) moB:KUHY HmeprneHIUKyJAapa MA;

2) TaHTeHC KyTa Haxujay npAmoi MB 10 IJIOUIMHU IIPSIMO-
KYTHUKA;

3) TaHreHc KyTa, AKHN yTBOpioe moinuHa MDC 3 Imiomniu-
HOIO IIPAMOKYTHHKA.

10.28. ¥V pisuoGenpenomy TpukyTHUKY ABC AB = AC = 10 cwm,
BC =12 cm. AM — nepueHIUKYJISAP A0 ILIOIUMHA TPUKYTHHU-
Ka. ILnomuua M BC yTBOPIOE 3 ILIOMIMHOIO TPUKYTHUKA KYT
45°, 3HaimiTh:
1) noB:xxuHY nepneHAUKYyIAsIpa AM;
2) ranrenc Kyrta Haxuay npsamol MC o WJIOIMIMHU TPUKYT-
HUKAa;
3) miomy TpuxkyrtHuka M BC.
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10.29. ABCDA,B,C,D; — xy6 (max. 10.10). 3raiiniTe rpagycaHy
Mipy kyTta mixk npamumu CB, i DC,.

10.30. ABCDA,B,C,D, — xy6 (man. 10.10). 3raiigite rpagycry
Mipy KyTa mixk npamumu AB, i BC,.

10.31. (Vcro). o ckinbkox pebep KyOa HmepIeHAWUKYJISIPHA IIP-
ma DC, (man. 10.10)?

10.32. Yepes rimorenysy AB OpAMOKYTHOTO TpuKyTHuKa ABC
OPOBEIEHO IIJIOIMIMHY o. Bigctanp Big Toukum C 10 HJIONIUHUI
o mopiBHIOE 6 cM. fAKuiI KyT yTBOpioe npama BC 3 miomiu-
HOIO o, AKIIo0 AB = 14 cm, AC = 5 cm?

10.33. Yepea rimorenysy AB TIpPAMOKYTHOTO TpukyTHuUKa ABC
npoBeneHo miomuny . Karer AC yTBOpIOE 3 miIomuHOKO [
KyT 60°. 3maigite Bigcramp Bixm Toukum C no miuomuHU f3,
akmo AB = 10 cm, BC = 8 cMm.

10.34. OpToroHaJIbHOIO IIPOEKI[iel0 poMOa 31 CTOPOHOIO 5 cM i mia-
roua/uio 8 cMm € mapasenorpam. Ky mMix miaomuHaMu pomoa
i mapanesorpama gopiBHioe 45°. S3HAHAITH IJIOINY IIapaJieJio-
rpama.

10.35. OpToroHaapbHOIO IIPOEKIIi€I0 mapajejorpaMa € pomO, CTO-
poHa sKoro gopiBHioe 13 cM, a oxmHa 3 miaroHasmeir — 10 cwm.
3HalIiTh IJIOILIY IIapajejorpaMa, AKINO KyT MiK ILIOIIHHA-
MU IIapaJjiejiorpama i pom0Oa mopiBaioe 30°.

10.36. Yepes cTOPOHY PiBHOCTOPOHHBLOI'O TPUKYTHUKA IIPOBENECHO
IUJIOIIMHY, AKAa YTBOPIOE 3 ILIOIMHOIO TPUKYTHHKA KyT 60°.
SHaANIITh KYyTH, AKi yTBOPIOIOTH ABi iHIII CTOPOHH TPHUKYT-
HUKA 3 I[i€I0 ILJIOIMHOIO.

10.37. Yepes rinorenys3y piBHOGEAPEHOT0 HPAMOKYTHOTO TPUKYT-
HUKA IIPOBEJEHO ILIOIIUHY, KA YTBOPIOE 3 ILIOII[UHOI TPH-
KyrHUKa KyT 30°. 3HalAiTh KyTH, AKi YyTBOPIOIOTH KaTeTu
TPUKYTHUKA 3 I[i€I0 ILJIOIIUHOIO.

10.38. Y pom6i ABCD AB = 8 cm, Z/BAD = 45°. 3 Bepmuuu B 10
IJIOIMUHY poMoOa mpoBenero mepueHAuKyaap BK. Ilinomuua
AKD yTtBOpPIOE 3 TLIOIIUHOIO poMba KyT 60°. 3HAWAITE:
1)Bigcraub Bix Touku K mo miiomuHM poMmbOa;

2) miomy TpukytHuka AKD.

10.39. ¥ mnapanenorpami ABCD AB = 6 cm, AD = 8 cwm,
ZBAD = 30°. 3 Bepmimuu B mo miommHHN IapaJejorpama
nposegeHo nepuneHAuKyaap BM. Ilnommuaa MAD yTBOpIOE 3
ILIOIIMHOIO mapaJjejiorpaMma KyT 45°. S3HaWiTh:

1) BizcTaHp Big Touku M 10 ILJIOMIMHU IapaJiejiorpaMma;
2) oy TpuKyTHUKA AMD.
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@ 10.40. [IBa piBHOOEIpPEHUX TPUKYTHUKH MAaIOTh CIIiJIBHY OC-
HOBY 3aBHoBxKHK 10 cM. KyT MiK mJIOIMHAME TPUKYTHUKiB
popiBHIOe 60°, a ix mmomri — 25 cm? i 40 cm2. SHaiigiTs Bin-
CTaHb MIi)X BepIIMHAMHN TPUKYTHHUKIB. CKiIbKH pO3B’A3KiB
Mae 3ajmaua?

10.41. [Iea piBHOOEAPEHWX TPUKYTHUKU, KYT MiK IJIOIMHA-
MU AKHX AopiBHIOE 60°, MaOTh CHIIBHY OCHOBY 3aBIOBKKU
20 cm. Ilmoma omHOTO 3 TPUKYTHUKIB mopiBHIOE 30 cM2, a
BUCOTA JPYroro, AKa IpoBefleHa A0 OCHOBU, JAOPIBHIOE 5 CM.
3HaWAiTh BificTaHh Mi’K BepIImHAMU TPUKYTHUKiB. CKiabKM
po3B’sA3KiB Mae 3amaua?

10.42. TpukyTtauk A,B;C,; € OPTOrOHATLHOI IPOEKIi€l0 TPUKYT-
Huka ABC 3i cropoHamu 36 cm, 34 cm i 14 cMm. 3HAHAITE KYT
MiX IJIOIIMHAMM TPUKYTHUKIB, AKIIO TPUKYTHUK A,B,C, —
IpAMOKYTHHI# i3 KaTeramu 12 cm i 28 cwm.

10.43. IIpamokyTauii TpuxkytEuk K,L,M, 3 kareramu 3 cM i
8 cM € OpTOTrOHAJIBHOIO MPOeKIlielo TpukyTHuka KLM 3i cTo-
pouamu 4 cm, 13 cm i 15 cM. 3HAWAITL KYT MisK ILJIOIIMHAMK
TPUKYTHUKIB.

10.44. Yepes cTropony AB piBHOCTOPOHHLOTO TPUKyTHuUKa ABC
mpoBeneHo ImiaomiuHy o. IIpoekiiii cropim BC i AC Ha 1110
IJIOIMHY B3AEMHO HePIEeHAUKYIAAPHI. IKi KyTH yTBOpPIOIOTH
npami BC i AC 3 miomuaoo o?

10.45. IIpama yTBOPIOE 3i cTOpOHAMH IPSAMOTO KyTa KyTu mo 60°.
3HaNAITh Mipy KyTa, AKUHA YTBOPIOE IIA IPAMA 3 ILJIOIMHOIO
npsAMOTo KyTa.

@ Kummeba mamemamuka

10.46. Oueperuna BucTynae Ha 1 M Hajx mosepx- 1 Mﬂ 9

Hew o3epa. Ii BepxiBKy 3piBHAJM 3 HOBEPXHEIO —ﬁ—
BOAM, BiIXMJIMBIIM BiJ BepTUKAJIBLHOIO IIOJIOMKEH- ,

Ha Ha 2 M y 6ik. 3HaligiTe rimbuHy o3epa B Mic- ,/

i, e pocTe oueper. _L

Tligzomyimecs go bubuenns Hobozo mamepiany

10.47. Cepen Touox A(—2; 0), B(1; —-1), C(0; 4), D(14; 0),
M(—4; —4), N(0; —7) BubepiTh Ti, IIT0 HaJIEKATD:

1) oci abemuc; 2) oci opauHar;
3) momaTHiii miBoci x; 4) Bix’emHilt miBoci x;
5) momarHi# miBoci y; 6) Bix’emuiit miBoci y.
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10.48. 3uaiigiTe BicTaHb Bif KOKHOI 3 Touok M(—2; 3), N(—5; —1),
T(7; 11), L(4; 0) mo oceit KOOpAWHAT.

10.49. 3uatigite AB, AKIIO:
1) A(=2, 7), B(2; 4);  2) A(-1; 1), B(2; 3).

10.50. 3umaiigiTe KoopguHatu Touku M — cepeauHu Binpisxa AB,
arkmo A(—2; 4), B(8; 16).

V7 caimi Ceped mux imen, aKi HABIKU 3aKaApPOYIOMbC
Yﬁpﬂ"“""’ Yy A— 8 icmopii mamemamuiHozo O0JiMNniadH0z0
——l pyxy, 6yode it im’s B’ auecnasa Acincvrozo.

Hapodusea B’auecnas Anodpiiiosuy y 1957 poui 6
¢. Hepnisui Mozunis-IIodinbcvkozo paiiony BiHHUUb-
Kol ofaacmi. Hasuawuucey y Yepriseuvkiil cepedniil
wroni Nel, HeoOHOPA3080 Opas yiacmsv y mMamema-
muyHux onimniadax, a y 1974 pouyi cmas nepemoirc-
yem Pecnybrikancvkoi mamemamuyHoi oaimniadu
wronapie (modiwHriii ananoz 4-20 emany Bceykpa-
iHCbKOI onimniadu wHUX Mmamemamukis). Buwy
oceimy 3000ys8 y BinHuybkomy deprcasHomy nedazo-
2iyHOMY iHcmumymi. . ;

Cane sasdaru BA. Acincoromy na cmopinkax  (1957-2015)
acypnany «Mamemamurka 6 wkroae», W0 6UX00U8
Opyxom y Mockei, npocaasunoce m. Binnuys, adxce iypras no-
cmiiiHo nposodué KOHKYpCcU i3 pos3s’a3ysanus 3adau i B’avecaas
Amndpiiiosuu maiixce 3a8x0u cmasas ix nepemoxcyem. Ilpaywwuu Ha
nedazoziuHill HUBL i AK WKIALHUL y4yumeav, i Ak eukaaday euwly,
B.A. Acincvruil cmags 00HUM 3 YHACHUKIE MBOPEHHA HOB020 ABUULA —
onimniadnoi mamemamurxu. Hozo kHuza «3adaui MiiHAPOOHUX
onimniad i3 mamemamury ma memoou ix po3e’a3yeanHs» 3000yaa
6U3HAHHA He miavKu 8 YKkpaini, a it 6 €eponi, 30kpema, ii 6y.10 nepe-
sudano y Iloavwii, 0e nonvCvKi KoJLezu 3 BeAUUE3HON UiKkasicmio
CNPULHAAU 3MICM UI€L npayi.

B.A. Acincvkuil 6azamo 3po6us 015 ni0mpumku i po36UMKY 0JLiM-
niadHozo0 pyxy ma iHWUX MAMeMamuiHux 3Mazanb 8 YKpaini ma
ceimi. YV 1991 poui 6in cmaeé uaenom xiypi Beeyrxpaincokoi oaimni-
adu wHux mamemamuxie. Taxox ouonio6asé Hypi ma opexomimem
Mamemamuyunozo Typuipy Micm, wo npoxodus y Binnuyi. Ieil
MYPHIP, W0 no cymi € mamemamuiHow 0aimniadorn, npoeoduscs wyo-
pinno 3 1980 poky, a yuacmv 6 Hvomy b6paru Oinvwe 100 micm 3 25
Oepicas €sponu, Asii, Iliedennot i Ilieniunoi Amepuru, Ascmpadil.
Taxox B.A. Acincvruil 6ys yienom memoduunoi komicii MixcHapoo-
HOL onimniadu 3 zeomempii, U0 cmeopr6asia 6a3y a8MoPCbKUX ONLiM-
niadnux 3adau 3 zeomempii. Bin i cam npomszom 6azamvox pOKie
ckaadas 3adaui 0as MixiHapoOHOT mamemamuynoi oaimniadu, 3a
wo y aunni 2005 poxy Ha 46-ii MixcHapoOHiil mamemamuiHiil Onim-
niadi i10zo 6y.s0 HA20pO0K*CEHO 6i0N0BIOHUM cepmupiKamom.

Came Ha marux nocmamsax MPUMAEMBCS i PO36UBAEMbCS DYX
MAMeMAMULHUX 3MA2AHb 8 YKpaAini ma y ceimi. Ilam’asmamumemo...
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KOOPAUHATU

| BEKTOPY
Y NPOCTOPI

Y IbOMY PO3IIJII MU

npuzadaemo IOHATTSA BEKTOPA,
fioro mopxyiasd; Ail HajA BeKTopa-
MU,

03HAUOMUMOCA 3 TIPIMOKYTHOIO
CUCTEMOI0 KOODAWHAT, KOODIU-
HaTaMU BEKTOpAa, ITapaJieIbHUM
mepeHeceHHAM 1 cuMeTpieio y
IpoCTODPi;

Ha84wumoca 3HAXOIUTH BifcTaHb
Mi’K TOUKaMu y HpPOCTOpPi, KO-
OpAWHATHU CepeIuHU BiApiska y
mpocTopi; momaBaTu i BimmimaTu
BEKTOPH, MHOKHTH BEKTOpP Ha
YHUCJ0, SHAXOAUTU CKAJAPHUN
Io0yTOK  BEKTOpiB; OyamysaTu
CUMeTPUYHi 300paKeHHs.

FipaBo ans 6e30n1aTHOrO PO3MILLEHHS MigpyYHMKA B Mepexi IHTEPHET Mae

>TBO-OCBITW-I*Haykn-YkpaiHu https://mon.gov.ua Ta IHCTUTYT MoaepHi3aLii amicTy ociTi https://imz



Y NPOCTOPI

3 OpPAMOKYTHOIO CHCTEMOIO KOODPAMHAT Ha IIJIOIWHI MU BiKe
o3HaoMuaucAa B Kypci reomerpii 9 Kiacy. ¥ mpomy maparpadi
PO3TIAHEMO HNPSAMOKYTHY CHCTEMY KOOPAMHAT y IIPOCTOPi Ta mis-
HAEMOCS, 1[0 TaKe KOOPAMHATHUII METOH PO3B’sI3yBaHHS I'€OMET-
PUYHUX 3aJad.

@ {'ﬂ NMPAMOKYTHA CUCTEMA KOOPONHAT
o

SIS ITITITITI Yy Yepes pmoBineHy Touky O IpocTOpy
1. IMIpamoxkymna IIPOBEIEMO TPU IIOIAPHO IEePHeHIUKY-
cucmema Koopdunam aapHi npami x, y, 2 (man. 11.1). Ha
y npocmopi KOXKHill 3 HUX BuUOepeMo HaIpaM, IIO-

3HAUUWBIIMN HOT0 CTPiJIKOIO, Ta OAHU-
HUYHUN Bifpisok. ¥ Takwuil cmocid 3amaioTh npamMoOKymHy cucme-
My woopdunam y npocmopi. Touxky O HaA3UBAIOTh NOYAMKOM
KoopOuHam, a MpPSaMi 3 BUOPAHMMH HANIPIMaMU — OCAMU KOOpIu-
nam (abo woopdurnamuumu ocamu). Bicb x HasuBaITH 8iccio abc-
yuc, Bicy y — giccio opdunam, Bick 2z — eiccio annikam. IlouaTok
KOOpPIMHAT po30MBae KOKHY 3 oceil Ha nIBi miBoci — momaTHy (dAKa
MicTUTB CTPiNKy Hampamy) i Bix’emuy. Ilaomuuu, AKi IpoxXoadaTh
BimOBiiHO yepe3 oci KoopaWHAT X 1 Yy, y 1 2 Ta x i 2 Ha3WBaIOThH
KOOPOUHAMHUMU NJIOUWUHAMU XY, Y2 i xz.

ZA
M

4

Q
<y

Mau. 11.1 Mau. 11.2

Y npamMokyTHiNI cucTeMi KoopamHAT KOMKHiIM Toumi M mpoc-
TOPY BiAIIOBiflae eamHa BIOPAAKOBaHA TpiliKka umHces, a KOMKHIN
BOOPAMKOBAHIN TPiHAIi umnces — eafuHA TOYKA mpocTopy. Ilio Tpiii-
Ky umucesl HAasWBAIOTh KOOPOUHAMAMU MOYKU i BU3HAUAIOTH TaK
caMo, AK KOOPAWHATH TOUKU Ha IIJIOIIUHI.

IlpoBenemo uepes Touxky M MJAOHMINHY, NEPHEHINUKYJIAPHY IO
oci x (mas. 11.2). Boua mepermnae Bick x y Toumi M,. Koopdu-
Hamoto x (abcyucorw) mouku M Ha3sMBaIOTH YUCJIO, IO BiAIOBigae
Tourii M, Ha oci x. fIkmio Touxa M, 36iraerscsa 3 Touxkoro O, TO
BBasKaTHMeMOo, I11o abciuca Touku M mopiBaioe 0.

IIpoBenemo myoliuHY, NEPHEHANKYIAPHL 10 ocell y i 2z, AKi me-
PeTHHAIOTH IIi OCi B TOUKaxX My i M, sigmosinuo. Koopaunarowo y
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(opdunamorw) Touku M Ha3WMBAIOTL YMCJIO, IO BimmoBimae Toulri
My Ha oci y, a KoopguHaTow 2 (anJgikamorn) Touku M HasuBaIOTh
4YHCJIO, IO Bifmosimae Touni M, Ha oci z. Toury M 3 ii Koopau-
HaTaMHu 3aIlNCyIOTh, AK i B IMPAMOKYTHil cumcTeMi KoopaAmHAT Ha
mwiIoniuHi, a came: M(x; y; 2). IKIO TOYKY He O3HAUEHO JIiTEPOIO,
ii 3anmucyroTh Juile ii KoopguHaramu: (x; y; 2).

Ha manionky 11.3, Hampukaazn, mosmaueHo Touku A(9; 5; 8),
B(4; —3; 3), C(9; 0; 0), D(4; 0; 5), P(0; 7; 0), T(0; 0; —2), K(9; 5; 0).

Z.,
A
B
. r
T y
+T
C + K
Vi
Maua. 11.3

SKIMO TouKa JIEKUTH Ha OCi KoopAMHAT a00 Ha KOOPAWMHATHIiN
IJIOIINHI, TO IeBHiI ii KoopAMHATH OOPiBHIOBATUMYTh HYyJ0. Ha
maoHKy 11.3 Touka C HameXuTh oci x, ii KoopauHaTy y i 2z mo-
DPiBHIOIOTH HYJIIO; TOuka P HajJeXuTh oci y, Ii koopamHaTu x i 2
JIOPiBHIOIOTH HYJIIO; TOUKa T HaJIEXUTHh oci 2z, 1i KoopguHatu x i y
nopiBHIOIOTH HyJio. I HaBmaku: Touka (x; 0; 0) Hame:xuTL oci abe-
muc; Touka (0; y; 0) — oci opamuar; Touka (0; 0; z) — oci ammikar.

Ha masonky 11.3 Touka K HaJeXKUTH IJIOIIWHI XY, i1 Koopau-
HATa 2z JOPiBHIOE HYJIIO; Y TOUKKU D, AKA HAJJEKUTH ILIOIMUHI X2,
KOOpAMHATA y MOPiBHIOE HYJI0. ¥ TOUKH, SKa HaJesKaTuMe ILIO-
IIMHI Yz, HYJIO0 JOPiBHIOBAaTUME KOOpAUHATa X. | HaBIaKu: TOUKa
(x; y; 0) HamexxkuTp miomumHi xy; Touka (x; 0; 2) — myomuHi X2,
rouka (0; y; 2) — muomuHi yz.

Hasa nmouaTky KoopauHat — Touku O — maemo: O(0; 0; 0).
Suaiitu: 1) KoopauHaTu TOuKu K, AKa € IPOEKIIi€I0
Touku A(9; 5; 8) Ha MIOIMUHY XVY;

2) Bigcraws Big Touru A(9; 5; 8) mo miaomuHUT XY.
PosB’azanuasda. 1) IIpoeknieto Touku A(9; 5; 8) Ha maomuuy xy
e Touka K(9; 5; 0) (maxa. 11.3).

2) Bigcrasb Big Touku A(9; 5; 8) mo miomuHM Xy TOpPiBHIOE 8.
Bigmosigs. 1) K(9; 5; 0); 2) 8.
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I3 3amaui 1 mosxemo mifiTHM BHUCHOBKiB, IIO:
‘ 1) mpoekiriero Touku (x; y; 2) Ha IVIOIIUHY XY € ToUKa (x; y; 0);
&. Ha IUIOIIUHY X2 — To4Ka (x; 0; 2); Ha maomuny yz — (0; y; 2).
2) Bimcranp BiJg TOUKM (X; y; 2) 0 IJIONMHM XY JOPiBHIOE |2,
10 TLJIOIMHY X2 IOPIBHIOE |y|, a M0 MomuHY Y2z mopisHIOE |x|.

............. dAx Bimomo, BifjcTaHb MiXK JBOMa TOY-
2. Bidcmanv misc kamu A(xy; yp) i B(xg; yp) miomuam
deéoma mouxamu 3HAXOIATDH 3a (DOPMYJIOIO

AB = \/(xg —x)? +(y, — ).

Amnajoriubo i y mpocTopi:

‘ BigcraHp Mixk gBoMa ToukaMu A(xq; yi; 21) i B(xg; y2; 22)
&. IIPOCTOPY 3HAXOXATH 3a (hopMyJI0I0

AB = [(xy — )% + (g3 — Y1) + (22 — 2,)°.

ey el Touku M(—1; 2; 4) i N(1; 0; 3) — BimmoBigHO cepenu-
HU cTopiH AB i BC tpukytuuka ABC. 3HAUTH AOBKUHY CTOPOHU
AC 11pOro TPUKYTHUKA.

PosB’azanuda. 1) Ockinbku M — cepeaguna AB, N — cepenuna
BC, to MN — cepenua jgimia AABC. Tomy MN = %AC, oTIKe,
AC = 2MN.

2) MN =JA+1)2 +(0-2)2 +(3-4)*="4+4+1 =+/9 = 3.

3) Toxi AC=2-3=6.
BigmoBigs. 6.

Bigcrans mixk Toukamu A(x; 4; 5) i B(2; 6; 2) mopis-
HIOE 7. 3HAUOITH X.

