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PO34IJ I

EJIEMEHTH BUIIIOI AJITEBPHA
§1. MaTpurli u omeparil HajJ HAMHK

Osnauenna. IIpAMOKYyTHaA TAOIUIA YUCET BUTIATY

a1y a1z atin
ag1 a2 agzy
A= oo
Qanl Q2 Qinn,
(abo A=(a;;)) Ha3WBaETHCA MaTPUILEIO PO3MIPDHOCTI mXn, a UACIa a;; — eleMeHTaMN L€l

MaTpPHUII.
Axuo m=n, To MaTPHUITIO HA3UBAIOTH KBAJPATHOIO MOPAIKY n.
Marpuinio po3MipHOCTI m X1 Ha3sUBaIOTh m-BUMIPDHUM BEKTOP-CTOBIIEM, a MaTPUIIIO
PO3MIPHOCTI 1Xn — n-BUMIPHUM BEKTOP-PATKOM.
[IBi MaTpHIi OZHAKOBOI PO3MIpHOCTI A=(a,;) Ta B=(b;;) piBHi (numyTs A=B) TOai
i, Kom Vi(1<i<m)Vj(1<j<n): ai;=b,;.
1°. Aodasanns mampuys. Axmo A=(a;;) Ta B=(b;;), To A+B=(a;;+b;i;).

Marpuns 0, Bci eJeMeHTH AKOl JOPIBHIOIOTH HYJNIO, HA3UBAETHCA HYJIBLOBOIO MaTpHU-

Ielo.

IIporunexuor go MaTpuil A= (a;;) € MaTpuusa —A={(—a;;).

2°. Munosxcenna mampuyi ne craaap. SIkmo A — geake umcao, To AA=(Aa;j).

3°.  Munoocenna mampuys. Hexann A=(a;;),— MATPHUOA PO3IMIPHOCTI mxn, a B=
=(b;;), — MaTpuug po3MipHocTi nXp. [JobyTkoM AB HaszuBaeTbcia MaTpunsa C=(c;;) po3-

MipHOCTi mXp, €JIeMEHTH AKOI BU3HAYAIOTHCA 33 IpaBUIOM

n
Cij—a;1 bl_.,' +a;a b2j +-tain bn,j = Z aql. bkj .

k=1

3ayBaxXuMo, 10 106yTKM AB 1 BA He 3aBX/JHM DIBHI, HaBITh, AKIIO BOHU iCHYIOTD.

4° . Tpancnonyeanns mampuys. Hexall A=(a;;) — NPAMOKYyTHa MaTPHUIS PO3MipHO-
cti mxn. [lepeTBopeHHs, AKe MOJATrace y 3aMiHl MICIAMHM PAJKIB 1 CTOBIIIB MaTpPHUIl A,
HA3UBACTLCA TPAHCIOHYBAHHAM MATPHUIi. TpaHCIOHOBaHY MATPHUIO Ho3HadaTuMeMo AT,
AT=(a;;). Matpuns AT e mMaTpureo po3MipHOCTI nXm.

BukonywoTbca BracTHBOCTI:

1. A4+B=B+A. 6. (a+B8)A=aA+BA.
2. (A+B)+C=A+(B+C). 7. a{A+B)=aA+aB.
3. A+0=A. 8. (ATYT=A.

4. A+(—A)=0. 9. (A+B)T=4T4+BT.
5. (aB)A=a(BA). 10. (AB)T=BT AT,
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0 1

2 1 3 2
3) |3 -1]; 4 |4 3
4 0 2 0

62. TloHATTSA BU3HAYHUKA

Osnauenns . BU3HAYHMKOM MATpPHUI HePIIOTO MOPATKY Ha3WBAETHCA BigoGpakeH-

HA, AKe MaTPUIl A=(a11) CTABUTH y BiAMOBITHICTD YHCIO ai1.

BuanauyHuk MaTpHUUl HO3HAYACTHCA CUMBOJIOM |A| abo det A. Orxke, gxkmo A=(a11),

TO |A|=a11 abo det A=a11.

Osnavenns 2. BUSHATHHKOM MaTpHUI APYTOro MOPAAKY Ha3sUBAacTLCA BiAoOpaKeHHsd,
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AKe MaTpHUI

ail a1z
A=
a21 a22

det A=aq1a02—agia12.

CTABUTDb Y BIAMOBIIHICTD IHCIO

Osnauenna 3. BU3HaYHNKOM MaTPHUIl TPeThOr'o NOPALKY Ha3HBAETHCA BigobpaKeH-

Hi, AKe MaTpHIL

CTaBUTDb y BIJIOBIJHICTE YMCIO, IO OGYUCTIOETHCA 38 POPMYIOI0

det A=ai1a22033+a12023031+021032613—013022031 —A12a21a33 — 623332011 -

L.7. O6uucanTn BU3HAYHUK MATPUIIL:

1) A=(3); 2)A=(-6); 34
1

5 (22) 0 (2 2)in (10

sina  cosa tga  —1 243 45
9) . ; 10) ; 11) ;
(—cosoz sma) ( 1 tga (4—!—\/5 2—\/5)
x+1 -1 ) 1 log, a
12) < 3 a:2—x+1>’ 13) <logab 1 )
I.8. O6uucauru:
1 2 1 2 1 3 2 1 2
1) |-3 5 7|; 2) |1 2 0} 3) 13 1 —=5];
8 2 3 3 7 8 1 2 1
-3 1 2 2 =31 6 4 -1
4)14 3 7|; 510 9 9|; 6)|-2 3 =3|;
-5 0 2 1 3 3 6 4 -1
4 0 =2 2 =5 3 4 -1 2
-2 2] &) |2 —4 1|; 9|6 3 3.
9 6 12 4 0 2 2 0 1

§3. BaacTuBocTi BU3HAYHUKIB. BU3HAYHUKY BUMIKX [IOPAKIB

Ha nmpakTuii npu o64ncienHi BUBHAYHUKIB BUKOPHUCTOBYIOTh iXHI BAaCTUBOCTI.
1. [Ipu TpaHcnoHyBaHHI MATPHUIl il BU3HATHUK HEe 3MIHIOETHCA.

2. flkmo y BU3HAYHUKY MOMIHATH MICIAMHA [Ba PAJKHU, TO UOI'O 3HAK 3MIHUTHLCI Ha

NPOTHICKHHAML.



3. skuro Bci eTeMeHTH MeAKOro pAAKa BU3HAYHWKA JOPIBHIOIOTEH HYJEBi, TO BU3HAY-
HUK [TOPiBHIOE HYIEBI.

4. Slkmio BiATOBIAHI eJeMeHTH IBOX DPANKIB BU3HAYHWKA OJHAKOBI, TO BU3HATHHK
IOPIBHIOE HYJEBI.

5. fAxio BCl ereMeHTH IeAKOT0 pATKa BU3HAYHUKA MAOTh CIUIBHAN MHOXHHK, TO
WOT0 MOXKHA BUHECTHU 3a 3HAK BU3HATHUKA.