Poss’szanuda 1) AB2=2-x)°+(6-4)>+(2-5)=

=(2-x)* +13.

2) Ockineku AB = 7, To AB2 = 49. Maemo piBHAHHA:

2 - x)%+ 13 =49,
KOpeHAMHU AKOro € umecaa —4 i 8.
BigmoBiags. —4 abo 8.

------------- Haramaemo, AK 3HAWUTM KOOPAMHATH
3. Koopdunamu cepeIuMHU Bigpiska Ha ILJIOIIWHI.
cepeduHnu 6idpiska Axmo Touka M(xy; Yyy) — cepenuHa
Bizpiska AB, me A(x1; y1), B(xa; y2),

_ntX, y _hty

TO X, = g Yu p
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Amnajoriubo i y mpocTopi:
akmo M(xy; Yy 2y) — cepesuHa Biapiska 3 KiHIsIMU B
k. Toukax A(xy; yi; 21) i B(xz; y2;5 22), TO:

_ Xt _Yitys. _ &5tz
ek e e A

sEneve 88 JloBecTH, IO CepeauHa Biapiska 3 KiHIFAMM B TOU-
Kax A(2; —4; 6) i B(—6; 4; 12) jexxuTh y ILJIOIIUHI X2.
PosB’asauua. Hexait M(xy; ymys 2p) — cepeauwHa Biapis-
Ka AB.
2+(-6)
2
2) Or:xe, M(-2; 0; 9).
3) Ockinbku opaumHaTa Touku M OOpiBHIOE HYJIO, TO ToukKa M
HaJICXKUTDL IJoiuHi xz. M

_—4+4

6+12

2

9.

1) Toxi x,, = 0; 2z,

) ABCD - napanenorpam, A(-2; 4; 5), B(2; —1; 4),
C(0; 12; 7), O — Touka mepeTUHY AiaroHaJieii.

1) 3uaiiTu Koopauuatu Touku O.

2) 3HaliTu KOOpAMHATH BepIIuHU D mapaJiesorpama.

3) 3’sscyBatu, uu € mapaJejgorpam ABCD pomGoM.

PosB’aszamud. 1) Touka O mgiauTh HaBIIiJI KOXKHY 3 AiaroHa-
neit. Tomy O(xp; Ys 20) — cepenuna AC. Maemo:

xo=—2+0=_1; y0=4+12=8; 20=M=6.

Omxe, O(-1; 8; 6).
2) Touka O € Takoxk cepenmuoro miaroHauai BD. Tomy
2+xD; 8= —1"‘1/1); 6= 4+zD.

2 2

Posp’asaBmiu 11i piBHAHHA, MaTUMEMO:
xp =—4; yp = 17; zp = 8. Omxe, D(—4; 17; 8).

3) 3uaiimeMo HOBKHUHU CYCiIHIX CTOPiH mapaJjejorpama:
AB = (2+2) +(-1-4)% + (4 - 5)? =/42;

BC =(0-2)2 +(12+1)% + (7 - 4) = /182.

Ockinsxu AB # BC, To ABCD He € poM60OM.
Bigmosigs. 1) O(-1; 8; 6); 2) D(—4; 17; 8); 3) mi.

1=
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.~ KoopOuHam HAQ NJOWUHI 3ANPONOHYEALU

IT’ep @epma ma Pene lekapm y XVII cm.

Bonu donyckaau moxcaueicmsv 3anposadicenus koopournam i y npo-
cmopi, ase daui npunyujens yio ideio max i He po36UHYIL.

YV 1715 p. Hozann Bepuyani 6 o0Homy 3i ceoix aucmie 0o Jleiio-
Hiya 03HAYUB NPOCMOPOEi KOOPOUHAMU X, Y, 2 AK NePneHOUKYyiapu
Ha mpu 63A€EMHO NepnenHouKyaapHi naoujunu. IIpubausno y moi
camuil wac iHWi mamemamuKy NOYURAIOMb 3ANUCYEAMU PIBHAHHA
deaKux nogepxons wepe3 npocmoposi koopdunamu. Ilepuwum, xmo
nocmiilHo i WUPOKO BUKOPUCMOBYBAE KOOPOUHAMU Y NPOCMOpi,
cmag @panuysvkuii mamemamurx Kaepo. Y ceoiit npaui «Jocni-
Oxcenna ninill 08osakoi kpueusnu» (1731 p.) Kaepo 0odas y cu-
cmemy KoopduHam mpemi KOOPOUHAMY
ma npoiarncmpyeas yw idew Pi6HAHHAMU
0esAKUX NO06EPXOHD.

I0es KoopOunam y mpueuMipHOMY Npo-
cmopi 3HAUWA CB0E NPOOOBHCEHHA Y
npayi Eianepa «Yeedenns 6 aHai3»
(1748 p.). [Ipyza wacmuHna yiei npayi, wo
Ha3usaaacsa «Jodamku npo noeepxhi»,
cmana nepuluM CUCMeMHUM 6UKLA00M
aHaAiMmuyHol zeomempii MPUBUMIDHO20
npocmopy.

ITo0anvwomy po3sumry npocmoposoi
AHALIMUYHOL 2eomempii cnpusalu npauyi

=, T /\1}/ Hawm 8xce 8i00M0, WO NPAMOKYMHY cucme

v y Cuee M idomo, wy AMOKYMHY cucmemy
A we P!.'I-Hl-lu-
N

Anenix K K
ne(1{11’r7c1311;>§65;1epo mamemamuxie I. Monaca, .Jlazparnica

ma C. Jlakpya.

79 © lMoACHITb, 9k 3a4aloTb NPAMOKYTHY CUCTEMY KOOPAUHAT y Npo-
Q ctopi. ® LLlo Ha3MBaTb NOYATKOM KOOPAMHAT, OCAMM KOOPAUHAT,
KOOPAWHATHUMM NNoLwmMHaM1? @ MNOoSACHITb, K BU3HA4Yal0Tb KOOp-
OWHATX TOYKM B NpocTopi. @ Lo MoxHa cka3aTn Npo KOopAMHaTH
TOYKM, IKa HANEXMUTb OCi x; oci y; oci z? @ LLlo MoxHa cka3aTu npo
KOOPAUHATU TOYKM, SIKa HANEXUTb NMAOLUHI xy; NMOLWMHI xz; Nno-
LWKHI yz? @ 3a Koo POPMYMOoK0 3HAX0AATb BiACTaHb MiX TOYKaMu
A(xq; yq; 21) | B(xo; y2; 22)? @ 3a 9knmm oopmynamMmmn 3HaxoasaTb
KOOpAMHATK TOUKM M — cepeanHm Biapiska 3 KiHUAMUN A(xq; y4; 21)

i B(x2; y2; 22)?

$ Fosb’sximo 3agaui ma bukonaime bnpabu

@ 11.1. dxi 3 Touox A(2; 0; —3), B(0; 0; —5), C(4; 0; 0), D(0; 2; 1),
E(3; —1; 2), F(0; —1; 0) Hamexars KOOPAUHATHUM OCaM? YKa-
JKITh, IKUM caMe.
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11.2. dxi 3 Touok K(0; 0; 7), L(2; 2; 2), M(4; 9; 0), N(O; 19; 0),
P(-1; 0; 14), T(-9; 0; 0) ;mexxaTb Ha KOOPAMHATHUX OCAX?
Vraxirs, Ha SKUX caMe.

11.3.41xi 3 Touox K(0; 2; —3), P(1; 2; —3), M(2; 0; —4), N(7; —1; -1),
Q(1; —4; 0), S(1; 1; 1) Hame:xaTh KOOPAMHATHUM ILJIOIIIAHAM?
Vraxirts, AKUM came.

11.4. dxi 3 Touor A(2; 0; —9), B(-4; 1; —-4), C(@; 11; -11),
D(-1; 1; 0) Hame)xaTh KOOPAMHATHUM ILIOIIUHAM? YKaXKiTh,
AKAM caMme.

11.5. Touxka M jexuThb Ha Bimg’emuil miBoci ammikar Ha Bigcra-
Hi 7 Big mouaTky KoopauHaT. AKi KoopauHaTu Touku M?

11.6. Touxa T nexXuTh Ha AodaTHill miBoci abcuuc Ha BigcTaHi
3 Bim mouaTky KoopamHaTt. AKi Koopauuaru Touxku T7?

11.7. S3uaiigiTe KoopAuHATHU CepequHU Binpiska AB, AKIIO:

1) A(2; —11; 0), B(4; —T7; 6); 2) A(-2; 5; 4), B(2; 0; 7).
11.8. 3uaiigiTe KoopauHaTH cepenuHu Biapiska CD, AKIIO:

1) C(0; 25 =7), D(6; —4; —9); 2) C(2; =45 9), D(7; 4; 0).
11.9. 3maiigite goBKuHy Bifpiska CD, sSKIIO:

1) C4; 0; -1), D(2; 3; 5); 2) C(0; —2; 1), D(2; —2; 3).
11.10. 3uaiigiTs KoBKUHY Bigpiska AB, AKIIO:
1) A4; -1; 0), B(6; 1; 1); 2) A@4; —1; 2), B(5; —1; 5).

{2 Mg 11.11. Y Tmouox M(2; —1; 4) i N(2; —1; 7) nBi mepri Koop-
- OUHATH TOoHmapHO ogHakoBi. Uu mapaJjenbHa mpsama MN
meskiit oci koopauHat? SKImMO BiAHOBiAL MO3UTHBHA, TO

AKiA came?

11.12. Axi 3 HaBeJgeHMX TOUOK JIeXKaTh Ha ONHINA mpsaMii, mapa-
JeJabHil oci abemme: A(2; —1; 3), B(2; 1; —3), C(-2; 1; —-3),
D(-2; —1; —-3)?

11.13. Axi 3 HaBegeHMX TOYOK JeKaTh Ha OAHIM mpAMii, mapa-
JedabHi# oci opmmmar: M(3; —1; 5), N(3; —1; —5), K(3; 1; bH),
L(-3; —1; 5)?

11.14. 3HaigiTe KooOpAUHATH MpPOeKIliii Touku A(—1; 2; —4) Ha KO-
OPAMHATHI ILJIOIIMHU,.

11.15. 3maiigiTh KoOpAUHATH IIPOEKIii Touku P(2; —3; 7) Ha KO-
OPAUMHATHI IJIOIIUHU.

11.16. Ha saKux BigcTaHAX BiJf KOOPAMHATHUX ILJIOIMUH JIEXKUTD
Touxka M(4; —7; 11)?

11.17. Ha sxux BiAcTaHAX Bil KOOPAWMHATHUX IIJOIIUH JIEXKUTD
Touxka K(-2; 4; —9)?
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11.18. Yu HameXuUTh OesaKili KoopAWMHATHIN oci cepemsuHa Bigpis-
Ka AB, akmio A(4; —2; 7), B(—4; 2; —9)? Axmio Tak, To AKik
came?

11.19. oBexniTh, Im10 cepeguHa BiApisKa 3 KIiHIAMH B TOUYKax
M(9; —11; 7) i N(-9; 5; —7) nexkuTh Ha OCi opAMHAT.

11.20. Touka P — cepeauua Bimpiska MN. 3HaliiTh KOOPAMHATH
Touku N, akmio P(-1; 2; 7), M(2; 1; 3).

11.21. Touxka C — cepenuua Bigpisxa AB. 3HANIITE KOOPAMHATHI
Touku A, axio C(0; 2; —3), B(1; 4; —8).

11.22. fdka 3 Touor A(1; 2; —3) a6o B(4; 0; 1) mexkuTsh GaMIKIE I0
IIOYaTKy KOOPAUHAT?

11.23. IlopiBusaiite AC i BC, axmo A(2; —1; —-3), B(6; 5; 9),
C#4; 2; 3).

@ 11.24. Y TpuUKYTHUKY 3 BepiimHaMu B Toukax A(4; —1; 2),
B(8; 1; 6) i C(10; 3; 14) K — cepenuua AC, L — cepeguHa
BC. 3uatigite noB:KuHY Bimpiska KL.

11.25. [Tanmo Bepmiuau A(3; 0; 5), B(4; 3; —5), C(—4; 1; 3) Tpuxyrt-
Huka ABC. 3HAHiTh HJOBXKUHY MeiaHU TPUKYTHUKA, IPOBe-
JIeHOol 3 BepIInuHU A.

11.26. Ha oci abcuuc 3HaAWAiTh TOUYKY, BifcTaHB BiJ SIKOI IO TOY-
ku A(1; 4; 8) mopiBuioe 12.

11.27. Ha oci anaikar 3HaiifiTh TOUKY, BiJcTaHb Big AKOi 10 TOU-
ku P(2; —3; 0) mopisurioe 7.

11.28. Ha oci opamHaT 3Ha#igiTh TOUKY, PiBHOBiAmajieHy Big To-
york M(1; —3; 7) i N(5; 7; —5).

11.29. Ha oci x 3sHaiigiTe TOUKy, piBHOBiAZaJileHy BiJ TOUOK
AQ; 3; 3)i B(2; 1; 4).

11.30. 3uaiigiTs KoopauHatu Bepinmuuu A mapasenorpama ABCD,
skiqo B(2; —1; 1), C(1; 2; 5), D(-4; 5; 7).

11.31. Mano aBi Bepmmum A(2; —1; 3) i B(3; —4; 5) mapaJsesorpa-

ma ABCD i Ttourky meperuny i#oro giaronasenr O(4; —5; 0).
3HaugiTe KoopauHatu TouoK C i D.

@ 11.32. 1) HoBeniTh, 110 TPUKYTHUK 3 BEPIIMHAMU B TOUKAX
A@4; 0; 7), B(O; 8; -1) i C(2; —2; 3) — IpAMOKYTHUI.
2) Buaiigites miaomty TpukyTHuKa ABC.

11.33. [loBeniTh, I1I0 TPUKYTHUK 3 BEpPIHIMHAMM B TOYKaX
A(5; 0; 7), B(0; 3; 1) i C(7; 3; 1) — rOCTPOKYTHUIA.
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11.34. BusHauTe KOOpAMHATH KiHI[IB Bigpiska, AKWI TOUKaMHN
M(3; 0; 3) i N(6; —2; 1) moxmiseHo Ha Tpu PiBHI yacTUHU.

11.35. Yu jexars Touku A(—1; —5; 6), B4; 5; 1) i C(-2; —7; 7) Ha
oxHiii mpamii? Ao Tak, YKayKiTh, gKa 3 TOUOK JIEKUTDH
MisK gBOMA iHIIIMMU.

11.36. loseniTe, 1o Tpm Toukum M(6; 3; —5), N4; —3; 2) Ta
K(10; 15; —19) ne:xaTh Ha OgHiN npaMii. Ika 3 TPbOX TOUOK
JIEXKUTHh MisK ABoMAa iHIMMMn?

11.37. 1) 3uaiifiTe KoopauHaTu mpoekIii touku M(—9; 12; 16) Ha
KOJKHY 3 oCell KOOpAMHAT.
2) 3HaiifiTh BiAcTaHb Big Touku M 10 oceil KOOpAHWHAT.

@ XKummeba mamemamuxa

11.38. 3 mesakoi Touku BepIIuHy ropu BuaHo mig xkytom 30°. Komnm
cnocrepiraui Habausuaucsa mo ropu Ha 500 M, BepIIUHY CTAJIO BUI-
HO mig KyTom 45°, 3HaAWAITL HAOJMIKEHO BUCOTY TOpH (3 TOUHICTIO
0 JeCcATUX MeTpa).

Tligzomyimecs go bubuenns Hobozo mamepiany

11.39. 3uaiigiTe MOIyJIi BEKTOPiB, 300paskeHNX Ha MaJioHKY 11.4.

5 - a m Db
a \\\ v
- b B k
< i R
c l
Maux. 11.4 Maua. 11.5

11.40. Ilpawmi a, b i ¢ mapanensHi (Man. 11.5). Cepen BeKTODiB,
300pakeHNX Ha MaJIIOHKY, YKaKiTh Bci mapu:
1) xosriHeapHUX BEKTODIiB;
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2) crmiBHAIPAMJIEHUX BEKTODiB;
3) IPOTUJIEKHO HAIPAMJIECHUX BEKTOPiB.

11.41. ABCD - mapauesorpam (maj. 11.6). Yu piBHi MixK coboio

BeKTOpHU: 1) ABi C—D; 2) AD i BC?
B 5 a
b
A D
Maux. 11.6 Maan. 11.7

11.42. [Tamo BeRTOp naib (maa. 11.7). ITobynyiiTe:
1) BexTOp ¢ = G + b}
b.

2) BexTOp d = d

{l BEKTOPU Y NPOCTOPI.
Al 3 BEKTOPAMU

Y Kypci naamimeTpii Mu BiKe o3HalOMUJINCS 3 BEKTOPaMM Ha
IJIOMTMHI. 3ayBaKUMO, III0 OCHOBHI MOHATTS AJIA BEeKTOPiB y IIpo-
CTOpPi 03HAUYIOTH TaK CaMoO, K i JIJIs BEeKTOPiB Ha IIJIOIIUHI.

------------- Ak i B miaHimMeTpii,
1. Ilonammasa eéexmopa

) Bigpi3oK, A1 AKOro BU3HAYe-
Yy npocmopi ‘

HO HANpsM, HAa3UBAIOTh 6GeK-
mopom.

BexkTop 300paskyrooTh Biapiskom 3i

! CTPiJIKOIO, KA BKAa3ye HAIPAM BeKTOpAa.
Ha mamouky 12.1 3o6pakeno sexTop AB,
Touka A — #ioro mouaTok, Touka B — Ki-

Hellb BeKTopa. BeKTop MoO:KHa mO3Ha-
yaTh OJHi€I0 MaJIol0 JATHUHCHBKOIO JIi-
Teporo. Ha wmaimoHKy 12.1 300pakeHo
BeKTOp ¢. Haragaemo, 110 BEKTOp, ¥ AKOrO IIOYATOK 30iraerncsa
3 KiHIleM, Ha3UBAIOTh HYJAbOBUM BCKMOPOM ab0 HYJb-8eKMOPOM.
AKmmo, HaIpuUKJIad, TOUKY, IO 300paskye HYJILOBUHI BEKTOD,
[I03HAYUTH JiiTepoo K, TO HYJbOBUI BEKTOP MOXKHA 3aluCcaTu
Ak KK (man. 12.1). Hyab-BeKTOD TaKOM MOXKHA MO3HAUUTH i

cumBosiom 0. HynwoBuii BeKTOp, Ha BiAMiHY Bij HeHYJIbOBOTIO,
HaIIpAMYy He Mae.

Mau. 12.1
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‘ Modynem (a60 0063curoi0 Y1 a6CONIOMHOI 6eNULUHOTIO)
k’ BeKTOpa AB Ha3WBAIOTh MOBKUHY Bigpiska AB.

_"MOJ.IYJII) BEKTOpa AB mno3HavaoTh yepes B q
|AB|, a monynp BekTOpa p — uepes |pl. Mozyuan 4 I Do
HyJIbOBOrO BEKTOpa AOpiBHIOE Hymio: 0] = 0;  ° I PR
MOZyJIb uBeKTOpa, BiIMiHHOrO BiJ HYJIBOBOTO, /I/B
OLIBIIIMIL 3a HYIIb. S == C
ABCDAB1C1D; — ry6 3 pebpom AS—D
moBxkuuu 1 (Maj. 12.2). 3HaliTu MoayJi BeK- Max. 12.2

Topis AD, AC i A—Cl.
Poss’aszaumuda. 1) AD =1, tomy ‘E‘ =1.
2) Is AADC: AC2 = AD?+ DC2?. Tomy \Zé\ =AC=+1?+1% = 2.
3) Is AACCy: ACE = AC? + CCZ. Orsxe,
. 2
ac|= Ac, = ||(V2) +1* =B,
BignosBins. ‘E‘ =1, ‘A—C| = \/E; ‘A—Cl‘ = \/g
Harapgaemo, 1110

‘ JBa HEHYJbOBHUX BEKTOPH, AKi JeKaTh HA ONHIH IpAMii
&, a00 Ha mapaJieJIbHUX IIPAMHUX, HA3UBAIOTh KONiHeapHUMU.

Ha mamronry 12.3 300paskeHO IPAMOKYTHMI mapaJeerines.

KosiHeapHuMHU € mapu BekTopiB: KA i AK,; KA i M,B; AK; i
M,B; KA i NN, Torp.

Konineapui BeKTOpDM MOXKYTH OyTH Chi6- L, M
HanpamJaeHumu, To0TO OTHAKOBO HATIPSIMJICHUMU K 1
(takumu €, HampukJiaaza, BekTopu KA i NN, Ha 1 | N B
MaioHKY 12.3; samnmcyrors me tax: KA ™ NN,)), I
abo npomuse’cHo HanpamieHumu (Takumum €, A I; . Vs

Hanpukjan, BekTopu NN; i M;B Ha MaJIOHKY K N
12.3; sammcyiors ne Tax: NN, T M, B).

Ilapn BexTopiB KN i KA; LM i M;B
(mai. 12.3) He € KoJliHeapHUMU, TOMY BOHU He € Hi CIiBHATPAM-

JIEHUMHU, Hi IPOTUJIeKHO HATIPAMJIEHNMU.
Ak i B mianimerpii,

Mai. 12.3

‘ IBa BEKTOPM HA3UBAIOTh pPiGHUMU, SIKII0 BOHU CIiB-
k. HANPSIMJIEHi Ta iX MOAYJIi MiK cO00I0 piBHi.
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Ha mamrouky 12.3 piBHUMU €, HanpukJajn, Bektopu KN i LM.
Ile sanucyiors Tak: KN = LM.

Bexropu KA i NN; Ha mamioEky 12.3 He € piBHUMU, OCKiIBKYM
B Hux pisHi mozmysi. Takox He OyAyThb pPiBHU-

Mu MiK co6oio BekTtopu NN; i MM, ockinbkmu
BOHU € MIPOTUJIEIKHO HAIPAMJICHUMMU.

Sk i B nuanimerpii, Bixg Oynp-axoi Touku C
MOsKHA Bigkiaactu BekTop CD, piBHUII BEeKTOPY
Max. 12.4 AB, i IO TOTO K TinbKM oxauH (Maj. 12.4).

------------- Ak i B mnaHiMeTpii, cymMy IBOX BEKTO-
2. lo0aeanns piB MOXKHA B3HAXOAUTU 33 NPAGUIOM
6eKxmopie mpuxymHuka abo 3a nPasuiom napa-

zaenozpama. Haragaemo mi mpasnia.

IITo6 sHaiiTu cymy BeKTOPiB d i b 3a mMpaBWJIIOM TPUKYTHUKA,
Tpeba:

1) Bing KiHIA BeKTOpa 4 BigKJACTH BEKTOD, IO JOPiBHIOE BEK-
Topy b (maj. 12.5);

2) nmobysyBaTH BEKTOP, IIOYATOK SKOT0 30ira€Tbcs 3 IIOYATKOM
BEeKTOpa d, a KiHenb — 3 KiHIeM BekTopa b, BiH i € cymMOI0 BeKTO-
piBaib.