6. AKIO ¥ BUBHAYHUKY eJeMeHTH JBOX PAJKIB IPONOPIIHI, TO BU3HAYHUK JOPIBHIOE
HYJIEBI.

7. Sximo pAgKK DU3NIATIMKA IIIHAIO 3adCKIN, TO BH3IIATIINK TOPIBIIOC IIYJICDI.

8. fkimo Bci ereMeHTH +-T'0 PAIKa BU3HAYHUKA MOXKHA MOJATH Y BUIMVIALL CYMU IBOX
NOJAHKIB a;;=b;;j+c;; (j=1,2,3), TO BU3BHAYHUK [NOPIBHIOE CYyMi ABOX BU3HAYHMKIB, B AKHMX
BCl PAAKH, KPIM i-r0, Takl caMl, AK 1 B 3aJaHOT0 BU3HAYHUKA, & 3-WH PAJOK MEepIIOro
BU3HAYHUKA CKIATAETHCA 3 eleMeHTIB b;;, a APYTOro — 3 eIeMeHTIB c;;.

9. BCJU{ILUAHEL BAU3SHA1HKWM KA HE lelil‘U{l‘l'bU)i, HKLWO 40 CJlﬁNlCH'l‘ib OVAHOLI'O pPAidKa AOodd 1
BIAIIOBI IHI eJeMeHTHU iHIIOTO psAAKa, IOMHOXeHI Ha JesKe YUCIO.

MiHopoM eeMeHTa a;; BU3HAYHUKA n-T'0 (n=2,3) DOPAAKY A Ha3MBACTHCSI BU3HATHUK
(n—1)-T0 TIOPAIKY, IO YTBOPIOETHCA 3 A B pe3yabTaTl BUKPECIEHHA PAAKA Ta CTOBIIIA,
AKI MICTATE el ejeMeHT. MiHOD elleMeHTa a;; MO3HAYAETHCA M;;.

AHI‘e6pI/I‘IHI/IM JAOIIOBHEHHAM €JIeMeHTa a;; BU3HaTHUKa A Ha3WBaOTh YUCIO
(=1 A
Asy=(=1)"7 M.

10. KoXHUM BU3HAYHHK MOXKHA HOJaTH AK CyMy [T0OYTKIB €IeMeHTIB 6yIb-AKOro
pAfKa Ha IXHI alrebpaidHi JOIOBHEHHS.

Po3sBrHeHHA BU3HAYHHKA JPYToro MOPAIKY A 33 eJeMeHTaMH i-T'o (i=1,2) pAgKa Mae
BUTIS

e
JIA A

A=a;1 As1+aia Ao,

Po3BuHeHHA BAU3HAYHAKA TPETHOT'O MOPANKY A 3a eleMeHTaMH i-T'o (i=1,2,3) pAlka
Ma€ BUTIAL:
A=a;1Air+aicAiz+aizAgs.

11. Cyma 106y TKIB eleMeHTIB 0y [b-AKOrO psAJKa BU3HAYHUKA Ha BlAIOBIAHI aarebpu-
YHI JOMOBHEHHS €IeMEHTIB iHIIOIO pAAKa JOPIBHIOE HYJEBI.
AHaJOrYH] BJIaCTUBOCT] BUKOHYIOTBHCA 1 CTOCOBHO CTOBIIIIB BU3HAYHUKIB MATPHUII.

BusHayHUKOM MaTPUIl n-T'0 NOPAAKY (n>3) HA3UBAIOTH BiToOpaKeHH:d, AKe MaTPUII

a1 a2 e Aln

az1 a2z ... Az,
A_

A Qn2 e 22799

CTaBUTb Y BIANOBIAHICTD YHCJIO
A=ai1 Ari+ai2Ara+...a1n Arn.

[l BU3HAYHUKIB BUIIAX MOPAIKIB CIPaBKYIOThHCA BCl chpopMyIboBaHi paHillle BJa-

CTUROCTI.



1.9. O6uncanTy BUSHAYHUKHT, POSKIABIIN 1X 38 €IEMEHTAME IIEPIIOTrO CTOBII-

I
1 23 -1 -1 2 2 1 2
i1 2 2; 2|0 1 3|; 3|-2 0 3|
311 2 4 1 1 15

1.10. O6uncanTn BU3HAYHUKN, PO3KIABIIN iX 33 eJeMEeHTAMU MePIIOro psji-
Ka:

1 -2 1 5 0 2 -1 -1 -2
(3 -3 2(; 2|6 =3 1|; 3|1 3 2
4 0 1 1 4 1 2 1 1

I.11. O6unciuTy BU3HAYHMKM, PO3KIABIIN 1X 34 €JEeMEHTaMHU TOrO PAI-
Ka(CTOBMIA), 110 MICTUTE HAUOLIBITY KITBKICTEH HYJIB:

a 1 a 1 b 2 r 1 1 ‘ 2z 3 0
B0 e 01;2)10 =56 5311 = 1,4 1-1 z =z
1 a —a 1 1 1 0 -1 =z ‘ z 1 0
I1.12. O69YncauTy BU3HAYHUKHA, TOMEPETHBO TEPETBOPUBIIHN 1X:
a —a a 1 3 6 3 2 -2 22 oz 1
la —a —al|;2) =2 1 2{;3) |6 =1 3 |;4) |y?2 y 1}|;
a a —a 2 21 3 3 1 22z 1
14+cosa 14+sina 1 m+a m-—a a sin3a cos3a 1
5)|1—sina T4+cosa 1[;6)|n+a 2n—a al; 7)|sin2a cos2a 1.
1 1 1 a —a a sina  cosa 1
1.13. 3uauTu x 3 piBHAHHA:
2 2 1 2 oz 1 2 z 0
Hle 4 2|(=0; 2)|6 2 1|=0; 3)]| 2 0 1|=0;
0 1 3 1 11 -3 -2 -1
2 0 1
4) |z 2 —1|=0.
1 1 1
I.14. O6uyucanTu BUSHATHUKH:
3 5 7 2 1 2 3 -1 0 2 1 3
1 2 3 4 -1 3 2 -1 1 0 2 1
) -2 -3 3 27 2) 2 -1 2 20 3) 2 1 0 2’
1 3 5 4 3 0o -1 -1 3 2 10
1 -2 3 4 -1 -1 -1 -1 1 2 3 0
2 1 -4 3 -1 -2 -4 -8 01 2 3
4 3 -4 -1 =27 5) -1 -3 -9 =27y 6) 301 20
4 3 2 -1 -1 —4 -16 —-64 2 3 01
} 2 0 00 11 1 1 1+a 1 1 1
5028 00 ) a b ¢ d 1 l1—a 1 1|
LR P S 115 I T B SR I
0 05 45 at v B 1 1 1 1-b
0 00 6 5




T 0 0 0 ag
—1 0 0 aq
-1 .
10) 0 T 0 as ;
0 0 0 T Qp_i
0 0 0 -1 [e7%
1 —a —a —a —a
2 1 —a —a —a
3 2 1 —a —a
11) 4 3 2 1 —a
n n—1 n—-2 n-3 ... 1]
Bxaztexa.
10) o mepmoro paika IOLaTH IPYTCHUH, IOMHOXKEHWH Ha @, TPeTid — Ha z2 1 T..1.

[ToTiM PO3KAACTH OTPUMAHUN BU3HAYHHUK 33 HEPIIAM DATKOM.
11) Bix K0XKHOro CTOBIII, MOYUHAKYYN 3 [epLIoro, BliaHaTu HacTynHun. [loTiM mo-

NaTH y BUMIALL CYMHU TBOX BU3HAYHUKIB 33 OCTAHHIM CTOBIIIEM.
84, O6epHeHa MaTpPHUIA

KpagpaTthna MaTpunis A HasuBacThCA HEBUPOIKEHOW, AKIIO det AZ0. B inmoMy Bu-
najgKy MaTpHUIlA A Ha3UBa€TbCsA BHUPOIKEHOIO.
KBagparna maTpuns AL MOPAJKY 1 Ha3UBAETHCA 06EPHEHOIO 10 MaTPULll A HOPAIKY
n, AKIIO
AATI_AlA_T,
ne I — oAWHWYHA MaTPHUIIA.

HAxmo MaTpuna A HeBUpoxXKeHa, TO

A11 A21 .. A'n,l
-1 _1 CNT 1 A1z Azz Anz
A 7detA(A"-") det A
Arn Az, P
[IpaBuabHI CHiBBiJHOIIEHH:
1) (A~H 1=4; 3) det A7 =(det A)"1;
2) (A-B)"'=B~.A7; 4) (A7) =(A7H)7.

I.15. /laa 3afaHol MATPUIl 3HAUTUTH O0CPHEHY:

3 -2 2 -1 -3 2 76 8 3
b (3 S (S )e (R ) (o) ()
. 2 5 7 2 7 3 3 2 2
b)(‘;ﬁjz ;z;na‘Y);?) 6 3 40813 9 691 3 1};
5 2 3 1 5 3 5 3 4
2 3 2 1 2 -3 9 1 1
0 [1 2 =3]; 102 -1 =1}; 123 2 2/
3 4 1 1 3 4 1 -2 1



3 -2 4 -1 2 3 2 1
13) [ 2 -1 3); 4[4 5 —6); 151 -
-1 4 0 2 3 7 -1 2
101 L1 L
16) (1)}};17) 111 ] ¥
1 -1 -1 1 11

1.16. Pose’azaTu piBHAHHA:

0 (5 ) x=( ) (A 3)=(5 0)

-1 2 2 1 1 -4
9 (7 A)x(A)=( 7)
1 2 3 705 2
4)/1 1 2\:/6 0 1
\2 -1 0/ \—34 0/
2 1 1 4 0 2
X [-1 20)=(24 2];
1 11 03 1
0 2 1 1 01 -4 7 1
61 2 2|x[-110]=[0 13 38
-1 2 -2 1 11 12 -5 -—12

. . v .
85, CucreMmu JIHINHUX PIBHAHD
CucTteMa m THINHUX PIBHAHL 3 n HEBIAOMUMH 21, Ta,...,=, Mae BUTIAL
a1121 | a1222 | - | a1p @ =b1,
az1®1tazzvz+t+az, v, =bz,

@11t an2w2+ @ T =0y,

abo
o
E a;;x;=b; i=1,2,...,m.
i=1

TyT a;j; — koedinienTn cucreMu, b; — BULIbHI <IEHU.

Cucrema (1) HA3WBAaETECA OTHODITHOW, AKINO BCl BUIBHI WIEHU € HYIAMH, 1 HEOLHO-

PIAHOIO B 1HIIIOMY BHIIAIKY.

Poasp’askoMm cucTeMu (1) HA3UBAETHCA HAbGIp BIOPATKOBAHUX N TUCEN (0] ,02,...,Qp ),

TIpY MiJCTAHOBI AKUX B CUCTEMY 3aMICTh %1, ¥2,...,T, KOXKHE DIBHAHHA II€PETBOPIOETHCA B

MPaBUIBHY PIBHICTD.

Cucrema (1) cymicHa, AKIIO BoHa Mae XoTa 6 ONMH PO3B A30K, 1 HeCyMiCHA
Mae xkogaHoro. CyMicHa cucTeMa JIHIMHUX PIBHAHL Ha3WBAE€THCA BU3HAYEHOIO, AKIIO BOHA,

Mae€ JUIEe OAUH PO3B’A30K, 1 HEBU3HAYEHOIO, AKIIO KIIBKICTE i1 po3B’a3KiB Olabllle OJIHOTO.

10
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Po3p’a3zaTy cucTeMy piBHAHB O3HAYAE:

1) mocaigwmTu ii Ha cymicHICTB;

2) y pa3i cyMicHOCTI BU3HAMWTH KIIBKICTH il po3B’a3KiB i 3HaWTH Il PO3B’A3KH.

Bl cucTeMy PIBHAHL HA3WBAIOTH €KBIBAJEHTHUMU, AKIO MHOXHWHU IXHIX pO3B’A3KIB

AGITAIOTheS.

[Toszravusmin
a1l @12 ... lp b1 T
A:(aij): a1 a2 “ e A2p, , 7: .bz. , ?: 2“:2 ,
Al A2 e e e Qann ban T

sanmmemo cuctemy (1) y MaTpuanin dpopmi
(2) AT=D.

Matpuns A=(a;;) HABUBACTLCA MATPULEIO CUCTEMH, - CTOBIIEM BLILHHAX 9JIEHIB,
Z — CTOBMIIeM HeBiToMHuX.

IMIpasuao Kpamepa 3acTOCOBYIOTH I PO3B’A3aHHA CHCTEM 3 KBaIPATHOK MATPULEIO
A. Sxmo pusHaYHHK A=det A MaTpHUI CHCTeMH BIIMIHHUE BiJ HyJId, TO CHCTEMa MAa€

€IMHUN PO3B’A30K

i=1,2,...,n,

...,) — BU3HAYHWK, AKUA OTPUMYETHCA 3 BUBHAYHUKA A 3aMiHOK HOI'O $-I0

BIJIBH.

Poar’azok cucteMu (2) 3 HEBHPOIKEHOK KBALPATHOK MATPHUIEK A MOXHA TAKOXK

3HAUTH 3a (hOPMYJIOI0

ail a2 ... Al p, b1

a1 a2 ... azp | b2
Ab— »

Al @2 e e Qanp | by,

AKY OTPUMYIOTH IITAXOM IIPUEJHAHHSA 10 MaTPHUII A CTOBIIA BiTbHUX wieHiB cucTemu (1).

EreMeHTapHUMHK IepeTBOPEHHAMH CUCTEeMHM JiHIMHAX PIBHAHDL Ha3WBalOTL TaKl OIle-
paii:

1) mepecTaHOBKY JBOX DIBHAHDL CHCTEMH;

2) MHOXeHHA 6yb-AKOT'O PIBHAHHA CHCTeMW Ha UUCJO, BiIMIHHE BiJT HyJA.

3) mopaBaHHA IO OJHOIO PIBHAHHA CHCTEMM IHIIOrO 1i PIBHAHHA, TIOMHOXEHOI'O Ha
nesKe YUCI0, BiAMIHHE BiJ HYJIA.

KoxHe eleMeRTapHe TepeTBOPeHHA 6y b-AKOI CHCTEMH TiHIMHAX PIBHAHD II€PeBOJUTh
ii B eKBIBaJeHTHY CHUCTEMY.