3 mpaBmWJia TPUKYTHUKA MOKHA AiATU BUCHOBKY, IO

‘ OIS 6y£ﬂRE TPHOX TOYOK A, B i C cpaBasKy€eThCS piB-

&0 Hicte: AB + BC = AC (max. 12.5).

B
75 NG
b %
A
> K —
a+p C b

Man. 12.5 Maxn. 12.6

11106 sHaiiTy CyMy ABOX HEKOJIiHEapHUX BEKTOPiB d i b 3a mpa-
BUJIOM TIapaJjiejorpama, Tpeba:

1) BigkJacTu Ii BeKTOPW BiJi CIiJIBHOrO MOYATKy — TOUKH K
(main. 12.6);

2) mobyayBaTu Ha IIUX BEeKTOpaxX IapaJjejiorpam;

3) mobyayBaTu BEKTOpP, III0 BUXOAUTH 3 Touku K i 36iraerncs 3

IiaroHaJIio mapaJeJiorpama, BiH i € cyMOm0 BeKTOpiB a i b.
Ar i B maamiMmeTpii, A8 cyMHu BEKTOPiB CIPaBAKYIOTHC:
e nepecmasna sracmusgicmv 000asanns: a + b=>b+a;
e cnoayuna éracmusicme dodasanns: a + (b + ¢) = (@ + b) + ¢.
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JlomaTy KiJibKa BEKTOPiB y IIPOCTOPI MOMKHa TaK: AOAATH OBa
3 HUX, IIOTIiM 0 iX cyMHu momaTH TpPeTiii BEKTOpP, A0 OTPUMAHOIL
CyMU JIOJATH YEeTBEPTUU BEKTOP, 1 TaK caMo gaJri.

iesveway ABCDA{B;CiD; — UpAMOKYTHUH IapaJjejenimnes
(maa. 12.7). Ilo6ygyBaTu BEKTOP, II[0 JOPiBHIOE CYyMi BEKTOPiB AD,
ABi AA,.

Poss’asamma. _

1) Cymoro BexTopiB AD i AB, 3a mIpaBMJIOM HapaJiejorpama, €

BEKTOD AC.

2) Bigxnamemo Bix Touku A; BEKTOP m, III0 JOPiBHIOE BEKTOPY
AC. Toni AA; + AC = AA; + A,C, = AC,.

3) Omxe, AD + AB + AA, = AC,.

All\

—
c

A P D

Maa. 12.7 Maux. 12.8

s momaBaHHSA KiJbKOX BEKTOPiB y HPOCTOPI MOMKHA BHUKO-
PHCTOBYBATH i Npasuso MHOZOKYMHUKQA, AKe IOAi0He N0 IpaBH-
JIa TPUKYTHHMKA: 1106 3HAWTH CyMy BEKTOPiB d + b + € + ..., Bix
KiHIIA BeKTOpa d BiKIaJaloTh BEKTOD, IO JOPiBHIOE BeKTOpPY b,
moTiM Bij KiHIIA BeKTOpa b — BEKTOp, III0 JOPiBHIOE BEKTOPY C, i
Tak camo gaJi. CymMo BeKTOpiB OyZe BEKTOp, ITOYATKOM SAKOT'O €
IIOYaTOK IIEPINIOr0 MOJAaHKAa, a KiHIleM — KiHellb OCTaHHLOI'O MO-
IaHKa.

Hexait ma magaionky 12.8 Bim Toukum K BigKJIameHO BeKTOp
KA = a, /:[am Big TOUKuM A — BEKTOp AB = b oTiM Bl,I[ TOUKu B —

BeKTopBC—c Maewmo, moa+b +¢é=KA+AB+BC = KC.
Omxe,

d

O Oyab-IKUX TOYOK Aq, As, .., A, Ma€ Micue piBHiCTB:

A4y + A Ag + A A+ + A A, = AA,.
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............. Haragaemo Bimome 3 mnuamimerpii

3. Bionimanns npasuno nobydosu piznuui 060X 6ek-
6exmopie mopie @ i b, sKe CIpaBIKyeTbCS i B
crepeomeTpii:
B 1) BigrJacTu BekTOpM 4 i b Bix ommiel Toukm —
_ o Touku A (mas. 12.9);

a S 2) mobyayBaTu BEKTOP, IOYATOK SAKOro 30iraerh-
— cs 3 KiHIleM BeKTopa 5, a KiHemb — 3 KiHIIEM BeK-

4 b ¢ Topa d. BiH i 6yze pisHMIE0 BEKTODIB d i b.
Mau. 12.9 Cupasni, OCK1JBbKU AC+CB= XE, TO

AB- AC = CB.
Hanpuxnaz, sa mamorky 12.7 AC, — AA; = A(C,.

............. Harapaemo, mo 0obymkom HeHY.bO-

4. Mnosicernns 8020 6eKmopa 4 HA HUCAO ). HA3U-
6exmMOpq Ha Mycro BAIOTb TaKuWil BeKTop b, 1o
b| = [\al, opuuomy BexTopm @ i b
cuiBHanIpAMJeHi, Ko A > 0, i IpoTUIEKHO HAIIPSIMJIEHI, SAKIIO
A <O.
Jo0yTKOM HYJILOBOI'O BEKTOpPa Ha Oyab-AKe YIMCJIO € HYJIhOBUI BEK-
TOp: 0-2=0.

Ha maaronky 12.10 300paskeHO BEeKTOp d Ta IOOYAOBAHO BEK-

Topu 3a, 0,5a, —a, —2a, Zﬁ.

—_
a A -
» —>
3a _
—> — =
,da P —2a
» -
—»>
- —a 3 —
< —a
4 A -
Ll
Mau. 12.10

BiiactuBocTi MHOMKEHHS BeKTOpa Ha UHCJI0 B IIaHiMerpii
CIIPaBIKYIOThCA 1 B cTepeoMeTpii. Haramaemo 11i BiracTuBoCTi:

0ns Gydv-arux wucen o i B ma eexmopis @ i b:
e
0d = 0; (@p)a = a(Ba);
(o + B)d = 0d + pa; o(d@ +b) = ad + ob.
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Tak camo, AK i B miaxiMeTpii, MOXKHAa HOBECTH, IO

Q BEeKTOP b, KoJliHeapHUIi BEKTOPY G, MOKHA IIOAATH y BUTIISAIL
* b=\, A # 0; i HaBnaku, axmo b = Ad, xe A # 0, To BeKTO-
pu a i b — KoaiHeapHi.

3a3HaueHi BJIACTMBOCTI BEKTOPIiB JAaiOTh 3MOT'Y CIIPOIIYBaTh
BUpPa3uW 3 BEKTOpaMU HOJi6HO IO TOTO, AK CIPOINYIOTH ajredpaiu-
Hi BUpaswu.

CripoctrTn Bupas: 4(d — b + ¢) — 2(d@ — 2b) + 3(5d — 47).
PosB’asauusa. 4(d—b +¢)— 2(d — 2b) + 3(5d — 4¢) = 4d — 4b +
+4¢ — 24 + 4b + 154 — 12¢ = 174 — 8@.

Bigmosings. 17a — 8¢.

; 7
o —— E;iwe... Onepysamu 6exmopamu 6 npocmopi enepuie
{ A we p . nouas ipaandcvrkuil mamemamuk Binvam Poy-
Npoad Ll === en Taminemon. OcHo8U 6eKMOpPHOL aJfzebpu

ma 6eKIMOopPH020 AHANi3y 6iH 6UKLAB Y C80Lll npayi «Jlexuis npo kea-
mepHioHU», nepuia nybaikauyis axoi damyemocsa 1843 porxom. Came y
uill npayi enepuie 6Yn0 8HCUNMO MEPMIHU «CKALADP» | «BEKMOP».

Binbam Poyen IN'aminsTorn  I'epman I'tomtep I'paccman
(1805-1865) (1809-1877)

IIpubausno y moil camuil uac 00 NOHAMMS 6eKMOPA NPUiuLos i
Himeuyvkuil Qisux, mamemamur i ¢inonoz I'epman I'tonmep I'pac-
cman. Came y ceoiil npaui «Buennsa npo eudosicenicmo» (1840 p.) 8in
nepuium ceped mMamemamuKie po3zianHy8 n-UMIpHULL e8K.i0i6 npo-
CMip, YacmMKOBUMU BUNAOKAMU SKO020 i 66AX4A6 66KMOPU HA NJO-
WUHI ma Yy MPpuBUMipHOMY NPOCmMopi.

@ Lo HasuBalwTb BekTopoM? @ Lo Take HynbOBWUI BEKTOP? @
Llo HasuBalTb MoaynemMm BekTopa? @ FAki BEKTOpWM Has3uBalTb
KoniHeapHUMU? @ ki BEKTOPU Ha3MBalOTb CMiBHAMNPSMNEHUMMU,
a SAKi — NPOTUIEXHO HanpsMIeHnMn? @ FAki BEKTOpM Ha3nMBalTb
piBHMMN? @ AK JogaTu BEKTOPM 32 MPaBUIIOM TPUKYTHMKA? @ Ak
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JogaTu BeKTOpuM 3a npaBunomMm napanenorpama? @ fAki Bnactu-
BOCTi CMpaBOXYlTbCS ANA AogaBaHHA BeKTOpiB? @ Ak gogatu
BEKTOPW 3a NpaBWNIOM MHOFOKYTHMKA? @ 3a AKMM npaBunoM
BigHiMalTb BekTopn? @ Lo Ha3mBaloTb AOBYTKOM HEHYNBOBOrO
BeKTopa d Ha Yncrno A? @ Ski BNacTMBOCTI CNpaBaXylTbCa AN
MHOX€EHHS BEKTOpa Ha 4ncno?

g Fosb axims sagavi ma bukonaidme bnpabu

@ 12.1. 3anumnrite yci BeKTOpH, SAKi 300paskeH0 Ha MAaJIIOH-
Ky 12.11.

12.2. 3anumnIitTs yci BeKTOpH, AKi 300pakeHo Ha MaoHKY 12.12.

A B C
‘? AD
F E

Maua. 12.11 Maax. 12.12 Maxa. 12.13

12.3. IlosumauTre Touku A, B i C, mo JjexkaTh Ha ONHil IIpPAMIiii.
IIposenirs BexTopu AB, AC i CB.

12.4. ITosuaute Touku P, @, R, 110 He JeXaTh Ha OOHIN IpaAMiii.
IIpoBenits BekTOpU PR, QR i PR.

12.5. ABCDEF — mpaBuJbHUH IecTUKYTHUK (Maja. 12.13). 3anu-
IIiTh yci mapm:
1) piBHUX BEKTODiB;
2) piBHUX 3a MOAYJIEM, ajie MPOTUJIEKHO HATIPAMJIIEHUX, BEK-
TOPiB.

12.6. ABCD — npamoryTHuk (man. 12.14). B o ¢
3anunrite yci mapu:
1) piBHUX BEKTOpiB; A Y,
2) piBHUX 3a MOJyJieM, ajie ITPOTUJIEK-
HO HaIIPSIMJIEHUX, BEKTOPiB. Maxn. 12.14

12.7. HakpeciiTb BeKTOPU ABi AC. IToOymyiiTe ix cymy i pisHUIIO.

12.8. Hakpeciaits Bektopu MK i MP. IlobyayiiTe ix cymy i pis-
HUITIO.

12.9. Haxkpeciits BeKTOp p, HOB:uHA siKkoro 6 cm. IlobOymyiiTe
- 1. -
BEKTOpU: —p; gp; 2p; —1,5p.
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12.10. HakpecJiiTs BeKTOp d, JOBXKKMHA AKOro mopisHioe 4 cm. Ilo-

OymyiiTe BeKTOpU: 3d; —%d; —2a; 2,5da.

(2 12.11. ABCD — upsAMOKYTHHK. YKaxXiTh yci mapu piBHUX
BEKTOPIiB 1 BEKTOpPiB, IO MAIOTh PiBHI MOAy/ai, IMOYaTKOM i
KiHIIeM SKHUX € BePIIVHU IPAMOKYTHHKA.

12.12. KLMN - pom0. ¥YKa:KiTh yci mapu piBHUX BEKTOPiB i BeK-
TOPiB, 10 MAIOTh PiBHI MOAyJi, TOYATKOM i KiHIIEM SKUX €
BepIIMHU pomoba.

12.13. ABCD - TPUKYTHA mipamiga D
(mam. 12.15), M, N i L — cepemuHu pe-
6ep AD, DC i BC Bignosigao, AC = 4 cwM, M
BC =6 cm, NL = 5 cM. 3HAUIITL JOBKUHY

BEKTOpa: B
— — E— — A
1) CA; 2) MN; 3) BD; 4) CL. 7

12.14. ABCD - tpukyTHa mipamiga (maja. 12.15), C
M, N i L — cepeguau AD, DC i BC Bigno-
> > Maun. 12.15
BimHo, AD = 6 cm, MN = 2 cm, BD = 8 cm. ar
3HaANIITh JOBKUHY BEKTOpAa:
1) DA; 2) AM; 3) AC; 4) NL.
12.15. HakpecaiTb TPAMOKYTHUHN rapaJiejierrine;t
ABCDAB{C1D; Ta BigKJamiTh Bii TOUKU:
1) C BekTOpP, 10 HOpiBHIOE BeKTOPY BC;
2) A1 BEKTOD, IO JOPiBHIOE BEKTOPY BB;;
3) D BeKTOD, IO JOPiBHIOE BEKTOPY 3BC;
4) C, BeKTOp, 10 AOpiBHIOE BeKTOPY 0,5CC;.
12.16. Haxpeciaitb MPAMOKYTHHIH napaJeJerrine;
KLMNK;L{M{N; Ta BiIKJagiTh Big TOUKM:
1) K; BexTOD, 1110 fHopiBHIOE BeKTOPY KK;;
2) N BeKTOp, 10 JOpiBHIOE BeKTOpPY LM;
3) M, BeKTOD, IO JOPiBHIOE BeKTOpPY 2LM;

1——
4) L BeKTOD, III0 JOPiBHIOE BEKTODY §L1L.

m12.17. HoBexniTs, 1110 AB=-BA.
12.18. He BuKoOHYyIOUM IIOOYAOBH, 3HAUIITE:
1) AT + TB; 2) AC+CB+ BK;
3) PM + KP + MK; 4) AM -TM.
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12.19. He BukoHy0OUMN DOOYI0BU, 3HANIITH:
1) CD + DK; 2) AM + MP + PF;
3) AT + LA+ TL; 4) CD-KD.

@ 12.20. KLMN - TpukyTtHa mipamiga. [Io6yayiiTe BeKTOD:
1) KA = KM + 2LN; 2) MB = NL - MB.

12.21. ABCD — tpukryTtHa mipamiza. IloOynyiiTe BekTOp:

1) DK =2 DB + BC; 2) CL = DB - 2AC.

12.22. ABCDA1B;C1D; — xy06. YKaKiTh BEeKTOp, IIOYATKOM i KiH-
IeM SKOI'0 € BepIINHN Ky0a, SIKIIO BiH JOPiBHIOE CyMi:

1) DC + A, Dy; 2) AB+ AD,.

12.23. KLMNK{L{M;N{ — Ky6. YKasKiTb BeKTOp, IIOYATKOM i KiH-
IIeM SIKOTO € BEePIIWHU Ky0a, SKIINOo BiH AOPiBHIOE CyMi:

1) KL+ K,Ny; 2) LK + NN,

12.24. [Tano TpukyTHy mipaminy KLMN. IloBeniTs, I1110:

1) KL+ LN = MN + KM; 2) MN - LK = ML - NK.

12.25. Jano TpukyTHy mipaminy ABCD. JloBeniTs, I10:

1) AB+ BD = CD + AC; 2) BA-BD = DC - AC.

12.26. Touka K He JIeXKUTH Y HJIOH.II/IEPI/IKY'IE/{KH. ABC, M -
cepe,uHHiAB, N — cepegquna BC, KM =m, KN = ri. BupasiTts
BeKkTOp AC uepes BeKTOpHU M i Ai.

12.27. Touka M He JIeKUTh y ILTOIMUHI KBaapata ABCD, MA = a,

MC =_E, K — cepeguaa AD, L — cepegura CD. Bupasitb Bek-
Top KL uepes BekTOpHU d i C.

@ 12.28. ABCDAB;C1D; — mnapaJjejyeninen. 3HaiAiTh BEKTOP,
mo popisuioe cymi AB+ B,C; +CB; + DD, + B, B + BC.

12.29. ABCDABC1D; — mnapajeserninen. 3HaWIiTL BEKTOP, IO
JOpiBHIOE cyMi TC+E+@+E+E}+@.

12.30. BekTopu @, b i ¢ monapHo mepHeHAUKYJIADHI, |d| =2, E| =6,
|¢| = 3. BuaiiniTe Moxysb BexTOpA 71 = d +b + €.
12.31. Bexropu m, 7i i k momapHO HepLHeHAMKY/IAPHI, ﬁ1| = |FL| =2,

‘E‘ =1. BHalAITH MOAYJIb BEKTOpA 4 = 1M + i + k.
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12.32. MoayJii BeKTOpiB @ i b BigMiHHI Bix HYJIs, KO TOrO K IIi BEK-
TOPK HEKOoJiHeapHi. 3HAWAITL m i n, Ao 4d + nb = ma + 3b.
12.33. MogyJii BexTOpiB m i 7l BifMiHHI Bix HyJIs, 0 TOrO K IIi BEK-
TOpPH HeKoJiHeapHi. S3HANAITL a i b, AKIO am + 51 = Tm + bn.

@ Xummeba mamemamuka

12.34. Kyt nigiiomy moporu gopiBHioe 5°. BUKOPHUCTOBYIOUN KaJib-
KYJISTOP, 3HAWIITH BUCOTY, Ha AKY ITigJHIMeThCS IIiIIOXim, IIpo-
oz 200 .

Tligzomyimecs go bubuenns Hobozo mamepiany

12.35. Smaiigite KoopauHaTu BeKTOpa AB, SKIIO:
1) A(=2; 3), B(0; 8); 2) A@4; 15), B(-1; -2).
12.36. d = b, a(-2; y), b(x; 4). Buaiigits x i y.
12.37. SHaiigiTe MOAYIb BEKTOPA d, AKIIO:
Da=3;4);  2)a-2-1) 3)d(0; 17);  4) a(2; V7).
12.38. Mano: d(-2; 5), b(4; 7). 3HaHIITE KOOPIMHATH BEKTODA:
1)é=d+b; 2)d=a-b.
12.39. Mano: d(4; —8), b(5; 1). BHaKAITH KOOPAUHATH BEKTODA:
1) m =3d+2b; 2)7i =4ad - 3b;
3) k=56 +1d; 40 =35-La.
2 4

12.40. Yu KomnineapHi BexTOpH d i b, AKIIO:

1) a(-2; 1), b(-8; 4); 2) d(1; 5), b(-2; 10)?
KOOPOUHATU BEKTOPA. LII'I' HALO
BEKTOPAMMU, AKI 3SA0AHO KOOPOUHATAMU

Ha nomuHi BeKTOpP BM3HAUAETLCS ABOMAa CBOIMM KOOpAMHATA-
MH, a B IPOCTOPi — TphoMa. ¥ mIpocTopi apupmeTnuHi mii 3 BEKTO-
paMu BUKOHYIOTH 32 TUMU CAMHMU IIPpaBUJIAMH, IO ¥ Ha IIJIOIIUHI.
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............. Y r1npocTopoBiii cucremMi KoopamHAT
1. Koopdunamu KOKHUII BEKTOP MOYKHA 3aJaTu TPii-

i modynv éekmopa. KOIO UHCeJ — KOOPOUHAMAMU 8eKIMopa.
Pienicmv 6exmopie

d Koopaunaramu BeKTOpa A—B(x; Y; 2) 3 mouatroM A(xy; Y15 21)
* i kimmem B(xg; yo; 22) € uucia:

X=X2— X1, Yy=Y2 —Y112=23 — 2.

3anucyoTh BEKTOP AB, sruit 3a/laH0 KOOpAMHATAMM, TaK:
AB (x; y; 2). Hanpuraan, CD(-2; 4; 0), f’(—4; —2; 11).

BHaWTH KOOPAUHATH BeKTOpa AB, AKIIO:
1) A(-7; 2; 1), B(5; 0; 8); 2) A(3; 4; 2), B(3; 4; —2).
PosB’azanusda Hexai A—B(x; Y; 2).
1) Tomi x=5—-(7);y=0-2; z=8 — 1. Orxke, A—B(IZ; =2; 7).
Dx=3-3,y=4-4;2=-2-2. TOMyA—B(O; 0; —4).
Bianosias. 1) AB(12; -2; 7); 2) AB(0; 0; —4).
KoopauuaramMmu BeKkTOpa MOMKYTH OyTu Oyab-siKi mificHi uwmca.

VYci xoopanHaTi HYJIOBOTO BEKTOPA JOPiBHIOIOTL HYJIIO: 6(0; 0; 0).
Ax 1 ma niouHi:

PiBHI BeKTOpY MalOTh BiJIIOBiTHO PiBHI KOOpAMHATH, i HaA-
&. BIAKW, AKII0O Y BEKTOPiB BiANOBiZHO piBHI KoopaumHATH,
TO BEKTOPHU PiBHi.

Iano touxku A(2; —3; 4), B(3; —-3; 7), C(-4; 1; 0),
D(x; y; 2). SmaiiTu x, y i z, AKIIO AB =CD.
Poss’sasanuA AB@B — 2; -3 — (=3); 7 — 4), To6To AB(1; 0; 3);
CD(x — (-4); y — 1; z — 0), To6T0 CD(x + 4; y — 1; 2).
OCKiHBKHEZE, Tox+4=1y—-1=0; z=3.
Orke, x =-3;y=1; z=3.
BigmoBigs. x=-3; y=1; z=3.

Ax Bimomo, BigcraHb Mixk Toukamu A(xi; yi; 21) i B(xs; yo; 29)

3HAXOLATH 3a (hopmyioro AB = \/(x2 —x)? +(yy —yy)? + (2, —2)°.

OcCKinmbKY X = X9 — X1, Y = Yo — Y1, 2 = 29 — 21 — KOOPAWHATU
BekTOpa AB, TO:

d’ monyns Bektopa A B(x; y; 2) nopisuioe Ja? +y® + 22,

342

[MpaBo gnst 6e3onnaTHOro Po3MillleHHs MigpyYHUKa B Mepexi IHTepHeT mae
>TBO OCBITY i Hayku YkpaiHu https://mon.gov.ua Ta [HCTUTYT MoaepHi3auii 3amicTy ociTu https://imz



3HaliTi MOAYJIb BEKTOpa:
1) ﬁ(—l; 2; -2); 2) MN4; 0; 5).