11



OckinbKku cucTema JHIMHUX PIBHAHbL TOBHICTIO BU3HAYAETHLCA CBOEID POBUIMPEHOIO
MaTpHUIlelo, TO eleMeHTAPHUM [epeTBOPEHHAM CUCTEMHU BiJAIOBIIal0Th ejleMeHTapHI repe-
TBOPEeHHA PO3IIMpPEeHol MaTpuIli.
i1 pagxy, ODOTIHIACTH 3 APy
TOro, KiIbKiCTL IEepIINX HYJbOBUX €JeMeHTIB OlIblla, HixK Vv IHomepegaboMy. Cucrema
JMIHIMHENX PIBHAHB, PO3IMIMPeHa MaTPUIA AKOl cxXigdacTa, Ha3UBacTbCA CX1AIacTolo.

[l1a po3B’A3yBaHHA CUCTEMH m JIHIMHAIX PIBHAHL 3 n HEBIJOMEMHK MOXKHa BHKOPH-
craTu MeTof [ayca, cyTh AKOrO MOJArac B TOMY, IO KOXHY CUCTeMY JIHINHUX DIBHAHDL
IUIAXOM ejleMeHTapHUX IepeTBOPeHb 3a CKIHYEHHY KIIBbKICTh KPOKIB MOMKHa 3BECTH IO
eKBIBaJeHTHOI 1M CXIA9aCTOl CHCTeMH.

[Mo3HavuMo PATKHA MATPUIL A TaK: a)=(ai1,8:2,...,ain ), i=1,2,...,m.

JlinivHolo KoM6iHali€lo PAAKIB af,ah,...,a), MaTpUIl Ha3wBaTUMeMO BUpa3 kia)+
+koabtkya,,, ge ki,ka,....k,, — OesSKl KOHCTaHTH.

Pagxm MaTpuli A Ha3WBalOTH JIHIMHO He3aJeXKHUMH, AKIIO JIHIAHA KOMOIHAIA IMX
PANKIB MOPIBHIOE HYJEBl TOMI 1 TUIBKM TO/1, KON BCl KOHCTAHTU AOPIBHIOIOTH HYJIEBI.

PaHroM MaTpwIl 3a pAIKaME (CTOBMIAMN) Ha3MBAIOTh MaKCHMAIbHY KIIbKICTb Ji-
HIFHO He3alleXKHHX PALKIB (CTOBIIIB) MaTpPHIL.

Panr cxigdgacTol MaTpuIli JOpiBHIOE KIILKOCTI HEHYJILOBUX PAAKIB Iliel MATPUII.

[Ipu eneMeHTapHUX MIepeTBOPEHHAX PAHI MATPHUIl He 3MIHIOETHCH.

Teopema Kponexxepa-Kaneani. Jag cymicHocTi cucremu (1) Heo6XiAHO I 10CTATHBO,
o6 paHr MaTpHUIll A cucTeMM 36iraBcs 3 paHIOM i1 PO3IIMpeHOi MaTpPHUIll Aj,.

3ayBaxenusa OfHOPiAHA CUCTeMa n JiHIAHUX PIBHAHBL 3 n HEBIIOMUMHU 3a YMOBH,
wo det AZ0, MA€ JULIE HYJABbUBAN PUSE H30K, AKAN LUE HASUBAIO b TPDUBIAIbHUM PUSE H3KOM,

HEeHYJIBORI DO3R’A3KN BOHA MOXe MATU JuIIe 32 YMOBRU det A=0.

1.17. Posp’ssaru cucremm piBHAHB 33 mpaBwioM Kpamepa ab0 3HAXOIATH
obepHeHy Marpuuio:

3 2r + 3y = 14, %) 3r+2y=1, 3) S5pr—4dy =17,
dx — 5y = —16; 4x — 6y = —10; 2¢ — 3y = 0;
4){6:5—71/:3, 5) 5t + 3y =1, 6 152 + 3y = 12,
—2r+3y=1, —10x — 2y = —1; —r+2y=-3;
224+ 3y — 5z =12, T+ 3y+2z=25,
7){4x+5y+3210, 8) < 2 —4y —z = -5,
z — 4y + 42 = —6; 3v+3y+z=—4
22 -3y +52=0, 3z — oy + 62 =—1,
9){@“4—4@48267 10) ¢ —2z4+4y+32=0,
—3r+2y+4z=4; T+ 3y +2z=-5;
3z + 2y +42 =2, 2r—y+3z=1,
11) < 20 —y+32=3, 12) ¢ 3z —2y+ 5z = -1,
3x — by + 5z =—1; r+z=3;
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209 — 1 + 323 — 44 = =7, 204 — 321 + 220 — 423 = —11,
201 — 3x0 + 223+ 24 =1, 14) 201 — 220+ 23+ 324 =1,

311 — 229 + 23 — 214 = —3, T1 — Xo 4+ 223 — 224 = 5,
T1 + T2 — 223 + 224 = 6; 214+ 322 — 23+ 24 = 1.

1.18. P03B’a3aTu CUCTEMH PiBHAHB, BUKOPUCTOBYIOUH MeToa Layca:
3z+4y + 32 =2, 4 — 3y + 52 =4,

1) ¢ z—58y—22=1, 2) ¢ 22+ 2y — 42 =6,
z+3y+z=-1L —2x + 5y — 6z = 5;
3x+2y+4z=7, 2 — 2y — 5z = —5,

3){4x+3y+5z0, 4) ¢ 3+ 3y +2z=1,
20—y + 2z =8&; dr +4y + 3z =1,

{ 32+ 2y+4z=1, (2z+4y—2z=2,

5){4x—2y+3z—3, 6) { 2z — 2z =23,

20+ 6y + 52 = —1; 20 — 4y — 2z = 3;

z—y+z=2, 20+ 3y—z2=2,
7){2JE—|—2y—|—Z17 8) < 3z 42y + 2z =3,

—xr — Ty + 2z =4 dr —y+ 5z =1;

2r +4y + 62 =8, 20 + 2y + 62 = —1,
9){%4—2@/3217 10) ¢ z+4y+3z2=2,

T+ 2y + 3z =4 z+3z=1;

z+3y —2z=-2, -3z +2y=1,

11) § 2u +4y — 42 =3, 12) ¢ 20—y +52=2,
=2z —y+4z2=0; —6x + Sy + 15z = 10;
1+ 209 +4xy — 204 =7,

13) 221 —4x9 + 2203 + 334 =9,

—x1 + 229 — 203 + 14 = —4,
@y + 3wy — 3wy + 204 = —3.
1.19. O6uucanTu paur MATPHIL:

35 7 1 2 -1 1 2 3 4
D1 23]; 23 -1 —2]; 3246 8];
1 35 -3 8 1 36 9 12
1 2 3 6 43 2 2 0200
H12 3 16]; 5021 1); 6100 4];
31 2 6 00 3 3 00 30
1 21 3 4 1000 5
{3 426 38|; 8|ooo0o0 0];
1 21 3 4 2 0 0 0 11



1 3 4 5 =2 3 LSz

Nl 2 -1 4 =2 o), 1% 3 2 3 4],
4 9 -5 16 -4 =3 -5 0
7 -5 1 4 1
1 2 -1 2 1 1 -3 2 —4 1
2 1 0 1 1 3 43 -2 6 1
Wls 24 2 o 1725 2 2 -2 3
-2 0 1 -4 -2 4 1 0 2 2

1.20. JocaiguTu CyMiCHICTH CUCTEMY PiBHIHD:

2x1 + 3x5 + 223 — 424 = —3, 2x1 + 3x0 — 23 + 224 = —3,

1) 321 + 229 + 43 — 2204 = =3, %) 31 4+ 229 4+ 223 —day = —1,
221 + 290 — 223 + 324 = 2, =221 + 429 — 223 — 4 = —5,
—x1 — 225 + x3 — 234 = —3; —3x1 4 522 — Sx3 + Hx4 = 2;
3w1 — 4wy — 3x3 + 5wy = 0, [ 211 + S92 — 323 + T4 = 2,

3) 2x1 + 2x0 + 413 — 214 = 2, 1) 2a1 + 229 — 223 + T4 = 3,
6x1 + 39 + 523 + 204 = —3, T+ 200+ 323 — 224 =1,
=221+ 2o+ 223+ 234 = —1; 31+ x2 + 223 — x4 = 5.

1.21. Posriagaerhea n ragys3edl NPOMUCIOBOCTI, KOXKHA 3 AKUX BUIYCKAE
CBOIO IPOAVKIIKW. YacTuHa il Uje Ha CHOXUBAHHA THUMU CAMUMU CaIy3aMU,
a pellTa IpU3HaYeHa 1A KIHIIeBOl peadisamil. EleMenTH a;; MaTpULl IPAMUX
3aTPaT MOKA3YIOTE, AKA IACTKA IPOAYKIIi -1 ramysi nae Ha CIoXMBAHEA j-I0
rajay3sio. SKIo £; — BaJOBUU BUILYCK i-1 Faxy3i, a i; — KIHIEeBUH IPOAYKT i-
i ramysi, TO Mogeas MibxramryseBoro barancy (Mogens JleoHTHEBA) 3aIUCYIOTE
CUCTEMOIO DIBHAHDL

n
T; = Z a7 +y:(i=1,...,n) (abo X = AX + Yy BexTopuin dopmi).
i=1

1. Jami npo BUKOHAHHA GAJAHCY 33 3BITHHI Mepion HaBeqeHo B TabauLi

CroxuBaHus Kinneruu | Banosuit
lanyss eHePTreTUKA | MAITNHOOY IYBAHHA | IPOAYKT | BUIYCK
Enepreruka 7 21 72 100
MarmmHoOy 1yBaHHA 12 15 123 150

O6uncantu HeoOxiguun 06’¢M BaJOBOIO BHUIIYCKY KOXKHOL Fady3l, AKIIO
KIHIIEBE CIOXUBAHHA NPOAYKIIl eHepreTUKY 30UILIMNTLCA YVABITI, A MAIIHO-
Oy IyBaHHA He 3MIHUTHLCA.

2. [lagi Ipo BUKOHAHHA 0AJZAHCY 34 3BITHHH IIEPIOI HaBeICHO B TAOJIMIIL

Crnoxusanua |Kinnesun | Bazosun
lanysb |ranysp 1|ranyss 2| IPOAYKT | BUIYCK
lamyss 1| 100 160 240 500
lamyas 2| 275 40 85 400
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O6uncauTn HeoOXiJHUN 00’€M BAJOBOTO BUMYCKY KOXKHOI Tatysi, SKIIO
KiHIIEBe CIOXMBAHHA Tpoaykmii ramxysi 1 s6iasmmrecs va 100%, a raaysi 2
— ua 20%.

§6. 3aralbHUM PO3B’A30K CUCTEeMH JIHIMHUX PIBHAHD

Hexaln 114 oIHOPIZHOI CHCTeMH JIIHIMHWX PIBHAHD

a11x1tai2xe+t--+ar, r,=0,
a21z1taz2re+t-+a2, 2, =0,

am1T1F+ama®at-+amn2n=0,

BUKOHYETLCA YMOBa rang A=r<n, Tol 6YyIb-AKI n—r JIHIHHO He3aMeXKHUX DO3B’A3KIB O-

Hopignol cucremm piBuAHb z1),z(? ... z(" ") yTBOpPIOOTH ii BYyHIAMEHTAIBHY CHCTEMY

PO3B’A3KIB., 3arajJbHHH PO3B’T30K OJHOPLIHOI CHCTEMH 3alllCYIOTh y BHIMIAALIL
r=C12M +Cor® 4Ot

ne C1,Cs,...,C, —, — IOBLILHI cTai.

SIKmo Aaf cucTeMu JIHIMHUX PiBHAHD

a1121taiazo+-tai, r,=b1,
ag1x1+taz2ze+Fa, x, =ba,

Q1 T1 2Tt FCon T =bu,

BHUKOHYETBCA YMOBa rang A=rang A, =r<n, To ii 3araJbHAN PO3B’A30K JOPIBHIOE CyMi Oy Ab-
SIKOT'O 9aCTKOBOT'O PO3B’A3KY HEOTHOPITHOI CHCTEMH Ta 3araJbHOTO PO3B’A3KY BIAMOBIIHOL
OJHOPIIHOI CHCTeMH JIHIMHAX PiBHAHL

z=2"+CeM +Cox® 4. 1O, _ 2T

1.22. Posp’asaru cucremu piBHAHL:

T — T+ 223 = 2, —321 4+ 620 — 923 = —12,
1) ¢ 221 — T9 + 223 = 4, 2) X 21 — 2290 + 323 =4,
—x1 — X0 + 223 = —2; 221 — 4xo + 623 = §;
—2x1 + 329 — 4x3 + 224 = 10, T —xo+ x4 =1,
‘ 2x1 — 3xo + 53 + 314 = —6, —x1 + 229 + 23 — 34 = —1,
3 1 + 212 — 3x3 — 4wy =4, 4 r1 + 212 — 23 — 204 = —2,
31+ 22 — X3 — x4 = 5 —x9 + 313 — x4 = —1;
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31+ 22 — 223+ 24 = 1, T1 + 229 + 423 — 204 = —1;

207 — a9 + 13 — 314 = 1, ) 2x7 — 4x9 4+ 223 + 34 = 3,
—3x1 +4xs —dx3 + 224 = 2, —21 + 229 — 223 + x4 = 2,
Tx1 +4xy — 613 — 2004 = 3; r1 + 3x9 — 323 + 224 = 11;
221 4+ 322 4+ 223 + 224 = 5, 41 + 22 — 323 + 224 = 2,

3217 — 220 — 33+ 424 =3, 8) ¢ 1 + 325 — 223+ 224 =5,
r1 + 222 + 13 — 334 = —2; —2x1 + 519 — 23 + 224 = §;
4z, + 629 — 8x3 + 224 =4, 1229 — 1623 4+ 824 — 427 = —8,
201+ 32 —4drs + x4 =2, 10) ¢ 21 — 339 + 4dx3 — 24 = 2,
r1 — 229 + bag — 3x4 = 2; 2x1 — 629 + 83 — dxy = 4

X1 —Xo + X3 — g =2, {I1+2x3+éb4:—17

T — Ty —Tg —Tg =1, 3r1 + 223 — x4 = 2,

—x1 + 22 + 523 — Sy =1, 12) T1 + 3o — 23 =3,

201 — 225 — 234 = 3; —x1 — 2% + 43 + dxy = —1;