Poss’szanmus 1) [DK|=(-1)? +22 +(-2)? =9 =3;
2) [MN| =42 +0? + 5 = J41.

BigmoBigs. 1) ‘D—IZ‘=3; 2) ‘W‘=\/ﬁ

naua 4. P IRLCE \/g; 2), Im| = 5. Braiitu: 2.
PosB’a3auusa Ockineku |m|= \/42 +(B5)2 +22 = J21+ 22, To

21+2° =5.
Maemo piBusnHs: 21 + 22 = 25, KopeHi aKoro 2z, = 2; 2, = —2.
Bigmosigs. 2 abo —2.

TSI I ITITIITITI Y Y npocropi apubmernuHi il 3 BeKTO-
2. Iii nad eéexkmopamu, | pamMu (momaBaHHA, BifHIMaHHA, MHO-
wo 3adani Koopduna- JKeHHsS Ha 4YNCJI0) BHUKOHYIOTH TaK
mamu camMo, AK i Ha IJIOIMNHi.

d Cymoro eéexmopié a(x;; y; 2, i I;(xz; Yo5 2;) HA3MBAIOTh
BEKTOP C(X; + X5 Y; + Yo3 2, + 2,).

Tak camo AK i Ha NJIOMWHi, 3 O3HAYEHHA CyMW BEKTOPiB BU-
ILIMBa€e BeKTOpHa piBHicTs AB+ BC = AC.

Tomy o3HaueHHSI CyMH BEKTOPiB, AKi 3aJaHO KOOpAMHATAMU,
He cymepeuvaTh IMpaBUJIaM TPUKYTHUKA 1 mmapaJejorpama, AKi Mu
POSTIIAHYJIMW B IOTEPeAHbOMY Taparpadi.

/ ‘ Pisnuuerg éexmopig a(xy; Y13 21) i I;(xz; Y25 22) HABUBAKOTH
Bexkrop d(x3; ys; 23), AKMI y cymi 3 BexTopoM b mae
BEKTOp d, TOOTO e

d+b=a.
OCKinbKY X3+ X9 = X1; Y3+ Yo =Y1; 23+ 22 = 21, TOOTO X3= X1 — X3;
Ys=Y1— Y25 23= 21 — 22, TO

d Pi3HUIEI0 BEKTOPIB d(x1; Y13 21) i E(."C2; Y25 22) € BEKTOD
: d(x; — x5 Y1 — Y25 21 — 22).
SHalTH KOOPAMHATU BEKTOPIiB € = d + bid=d-b,
axmo a(-2; —3; 8), b(2; 4; 11).
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Poss’sszanuga 1) (-2 + 2; -3 + 4; 8 + 11), To6To ¢(0; 1; 19).

Bigmosinas. ¢(0; 1; 19), d(—4; —7; —3).

Hobymrxom eexmopa d(x; y; z) Ha wucno A HA3UBAIOTh
s BeKTOp b(Ax; Ay; A2).

ITe osHaueHHs He cymepeuuTh O3HAUYEHHIO JOOYTKY BEKTOpa Ha
YHCJIO0 3 TOTEPEeAHBOTr0 maparpada.

3asHaueHi mii MO3BOJIAIOTh 3HAXOAUTU KOOPAUHATU OYIAb-AKOI'O
BEKTOpa, AKWII 3aIIMCAHO Y BUTJIALI aaredbpaiuyHoi cyMu BEKTOPiB,
KOOpAMHATH AKUX Bimomi.

Tlano Bexropu m(-2; 8; 12) i 7i(4; 0; 1). BraiiTu Ko-
opauHaTu BeKtopa ¢ = 0,5m — 3.
PosB’azanuda. 3a o3HaueHHAM OOOYTKY BeKTOpa Ha YMCJO:
0,5-m = 0,5m(-1; 4; 6); 3-n = 3n(12; 0; 3).
Toni 0,56m — 3n = ¢(—13; 4; 3).
PosB’a3amna 3amavi 3pyyHO 3aIKUCyBaTU TaK:

0,57(~1; 4; 6)

37i(12; 0; 3)

é(-13; 4; 3)

Bigmosingsb. ¢(-13; 4; 3).

............. Hexai#t mano BekTOopm da(x1; Yi; 21)
3. Osnaxa [ i b(xg; ya; 2s). SIKIIO BOHM KoutiHeap-
Konineaprocmi Hi, T0 b = MG Xy = Axy Uz = Ay
6¢xmapLe 29 = Az7. Tomi (akmo x; # 0, y; # 0,
21 # 0) maemo: k:ﬁ; k:y—g; xzz_z,
. 2 Xy 20 2
To6To 22 = Y2 =22 mo osHauae, IO KOOPOUHAMU KOJLIHEAPHUX

X1 Y &
eexmopise nponopuyiiini. MaeMo 03HAKY KoJiHeapHOCmMi 6eKMOpia.

‘ Hexaii 3amaH0 BeKTOPH d(x1; Y13 21) 1 l;(xz; Y25 22).

»
1) ko KoopauHATH 000X BEKTOPiB BigMiHHI Bim Hym:d i
"‘2_!/2_22_)V =g & . .
—==""=—"=A, To BeKTOpM & i b KoIxiHeapHi, mMpuIOMY
X1 N A
akmo L > 0, ro @ 77 b; a axmo L < 0, To d@ TLb.
2) dAxmo K y KOKHOTO 3 JBOX BEKTOPIiB ooHa i Ta cama
KOOpAUWHATA TOPiBHIOE HYJIO, a iHIII YyTBOPIOIOTH IIPOIIOP-
IIil0, TO BEKTOPHU KOJiHEeapHi.
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3amaua Busuaure, un KoaiHeapHi BekTopu a i b. fKIimo Tak,
TO BKaYKiTh, OAHAKOBO UM MPOTUJECKHO BOHU HANIPAMJEHI.

1) d(-1; 3; —4), b(2; —6; 8); 2) d(7; 1; -2), b(14; 2; -3);

3) a(2; 0; 3), b(4; 0; 6); 4) @(0; 2; 7), b(1; —4; -14).
PosB’sizamu4. 1)£=_—6=£=—2<0, romy a T b.
-1 3 -4
Z)E—g;t——3 Tomy @ i b HeromineapHi
71 P

3) OpauHatu 000X BEKTOPiB JOPiBHIOIOTH HYJIO, HEPEBIpUMO

IPOIOPIIIAHICT, ABOX IHNINX KOOPAUHAT: % = g =2>0, Tomy
aTlo.
4) AGcuuca BeKTOpa d HOPIBHIOE HYJI0, a a0cCIiyca BeKTopa b He
MOPiBHIOE HYJI0, OT:Ke, BEKTOPU HEKOJIiHeapHi.
Bigmosigs. 1)a T b; 2) BeKTOpU HEKOJiHeapHi;

3)a T b; 4) BeKTOpU HEKOJIiHeapHi.

Ilpu saxwmx sHaueHHAX X i y Bexkropu da(-3; y; 6)
i E(x; 10; —3) xomimeapui?
, . . x 10 -3
PosB’sa3amud. 3a 03HAKOI KOJiHEapHOCTI: 3 =—= e
- Y
3Bimcu maemo: x = 1,5; y = —20.
BigmoBiags. x = 1,5; y = —20.

79 © Lo Take koopanHaTu BekTopa? @ AKMA 3B’A30K MiX PIBHICTIO
Q BEKTOpIB i X KoopauHaTamm? @ FAK 3HaWTM MOAyNb BeKTopa 3a
vioro koopAnHaTamn? @ Skuiti BEKTOp Ha3nBaloTb CYMOLO BEKTOPIB
a(xq; yq; 21) 1 b(xo; yo; 22)? @ Lo HasmBaloTh pisHuLEt0 BEKTO-
piB? @ 5K 3HAWTU PisHULIO BEKTOPIB d(x1; y1; 24) | b(xo; yo; 22)?
@ Lo HasuBawTh O0GYTKOM BekTopa d(x; y;, z) Ha 4Yucno A?

@ CchopmynionTe 03HaKy KoriHeapHOCTi BEKTOPIB.

$ Fosb’sximo 3agaui ma bukonaime bnpabu

@* 13.1. 3HaiigiTh KOOPAMHATHA BEKTOPA CD, AKIIO:

1) C(2; =35 4), D(0; 4; 4); 2) C(5; —1; 2), D(2; —3; —2).
13.2. 3HaiigiTh KOOPAUHATA BEKTOPA XE, AKIIO:
1) A@3; —9; 4), B(3; 2; 0); 2) A(=8; 25 5), B(=3; 4; —9).
13.3. 3uaiigiTe MOLyJIbL BEKTOpPA: -
1) a(0; —3; 4); 2) b(2; —3; 6).
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13.4. 3HaligiTh MOAYJIb BEKTOPA:

1) m(6; 0; —8); 2) n(-1; —2; 2).
13.5. Hauo BexkTopu m(x; y; —2) i n(0; —1; z), m = ri. 3HaligiTs X,
yiz.

13.6. Ilano Bexropu d(x; —3; 2) i b(@; y; 0), @ = b. Buaiinits x, y i 2.
13.7. 3uaiigite cymy a + b, sSKIO:
1) a(5; -1; 2), b(0; 1; 0);  2) a(-4; —2; 8), b(4; —2; 4).
13.8. 3uaiigits cymy ¢ + d, AKIIO:
1) é4; 2; —5), d(0; 0; 5);  2) €(2; —3; 4), d(-3; ~3; b).
13.9. 3uaiigirtes pisHHUIO ¢ — (f, AKIIO:
1) é4; —3; -7), d(0; 3; 2);  2) &(2; 0; —5), d(2; —8; —1).
13.10. 3uaiigiTey pisHHUIIO M — 7, SAKIIO:
1) m(2; =5; 4), n(-1; 0; 4);  2) m(=3; 0; =7), n(=3; —1; —2).
13.11. Jamo BexTop d(—2; 0; 8). 3HANAITL KOOPANHATHA BEKTOpA:
1) 4a; 2) —%Ez; 3) 10a; 4) —3a.
13.12. [Taro BeKTOp 5(3; —6; 0). 3HAKAITh KOOPAUHATU BEKTOpA:
1) 2b; 2) —%5; 3) 8b; 4) —2b.
13.13. CuiBHampsaMIIeHI UM HPOTHJICKHO HAIPAMJIEHI BEKTOPH M
in, axmo:
l)rﬁ:—%ﬁ; 2)n=4m?

13.14. CriBHanpsAMIeHI Y1 MPOTHUJIEKHO HAIIPAMJIEHI BeKTODPH C i

d, AKIIo:
1) 5:%&; 2) d = -3¢?

<2 13.15. 3HaigiTe MOAYJIb BEKTOPA MN, AKIITO:
1) M(-1; 2; 3), N(1; 8; 0); 2) M(2; -1; 3), N(2; 4; 9).
13.16. 3HaiigiTh MOAYJIb BEeKTOpPa A—B, AKIIO:
1) A(0; 2; 5), B(6; 5; 7); 2) AB3; —2; 7), B(b; —2; 11).
13.17. Yu piBHi BekTOpPU AB i @, akmo: A(2; —1; 4), B(b; —3; 1),
C(1; 1; 2), D(4; —1; 4)?
13.18. Yu piBHi BekTOpPU MN i ﬁ, akmo: M(0; —1; 2), N4; —3; 5),
K(1; 1; 3), L(3; —1; 6)?
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13.19. Jano Touru K(-2; 3; 4), M(0; y; —3), N(x; 3; —5), L(2; 2; 2).
3HaumiTh X, Yy i 2, akmo KM = NL.

13.20. Tamo Touku A(0; 2; —3), B(3; —2; 5), C(x; y; 5), D(-2; 3; 2).
3HalgiTe X, y i 2z, axkmo AB = CD.

13.21. [Tawuo: a(3; —4; 5); E(x; y; 2); ¢(—4; 0; 8); a — b = ¢. BHANWIT
x, yiez.

13.22. ano: a(4; —8; 9); b(x; y; 2); ¢(0; 2; —10); @ + b = ¢. Buaii-
IiTh x, y i 2.

13.23. 3agano BexTopu m(—2; 1; 0) i n(2; —1; 2). S3uaiigiTe KOOp-
IUHATA BEKTOPiB:

1) 2m + n; 2) m — 3n; 3) 3m + 4n; 4) bm — 2n.

13.24. 3agano BexTopu d(0; —1; 4) i b(1; —2; 3). BHaiixiTh KOOpPAY-
HaTHU BeIETOpiB: = - -
1) 3a + b; 2) a — 2b; 3) 2a + 4b; 4) 5a — 3b.

13.25. Yu RoniHeapyi BEKTOpU:

1) a2; —1; 3) i b(4; —2; 6); 2) m(0; 2; 6) i n(0; —4; 12)?

13.26. Yu ROJIiHeapgi BEKTOpH: -

1) é(1; 2; —4) i b(2; 4; 8); 2) a1; —2; 0) i b(2; —4; 0)?

13.27. Tauo BekTop a(0; —5; 12). S3uaiigiTs MOAyIbh BeKTOpa:

1) —a; 2) 2d.

13.28. I[?:HO BEKTOP 5(—6; 0; 8). 3HaiigiTe MOAYIb BEKTOpA:
1) -b; 2) 3b.

13.29. Cepen BekropiB a(l; —2; 3), 5(—2; 4; —6), ¢(2; —4; —6),
d(-0,1; 0,2; —-0,3) smailimiTe yci mapu croiBHAOPAMJEHUX i
TTPOTUJIEIKHO HATIPAMJIEHUX BEKTOPIiB.

13.30. Cepen Bexropis m(—1; 1; -2), 7i(3; —3; 6), k(-0,1; 0,1; —0,2), j
(2; —2; —4) 3HAUAITH yCi Tapy COiBHATIPAMJIEHUX i TPOTUJIIENK-
HO HAIPAMJIEHUX BEKTOPiB.

@ 13.31. Ha maxamonky 13.1 306pakeHO IPAMOKYTHHUII IIapaJe-
aemines OABCO.1A1BCy; OA = 3; OC = 4; OO, = 5. 3uaiigiTh

KOOPAWHATU BEKTOPiB: 210,
1) AO; 2) OA;; 3) BO; 4, !
. I R, |
4) O,B; 5) C,A; 6) B,C. o
c

13.32. Ha wmagionky 13.1 B3o06paskeHO IIPAMO- 4 /Q'l""" 1

KyTHHiT mnapajeinemnimenq OABCO.A:BCi; #% B

OA = 2; OC = 4; 00, = 7. 3HalgiTL KOOPAU- Maur. 15.1

HaTH BEKTOPiB:
1)CO; 2)OB;; 3)A0; 4)0,C; 5)AC; 6)BC,.
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13.33. [loBemiTh 3a JOIIOMOI'0OI0 BEKTOPiB, 1110 YOTUPUKYTHUK ABCD
3 BepmimHaMu B Toukax A(3; 1; 4), B(1; 4; 7), C(3; —1; 5), D(5;
—4; 2) e mapaJeJjgorpaMoM.

13.34. [loBeniTs 3a JOHOMOTOI0 BEKTOpPiB, IO YOTUPUKYTHUK
KLMN 3 BepmmHamu B Toukax K(1; —1; 0), L(4; 1; 4),
M(8; 3; —1), N(5; 1; —5) e mapaJesorpaMoM.

13.35. Moayss BekTopa p(—1; 2; 2) mopiBHioe 3. 3HAKIITD 2.

13.36. Monyns BekTopa t(—2; y; 6) mopiBHIoe 7. BHAHAITE Y.

13.37. laro Touxku A(0; 2; —6)_13(4;_10; ;12). 3HaNgiTE KOOPAU-
Hatu Touku D takroi, mo AD— DB =0.

13.38. [Tamo Touxku C(—2; 0; 4) i D(6; 8; —2). 3HAUIIThF KOOPAUHA-
™1 TouKu K Takoi, 110 CK + DK =0.

13.39. Mamo: a(-2; 3; —1); b(4; 0; 8). BHANAITH MOLYIb BEKTODPA

é=2i-1.
2
13.40. Tamo: ¢(—1; 0; 6); &(—2; 4; —28). 3HaigiTe MOAYJIbh BEKTOpa
a=3¢+0,5d.

13.41. IIpu AKuX 3HAUYEHHAX M i n KoJiHeapHi BeKTOpH:
1) p(4; m; —2) i £(6; 9; n); 2) ¢(0; 2; —4) i d(m; —1; n)?
CuiBHanpsaAMJIeHI UM IIPOTUJICHKHO HAIPSAMJIEH] IIi BekTopu?

13.42. IIpu axux 3HAUEHHAX M i n KoJiHeapHi BeKTOpM:
1) a2; 4; m) i b(-1; n; 2); 2) k(6; 0; m) i é(2; n; 1)?
CroiBHanpsaAMJIeHI UM IIPOTUJICIKHO HAIPAMJIEHI IIi BeKTopu?

@ 13.43. [ToBeniTh 3a MOIIOMOTOI0 BEKTOPIiB, INI0 YOTUPUKYTHUK
ABCD 3 Bepmuaamu A(3; —2; 2), B(0; 1; 5), C(5; 2; 6),
D(8; —1; 3) € pombGomMm.

13.44. [ToBeniTs 3a [OOMOMOTOI0 BEKTOPiB, IO YOTHUPUKYT-
HuK ABCD 3 Bepmuaamu A(0; 5; 3), B(0; 1; 3), C(5; 1; 7),
D(5; 5; 7) € TPAMOKYTHUKOM.

13.45. Mozayns BeKTOpa d(x; Y; 2) OPiBHIOE \/ﬁ . 38HalAITH KOOPIH-
HaATHU BEKTopa d, SKI0 KOOpAMWHATA I I[bOTO BEKTOpa B 3 pasu
OijIbIlla 3a KOOPAMHATY 2, a KOOpAMHATA 2 V 2 pasy MEHIIA 3a
KOODPAMHATY X IILOI'0 BEKTOpA.

13.46. Moxysins BekTopa b(x; y; 2) mopiBHioe V33. 3HAUIITH KOOD-
IVHATU IHOTO BEKTOPAa, AKIINO HMOTr0 KOOpAWHATH X i y piBHI
MixK co0010, a KOOpAMHATA 2 Ha 3 OiabIa 3a KOXKHY 3 HUX.
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13.47. Mano Bextopu a(l; y; —2), E(x; 4; 3) i ¢(3; —2; 4). IIpu axux
3HAUEHHAX X i Yy MoAyJab BeKTopa d — b + ¢ Oyme HaiiMmeH-
mum?

13.48. Hano BexTopu p(x; —3; 4), m(1l; 0; —2) i ri(=3; 5; 2). Ilpu
AKUX 3HAUEHHAX X i 2 MOAYJb BeKTOpa p + m + 7 Oyme Hai-
MeHIITuM?

13.49. [loBeniTh 3a JOIIOMOI'OI0 BEKTOPiB, III0 YOTHUPUKYTHUK
ABCD e Tparmerieto, akmio A(0; 5; —4), B(6; 8; —1), C(6; 3; 4),
D(-2; —1; 0).

13.50. HoBeniTh 3a IOMOMOroOI0 BEeKTOPiB, 1o Touku M(3; 4; 5),
N(-3; —3; —6) i P(9; 11; 16) sme:xaTb Ha ONHiN TPAMIiii.

E,k Xummeba mamemamuka

13.51. IllupmHa XOKeMHUX BOPIT mopiBHIOE 6 (yTiB, BuUcoTa —
4 ¢yra. 3HalgiTe HAOMMIKEHY IIJIOIINY BOPIT Yy KBaApaTHUX Me-
Tpax 3 TOYHICTIO 0 ABOX 3HAKIB ITiCJIA KOMMU.

Tligzomyimecs go bubuenns nobozo mamepiany

13.52. 3ualigiTe cKaaapHuii foOyTOK BEKTOpPiB d i b, AKIIO:

1) G(-2; 3), b(0; 5); 2) a(12; 5), b(-1; 1).

13.53. 3HaiigiTs KBagpaT BeKTOpa d, SAKIIO:
1) a(-2; 1); 2) d(4; 3).

13.54. lano: £(d, b) = ¢. BHaiigits @ - b, AKIIO:
jd=25=80=0%  2)d =13, p|=4,¢=30
3)[a| =5, [b| =7, p=90%  4)[a| =3, [b| =10, ¢ = 120°.

13.55. BuaiigitTe KyT Mix Bexkropamu d(l; 1) i b(3; 0).

13.56. Uu meprneHAUKyIAPHL BEKTOPH @ i b, AKIIO:

1) a(-2; 6), b(12; 4); 2) a(4; 1), b(-2; 7)?
CKANAPHUA OOBYTOK
BEKTOPIB

ITlig vac BuBUeHHA maaHiMeTpii MM BiKe POSTIIAAATIN CKAJISIPHUN
IoOyTOK BeKTOpiB. Tak camMo posmIsmaioTh CKAJISIPHULN JOOYTOK BeK-
TOpiB i y cTepeomeTpii.
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""""""" |\ Cranapnum _ do6ymrxom  BexropiB

1. Ckanapruil = .
. * a(xy; Y1 29) i b(xa; yo2; 20) HA3UBAIOTH
d06ymox eexmopie fné;gl’ 1) 1 b(x2; 25 22)

x1X2 + Y1y + 2122.

Ax i B mmamimeTpii, ckamapHUil 100yTOK BeI{ToplB 3aIUCYIOTh,
BHKOPHUCTOBYIOUN 3HAK MHOKEHHS, TaK: d ° b a6o ab.

SHaANTH CKAJIAPHUMN JOOYTOK BEKTOPiB:
1) a(-2; 1; 4) i b(1; 8; —3); 2) é(2; 0; —1) i d(4; —3; —2).
Posp’asaHHsa 1)d-b=-2-1+1-8+4"-(-3)=-6;
2)¢-d=2-4+0"-(3)+ (1" (-2) = 10.
BigmoBigs. 1) —6; 2) 10.

3HaUAeMO CKaJAPHUN MOOYTOK PiBHUX BEKTOPIiB.
Hexait mano BekTOp d(x1; Yi1; 21). Tomi:

- 12
d-d=x1x; +ywr +21z21=x2 +y2 + 22 =(Jx 2+ y 2 + 22?2 =|a|".

CranapHuil JOOYTOK d * d MO3HAYAIOTH 42 1 HAa3WMBAIOTh CKA-
JAPHUM K8adpamom eexmopa.

Cranapruii keadpam éexmopa NOPiBHIOE KBaapaTy HOro

s MOIYIA:

a*=la*

=|a
? ro || = Va?.

3 03HAUEHHS CKAJISIPHOI'O JOOYTKY MA€EMO HOro 8/,.acCmusocmi.