2@1 + 329 — 223 + 14 — X5 = 2,
T, — Ty + 223 + T4 + w5 = 3,

3x1 — 200 — 23 + 204 + x5 = 4,
—3x1 — 3wy + Tag — 24 + 225 = 0;
321 + 4y — 2x3 + x4 — 225 = —2,
2z — T3 + 373 + 274 + 475 = 3,
x1 — 629 + 8z + x4 + 1025 = 8,
521 + 322 + 23 + 324 + 225 = 1;
Te1 + 2xy + dwg + Sxg + 3x5 = —1,
221 — 29 + 223 — dzy = 2,

3z1 + 4xo + 1324 + 3z5 = -5,
621 + 222 + 3wz + 11lwg — 225 = 3;
—x1 4+ 2x2 + 24 = 2,

2r1 — w3 + 15 = 1,

21 + 320 —4a3 + x4 + 25 = 3,
521 + @3 + 314 + 225 = 8;

21 — @2 + 223 — x4 + 205 = 0,
3x1 — a9 +4as 4+ 24 — x5 = 1,
T+ 39— 515 =1,

521 — 320 + 8x3 + 4w4 + 3x5 = 1,
=229+ 223 + x4 + Va5 = —1;
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—2x1 + 4o + 23 + 624 + 325 = 3,
4y — 329 + 23 — dw4 — S5 = —1,
18) ¢ 21+ 229 — a3+ 224 =1,

x1 +4xo + 623 + 814 — x5 = 6,

x1 + Txo + 2x3 + 1024 + 25 = 6;.
3x1 + 22 + 2u3 —4uay =0,

T — X9 + 223 — 224 = 0,

19)
T, + 229 + 223 — 24 = 0,
—2x1 + 322 + 4x3 + 324 = 0
201 + 22 — x4 =0,
Z1+2J32—3J73—I4:0,

20)

x| 23 | x4 =0,

PENT DV -SRI 5 DS o W
2 M iy Y ) oX3 alg = U;

—r1 4+ 22+ x4 +25 =0,

201+ a0 — 13 — x4+ 715 =0,
21) ¢ 221 + X — x4 — x5 =0,

31 — 223 + x4 + 525 = 0,

—z1 +4xs + 23 + 224 = 0
—2x1 +4x3 + 224 + 325 = 0,
221 + 320 + 4wy — 224 + 25 = 0,
22) —2x5 —4dz3 — 225 = 0,

—2x1 — 2y + 224 + x5 = 0,

6131 +7£Z72 +8$3 - 6$4 + x5 = 0.

§7. JIIHIMHUA BEKTOPHUH MPOCTIP

1°. Oznauenna AIHIGH020 8EKMOPHO20 NPOCITODY

Muoxwnaa X, Ha AKIA BBeleHO Ollepallilo NoJaBaHHA il eleMeHTIB Ta OIEPAaIild MHO-
JKeHHA eleMeHTIB 3 X Ha MIUCHUHU CKAIAp, HA3WBAETHCA JIHINHUM BEKTODHUM OPOCTOPOM
HaJ IIoJeM JiICHUX <THces, AKINO AJA 11 eTeMeHTIB CIpaBIKyIOThCA TaKl aKCIOMH.

1. Ya,b,ce€X: (a+b)+c=a+(b+c).

II. Ve, bcX: a+4b=b+ta.

III. 3eeX VaeX: a+e=a.

IV. YaeX I(—a)eX: at(—a)=e.

V. Vu,v€RVaeX: p(va)=(pv)a.

VI. Vu,veRVaeX: (utv)a=patva.

VII. VueRVa beX: platb)=pa+ub.

VIII. VaeX: 1l-a=a.

EjeMenTn MiHIAHONO BEKTOPHOT'O MPOCTOPY HAZUBAIOTL BEKTODAMHU.
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2°. Cucmemu sexmopis. Honamma 6a3u
Osnauenna. BexTopu 4y, @z,...,3, Ha3WBAIOTHCA JIHIMHO 3aJEKHAMH, AKIIO ICHYIOTH
TaKi YUCTA 1, Q2,...,0p, 3 AKAX X09a 6 OTHe He NOPIBHIOE HYJEBI, 1 NP AKUX CIIPaBIXY-
€ThCS PIBHICTH
alﬁl+oz262+~~~+a,,,,(7,,,,:6.
Osnauenna. Bexropwm @i, @s,...,@, HA3UBAIOTHLCA JIHIMHO He3aJeXXHUMH, AKIIO DiB-
micTh (1) MOXIMBa JWIle y BUNAIKY, KOJHU BCl TUCAA a1, 42,...,0, JOPIBHIOIOTEH HYJeBI.
JliHiiHO He3aleXHI BEKTOPH YTBOPIOKOTEH 6a3y npocmopy, AKIO OYIb-SIKUU BEKTOP
LIBOTC NPOCTOPY MOXKHa MOJaTH Y BUINIAL JiHINHOI koMOiHaIlll 3a1aHnX BEKTOPIB.
SAximo B mesakin 6a3zi {e;} 418 BekTOpa z CIpaBIKYETLCA PIBHICTH
z=z1e1+T2€2+ F+Tpen,
TO YUCHA T1,T2,...,5, HAZUBAIOTH KoOpJIuHamMaMU BEKTOPa = B 6a3i {e;}.
Byab-aki a8l 6231 JIHIHHOTO TPOCTOPY MalOTh OTHAKOBY KIIBKICTb BEKTOPIB.
KinkkicTh ReKTODIR GART HARAWRAIVTH NOIMINHICMIO NPOCMOPY
Panr maTpuii, ckiageHol 3 KOOpIUHAT BEKTOPIB a1, d2,...,d, JeAKOl CHCTEMH, JOPIB-
HIOE€ MaKCHMaJbHIM KIIbKOCTI JIHIMTHO He3aJeXkHNX BEKTOPIB ITi€l CHCTeMH.

3°.38’a30x Minc 6asamu. Ilepemeopenns xoopdunam

HAxuo {e;} 1 {e;} 1Bl 6a3¥ JIHITHOIO BEKTOPHOIO IPOCTOPY, MPHIOMY e;r:i: aipei,
TO MAaTPUII A=(a;;), CTOBITYMKAME AKOI € KOOPJIUHATH BeKTOpPIiB 6a3u {e;} v éa;i {e:},
Ha3WBalOThL MAMpuyero nepexrody Bix 6asu {e; } 1o Gasu {e;}

Marpuns nepexoay € HeBupog:keHnow. Ob6epHeHa MaTPHUIA € MATPUIEIO MEPEXORY
BiA 6a3n {e;} no 6a3u {e;}.

Koopaunaru BekTopa = v 6a3i {e;} 1 y 6asi {e;} OB ’A3aH1 CIIBBIIHOIIEHHAMUK

r=Az’, z'=A"1g.

1.23. Yu ¢ migiuamM OpOCTOPOM HAJ IOJIEM JIMCHUX THCEJ:

1} MHOXUHA BCIX BEKTOPIB IPOCTOPY MApAIEILHNX 33 TaHIA MPAMIN;

2) MHOXKWHA BCiX BEKTOPIB POCTOPY MEPIEHINKYIAPHAX 3AJAHIU TPs-
Min;

3) MHOXWHA BCIX BEKTOPIB MPOCTOPY HE MAPANETLHUX 3aAHIN TPAMIN;

4) MHOXWHA BIOPAJIKOBAHWX MAap MIMCHUX GHUCEJ, HA AKIN BBEJECHO TaKi
omeparii:

(al,bl) + (az,bz) = (Gl + ag,b1 + bg); a(al,bl) = (ozal,ozbl);

5) MHOXKWHA BIOPAJAKOBAHUX TPINOK MHCHUX UHMCEN, HA AKIH BBEJEHO
Taxli oneparii:

(ah bl, Cl) + (ag, bQ,CQ) = (a1 + as, b1 + bQ, c1 + CQ);

alar, b, c1) = (aar, aby, acy);

6) MHOXWHA BIOPAIKOBAHMX 7, AIMCHUX €UCEJ, HA AKIM BBEIEHO TaKl
omeparii:

(wl,wQ,...,fL‘n) + (y1>y23"'>yn) = (wl T Y1, T2+ Y2, T +yn)a

alzy,22,. .., 2n) = (@@, 022, ..., azy);

7) MHOXWHA KBAAPATHUX MATPHUIL 71-T'O MOPAAKY 31 3BUIAMHUM 044
BAHHAM MATPHUIL 1 MHOXEHHAM MATPHUIN HA, CKAJAD;
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8) MHOXMHA TIATOHATBHUX MATPHUIL 1-T0 TOPAIKY 31 3BUYAUHAM TOMA-
BAaHHAM MATPUIE 1| MHOXKEHHAM MATPUIN HA, CKAJAP;
9) MHOXWHA MaTPWIlb PO3MIPHOCTI M X 7. 31 3BUYAUHUM [0/ IaBAHHIM
MATPHUIL 1 MHOXKEHHAM MATPHUIL HA CKAJIIAP;
r+y—z+t=0

. . —y+z+t=0
10) MHOXHUHA PO3B’A3KIB CUCTEMU DiBHIHL 7
3r+y—2+3t=0
y—2=0

Busuasre 6a3y 1 po3aMipHICTH KOXKHOT'O TIPOCTODY.

1.24. Yn GyayTs JIHITHO 3aJeXKHUMH BEKTOPH @ = 1M — 7 + [, b=+

o=

c=m+n, d=1i— l_: AKIIO T, 7, [ — mimitimo menamexi.

1.25. BusmauuTy Opu AKMX 3HAYEHHAX T 1 § BEKTOPU d Ta 5, OB’ A3aH1
chiBBigHowennaM (z 4 2y + 3)b + (3x — y + 2)@ = 0, MOXyTH GyTu JiHIHO
He3aIeKHUMHA T

1.26. BusnayuTu npu SKUX 3HAYEHHAX X, Y TA Z BeKTOpH @, b i ¢, noB a3ani
errinm nreTTenEans (7 1 9\ /om_m L. 1\f| (2 — 1= 0 MOEVTD
© llDDlHﬂULLLCﬂﬂJl V1 \‘l/ T y K L}(l/ T \Al.,b Ay T & T L}U \ L}(/ —_ U wvivum ‘)/ 1D

6y TN JHIMHO HE3AJEXKHUMU !

1.27. 3uao4n pO3BUHEHHA BEKTOPIB d, bicaa TPHOMA JIHITHO HE3ATCKHIMHA
BEKTOpaMu 17, 7 1 l_: MEepEBIpUTH, 91 OYAYTH JIHINHO 3aJIEKHUMU BEKTOPU &,
bic SKImo Tak, TO BUSHAUNTH JIHINHY 3AJeXKHICTL MiXK HEMM:
ya=2m—-fi—-lb=2i—-m—1[,c=2—m—;

—_

= = = =
— — 7

Qyda=Lb=m—-a-1l,=m—i+1
d=m+a+l,b=d+1 = —77’1-1—[.
I.28. Cepep BexTopis a = (1,1,1), b = (0,0,1), ¢ = (2,2,3), d = (2,—1,0),

e = (1,2,1) subpaTu 6a3y HpOCTOpy R3

1.29. 3HaI/ITI/I KOOD AMHATH F=a+b+7s 6a3i, CKJIa,qum 3 BEKTODIB 171, =
=d+b—20R=a—b,1=2b+3¢ (BeKTopH @, b, ¢ — mimitmo He3aJIeXKHi ).
1.30. Tokasaru, mo BexTopu fi = (2,1,-3), fo = (3,2,—-5) ta f3 =
(1,—1,1) yrBOpIOIOTH 6a3y Ta 3HAUTU KOODAUHATHU BeKTOpa = = (6,2, —7) B
uin H6aai.

I.31. 3mantu marpumo nepexoay Big Sasum fi = (1,1,1), fo = (1,2,3),
f3=1(0,1,3) mo 6asu e; = (1,0,0), es = (0,1,0), e3 = (0,0,1).

§8. MaTpuilsa JiHIHHOTO ollepaTopa

Osnauenna. OnepaTop A:X —X Ha3WBalOTh JIHITHUM OTepaTOPOM Ha MpocTopi X,
SAKIIO:

1°) Vz1,026 X: A(z1+z2)=Az1+ Az

2°) Vz€XVAEP:A(Az)=\Az.

Axmo poaMipHICTE TpocTopy X JOPIBHIOE n, TO Ail0 ollepaTopa A MOXKHA 3aTaTH

KBa/pPaTHOIO MaTPHIEI0 PO3MIPHOCTI n.
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O3nauenns. MaTpuiio A, CTOBHIAME SKOI € KOOpAWHATH 00pa3iB BekTOpiB Gasu
mpocTopy X, HasWBalOThH MaTPHIEO JiHIMHOrO omepaTopa A:X—X y nin 6asi.

Toni o6pa3zom BekTOpa x IpH Ail onepaTopa A 0yle BEKTOD y—Ax.

Marpureto cyMu aBox omepaTopie A:X —X i B:X—X B geaxiil 6a3i ¢ cyma A+B
MaTpUIlL IUX OIepaTopiB y 3agaHin 6a3i.

MaTpurero KoMmosuii { 706yTKy) ABOX onepaTopiB A:X —X 1 B:X—X y mesakin 6a3i
¢ 106yTOK BA MaTpUIlL ITUX ONepaTopiB y Tl caMiil 6asi.

Sxio MaTpuIA A onepaTopa € HeBUPOIKEHOIO, TO [ ollepaTopa A iCHye 0bepHEeHHI
OICPAaTOp, MATPHIA AKOrO gopipmioc A™L.

Axmo T marpuus nepexoxy Big 6a3u {e;} g0 6a3u {e;}, To maTpuns A’ omeparopa

A B 6asl {e}} obuucioeTbes 3a HOpMYIOIO
A'=T71AT.

1.32. TlokasaTm, W0 OmEpaTop, AKUN KOKHOMY BEKTODY ¥ = (Z1,¥s,T3)
IPOCTOPY CTABUTH Y BLAIOBI AHICTD BeKTOp § = (%] — X9, Ta + 3, T + T3 — T3)
¢ JIHITHUM 1 3HalTH Horo MaTpuiio B 6azi e; = (1,0,0), ex = (0,1,0), e3 =
= (0,0, 1).