Ockinpku a2 = |c7

‘ das 6ym, SIKHX BEKTOPiB d, b, ¢ i Oyab-AKOr0 Yucia A:
= 1)a >0,J10Tor0ma2>0 fmmoa#O

2)a- bq b-d — nepecmasHa 614CMuUicms.

3) (Aa)b = \(a - b) — cnoayuna enacmusicme.

4) (@ + b)c = ac + b¢ — po3nodinvrha énacmusicme.

fx i B nnanimerpii:

2 foym-yuiote Kymom Mmij 6exmopamu AB i AC

éexmopamu.
P ‘. HasuBawTh KyT BAC (maua. 14.1). Ky-
Teopema npo :

o TOM Mi’K JBOMAa HEHYJIbOBUMHU BEKTO-
CKANAPHUL

paMu, 10 He MalOTh CIIJIBHOIO II0YAaT-
Ky, HA3WBAIOTh KYT MiK BEKTOpaMM,
[0 [JOPiBHIOIOTH MAaHHM 1 MAaIOTh
cIiibHUN moyaTtok (MaJj. 14.2).

dobymox éexkmopis
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B o @
/
a
c - —_—
prAL > b, b

Max. 14.1 Mai. 14.2 Man. 14.3

Kyr wmimx comiBHanpamieEMMHM BeKTOpaMu —180° 3
mopiBHIOE Hymo (Man. 14.3), KyT MiXK mpotn- <—Zo 3
JIe}KHO HANPAMJIEHNMU BeKTOpaMU [IOPiBHIOE
180° (maur. 14.4). Max. 14.4

fAx i B mianimerpii, cipaBIKyeThCA TaKa TeopeMa.

Teopema (mpo ckaJaApHUH A0OYyTOK BeKTopiB). Crajap-
HUH TOOYTOK BEKTODPiB MOPiBHIOE MOOYTKY iX MOXYJIiB Ha
KOCHMHYC KyTa MisK HUMM, TOOTO

a-b=albcose, ae ¢ = (d, b).

Teopemy MOKHaA JJOBECTU TaK caMoO, SIK i B Kypci miaxHimerpii.
Bona mae Ti cami Hacaigku, mo i y niaanimeTpii.

B Hacaimorx 1. Akmo BeKTOpPU IEepHmeHAMKYJISIPHi, TO IX
CKAJAPHUNA TOOYTOK TOPiBHIOE HYJIIO.

Hacanigoxr 2. Akmo craaapHuil K0OyTOK BEKTOPIB I0-
PiBHIOE HYJII0, TO BOHU NEPIEHIUKYIAPHI.

icaeiAd Yy nepuneHIMKYJISPHI BeKTOpHU a i b, AKIIIO:
Dac-1; 2; 0 6(8; 4; 7). 2)d(l; 4; -3); b(2; 1; 3)?
Poss’sasanusa 1)d-b=-1-8+2-4+0-7=0, Tomya Lb.

2)a-b=1-2+4-1+(3)-3=-3, ToMy d ib — He mepneuau-
KYJAPHi.

BigmoBias. 1) Tak; 2) Hi.

IIpu axomy suHauveHHi z Bekropu ¢(4; —1; 5) i 62(5; 0; 2)
MePHeHINKYIAPHi?

PosB’azanHusda. I[o6 BekTopu Oyiau MEepHeHAUKYJIAPHUMHU, IX
CKAJIAPHUU JOOYTOK Ma€ MOPiBHIOBATHU HY.JIIO.

E-cz=4~5+(—1)'0+52:0, Tomi 5z = —20, oTxke, 2z = —4.
BigmoBigs. z=—4.

3a cramapHUM HOOYTKOM BEKTOPIB d(xi; yi; 21) 1 b(xa; Ya; 22)
MOYKHA 3HANWTU KOCHUHYC KyTa MiX HUMMH.
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Ockinbku a - b = alb cose, ne ¢ — KyT MiK BeKTOopamu d i b, To
a-b
all|
-z ~ [ 2 2 2
VYpaxoBytoun, 10 4 * b = X1Xs + Y1Ys + 21295 @ =% +UY;” +27;
» [ 2 2 2
b =+\xy" +yy,” +2,°, maTumemo:

X%y + +2,2
cos@ = 1%2 TH1Y2 + 2123 .

V22 4y +22 a2 +yd + 22

3a 3HaueHHAM KOCHHYCA KyTa MOYKHA 3HAWUTHU Mipy IILOTO KyTa
(3a mOomOMOrow TabJUIlh Y1 KaJbKYJIATOPA).

cosQ =

sEhey ezl 3maiiTu rpagycHy Mipy KyTa A2 4:1)
C TPUKYTHHMKA 3 BepIIMHAMU B TOUYKAX T
A(2; 4; 1), B(3; 4; 0), C(2; 3; 0).
PosB’aszanuda Kyr C rpukyrauka ABC
(mau. 14._5} sgaeq‘bca 3 KyTOM MiK BeK-
Topamu CA i CB. Maewmo:
CA@2 - 2; 4 — 3; 1 — 0), To6ro CA(0; 1; 1); C(2:3;0) B(3;4;0)

CB@B - 2; 4 — 3; 0 — 0), To6T0 CB (1; 1; 0). Max. 14.5

Tomi

cosC = CA-CB _ 0-1+1-1+1-0 1 1
CA|-[CB| Jo*+12+12 Vi2+12+0* V2N2 2

3Bigru ZC = 60°.
Bigmosings. 60°.

Ilano BexTopu ¢ i d, |¢]=1,
3uaiitu |3E + 4ci|

dl=2, (@ d)=120°.

PosB’sizanusa Ockinbku |dl =\/&2, TO

32 + 4d| = (32 + 4d)? =/9&® +2.3¢ - 4d +16d° =

= \/9|5|2 +24/¢]|d|cos120° + 16‘&|2 -

=\/9~12+24~1~2-(—%)+16~22 =49 = 7.

Bigomosigs. 7.
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Ha3nBalTb CKanspHWM kBagpatom BekTopa? @ Lo HasuBawTb
KyTOM MiX BekTopamn? @ Cdopmynionte Teopemy npo ckansp-
HUIM 0OOYTOK BEKTOPIB i HACNiAKKN 3 Hel. @ FAK 3HaNTK KOCUHYC KyTa
Mi>XX BEKTOpamMun?

Q @ ChopmyntoriTe 03HaYeHHs ckansapHoro 4obyTKy BekTopis. @ Lo

% Fosb’axims 3agavi ma bukonaidme bnpabu
Q 14.1. 3HanigiTh CKaJI&IpHI/II/I OOy TOK BeKTOplB

1) d(-4; 3; 2) i b(0; 1; —8); 2) ¢(1; —2; -3) i d(2; 1; -1).
14.2. 3uaiigite crcanjipmm IOOYTOK BEKTOpPiB:

1) ¢(0; 1; —2) i d(5; 6; —1); 2) m(1; —-1; 2) i ri(5; 4; 1).
14.3. Buaiigite p%, axmo: 1) p(0; —3; 2); 2) p(-1; 1; 2).
14.4. 3uaiigite ﬁzz, akmo: 1) m(1; 0; -2); 2) m(-1; 2; —-3).

@ 14.5. Hauo Bextopu m(-1; 2; 2) i 1i(3; 4; —2). IIpu KoMy 3Ha-
YeHHi 2z CIIpaBAKyeTbCs piBHiCTL M - 11 = 77

14.6. Tauo BexTopu d(x; —1; 3) i 5(35 2; —2). Ilpu sxkomy 3HaueHHi
X CIpaBIKYEThCA piBHiCTL d - b = 1?7

14.7. (d/;\g) = ¢. Buaiigits @ - b, AKIO:
1) @ = 6; 5—3,<p 30°; 2) d =3; b =10; ¢ = 60
3)d=8; b =2;¢=135% 4)d=4; b =6; ¢=180°
14.8. (A& = ¢. 3HAUIITH C d AKIIO:
1) ¢ =5; d =1; ¢ = 0% 2) ¢ =4; d =T, ¢ = 45°%
3) ¢ =2; d =1; ¢ = 120% 4 ¢ =7 d =6; ¢=150°
14.9. Jlosexits, 1o BexTopu m(—1; 4; 8) i 7 (8; 10; —4) nmepuenau-
KYJIAPHi.
14.10. Hosenits, m1o BekTopu p (—1; 2; 5) i g(4; —3; 2) mepneHgu-
KYJAPHI.

14.11. Yu meprneHIUKYIAPHI BEKTOPH C 1 (f, AKIIO:

1) &@2; 15 3), d(2; —4; —2); 2) €(3; —2; 1), d(4; 6; 0)?
14.12. Yu neprueHuKyJIsPHI BeKTOpPU a i b, AKIIO:
1) a(-1; 2; 3), b(4; —1; 2); 2) a(2; —3; 0), b(6; —4; 5)?
@- 14.13.1Tpu saxomy s3HaueHHi m Bexkropu a(—1; m; 2) i E(m; 37
MePHeHIuKYIAPHi?

14.14.TTpu sikomy 3HaueHHi n BeKTOpH C(1; 4; —1) i (1(3; —2; n) mepIeH-
IUKYJISPHI?
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14.15. 3maiigite kyT mixk BexkTopamu a(0; 2; —2) i 5(1; 0; -1).
14.16. 3uaiigits KyT mixk BexkTopamu p(3; 0; —3) i g(0; 2; 2).

14.17.3HaligiTs KOCHHYCH BHYTPIIIHIX KYTiB TPUKYTHUKA 3 BEp-
muHaMu B Toukax A(2; 3; 2), B(4; 0; 8), C(8; 5; —1), Ta Bmes-
HITBCS B TOMY, III0 BiH piBHOOEIpEHMIA.

14.18. 3maiifiTe BHYTPIIIHIiNI KyT OpW BepiInHi B TPUKYTHUKA
ABC, axkmo A(0; —1; 5), B(-3; —1; 1), C(4; —1; 2).

14.19. ¢ i d — meHy/IbOBI BeKTOpU. SHANAITE KYT MijK BEeKTOpaMu C

i(z, H}cmozl)é'-cf=|5||cf|; 2)¢é ciz%k”c?;
_ Lo leld
3) ¢ -d = -lélld]; é-d=——7

14.20. (G; b) = 120°; |d| = 2; |b| = 3. Buaiigirs:

1) ab; 2) (@ + b)a; 3) b(@ - b); 4) a(2a — 3b).
14.21. (¢; d) = 60°; |¢| = 1; |d| = 2. BraiigiTs:

1) éd; 2) é(¢ — d); 3) d(¢ + d); 4) d(2¢ — 3d).
14.22. Mano: |(i| =4; |b|=1. Yu moxe cranapumii K0OYTOK @ * b

IOpPiBHIOBATHU:
1) —4; 2) —4,2; 3) —0,01; 4) 0; 5) 41; 6) 3,97

@ 14.23. lano Bexropu ¢ i d, || d| 3 (c; d)— 150°.

Buafimirs: 1) |¢ +d; 2) |2¢ - 3d|.
14.24. [Tano BeKTOpHU 4 i b, |dl = \/g, |5| =2, (d/;\I;) = 30°. 3HangiTe:
2) |3d + 2b|.

14.25. JloBeniTh, I0 YOTUPUKYTHUK 3 BEPIUIMHAMH B TOUYKaX
A(6; —2; 3), B(10; 0; 4), C(13; —4; 0), D(9; —6; —1) € mpamo-
KYTHHUKOM.

14.26. [loBexiTh, II0 YOTUPUKYTHUK 3 BePIIMHAMU B TOYKAX
K(7; =3; 3), L(4; 3; 4), M(1; 2; 1), N4; —4; 0) ¢ IpAMOKYTHU-
KOM.

14.27. Tano Touxkum K(1; 1; 0), L(2; 4; 3), M(-2; —11; -15),
N(=5; 5; —2). HoBexiTk, 1mio npamMa KN mepuneHIUKYJIApPHA IO
naomtuau KLM.

14.28. 3uaiigite &5 AKIO |d| = |5| =
d|

14.29. 3uaigirs éd, axmo |¢| =
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@ Xummeba mamemamuka

14.30. O6umcaiTh, CKiMbKM KYOIYHMX METPiB MOBITPSA OUMCTATH
Bi aBTOMOGiIMIbLHUX BuxJonmHUX rasiB 100 xkamiraHis, 1110 POCTYTh
Y3OOBMK IOPOTU, SAKIIO OAHE [AePEeBO OUUIIAE 30HY HTOBXKUHOIO
100 m, mmpurHOoO 12 M, BucoToio 10 M.

Migzomyvimecs go bubuenns Hobozo mamepiany

Lo}

14.31. Cepen Touox A(—2; 5), B(2; 5), C(-2; — 5), D(2; — 5) yraxKiTh
Iapyu TOYOK, CUMETPUYHUX BiHOCHO ITOYATKY KOODZWHAT.

14.32. ki Koopauumaru mae Touka O, BiTHOCHO SKOI CMMETPHYHI
rouku M(-2; 3) i M'(4; 11)?

14.33. Touku A(-4; y) i A'(x; 7) cumMeTpuyHi BiZHOCHO TOUYKU
0O(2; —1). 3uaiigits x i y.

14.34. 3HaiigiTh KOOPAWHATHA TOUKHU, cUMeTpuUHOI Toulli K(-2; 3)
BimHOCHO:
1) oci ab6ciuc; 2) oci opamHar.

-ﬂ CUMETPIA BIAHOCHO TOYKHU
TA CAMETPIA BIAHOCHO MNNOLWWHN

SK i Ha maoIMHI, Y IIPOCTOPi TAKOMK PO3- A
TIAMAI0Th PisHi Buau pyxy (IlepeMillieHHs). 0
Y mpomy maparpadi posIiISHEeMO CHMETPiio A’
BiTHOCHO TOYKM Yy IIPOCTOPi Ta 03HATIOMUMO-

csg 3 HOBUM BUJOM CHUMETPii — cmMeTpi€ro Maun. 15.1
BiTHOCHO IIJIOIITMHU.

1. Cumempia

6i0HOCHO MOYKU . . .
Ar i Ha maomuHi, y mpocTopi:

‘ oBi Touku A i A' Ha3WBAIOTh CUMeMPUYLHUMU GiOHOCHO
k. mouku O, akimo O — cepeanuHa Bigpiska AA’' (manx. 15.1).
CumMeTpiro BiZJHOCHO TOUKM HABUBAIOTL IIe UEHMPAJLbHOIO
cumempieio, a Touky O — IIeHTPOM CHUMeTPii.
o= sthieytly IToBecTu, IO TOYKOIO, AKA CHUMETPUYHA TOYIli
A(x; y; 2) BiZHOCHO TIOYATKY KoopAawHAT, € Touka A'(—x; —y; —2).
x+(—x + (- .2+ (-2
( )=O,y éy)=01 =2 _,

HoBenmenHsa. Ockinbku

’
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To TOuku A(x; y; 2) i A'(—x; —y; —2) cUMeTPUYHi BiTHOCHO TOUKU
(0; 0; 0), ToOTO BimHOCHO MOYATKY KoopauHaT. M

neseway Touru B(=5; 7; 2) i B'(x; y; 0) cumeTpuyHi BiZHOCHO
Touxku O(1; —2; 3). 3uaiiTu x, y i 2.

PosB’azaumuda Touxka O — cepemuna Bigpiska BB'. Tomy 3a

dopMyIaMu cepeIHU BifpizKa Maemo:

I:ﬂ, _2:7+y ; 3:z+0.
2 2 2
Orxe, x =7,y = 11, z = 6.
BigmoBigb. x =7, y=-11, z=6.

2. Cumempisn
6i0HOCHO NIOUWUHU

d JABi Toukm A i A’ Ha3UBaAIOTH cume-

mpuiHuMU Gi0HOCHO NAOWUHU O,
AKII0 IUIOIIMHA O IPOXOTUTH uepes
cepenuHy Biapiska AB mnepneHIUKY-
JSPHO [0 HbOro (Maj. 15.2).

CumeTpito BiHOCHO ILJIOIIMHYN HA3WBAIOTh A
e 03epKajvbHO CuMempiclo, a TJIOHMIUHY o
Ha3WBaIOTh IJOMIMHOI CUMETPii.
o= HoBecTu, IO TOYKOIO, AKa CH- ”
Me'rpnqna Toql_u A(x; y; 2) BIZHOCHO TJIOITMHU
xy, € Tourka A'(x; y; —2). A
HoBemenusda. 1) Ao Touka A HaJIEKUTH
IJIONTUHI XY, TO II anJikara JOPiBHIOE HYJIIO,
Tomi Touka A(x; y; 0) cumerpruuHa cama cobi BiJHOCHO IJIOITUHYU
xy. Ockinpku mpu z = 0 maemo A'(x; y; 0), To y BUNIAAKY, KOJU

TOUKa A HaJIeKUTH IJIONIWHI XY, TBEPAYKEHHA 3a/Ja4i JTOBEIEHO.
2) fxmo Touka A He HAJIEKUTH IJOIMUHI XYy, TO Touka M — ce-

Mau. 15.2

x+x +
penuHa Bimpiska AA' — Mae KOOpAMHATH 2 =X, Y 3 Yy _ Y,
z2+(-2) . .
a5 = 0. Touka M(x; y; 0) HamexkuTh maomuui xy. OCKiab-

KM BigmoBigHi abciucu ¥ opguHaTh TOUOK A i A’ piBHI Mixk co-
6010, TO BiIpi3oK AA’' HEPNEHANKYIAPHUN MO IJIOIUHU XY.
TakuM YMHOM, TJIOIMHA XY IIPOXOAUTHL Uepe3 cepelnHy Bifpis-
Ka AA' mepneHAVKYJIAPHO 0 HHOTO, a OTKe, Touku A i A’ — cu-
METPUYHI BiTHOCHO IIJIOIITUHU XY.

Mipkyiour aHaJOTiuHO, MOYKHA JOBECTU, II[0 TOUYKOIO, CHUMET-
puuHOIO TOuUIni A(x; y; 2) BIiZHOCHO IJIOIWHU X2, € TOYKA
A'(x; —y; 2), a BigHOCHO TomuHN yz — Touka A" (—x; y; 2). W
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@ Aki oBi ToukM A i A’ Ha3MBaKTb CUMETPUYHUMU BiAHOCHO TOY-

Q kn O? @ fka To4YKa € CUMETPUYHOK Touui A(x; y; z) BIQHOCHO Mo-
yaTKy koopauHaT? @ Aki ABi ToukM A | A’ Ha3MBalTb CUMETPUY-
HUMW BiQHOCHO NIIOWMHM o? @ FKa TOYKa € CUMETPUYHOK TOMLi
A(x; y; 2) BIQHOCHO MNOLWMWHN Xy, IKa — BiAHOCHO MAOLWNHN XZ i
sika — BiHOCHO NNOLWMWHKN yz7?

g Fosb’axims 3agavi ma bukonaime bnpabu

@’, 15.1. Yu cumerpuuni Touku A i A’ BiZTHOCHO IIOUYATKy KOOp-
JAWHAT, SKIIO:
1) A(=2; 3; 1), A'(2; =3; 7);  2) A(4; 0; —1), A'(—4; 05 1)?
15.2. Yu cumeTpuuHi Touku B i B' BifIHOCHO mOYATKy KOOPAMHAT,
SIKIITO:
1) B(-2; 1; -8), B'(2; -1; 8);  2) B(0; —1; 4), B'(0; —1; —4)?
15.3. 3anuirith KOOPAUHATH TOUYOK, IO CUMETPHUYHI BiJHOCHO IIO-
yaTKy KoopmuHaTt Toukam: 1) C(=3; 2; 0); 2) D(—4; 2; —3).

15.4. 3anuIriTh KOOPAUHATH TOYOK, IO CUMETPUYHI BiJHOCHO IIO-
qaTKy KoopauHaTr Touxkam: 1) M4; 0; —2); 2) N(1; —3; —5).
15.5. dAxi koopauuHatu Mae Touka O, BiZHOCHO SAKOI cuMe-
rpuuni Touku B(2; —7; 8) i B'(0; 1; —10)?

15.6. Yu cumerpuuni Touru A(-1; 2; 9) i A'(3; 0; —1) BimHOCHO
rouku O(1; 1; 5)?

15.7. Touxku M(x; 2; —7) i M'(2; y; z) cuMeTpUYHi BiTHOCHO TOYKU
Oo(1; 0; —-1). Buaiigirs x, y, 2.

15.8. Touxku C(-1; y; 2) i C'(x; 4; z) cuMeTpUUHi BiTHOCHO TOUKU
O(-2; 1; 0). 3uangirs x, y, 2.

15.9. Yu cumerpuuni Touku A2; —3; 7) i A'(-2; 3; 7) BigHOCHO
ILJIOIUHYA X2?

15.10. Yu cumerpuuni Touku B(2; —1; 1) i B'(2; —1; —1) BigHOCHO
IJIOIUHY XY?

15.11. SanounriTh KOOPAMHATHA TOYOK, CHMETPHUYHMUX  TOYILL
B(4; —2; 1) BigmocHo miaomuun: 1) xy; 2) yz.

15.12. 3anuinite KOOPAMHATH TOYOK, CHMETPUYHMUX  TOUILL
C(-1; 3; —5) BigHOCHO TomuHHU: 1) Yz; 2) xz.

@ 15.13. Hawmo Touku C(2; —7; 4) i D(0; 1; —8). 3anurriTs Koop-
JIUHATHA TOYKH, CUMeTPUYHOI cepenuui Bigpiska CD BigHOCHO:
1) mouaTKy KOOpAUHAT; 2) IJIOIUHU XZ.
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15.14. 1ano Touku A(4; 0; —5) i B(2; —6; 1). 3anumrits KoopauHa-
TH TOYKM, CHUMETPUYHOI cepeanHi Bifgpiska AB BigHOCHO:
1) mouaTKy KOOpAMHAT; 2) nuomuHi xy.

15.15. Touku B(2; y; 2) i B'(x; —3; 8) cumeTpuuHi BiHOCHO IJIO-
IIWHYU yz. 3HAUZITD X, Y, 2.

15.16. Touku C(x; y; —2) i C'(2; 4; 2) cuMeTpUYHI BimTHOCHO IIJIO-
IMWHYT X2. 3HAUAITH X, Y, 2.

@ 15.17. Tourku A(2; —1; 7) i A'(2; 3; 7) cumeTpuuHi BigHOCHO
IJIOITUHU O. SIKMM € B3a€MHe PO3MiIlleHHs MJIOIIMHY o i oci:
1) aGcruc; 2) opauHar; 3) amaikar?

15.18. Touxku K(—3; 2; 4) i K'(—3; 2; 8) cumeTpuvHi BiTHOCHO IIJIO-
muHY B. KM € B3aeMHe po3MilleHHsA MJIOMMHY 3 i oci:
1) abciuc; 2) opauHar; 3) amaikar?

@ Xummeba mamemamuxka

15.19. ToBapHmUiT TOTAT pyXaeThca 3i mBuaKicTio 54 KM/rom. [lia-
MeTp Horo KoJjeca aopiBHiOE 1,2 M. CKinbKu 00€pTiB 3a XBUJIUHY
pobuthb Kojseco motsara? ([lJys cmpolmeHHsT o04YMCIIeHb BBasKaiire,
mo 7 = 3).
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‘ 3aBgaHHS [ MEePeBipKu 3HaAHB
3a Kypc reomerpii 10 kmacy

A 1. Ilpama a HaJeXKUTH NJOMIWHI Y, a IpaAMa b IlepeTHWHAE
IJIOIIUHY Y y TOYILi, IO He JIEKUTh Ha nNpaMiil a. fIke Baa-
€MHE PO3MillleHHA NpaMux a i b?

2. Touka B He HameKUTHh maomuHi o. CKiIbKKM MOKHA IpOBe-
CTU IIJIOIIUH, IMEePHEHAUKYIAPHUX OO0 ILJIOIIUHU O, IO IPOXOAATH
yepes3 Tourky B?

3. 3HalIiTh KOOPAWHATH TOUKH, ITI0 € cepeAnHOI0 Biapiska CD,
akmo C(—2; 0; —7), D4; 8; —1).

{2 4. ABCDA,B,C,D, — ky6 (max. 15.4). A : g

— Yraxirs: I 1
1) npamy mneperuny miaomua ABC i M B)I __L_Je
D,CCy; 4 -
2) nomuHy, AKa IPOXOAUTH Uyepes mpAMi D
BM i AA,. Main. 15.4

5. IIBorpauumuii KyT gopiBuioe 60°. Ha oxmiii i3 fioro rpawmeii

B3JTO TOUKY Ha BiAcTaHi 4\/§ Bim mpyroi rpaui. 3HaiigiTh Bin-
CTaHb Bin 1iei Touku mo pebpa ABOrpaHHOI'O KyTa.

6. [Tauno Bexropu m(—2; 3; 0) i n(4; 2; —4). SuakmiTh:
1) koopauHaTu BexkTOpa ¢ = 2m — 37i; 2) |E|

@ 7. TpukyTauk KAB i napaaenorpam ABCD MaoTh CHiJIbHY
cTopouny AB i jmexarp y pisHuMX miolnuHax. depes CTOPOHY
CD i Touky M — cepenuny Binpiska AK — IIpoBeneHO ILJIO-
muHy, Axka neperusae KB y Touri N.
1) Hosexits, mo MN || AB.
2) 3uaiigite AB, akmio MN = 7 cwm.
3) Busnaure Bujg yorupukytrauka MNCD.

@ 8. Uepes Bepmuny A nmpamMokyTHuKa ABCD TpoBemeHO mps-
My AL, nepueHIUKYJIAPHY A0 MOTO IJIOIWHU. Bimomo, 1o
LD =10 cm, LC = 14 cm, LB = 12 cm. 3uangite: 1) AL;
2) oy npAMokyTHUKa ABCD.
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npulﬂlﬁ . i Hayxosuis...
Muxona Isanosuu
.[Hrcwb Hapoduecﬂ 1932 poxy e c. Bypoune (Ilox-
masaceka 007.). 3aKiHYyue 3 8i03HaAKO00 3a paxom
«VUlmenb mMamemamurku» @Qi3UKo-Mamemamuy-
nuit gaxyavmem Kuiecvbkozo nedazoziunozo iH-
cmumymy im. O.M.Topvrozo (KII[I). Ilicas
3axinyenns 1958 poxy acnipanmypu Mukxoaa Iea-
HoguY yce ceoe€ mumms nog’adye 3 KITJ[I (nuni ye
Hayionaavruili nedazoziunuii yHieepcumem imeri
M.II. [I[pazomanosa), npoiiuwoswiu wasax 6i0 acni- (1932-2015)
panma do pexkmopa. Y 1973 poui M.I. IlIkine cmas
pexmopom KITJ[I ii nponpayseas Ha uiit nocadi 3azanom 30 poxis.

Hocaidwennsa M.I Ikins 6yau npucesveHi po3poduyi acumnmo-
muyHux memodis inmezpysanHus OueperHyialbHUX PiBHAHb Ma iX
cucmem. Yuenuil docnidxysas ckaadHi sunadxu HYMPIWHIX i 308-
HiwHix pe3onaHcis. IIpauweas HaAd PO36’A3AHHAM MAMEMAMULHOL
npoonemu, no6’a3aHoi 3 HAAGHICMIO MOYOK NOB0POMY 6 CUCmemax
Jugepernyianvrux pieuanv. M.I. [lIkiabs — Kepi6HUK HAYKOB0T WKOLU
«IIpobremu Habauxcenux memodié po36’s3aHHs OueperHyiarlbHUx
ma iHmezpaivbHuX Pi6HAHbY.

Pesynvmamu Hayxo80i 0isanibHOCMI 84eH020 8UKAA0EHO Y NoHAd
350 nayrxosux npaysx, ceped axux 20 nidpyuHuKie 3 pisHux po3di-
16 euu,oi mamemamurku 01s cmydenmie nedazozivHux cneyianv-
Hocmell, a makox niopyunurxu 0as 10 i 11 knacie cepedHvoi wroau
3 aszebpu i novamkie ananisy, Aki He0OHOPa3080 nepesudasaiucs.

Ynpodosix 6azamvox porie Mukxona Ieanosuu ycniulHo noeony-
6ae Haykosy pobomy 3 nedazoziunow. Yumas Kypcu 01s cmydenmie
@i3uro-mamemamuinozo gaxyromemy, 30iilcHI08a8 HAYKOBe Kepis-
Huymeo ducepmauiiithux docaidxceHdv acnipanmis i doxkmopanmis,
nidzomyeas binvuwe Hix 30 kandudamie ma 5 doxkmopie HaAyK.

M.I IITkine — naypeam YUCAEHHUX 0epHCABHUX npeMiil 3a HUSKY
nidpyuHuKie ma YuKJIU HAYKOBUX NPAudb, Kasasep opoenis “3a 3a-
cayeu” I, I, IIT cmynenie ma “Apocrasa Myopozo” IV i V cmyne-
Hig. Homy npuceoeHo nouecHe 36anHsa “3acayxceHull 0isau HAyKuU
i mexnixu”.

Bys unenom pedroneziii xypnanie “HeniniiiHi KOAUBAHHA”,
“Buwa wroaa”, “Pi0na wkroaa”. 3a komnaexkm nidpyynurie “Buwa
mamemamura” ma “Mamemamuunuii ananiz” M.I Ikinwo (8
cknadi asemopcvkozo koaekmusy) 1996 poxy npucydxrcerno [ep-
aHaeHy npemito Yxpainu 6 zanysi Hayxu i mexuiku. IIpemieio HAITH
Yrpainu eid3naueno y cnieaemopcmaei makox niopyurnuk “Anzeépa
i nouamku ananizy” oas 10 Kaacy wkin i Kaacieé 3 nozaubieHum
BUBYCHHAM MAMEMAMUKU.

Asmopy uybozo nidpyuHuka now,acmuno 6ymu cmydenmom Mu-
xoau Ieanoguua Illkins.

Ip— /r ” . .
y callﬂE Homy 3a60auye nokoninHa 6uumenis
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BiANoOBIAl TA BKA3IBKU OO 3A0AM | BIPAB

Yacruna I. AJITEBPA I IIOYATKHN AHAJII3Y

Pos3pgia 1

1.21. 1) (—90;—=5) U (=53 5) U (55 +00); 2) (—00;+00); 3) (—o0;—2) U
U (2; +09);5 4) (—90;-3) U (=3; 0) U (0; 1) U (15 +°0); 5) [-1; 1) U
U (1; +0); 6) [0; 1) U (1; +0); T) (0; 5) U (5; +0); 8) [-1; O].
1.22. 1) (—o0; =T) U (=7; 7) U (7; +0); 2) (—3; 3); 3) (—°°; —1) U
U (=15 0) U (05 2) U (2; +20); 4) [-3; 2) U (2; +20); ) [0; 2) U

U (2; +00); 6) [2; 4]. 1.25. 1) f(x) = x + 2; 2) fx) = —— ;
x_
3) f)= 4+ 4) fr)=x_4. 1.26. 1) [0; +oo);
x-1 x+3
2) [_3; +00); 3) [4; +00); 4) [O; +00); 5) [_2; +00); 6) [3; +00).
1.27. 1) [0; +20); 2) [5; +0); 3) [-3; +0). 1.28. E(y) = [2; +0).

1.31. 1) {0}; 2) {0}; 3) [0; 2]; 4) (05 2]; 5) [1; +o0); 6) [0;%}
1.32. 1) {0}; 2) (0; 6]; 3) [3; +°°). 1.35. 5 duakoHis.

2.20. 1) Cnapmae Ha (—°°; 1], 3pocrae Ha [1; +°°); 2) 3pocTae
Ha (—0;2], cnagae Ha [2; +°0). 2.21. 1) 3pocrae Ha (—°°; 3], cmoa-
nae Ha [3; +0); 2) cmamae Ha (—°°; —4], 3poctae Ha [—4; +00).
2.22. 2) t = 2; 3) 3pocrae Ha [0; 1], cmagae mHa [1; 2]; 4) 4 M.
2.23. 1) Hi mapua, Hi Hemapua; 2) mapHa; 3) HemapHa; 4) Hi map-
Ha, Hi HemapHa; 5) mapua; 6) HemapHa; 7) Hi mapHa, Hi HemapHa;
8) maprua; 9) mapra; 10) i mapua, i Henmapra; 11) napua; 12) He-
mapua. 2.24. 1) Hemapna; 2) ui mapua, Hi HemapHa; 3) mapua;
4) Hi mapHa, Hi HemapHa; ) HemapHa; 6) Hi mapHa, Hi HemapHa;
7) napua; 8) Hi mapHa, Hi Hemapua; 9) mapua. 2.25. 1) Hi; 2) raxk;
3) Hi; 4) rak. 2.26. 1) Tak; 2) Hi; 3) Hi; 4) Tak. 2.28. 1) Heme-
pepBHA Ha mpoMikKax (—2°0; 1) i (1; +9°); x = 1 — TouKa PO3PUBY;
2) HemepepBHa Ha (—20; +20), 2.29. 1) HemepepBHa Ha IPOMiXK-
Kax (—o00; 0) i (0; +00); x = 0 — TouKa po3puBy; 2) HelepepBHA
Ha (—00; +00), 2.30. Cnamae Ha (—°°; —4], 3poctrae Ha [—4; +°).
2.31. Cmamae ma mpomiskkax (—o0; 0] i [2; +°0), 3pocTae Ha
npomizkky [0; 2]. 2.32. 1) Henmapua; 2) Hi mapHa, Hi HemapHa;
3) mapua; 4) HenapHa. 2.33. 1) Ilapua; 2) Hi nmapHa, Hi HemapHa;
3) menapHa; 4) napHa. 2.34. 1) Henapua; 2) mapua; 3) HemapHa;
4) memapua. 2.35. 1) a = 5; 2) a =3. 2.36. 1) a =1; 2) a = 3.
2.37. 11 880 rpH.

3.22. 1) 1; 2) —5. 3.23. 1) 0,05; 2) 4. 3.24. 1) 40; 2) 162;
3) —-352; 4) —12,5. 3.25. 1) 54; 2) 80; 3) —486; 4) —200.
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3.26. 1) 0 < x
4) x < -2, x
quCI0; 3) — x

2) x=-2; 3) x=

; 2) x — Oygb-sKe umcio; 3) x < —4, x 2> 2;
. 3.27. 1)x< 3 x 2 0; 2) x — Oynmb-aKe
3;4) -1 <x<1.328. 1) x =2, x, =2

;4) x, =3, x,=1; 5) x=-3; 6) x=U5+3,
3.29. 1) x, =2, x,=-2; 2) x=-3; 3) &; 4) x=-T; 5) x, =6,

x, = 0; 6)x=§/§—1. 330. 1) 1 i 2; 2) -11i 0; 3) 21i 3;
4) -2 i —-1. 3.31. 1,4 m; 1,96 m2. 3.32. 20%. 3.33. 10%.
3.34. 1) x; =2, x5, =-2; 2) x; =2, x, = -1; 3) HEMae DO3B’A3KiB;

4)x, = 1,x, = -1,x, = ¥3,x, = -¥3.8.35. 1)x, = L,x, = —1;2)x, = 1,
x2 =-3; 38) Hemae DpO3B’A3KiB; 4) x, =1, x,=-1, x53= 9/5,

=-95. 3.36. 1) D(y) = (-3;-11uU [5;+x). 3.37. D(y) =[-3;2).
338 1) dxmo a > -1, T0 X, = Q/ﬁ, X, =—§/ﬁ; AKmo a < —1,
TO PO3B’A3KiB Hemae; 2) X = \/m I OyAb-sIKOI'O 3SHAUEHHS d;

<
}

DO
<"""“//\ »

3) akmo a = 0, To x — Oyap-AKe umcao; AKmo a # 0, To x; =1,
X, =-1; 4) axkmo a < 0, To po3B’A3KiB Hemae; AKIO a > 0, To

X = 1(\)/2, X, = —1(\)/2. 3.39. 10 °C.

4.21. 1) 45; 2) 108; 3) : 4) 3. 4.22. 1) 98; 2) 72; 3) 3;

4)4—85 4.23. 1) 6; 2) 6; 3)245 4) 28. 4.24. 1) 15; 2) 6; 3)36

4) 18. 4.25. 1) 5; 2) 2; 3) 2; 4) 2. 4.26. 1) 3; 2) 3. 4.27. 1) 8a;
2) 4p2; 3) 5a2b3; 4) g pixd. 4.28. 1) 5m2; 2) 2b; 3) 4t2m3; 4) gxmﬁ.
4.29. 1) lt+2 2) (a+1?% 3) x-1; 4) 5-b. 4.30. 1) 5-+/2;
2)3-+7;3)3-11; 4) 2. 4.31. 1) x+ 2; 2) T—¢c; 3) 5-2; 4) 2.
4.32. 1) 4a2\2; 2) 3p¥2p?; 3) —5x\/2; 4) 3c2¥2c2; 5) a2b¥ab?;
6) —2xy¥y2x2. 4.33. 1) 5a3/3; 2) 2p44/3; 3) -2m3%/2; 4) 5x%2x.
4.34. 1) ¥2a3; 2) V322, 3) _4f1yt; 4) Ya7; 5) -8-p%; 6) —4f2x1yt.
4.35. 1) ¥365; 2) Y2m4; 3) —Jar2; 4) Y0, 4.36. 1) V13 +1;
2) @; 3) ¥25 -5 +1; 4) 3(¥2-1). 4.37. 1) V11 -2;

2) M; 3) ¥49 + 7 +1; 4) 2(32 +1). 4.38. 1) ¥x - 4fy;

2)\F \f439 Df \Fz)f Yn. 4.40. 1) 7, 2) 93,
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3) ¥2; 4) W3; 5) Was; 6) V. 4.41. 1) 92; 2) 7; 3) ¥5; 4) W,
5)2x7; 6) Yx. 4.42. 1) 45 < 826, 2) ¥3 > 1§26, 4.43. 1) I7 > ¥48;

a, Yry . :
2) Va<Wes. 4.44. 1) 4 2 % 3) Ya+2
4)-Ux + 4y )Vx + Jy). 4.45. 1)4_ 2)[ .4.46. 1) ¥5 < J3;

2) 810 > Y34/3. 4.47. 1) ¥3 > ¥4; 2) Y7 < 42 32 4.48. 1. 4.49. 1.

4.50. 1) 18¥3a; 2)_ 4.51. 1) 342p; 2) - oo 452 2320 rpu.

5.20. 1) 16; 2)@ 3) -3; 4) —1475. 521 1) 32; 2) 216;
3) 63,5; 4) 36. 5.22. 1) D(y) = [0; +°); 2) D(y) = (0; + );
3) D(y) = (2; +0); 4) D(y) = (-°0; — 2] U [0; + ). 5.23. 1) m > 0;
2) p>0;3)a>-2;4) 0<x<4. 5.24. 1) x8 2) x7. 5.25. 1) a3;
2) a711, 5.26. 1) 1; 2) 27; 3) 2; 4) 1; 5) 0,5; 6) 1,2. 5.27. 1) 1;

2) 4; 3) 9; 4) 1; 5) i; 6) 1,5. 5.28. 1) 27b°1; 2) 21—7x—6; 3) its;

2
4) 0,5a793. 5.29. 1) 4m_§; 2) %a; 3) 0,008b73; 4) 1,5¢3.
11 2 11
5.30. 1) 16 + x; 2) 4a2b4; 3) 4x2 + x3; 4) a—1. 5.31. 1) 4a2b2;
3 1 3
2) 9a° +a. 5.32. 2a2; 16. 5.37. 1) x2; 2) —T——; 3) a®® +b05;
at -7
1 1 x05 1 1 1
D irgess 97T 0 5o 538 Dmk 2) T )
m2 x2
3005 _ p0.5 11 11 1
4) 227" 5.39. 1) 32 >53; 2) 26 >3 5. 5.40. 1) 24 <35;
a k)
L 9 1
2) 32<43, 541. 1) a+1; 2) —9 5.42. 1) x+y; 2) —1
x_

5.43. BKasiBka. 3HaueHHs BUpasy JOPiBHIOE E 5.44. Bxa-

ab
a+b

. . 1
3iBKa. 3HaueHHs BUpa3y JOPiBHIOE 10" 5.45. 2,1.

5.46. Ha 20 %.

6.12. 1) 28; 2) -1; 3) &; 4) 3; -3; 5) 9; -3; 6) 1; 2.
6.13. 1) 62; 2) 4; 3) 2; -2; 4) -1; 3. 6.14. 1) 712 < 7,212
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1 1

2) 1,804 > 2-04, 6.15. 1) 38 > 28; 2) 56 < 4,856, 6.18. 1) -1; 7;
2) 5; -5. 6.19. 1) 2; -8; 2) 11; -11. 6.20. 16. 6.21. 1.
6.23. 8 moxkoIam0K.

Pospgiax 2

7.19. 1) -310° 770° 2) 520°% -560°. 7.20. 1) B = 1
2) B = 290% 3) B = 70° 4) B = 50°. 7.23. 1) o = 450°
2) o = 450° i o = 630°% 3) o = 360°% o = 540° i o =
4) o = 540°. 7.24. 1) B = -90° 2) B = 0° i B = 360°. 7.27. 1) 0,75;

2) -0,5; 3) 0,25; 4) —4. 7.28. 1) -0,25; 2) 0,5; 3) l; 4) 2.

7.99. 1)\/_+1 2+\/_ \/_ . 4) ~1. 7.30. 1) \/_2+1

2

7.31.1)-2; 2)1.7.32.1) -2; 2)1 7.33. P (a, -b); PHSOO( a;-b).
7.34. 28 ynaxoBoOK.

2) 1.

818.1) % 2) &, gy 2%, 4) AT, 557, ) 9T g 49 T, 2T
3“9 3 5 6 10 10
8.20. 1) g<1,6; 2) n>3%; 3) —3?“>—5; 4) -2n<-6.

8.21. 1) —g<—1,5; 2) 21<6,3 3) -n>-3,2 4) 3?“>4,5.

8.22. 1) §; 2) 12,25; 3) 4; 4) 0. 8.23. 1) 9; 2) i; 3) 0; 4) 2.

3[ 3V3

8.24. 1) -2 0; 4; 2) 2; 243 -2. 8.25. 1) 2; 1,5; 2; 2) ——1

1,5; 1. 8.26. 1) 8; 2) 16. 8.27. 1) %; 2) —i. 8.28. 1) l;

2) 1. 829. 1) tg23—n+ctg% <=2 2 s1n23—“—cos > ¥4,

8.30. 1) th + cth > 2; 2) cos?’—7t _sinX < -¥5. 8.33. 2) 31 jau-
3 3 4 4

Ha 1965 p.

9.20. 1) 0; 2; 2) 1; 3; 3) 4; 5; 4) -3; —2. 9.21. 1) —4; -2;
2) -2; 0; 3) 1; 2; 4) 1; 2. 9.22. 1) Hi; 2) rak. 9.23. 1) IV; 2) II;

3) IIL; 4) IV. 9.24. 1) II; 2) I; 3) III; 4) IV. 9.25. 1) —g; 2) 21.

9.26. 1) 4,5; 2) 7. 9.27. 1) x;t%k, keZ;, 2) x#n+nk, keZ.
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9.28. 1) x¢g+%k, keZ; 2) xi%—i—nk, kEeZ. 9.29. 1) [-7; 1];
2) [-1; 5]. 9.30. 1) [5; 9]; 2) [-1; 9]. 9.31. 1) Hi nmapna, Hi He-
napHa; 2) "Hemapua. 9.32. 1) Ilapua; 2) i mapma, Hi Hemap-
Ha. 9.33. 1) 0; 2) 2cosf; 3) 0; 4) —3ctgp. 9.34. 1) I a6o III;
2) III a6o IV; 3) I a6o IV; 4) II a6o IV. 9.35. 1) II a6o IV;
2) I a6o IV; 3) III a6o IV; 4) I a6o III. 9.36. 1) 0<b<1;
2)b<-1a60b2>1.937.1)-1<a<1;2)1<a<2 938. 14 nauok.

10.22. 1) tgo; 2) i; 3) —2ctgf; 4) 1 ; B) —— 1 ;
cos x cos o sin 2x
6) cos? X 10.23. 1) ctgP; 2) _2 ; 3) 2tga; 4) - '1 ;
4 sin x sin x
5) 1 ; 6) sin? . 10.26. 1) sin22x; 2) 0. 10.27. 1) sina = §
cos 20 3 5
4 . 1 2 5
coso=——; 2) sinx=——; cosx =—— 10.28. 1) sinf = —;
5 2 J5 J5 ) sinp=1s
cosf = E; 2) sina = —Q, coso = —2 10.29. 1) cosa = —ﬁ;
13 2 2 3
2 2.5 J5
tgoo=——=———; ctgo = ——; 2 ctga =-0,2;
g N 5 g 2 ) g
cosa:i:ﬁ;sinoc:—i:—5— 10.30. 1) si B:—Z\/g;
V26 26 V26 26 5
1 J6 2 25
tgP=-2v6; ctgp=———==-"_; 2) tgp=2; sinfp=—"=="
gp gp ol6 12 ) tgP p N
1 5
cosfp=—=—. 10.31. 1 cos3a — sin 3 2 tg2 a.
p 5 s ) ) tg

10.32. 1) sin2B +cos2B; 2) ctg2x. 10.35. -0,18. 10.36. 24.
10.37. 1) 2; 2) 1,5. 10.38. -19. 10.39. BrasiBka. 1) 3ua-

. 1 .
YeHHA BUPas3y HOOPiBHIOE ? 2) sHauveHHA Bupasy npopiBuioe 0.

10.40. 1) -3; 4; 2) maiibispmIoro i HaMeHIIOr0 3HAUEHHS HeE ic-

mye. 10.41. [3; 7]. 10.42. 1) 3780 Br; 2) ~2,7 rpH.
11.11. 1) —sina; 2) sina; 3) tga; 4) —tga. 11.12. 1) —sino;
2n

2) sina; 3) —tga; 4) tga. 11.13. 1) sm4 2) —cos5 3) —tg ?

b T 27
4) ctg—. 11.14. 1) -sin—; - —tg—; 4) ctg—.
)Cg7 ) sin 2) 0088 3) g5 )Cg7
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11.15. 1) -2; 2) —/3. 11.16. 1) -1; 2) -1,25. 11.17. 1) 1; 2) 0;

3) -1; 4) 1. 11.18. 1) 1; 2) 0; 3) —1; 4) 1. 11.19. 1) sin2a; 2) 1;

3) -1; 4) cos2o. 11.20. 1) cos?2a; 2) 0. 11.23. 1) 0,8; 2) 0,8;

3) 0,6 a6o -0,6; 4) 0,6 a6o -0,6. 11.24. 1) -0,6; 2) -0,8.

11.25. cosf = i; sinP = E 11.26. sina = i; cosa = —
13 13 17

11.29. 6000 rp=H.

15
17
12.12. l)x:§+nk,keZ;2)y>0,aHmo£+nk<x<%+nk,

keZ; y<0, armo —Z+nk<x<§+ﬂ:k, ke Z; 3) spocrae

3
Ha IIPOMiKKax (—g + 7tk;TTc + nkj, k€ Z; nupoMmiKKiB cma-
maHHsa Hemae. 12.13. 1) x = % +nk, keZ; 2) y>0, axmoio

—E+nk<x<£+nk,keZ;y<0, meo—s—n+nk<x<—£+nk,
4 4 4 4

k € Z; 3) mpoMiKKiB 3pocTaHHA HeMAae€; CIIafa€ Ha MTPOMiXKKax

3
(—£+nk;zﬂ:+nk], kEeZ. 12.14. 1) Hi; 2) mi; 3) max; 4) mi.

12.15. 1) gﬂ“zk, keZ; 2) g+3nk, kEeZ. 12.16. 1) g+2nk,

keZ; 2) Eﬂ?k, kEeZ. 1217. 1) sin0,7x > sin0,87;

2) cos2>cos3; 3) tg(-2)>tg(-1); 4) ctgl,6<ctgs,bs.
12.18. 1) sinl > sin 4; 2) cos (-0,2n) < cos (-0,1m);

3) tg0,2n < tg 0, 3T; 4) ctg (-3) > ctg (-2).
12.19. 1) (—ﬂ+ an;ﬁ+ anj, ke Z;2) 5_n+n_k <x< &+ﬂ—k,
3 3 32 2 32 2
keZ. 12.20. 1) (_i+“—k;ﬂ+ﬂ), ke Z;
18 279 2

2) %+6nk<x<%+6nk, kEeZ. 12.23. x¢£+%k, keZ.

12.24. x # g+ nk, ke Z.12.25. 1) 0, axmro x = :% a6o x = %; 2,

AKIIO X :g abo x :%; 2) 2, axkmo x =0 abo x = 27; 4, AKIIO
x =m. 12.27. 845 rpH.
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13.23. 1) 2sino; 2) sino; 3) tgxtgy; 4) —tgy.
13.24. 1) —V3coso; 2) V3cosa; 3) —tgxtgy; 4) ctgy.

13.27.1) 1; 2) ﬁ. 13.28. 1) 1; 2) L. 13.29. 1) 4*/5“9’; 2) —7&.
2 2 10 26
13.30. 1) 3“(1)*@; 2) 8_;5@. 13.31. 1) 0,6; 2) 0,352.

13.32. 1) 0,6; 2) -0,352. 13.36. ﬂ 13.37. 1§. 13.40. 1) -1; 1;
220 33

2) -2; 2. 13.41. 1) [-1; 1]; 2) [-2; 2]. 13.42. 400 K.

1+ cos (oc - 60°j

14.21. 1) . 2) 1-cos(5a + 20 ); 3) 1—81noc;
2 2 1+sina
1+cos(a—30°j
gy 1sina g 09 gy 1ocos(a-320) 2) 4 ;
2 2 2
gylosino, 1+8ina 4, o5 1)9c0s2 % 2) 2sin® a; 3) 2082 5°%
1+sina 2
4) 2sin27°30"; 5) 2cos? (%—%], 6) 2sin235°. 14.24. 1) 2sin? g;
5 O 910 9100 . H(m a
2) 2cos Z; 3) 2sin?10° 4) 2c0s212°30’; 5) 2sin Z_E;
6) 2cos225° 14.25. 1) 2; 2) sin2x. 14.26. 1) cos3a; 2) sin2x.
14.27. —%. 14.28. 0,96. 14.29. 1) §; 2) —é; 3) —§; 4) —11.
25 5 5 4 3

14.30. 1) %; 2) g; 3) 1%; 4) % 14.31. 1) Tax; 2) mi. 14.32. 1) Hi;

2) rak. 14.33. 1) sin2a; 2) 4; 3) 2; 4) tga. 14.34. 1) 2; 2) tg2x.

14.37. 0,84. 14.38. -0,96. 14.40. 1) sing; 2) -tg2a.

14.41. 1) —cos20; 2)

14.43. 28 rpH.

15.15. 1) tgba; 2) —ctgba. 15.16. 1) —-tga; 2) tgbo.
15.18. BxasiBxa. Bukopucratu omzHy 3 (GOopMyJ 3BeIeHHH,
HaIIpUKJaJ, Sino = cos (90° - ) aBo cosa = sin (90° — OL), Ta BU-

.. . . 1
KoHaTu Aifo i3 omHoiiMeHHMMEU GyHKIiAMu. 15.22. 1) —— 2 ;
sin 2x

3a .
ctg ?‘ 14.42. cosfp = -0,28; sinf = 0,96.

367

MpaBo Anst 6e3onnaTHOro PO3MilLleHHs MigpyYHUKa B Mepexi IHTepHeT mae
>TBO OCBITW i Haykn YkpaiHu https://mon.gov.ua Ta [HCTUTYT MoaepHi3alii 3amicTy ocBiTu https://imz



: 15.23. 1) S04 g, Acosacos2a

2sin18°sin12° sin 8a.sin o sin 8a

J2
2sin 50°sin 5°
mias. 15.28. Bk asiBka. 2), 3) Bunectu 3a gy:xku 2. 4) Bune-

ctu 3a ay:ku 4. 15.35. 1) tg2a; 2) — ctg% 15.36. 1) —ctg 3a;

2) tg%‘*. 15.37. 1) ?; 2) 2. 15.38. 1) %; 2) 2. 15.39. 1) 1;

. 15.24. Bk asiBka. CmouaTKky IOHUBUTU CTe-

2) %cosZa; 3) 4ctga; 4) sin20. 15.40. 1) 1; 2) 4tgo.

15.43. 21 480 rp=.

16.17. 1) x¢—§+%k, keZ; 2) xii%+2nk, ke Z;

3)x¢g+nk,kez;4)x ?;—“+%k ke Z. 16.18. 1)x¢—z+2nk

keZ; 2) x#n+6nk, keZ. 16.19. 1) x=75°+180°k, ke Z;
2) x=180°+720°%, ke Z. 16.20. 1) x =150°+180°k, ke Z;

2) x=200°+360°k, kEeZ. 16.21. 1) x:—%Jrrck, ke Z;

9) x, —dnk, ke Z abo x, — — 2+ 4nk, ke Z. 16.22. 1) x = =,
1 2 3 4

keZ; 2) x=4n+4nk, ke Z. 16.23. 1) x=E+6nk, keZ

2) x——i—g+%k, keZ. 16.24. 1) sinx=0; 2) sinx=-1;

3) cosx=1; 4) cosx=-1; b5) cosx=—2; 6) sinxz%.

16.25. 1) x=(- 1) T;k keZ; 2) x:§+nk, keZ;

3) x:(—l)k%+%k, keZ; 4) x=+n+3nk, keZ.

16.26. 1) xz(—1)k5+2nk, keZ; 2) x:g+nk, keZ;

3) x=(-D""I. "k, kez, 4) x= +TF  Lhez
32 8 6 3

16.27. 1) x=xV2nk, E=0;1;2;..; 2) x-= 6 , keZ
3tk — 1

368

MpaBo Anst 6e3onnaTHOro PO3MilLleHHs MigpyYHUKa B Mepexi IHTepHeT mae
>TBO OCBITW i Haykn YkpaiHu https://mon.gov.ua Ta [HCTUTYT MoaepHi3alii 3amicTy ocBiTu https://imz



2
16.28. 1) x:(£+2nkj , R=0;1;2;..5 2) x= 12  kez.
2 n + 3nk

11n 5n
16.29. 1)— 2) . 16.30. 1) —2x; 2)—— 1631l. x =—; x=——.
6 16 16
16.32. 1) X = I + n_k; X = _5_11; Xy = i; Xg = 7—n
12 2 12 12 12

16.33. 1) - 5<a<-42)a=1i-2<a<0.16.34. 1060 rpxu.

Pozagiax 3
17.13. 1) 12; 2) —20; 3) 44; 4) 1. 17.14. 1) 5; 2) 48; 3) 85;

4) 5. 17.15. 1)%; 2) 2;3)3; 4) % 17.16. 1) —5; 2) —g; 3) 12; 4) 2.
17.19. 1) —-4,5; 2) 0,5. 17.20. 1) 1,6; 2) 1,5. 17.21. i BkasiB-
Ka. JIOMHOXUTH 4YNCEJIbHUK i 3HAMEHHHUK Apo0y Ha \/m+2-
17.22. % BrkasiBka. JIOMHOXKUTU UKCEJbHUK i 3HAMEHHUK IPO-
6y ma Vx +9 +3. 17.23. 30 rpm.
18.13. 1) g'(1) = 5; 2) g'(-2) = 4. 18.14. 1) f(-1) = —

'(2) = 5. 18.15. Af(xy) < Ag(xy). 18.16. 1) 3x2 = x3; x; = 05 x5 = 3;
2)—%=—4; Xy =%;x2 =—%. 18.17. 1) x2 = 2x; X =0; xg = 2

1 1
2) 8,x 16. 18.18. 8x > 3x2;0< x < % 18.19. '(3) = f'(-3).

x ¢

18.20. g( ) ( )1821 1) ¢'(2) =-2; 18.22. 1) f'(3) = 0;
1

2)f(6)—4 18.23. 1) f'(x) = —7; g'(x) = 3 + 2x. 18.24. 1) f'(x) = 2;

2) f'(x) = 2x — 5. 18.25. 2x + 3x2 — 5 > 0; x<—1§ abo x > 1.

18.26. [2x| = x2; xq = 0; x5 = 2; xg = —2. 18.27. 300 rp=.

19.13. x, =—%. 19.14. x, =i. 19.15. t = 3 c. 19.16. t = 4 c.

19.17. x4 = 25 x5 = —2. 19.18. x3 = 3; x5 = —3. 19.19. t=§c.

369

MpaBo Anst 6e3onnaTHOro PO3MilLleHHs MigpyYHUKa B Mepexi IHTepHeT mae
>TBO OCBITW i Haykn YkpaiHu https://mon.gov.ua Ta [HCTUTYT MoaepHi3alii 3amicTy ocBiTu https://imz



19.20. y=%x+1,5. 19.21. y = —2x — 1. 19.22. 1) y = —x — 2;
3) 2 ox2. 19.23. 1) y = 3x + 2; 3)% ox2. 19.24. (-0,5; —2).

19.25. ITogaToxk, 1110 cIjauye AUPEeKTop, 30iabimuBesa Ha 709 rpH,
a MOJAaTOK, II[0 CILIAUYE MeHemKep, 30inbinuBea Ha 450 rpH.

20.25. 1) x = nk, k € Z; 2) x = 3. 20.26. 1)x=g+nk, ke Z;

2) x = —4. 20.27. x > —2. 20.28. x < 5. 20.31. 18. 20.32. 10.
20.35. g'(2) = —4; g'(0) = —4. 20.36. f(0) = —1; f(-2) = —
20.39.1)-3; -1;2) 1; - L.20.40. 1)-1;5;2) L, -1 20.41. 1) ¢ = 5
27 2 3" 3
2)t=2.2042.1)t=17; 2) t = 4. 20. 43 (2; 5). 20.44. (-3; —15).
20.45. + 6+27tk E e Z. 20.46. (-1)"- +rck keZ. 2048 x, = 1;

7

xzz_g- 2049. x; = 1; x9 = —2. 20.50. y = -2x + 4.
2
~8x+12
20.51. y = 2x — 3. 2052 "2 _0; x = 6; x, = 2.
(4-x)
1 T n 4
2058 (-4 mk, b € Z. 2054, 124 2mk, b < Z. 20.55. .

20.56. —%. 20.57.y =31 - 5x. 20.58. y = 6x — 7. 20.59. PosB’as-

Ky piBHAHHA X = 0; x5 = 1. 20.60. Po3p’aA3Ku piBHAHHA X; = 0;

x5 = 3. 20.61. x, = arccos>. 20.62. *+ ™ & < 7. 20.63. T+ ™
n 4 2’ 4 2
keZ. 20.64.y = —\/gx. 20.65. 3a 8 roguH.
2n
21.13. 1)+?+2nk ke Z 2 x = 1; x, = 3.

21.14. 1) (-1)*- —+nk k e Z; 2) x; = 1; xg = —3. 21.15. 3pocrae

1 1
Ha (—oo; —§:| i ma [2; +x), cnagae Ha [—5;2]; 2) spocrae Ha R;
3) cmamae Ha R; 4) 3pocrae Ha (—o; —5] i ma [5; +), cmamae HaA

[-5; 0) i ma (0; 5]. 21.16. 3pocrae Ha (—; —1] i Ha [%, +oo); cia-
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Iae Ha [_1; 1], 2) spocrae Ha R; 3) cmamae Ha R; 4) 3pocrae Ha
3

(-3 —1] i Ha [1; +x), cnagae Ha [-1; 0) i ma (0; 1]. 21.19. 3po-
crae Ha mpomixkkax (—oo; —3,5) i (—3,5; +w); 2) 3pocrae Ha IpoO-
MikKax (—owo; —6] i [2; +x), cmamae Ha mpomikkax [—6; —4) i
(—4; 2]; 3) spocrae Ha [0; 1], cmagae ma [1; +w); 4) 3pocTae Ha

[57t + 21tk; %+2nk] k € Z; cuanae Ha [g+2ﬂk;%+2nk],k e Z.

21.20. 1) Cmagmae Ha (—oo; —%) i (— %; +oo); 2) cnagae Ha (—oo; 2]

i [6; +x), 3pocTae Ha [2; 4) i (4; 6]; 3) cuamae uHa [0; 1], 3po-
crae Ha [1; +); 4) 3pocTae Ha [—E + 2nk; T + 2nk:|, k € Z; cuagae
6 6
11n
6+2 Tk; ?+2nk ke Z.21.21. 1) a = 0; 2) a € [-2; 2].

21.22. a € [-4; 4]. 21.25. 1) Hi; 2) rak. 21.26. 1) Hi; 2) Tax.
21.27. Hanpukaan, x; € [-2; —1]; x, € [0; 1]. 21.28. 180 roaus.

22.11. 1) Hemae TO4OK ekcTpemymy; 2) x .. = —3; X . = 3;
3) Xpin = 1 X0 = 15 4) x, = 4. 22.12. 1) Hemae TOUOK
excTpeMyMmy; 2) Xmax = —6; Xmin = 6; 3) Xmin = -2 Xmax = 2;

4) x.0=1.2213. 1) x.0 =05 y .. =y0) =0; x . = 2;
Ymax = y(2) = 16; Xmin = 4; Ymin = y(4) :1 0; 2) Xmin = 2;
=y2)=-1; 3) x = y(0) = Z; 4) HeMae TOUYOK

Ymin max 0; Ymax
excrpemymy. 22.14. 1) x . =-2; y . =y(=2) =0; x = -1;
Ymax = y-1) = 1; Xmin = 0; Ymin = y(0) = 0; 2) Xmax = -3;
Ymax = Y(=3) = -1; 3) x,.. = 05 y .. = y(0) = 0; 4) Hemae To-

40K ekcrpemymy. 22.15. x, .. :g+2nk, ke Z; x, = —Z+2nk,

max min

k e Z. 22.16. x —6+21ck ke Z; x —5:+2nk, ke 7.

22.17. x . =-3;y . =y(-3)=-162;x,__ =3;y, . =y(3)=162.
2218. x . = -1y . =y(-1)=-2x =1y =yl =2
22.19. a € [-2; 2]. 22.20. 1,25 m.

23.5. 1) Maun. 1; 2) maun. 2; 3) mau. 3; 4) mau. 4. 23.6. 1) Mau. 5;
2) maa. 6; 3) manx. 7; 4) man. 8. 23.7. 2) Opuu. 23.8. 2) Tpu.
23.9. 1) Maux. 9; 2) [-5; 3]. 23.10. 2) [-6; 3]. 23.11. 1) Max. 10;
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2) man. 11. 23.12. 1) Mag. 12; 2) man. 13. 23.13. 2) (—o; 1].
23.14. 2) [-4; +0). 23.15. 2) fAxmio a < —1 abo a > 7, To HeMae
po3B’saA3KiB; AKmo a = —1, a = 0 abo a = 7, TO OAUH PO3B’SI30K;
axmo —1 < a < 0 abo 0 < a < 7 — gBa po3B’A3KMU.

y 7 y
2
4
0,5 3 N4
0 1,5 3
~3[-1 \1Az = 0{1\ x ﬂl\ x
2
Mai. 1 Mau. 2 Mau. 3
y y
i 23
Yy
0 0
3 i 123 % 3-v3 N\ 1v3 /3 *
16 G
1 x
o \ 1 | 4 —2\3
Mau. 4 Mau. 5 Mau. 6
y y
T2 1\ 1 /o ix
_1 4 x TANE
3 3 3
4
Maj. 7 Mau. 8

243

23.16. 1) [_T;+°°} 2) mi. 23.17. 2) [-82; +); 3) a > —12.

23.18. 1,2 c.
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Max. 11 Maxa. 12 Mam. 13

24.7.8 + 8. 24.8. 5 + 5.
24.9.1) [mziIll] g(x)=g(-2)=—4; [mzaﬁg(x) =g(0) =

2) [_rrgrollg(x) = g(-3) = -58; [Iflgagi] g(x) = g(-1) =18;

3) min g(x) = g(-1) = g(1) = 4; max g(x) = g(3) = 68;
[-1;3] [-1; 3]

4) min g8(x)=g(0)=g(3) =1 gaﬁg(x) =g(-2)=g() =

24.10. 1) min f(x) = f(0) = 0; max f(x) = f(2) = 16;

2) m1n f(x) f(O) 5; max f(x) f(3) =59

3) min f(x) f(=3) = —60, maXf(x) =fAQ)=f(-1)=4;
[-3:1] [-3;1]
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4) min f(x) = f(2) = f(-1) = 0; max f(x) = f(0) = f(3) = 4.
[-1;3] [-1;3]
: =2 () — x(4) =91
24.11. {51;11} x(t) = x(2) = 3 (m); 1[13;:?]( x(t) = x(4) = 93 (m).

. _ _1 . _ _
24.12. I[Bl;lg} s(t) =s(1) = 3 (m); r{r&g}&s(t) =s(3) =11 (m).

24.13. 18 + 6. 24.14. 12 + 6. 24.15. KBazgpar 3i cropooro 4 cM.
24.16. O6ugBa KaTeTu 1o 6 cM.

24.17. 1) {3121} gx)=g)=-1 I[%.“‘z’]‘ g(x) =g(0) = 0;
2) min g(x) = g(1) = -2; maxg(x) = g(4) = 2.
[0; 4] [0; 4]
24.18. min f(x) = f(3) = 10; maxf(x) = f(2) =11.
[2; 4] [2; 4]
24.19. minv(t) = v(3) =27 (m/c), maxv(t) =v(6) =36 (m/c).
[3; 8] [3; 8]

BrasiBka. CmouaTKy 3HaWmiTh MBUAKICTL U(t) = s'(t).
24.20. {gi;} v(®) =v(3)=-9 (m/c), maxv(t) =v(l) =3 (m/c).

24.21. 1) min (x) = £(0) = - max f(x) = f(g)z g;
o 5] ’E}
2) min f(x)=f(-m) =1-m max f(x)=f(0) = 1.
[-m; 0] [-m; 0]
24.22. 1) min f(x) = £(0) = 0; max f(x) = f(-m) =5
2) min f(x) = f(n) = -n; maxf(x)=f(0) =0.
[0; 7] [0; ]

24.23. Cropona ocuHoBu 2 ™M, Bucora 1 M. 24.24. 10 cwm.
24.25. 1200 rpu, Tpeba 3amosutu y pipmi B 30 CKISHUX IPAMO-
KyTtHukis Ha cymy 1200 rpu, Toxi piska Oyge 0e3KOIIITOBHOIO, Ta
e ¥ 2 CKJia 3aJIUIIUTBCS IIPO 3armac.

Yactuuna II. TEOMETPISA
Pos3nmiam 1

1.28. Hi. 1.29. Hi. 1.31. 1) TE ¢ ABD; TE c EDC; MN c BDC;
DB c ABD; DB c DBC; ABc ABC; ABc ABD; EC c DEC;
ECc ABC; 2) DNNABC=C; ECNABD=E; 3) A, B i E;
4) EC. 1.32. 1) C;, M i C; 2) ADC i DCCy; 3) KM n ABC = L;
BNnABC =T; 4 BC. 1.37. Hi. 1.38. 1) Brasiska.
KLNABC=P, ge P — Touka mneperuny npsavmux AD i KL;
2) axmio KL || AD. 1.43. Bk asiBka. Hexait P — TouKa mepeTUHY
npamux BC i MN; AP — mykana npsma. 1.44. Bkasiska. He-
xan F — Touka nmepetuny npamux AD i KL; CF — mrykaHa mpsMa.
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1.45. 2) Ogny. 1.46. Besmiu. 1.47. Oguy a6o Tpu. 1.48. Taxk.
1.49. Tak. 1.50. Hi. 1.51. ~ 88,6 cm.

2.13. MM, =6 cm. 2.14. BB =14 cm. 2.20. 2) KL =4 cwm.
2.21. 2) MN =7 cm. 2.27. Hi. 2.28. Tak. 2.29. 9 cm. 2.30. 25 cm.
2.33. 20 cm. 2.34. 6 cm. 2.35. 1) Beasuiu; 2) xomuoi; 3) Oesuriu.
2.36. 7 cm. 2.37. 4 cm. 2.38. 5 cm. 2.39. 6 cm. 2.40. 1) ITapaseo-
rpam; 2) (a +b) cm. 2.41. 24 m i 42 m.

3.9. 1) Ilnomuua abo npama; 2) Biapisok a6o Touka; 3) ABi ma-
paJjiesbHi mpAMi, abo ogHa mpsaMa, abo aBi Touxku. 3.10. 1) IIpama
abo Touka; 2) mpoMiHb a00 TouKa; 3) ABa mapajelbHUX Biapisku,
abo mBa Bimpisku omHiel mpamoi, abo ogmH Bigpisok, abo ABiI Tou-
ku. 3.11. 1) Taxk; 2) mi; 3) tak; 4) mi. 3.12. 1) Tak; 2) rak; 3) ui;
4) rak. 3.22. Hi. 3.23. Tak; 89° i 91°. 3.37. 6 m.

4.8. Hi. 4.25. a|lo. 4.26. a||c. 4.27. 14 cm. 4.28. 18 cwm.
4.30. 2) AB =10 cm; 3) DMNC — tpamnerisa. 4.31. 2) TP = 6 cwm;
3) BTPC — Tpanemia. 4.32. [Ipama m mnepeTHWHAE MJIOIIUHY O.
4.33. IIpama d moke HajsiekaTu ILIOINUHI 3, a MoKe iI mepeTuHa-
tu. 4.34. 2) Ilapanensni; 3) N € AB, BN : NA =1:3; 4) 22 cMm.
4.35. 2) Ilapaneawni; 3) He AL, LH: HA =1:2; 4) 26 cwm.
4.38. ITapanensHi. 4.39. 1) IIpama, 1110 TPOXOAUTE Yepe3 TOUKY L
mapajeabHo mo mpamoi AB; 2) nmapanenbHi. 4.40. 1) IIpama, 1o
IpoXOoAuTh ueped Touky M mapasenbHo mo npamoi AB; 2) mapa-
nenbHi. 4.41. 3,375 KM.

5.38. A,B, =5 cm. 5.39. 16 cm. 5.40. 12 cm. 5.43. 2) Ilpa-
MOKYTHHK; 3) 60 cm2. 5.44. 2) Ilapanemorpam; 3) LADC = 50°.
5.45. 1) Bkasiska. ML| CB;; 2) 5V2 cm. 5.46. BkasiBxka.
Hosenites, mo AB: AC: BC = AB, : AC, : BC,. 547. 1) 15 cwm,
15 cm, 24 cm; 2) 108 cm?* 3) Tak. Sype:Supce =1:9

5.48. 1) 8 cm, 10 cMm, 6 cm; 2) 24 cm2. 5.49. 11 pyroxiB.
Pozgia 2

6.20. V34 cum. 6.21. 4/2 cm. 6.24. 1) 13 e 2) Va2 + b2 — 2¢2,

6.25. 1) 15 cm; 2) Vb2 —a? +¢c2. 6.26. 62 cm. 6.27. 16 cwm.
6.28. 4a cm. 6.29. b cm. 6.30. 2 cm; 4 cm; 4 cm. 6.31. Bcei Big-
craui mo 2 cm. 6.34. AB 1 SAD. 6.35. BC 1 ABD. 6.37. 1) Tou-
ka O — cepenguna rimorenysu AB; 2) 12 cm. 6.38. 1) Touxa O —
IMeHTp TPUKYTHHUKA; 2) 2 cMm. 6.39. 1) 3 cm; 2) 27 cm. 6.40. 9 cMm.

6.41. 1) SA = 2 cm; 2) 12V10 cm2. 6.42. 7 cv. 6.43. 65 cm. 6.44.

# cM. 6.45. 40 cm abo 26 cm. 6.48. 30 M.

7.12. 15 cm. 7.13. 10 cm. 7.14. 1) 6 cm, 2v/34 cm, 2v34 cwm;
3) 10 em. 7.15. 1) 23 e, 4 e, 4 em; 3) V15 em. 7.16. KA = 12 e
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KB =13 cm. 7.17. MB = MD =15 cm. 7.18. 5 cm. 7.19. 3V3 cm.
7.24. 10 cm. 7.25. 10 cm. 7.26. 1 cm, 5 cwm, 26 cwm.
7.27. 10 cm, 14 cm, 46 cm. 7.28. AC =343 cm, MC = 247 cm.
7.29. Ilpamoxyruuii; ZB = 90°. 7.31. Iloxuai mo 242 cM, Bifn-
CTaHb Big Touku g0 miaomuuu — 2 cMm. 7.32. IIpoekIii moxmuaux —

o 2 cM, BiIcTaHb BiJf TOUKU OO IJIOIIUHU — J2 cMm. 7.33. 6,5 cm.

J6

734, 12 ow. T4L D 742, 45°. 743, J5 em a6o /21 cwm.

7.44. V13 e a6o 2V17 cem. 7.45. 5 cm. 7.46. 6,6 cm. 7.47. 32,5 cu.
7.48. 60 cm. 7.49. Ilo 5 cm. 7.50. 5 cm. 7.51. 4 GauKU.

89 LD =42 e, LC= 443 cm. 810. KC=5 e,
=34 cm. 8.11. 4 cm. 8.12. 6 cm. 8.13. 6 cm. 8.14. 5 cm.
8.16. 45°. 8.17. 30°. 8.20. 7 cm. 821. 7 cm. 8.22. 45°.

8.24. 70°. BkasiBka. Kyr misk npamMmumu He Ginpmmuii 3a 90°.
8.25. 90°. 8.26. 6 cm. 8.27. 17 cm. 8.30. 6 cm. 8.31. 16 cwm.

8.32. V57 cm. 8.33. 13 cm. 8.34. 1) Ilo 2aV2 cm; 2) %
8.35. 1) bv/6 cm; 2) i. 8.36. 45°. 8.37. 30°. 8.38. 25 cm. 8.39. V/S.

8.40. Vm? —a? - b2 grmo m2 > a2 + b2, 8.41. 42 ra.

302

9.13. 15 cm. 9.14. 5 cm. 9.15. 5 cm. 9.16. 15 cm. 9.17. —

a2

9.18.T 9.19. Temi 9 em. 9.20. 6,5 cm i 7,5 cm. 9.23. 5 cM.

9.24. 16 cm. 9.25. 243\/§ cm?. 9.26. 4 cm. 9.27. 12 cwMm.
9.28. 12 cm i 37 cm. 9.29. 10¥2 cv; 11 cm. 9.32. 2,6 cwm.
9.33. 4 cm. 9.34. 24 cm. 9.35. 96 cm. 9.36. Bk asiBKa. Hexait
d, id, — miaromani napanenorpama, Tofi d,2 + d,? = 2(152 +192);
d? — 202 = d,2 — 222. 9.37. 300.

10.25. 42 cm. 10.26. 4V6 cm. 10.27. 1) 53 cm; 2) i

5f

.10.28. 1) 8 cm; 2) 0,8; 3) 48v/2 cm2. 10.29. 60°. 10.30. 60°.
10.31. To 4-x. 10.32. 30°. 10.33. 3v3 cm. 10.34. 122 cm2.
10.35.80+/3 cm2. 10.36. arcsin % 10.37. arcsin %. 10.38. 1) 4v/6 cu;

2) 322 cm2. 10.39. 1) 3 cm; 2) 1242 em2. 10.40. 7 v a60 V129 cm.
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10.41. V19 cm a6o 7 cum. 10.42. 45°. 10.43. 60°. 10.44. Tlo 45°.
10.45. 45°. 10.46. 1,5 M.

Posgia 3

11.11. Oci 2z. 11.12. B i C. 11.13. M i K. 11.22. A.
11.23. AC = BC. 11.24. 3. 11.25. 7. 11.26. (9; 0; 0) a6o (—7; 0; 0).
11.27. (0; 0; 6) a6o (0; 0; —6). 11.28. (0; 2; 0). 11.29. (1; 0; 0).
11.30. A(-3; 2; 3). 11.31. C(6; —9; —3), D(5; —6; —5). 11.32. 2)12\/5.
11.34. (0; 2; 5); (9; —4; —1). 11.35. Tak, A nexkurs Mizk B i C.
11.36. M mixk N i K. 11.37. 1) (-9; 0; 0); (0; 12; 0); (0; 0; 16);
2) 20; \/@; 15. 11.38. 690,5 M.

12.22. 1) AC; 2) AG. 1223. 1) KN,,; 2) MN.
12.26. 27i-2m. 12.27. %5—%&. 12.28. AC,. 12.29. DC.
12.30. || = 7. 12.31. |d| = 3. 12.32. m = 4; n = 3. 12.33. a = T; b = 5.

12.34. ~ 17,4 M.

13.33. Brkasiska. JoBeniTs, 10 AB =DC. 13.34. BkasiBka.
Tosenits, mo KL =NM. 13.35. z = 2 a6o z = —2. 13.36. y = 3
abo y = —3. 13.37. D(2; 6; —9). 13.38. K(2; 4; 1). 13.39. |¢| = 63.
13.40. |d|=6. 1341. ) m = 6; n = -3; pTT & 2) m = 0; n = 2;
¢MNd1342. 1) m=-4;n=-2;aTl b;2)m=3;n=0; kTleé.
13.45. @(2; 3; 1). 13.46. b(2; 2; 5) a6o b(—4; —4; —1). 13.47. x = 4;
y=6.1348. x = 2; z = -2. 13.49. BraziBka. Posrianbre BeK-
TOpU AB i DC. 13.50. BkasiBka. Posraanbpre, HAIpUKJIaI, BeK-
topu MN i NP. 13.51. 2,23 m2.

14.13. m = -7. 14.14. n = 4. 14.15. 60°. 14.16. 120°.
14.17. cosA = —%; cosB = cosC = ﬁ 14.18. 45°. 14.19. 1) 0°;

2) 45°; 3) 180°; 4) 120°. 14.20. 1) —3; 2) 1; 3) —12; 4) 17. 14.21.
1) 1; 2) 0; 3) 5; 4) —10. 14.22. 1), 3), 4), 6) Tax; 2), 5) mi.
14.23.1) 1; 2) 7. 14.24. 1) 1; 2) J79. 14.28. —0,5. 14.29. —6,5.
14.30. 1 200 000 3.

15.13. 1) (-1; 3; 2); 2) (1; 3; —2). 15.14. 1) (-3; 3; 2);
2) (3; -3; 2). 15.15. x = -2; y=-3; 2z =8. 15.16. x = 2; y = —4;
z = —2. 156.17. 1) IlapanenbHi; 2) mapaJiejibHi; 3) IepeTUHAIOTH-
ca. 15.18. 1) Ilapanensui; 2) mapajenbHi; 3) IepeTHHAIOTHCA.
15.19. 250 obGepris.
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IIPEIMETHHUH IIOKAKYUK
Yactuna I. AJITEBPA I IIOYATKU AHAJI3Y

AnropuTM IOCHiAiKeHHA QYHKIIT

Ha ekcTpemym 202

— — — 3pocTaHHsd, cuagzauuada 193

— — — ta mobymnoBu ii rpagirka 207

— 3HAXOMKeHHA HaNOiIbIIIOoro
i HaMeHIIIOT0 3HAUYEeHHS (DYHK-
mii Ha mpomixkky 215

— Po3B’sI3yBaHHA NPUKJIATHUX 3a-
Iady Ha 3HAXOMMKEHHS HalOiab-
II0ro i HaMMEeHIIOTO0 3HAUYEHHS
BesimumHu 217

AprymeHT QyHKIII 6

ApudmeTnuHuil KOpiHb n-T0 CTe-

neHsa 28

Apudmernunuit KyoiuHUI KO-

pias 29

Apxkocunyc 146

Apxkoranreunc 147

Apxcunyc 146

Apxraurenc 146

Acumnrora 209

Big’emuuii kyt mosopory 68
BuHecenHAa MHOKHUKA 3-IIiT 3HA-
Ka KopeHs 40
BnactuBocTi KopeHsa n-ro cremne-
Ha 36—39
— cremneHeBoi GyHKIii 61
— CTeIleHs 3 paIllioHaJbHUM II0KAas-
HUKOM 48
— TPUTOHOMETPUUHUX PYHK-
min 114, 115
Buecenna MHOMKHUKA IIiJ 3HAK
KopeHsa 40

T'eomeTpuuHMA 3MicT moxin-
HOi 176

I'paunung ¢yukiii B8 Toumni 162
T'pacdix Gpyurmii 10

——y=cosx 111
—-—y=ctgx 112
- —y=sinx 110
-—y=tgx 111
——y=x"27

- —y=x*57-60
378

T'padiunnii cnoci6 saganua QyHK-
mii 9

NudepenrnioBanusa Gyuriii 169
HomaTHUil KyT mMOBOPOTYy 68
JlocTaTHA yMOBa iCHyBaHHS €KC-
Tpemymy 201

Hotuuna go rpadika Gpyarmii 176

Excrpemymu dpyuaxmii 200

3HAKU TPUTOHOMETPUUYHUX PYHK-
i mo uBepTax 87
3pocranua pyuariii 16

Kopiab n-ro crenensa 28

— HemapHoro cremeus 30
Kocunyc xyra 70, 71
Kocunmycoimza 111

Koraurenc xyra 70,71
Koraurencoiga 113
Kpuruuni Touku ¢pyurmii 192
Kyt mosopory 68

KyroBuii Koedimienr gotuu-
HOi 176

Jlokanpauil ekcrpemym 200

MaxkcumyMm ¢pyukmii 199

MurreBa mBuIKicTs pyxy 175

Mirimym dyrrnii 200

Muosxuua 3HaueHb PYyHKIHT 7

— — TPUTOHOMETPUYHOI (PYHK-
oii 85, 87

MonoTonHicTh QyHKIIT 17

Haii6inbiie sHaueHHA QYHK-

mii 214

Haiimennie 3HaueHHA (QDyHK-

mii 214

HartimeHmuii fogaTHUn Ie-

piox 109

— — — TPUTOHOMETPUUYHOI (DYHK-
mii 109, 110, 115
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piBuaHHa 148-153
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Henepepsua ¢pyuakmias 19, 160

OGepHeHi TPUTOHOMETPUYHI PYHK-
mii 145-147
O6sacTh BusHaueHHs QYHKILT 6
— — TPUTOHOMETPUYHOI PYHK-

mii 84
OpumunuHe Koo 71
OsHaka 3pOoCTaHHSA, CHATAHHS
dyurmii 191
— crajocti dyukmii 191
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OcHOBHA TPUIOHOMETPHUYHA TO-
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OcHOBHI CHiBBiZHOIIEHHS MiK
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IlepiognyHIiCTH TPUTOHOMETPUY-

HuX QyHKIiH 89

— ¢ynkmiin 109

ITinxkopeuesuit Bupas 29

ITo6ymoBa rpadikiB Tpuronome-

TPUYHUX QYHKIINA 3a JOIOMOTOIO

nepeTBopeHb 116

ITokasumk xKopena 29

IToximgma dyukmii B Touni 168

ITouarxoBuii pagiyc 68
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— o0umncIeHHs IrpaHuMi GyHKIii
B Touri 162

IIpaBuio ana 3amam’ATOBYBaHHS
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mii 16, 190

— MOHOTOHHOCTI QyHKII 16, 190

— cumagauud ¢pyurmii 16, 190

Pagianmna mipa xyra 77
Pagurkan 29

PiBuauua goruunoi mo rpadika
dyurmii 177

—cost=a 148
—ctgt=a 153
—sint=a 150
—tgt=a 152
—x"=a 30
- x*=a 60

Cepenasa mBuIKicTh pyxy 174

Cumerpis o6sacTi BUBHAUEHHS

BigHOoCcHO Hynd 18

Cunyc ryra 70, 71

Cunycoiga 111

Ciuna mo rpadixka pyHKIii 175

CrnoBecHe 3aganua GyHKiii 10

Cnagauua pyskmii 16

Croocobu 3amanHs QYHKIIT 8

CremneHeBa QyHKIIiA 57

— — 3 HaTypaJbHUM OKAa3HU’-
KoM 26

Creminb i3 parioHaJbHUM ITOKas3-

HUKOM 46

Tabauuuuii cmoci6 3agaHHA PYHK-
mii 9

Tabauma nmoxigaux 185

Taurenc xyra 70, 71
Taurencoiza 112

Teopema Ipo KOPiHB n-TO CTEeIeHA
3 100yTKy 36

————— 3 gpoby 37

————— i3 cremenss 38

— Pdepma 200

Toro:xHi TepeTBOPEeHHA BUPA3iB,
[0 MiCTATH apu(pMeTUIHUN KO-
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dopmynu 3Begenrs 102
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344
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— — upamom i miromuao 313
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HeosunauyBani mouarrs 224
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pis 344
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— HePIeHANKYJIIPHOCTI IIJI0-
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Opaunara Touku 325
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pu 315

OproronajibHe IpOoeKTyBaHHA 315
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— npami 237
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pis 350

Ilepunengukyasap 288
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— opami 278, 313
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IInocki dirypu 224

ITlnommua 221

— mpoekIrii 248
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— TpUKyTHUKa 334

IIpoexTyroua npama 248

IIpoexuia moxusmoi 288

— npsamoi Ha miaomuHy 313
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pu 333
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— — TouKku 355
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pie 350
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HEU 260
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it 238
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BITACTUBOCTI APUDMETUYHOIO KOPEHA n-r0 CTENEHA
fxmo a > 0, 1o (Ya) = a.

, SIKIIIO0 I — IIapHe;

a, SIKII0 n — HemapHe.

dxmoa >0ib >0, o Yab = Ya - Yb.

Akmoa >20ib >0, Ton = =

b b
fAxmo a > 0, ro ¥%Ya = "a; ™Yamt = gk
Axmio k — 1mine uucao i a > 0, To ((‘/E)k = ’\1/(17.

BINNACTUBOCTI CTENEHA 3 PAUIOHANNTBHUAM NOKA3HUKOM
Axmo a > 0, b > 0, p i ¢ — panionanbHi yncaa, To:

aP -al = Pty

a? :a? = aP9 (ab)P = aPbPp;
- (ﬁjp _ar
@ =ann b) be

a—P — i. (gj_p — (é)p
ab’ b a)’

3HAYEHHA TPUTOHOMETPUYHUX ®YHKLIW OEAKUX KYTIB

ol Z|Z|Z| 2| 20 | 3n | 5n 3t |,
a 6|4 (3|23 |4 |6 | " |2
0° [30°(45°|60°|90°| 120° | 135°| 150° [180°(270°|360°
1 1
sina| O | = Q @ 1 é Q — 0 -1 0
2 2 2 2 2 2
1 1
coso | 1 ﬁ Q - 10 —— —Q —@ -1 0 1
2 2 2 2 2 2
1 1
tgo | 0 N 1|V - | 3] -1 NG o -1]o0
ctga 3|1 1 0 - L 1 J3 0
3 \/g \/g -3

OCHOBHI CcniBBIOHOLWEHHA MIXK TPUTOHOMETPUYHUMU

OYHKUIAMKU OOHOIO APFTYMEHTY
sin2a+cos?2a =1 tg0c=s1nOL 1+tg2a= 5
cosa cos? a

tgoctga =1 ctgocch)sa 1+ctg2a= _1
sin a sin? o

TPUTOHOMETPUYHI ®OPMYINU OOOABAHHSA
sin(a + B) = sinacosP + cosasinf
sin(a — B) = sinacosP — cosasinf
cos(o + ) = cosa.cos — sinasin 3
cos(a — ) = cosacosP + sin asin 8

OOPMYINA HO,U,BMHOFO KYTA
sin 20 = 2sin acos a
cos2a =cos?2 o —sin?a =2cos2a-1=1-2sin2a

®OPMYNA NOHUXEHHA CTEMNEHA

.2 1 — cos 2a 9 1 + cos 2a
sin“ = ————— cos“o, = ——————

2 2

9 1 — cos 2a
tgo = —————
1 + cos 2a

®OPMYJIN CYMU U PI3HULI OD,HOVIM!EHHMX
TPUTOHOMETPUYHUX ®YHKUIN

sin o + sin 3 :2sina+Bcosa_B
2 2
sino —sinf} = 2sina_Bcosa+ﬁ
2 2
cosa + cosf = 2cosa+Bcosa_B
2 2
cosa —cosf} = —2sinOLT+BsinOLT_[3
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TABNULUA NOXIAHUX

c' =0 x =1 (x2y = 2x

(x3) = 3x2 (x"y =nx"l,neZ

(ljl __1 (\/;), _ 1

x2 2Jx

x
(sinx)’ = cosx (cosx) = —sinx
1
(tgx) = — (ctgx) = ———
cos? x sin? x

NPABUNA OU®EPEHLIIKOBAHHA
(utvy=uzxv
(uv) =u'v+vu
(Cu) = Cu', ne C — crana

’
u) _ uv-—uv
v v2

B3AEMHE PO3MIWLEHHA NPAMUX Y NMPOCTOPI

2 (= ok

ITpami mapanenbui  IIpAmi mepeTuHAaOTHCA

all b anb=M Ipami MmumobGixkHL

O3narxa mumobiscnocmi npamux. KO ogHA 3 JBOX IPAMUX
JEXUTh y OeAKiN IJIomuHi, a Apyra mpsaMa IIepeTHHAE IO IIJI0-
IIMHY B TOYIIi, IO HEe HAJEXKUTH IIEePIIiid IpAMii, TO i ABi mps-
Mi — MUMOOiKHI.

aca
bno=M}aib— MmumMmobixKHI
M¢a

B3AEMHE PO3MILWEHHSA NPAMOI | NNOWNHN

SN

IIpama HasmexuTH IIpsama neperuHae IIpsama mapanesbHa
TJIOTIMH IJIOITUHY TJIOIIWHI
aca anoa=M ala

Osnaxa napanenvrocmi npamoi i naouwyunu. SIkmo npama,
AKa He JIeXKUTH y ILJIONIMHI, mapajieibHa AKil-HeOyab TpAMIii
miei MJIOIMWHM, TO BOHA IIapajiejbHa i camMill IJIOIMIMHI.
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IlmomuuM IepeTuHAIOTHCA ILromuEn
IO IPAMIii rapaJieJbHi
anNnfP=a ofp

Osnara napanenvrocmi naowun. SAkimo nBi npami, aki nepe-
THUHAIOTHCSA, ONHi€l ILIOIMHY BiAIIOBiAHO IIapajieJibHI JIBOM Hps-
MUM JPYTroi ILIOIMHM, TO Ifi ILIOIINHN HapaJiesbHi.

a, Co;a,Ca
ayNay, =M

by cPsby =P rallp
a, |l b

a, | by

MpaBo anst 6e3onnaTHOr0 PO3MilLlEHHS MiApyYHUKa B Mepexi IHTepHeT mae
MiHicTepcTBO OCBITY | Haykn YkpaiHu https://mon.gov.ua Ta IHCTUTYT MoaepHi3auii 3amicTy ocBiTh https://imzo.gov.ua/