I.33. TlokasaTu, 110 OPTOrOHAJIBHE MPOEKTYBAHHA TPUBUMIPDHOTO POCTOPY
Ha Bick Oz € MHIHIM OLepaTOPOM 1 3HANTH HOrO MATPHLIO y 633 i, /, k.
1.34. IloxasaTu, M0 CUMeTPid TPUBUMIPHOTO IPOCTOPY BiAHOCHO ILTOIIMHHU
202z € AMHITHAM OMEPATOPOM 1 3HAUTHU NOT'O MATPUIO V 6a3l 7, ;, k.

1.35. Iloxasaru, mo cuMeTpis TPUBUMIPHOTO IPOCTOPY BigHOCHO oci Oy €
JIHIFHUM OMEPATOPOM i 3HANTH HOTO MATPHUIIO V 6a3i 1, /, k.

1.36. Ilokasarwm, 110 HOBOPOT TPUBUMIPHOIO IPOCTOPY BiIHOCHO oci Oz ¢
JIHIIHEM OIEpATOPOM i 3HARTH MO0 MATPUINO y 6a3i 1, J, k.

1.37. TlokasaTm, mo oncpaTop AUGCPCHINIOBAHHA € JIHIMHUM ONCPATOPOM
Ha [IPOCTOPI MHOTOWIEHIB, CTeleHl AKMX He BUIN, HiXK IPYTCHH, Ta, 3HAUTHA
#loro maTpuiio B 6a3i 1, x, 22.

1.38. 3uanTu MATPUIN KOMIO3UINN BifoOpaxeHs 3 npukaamis 1.33 Ta 1.34 B
OTHOMY U IHIIIOMY HOPAIKY. 11 KOMYTYIOTH IIi BinoOpaxKeHHs?

I.39. Omeparop A mepeBoguTh BekTOpPE a1 = (2,3,5), as = (0,1,2,) Ta
as = (1,0,0) Bigmomiguo y mextopu by = (1,1,1), bs = (1,1,-1), b3 =
(2,1,2). 3manTu mMaTpuiio omeparopa A y Tin 6a3i, B AKIA 3a1aHl KOODIU-
HATU BEKTOPIB.

1.40. Y 6a3i €1, €, €3, €4 OIepaTop Mae MATPUIIO

1 2 0 1
3 0 -1 2
A= 25 3 1
1 2 1 3

3IaNTH MATPHIIO LLOIO OmepaTopa b 6asl 3 BeKTopib:
a) €1,€1 + &, 83,6 — €4;
0) €1,€1 + 2,81 + & + €3,61 + & + &5 + 4.
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59. BaacHl BekTopH 1 BIaCHI 3HAYEHHA MATPUI

Osznauenns. HeHyJIboBHI BeKTop &, 110 3aJ0BOJLHSIE CIIBBIIHOIIEHHA AF=\F Ha3u-
BA€TbCA BAACHUM BEKTOPOM MATPHIN A, a CKafip A — BIACHUM 3HAa4eHHAM MaTpUIll A, 1o
BIITIOBi Ia€ BJIACHOMY BEKTOPOBI .

Orixe, F#£0 € BIACHHM BeKTOPOM MaTpHIi A, AKIIO BOHa IEPEBOJUTH BEKTOD T Y
KOJMHEaApHUN HOMY BEKTOD AZ: AZ=AZ.

Cucrema piBHAHD (A—AE)z=0 MaTUMe HeHYJIbOBUH PO3B A30K TOJI 1 JUIIe TOL1, KOIU

MaTpunAa
aufx\ ailz Alq,
a1 aza—A .. azy,
A-XE=| .
At a0 a A

6yne Bupojkenon. OTe, BIaCHI 3HaYeHHA MATPHUII A € KOPEHAMH MHOTOWIeHa f{\)=
det (A—\E), AKHN Ha3MBAIOTh XapaKTEPUCTUIHUM MHOTOWIEHOM MATPHUI A,

Baacui BekTopu F1, Ta,..., T MATPUAIN A, AKI Bi IMOBITal0Th IOMAPHO PI3HUM BJIACHUM
3HAYEHHAM A1, A2, ..., Ay, € JIHIAHO He3aJEKHUMHA.

Marpuus oneparopa A vy 6a3mcl, 0 CKIALAETHCA 13 BIACHUX BEKTOPIB LBOIO OIepa-
TOpa, € JaroHaJbHOI.

1.41. 3HanTH BIACHI BEKTOPU 1 BIACHI 3HAYCHHA MATPWII:

ST T )

0 -1 1 1 2 =2 2 -1 2
nl-1 0 =1});¢)[1 0 3 ;e 5 -3 3 |;
-1 -1 0 1 3 0 -1 0 =2
0 1 0 4 =5 2 -7 12 —6
x)| -4 4 0)];3) |5 =7 3|;m) | -3 5 =3];
-2 1 2 6 -9 4 3 -6 2
2 19 30 -3 2 0 -1 -2 12
vlo -5 —12;0 (-2 1 o[ o 4 3

0 2 5 15 -7 4 0 5 6

1.42. 3’acyBaTu, AKy 3 MaTPHUIbL MOXKHA 3BECTH IO MArOHAJLHOTO BULVIAIY
LLIAXOM IIepexoay A0 HOBOI Oasu. 3HauTH L0 6a3y 1 BLANOBLAHY i MaTpPULO.

-1 3 -1 6 -3 -3

A= -3 5 —-1]; B=|3 -2 -2

-3 3 1 2 =2 0
1.43. Hexan n kpaid, HAOHATBHUN MOXIJ KOXKHOI 3 AKX BIATOBIIHO 10-
PiBHIOE Z1, 2, ..., T, TPOBOJATE MiXk co6or0 Toprosuil 00MiH. Hexan a;; —

“TACTKA [AMOIAJILIION0 JOXOLY, [0 BUTPATIAC ¢-Ta Kpalla 1a KyIiBaIo TOBApiB
y j-i1 kpalgi. Bpaxkarumemo, M0 BeCh HAIIOHAJLHUN JOXIA KOXHOI Kpaldu
BATPAYAETHCA HA 3aKYIIKY TOBAPIB BeepearHi KpaiHu abo Ha iIMIOOPT 3 1HIINUX
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n

kpain, To6to Y a;; = 1. Marpumio A = (a;;) HA3UBAKTEL CTPYKTYPHOIO
MATPUILEIO TOIgr‘ilBJIi. Toprieasa Mix kpainamu Oyne 36aJAHCOBAHOI, AKIIO
AX = X. Ilokasaru, 1m0 9ucyao 1 crupas i € BIACHUM 3HAMEHHAM CTPYKTYPHOL
MaTPUIl TOPTIBJIL.

1.44. 3umanTyu CoiBBIJHOIIEHHA HANIOHAJILHUX JOXOMIB TPLOX KpPAalH, AKE 3a-
0e3neUNTh 30AJAHCOBAHY TOPTIBII MiX HUMHU ([UB. MOMEPEIHIO BIOPABY),
AKIIO CTPYKTYPHA MATPULS TOPLIBIL MAC BUIVIAL:

1/3 1/4 1/2 0,1 0,3 0,2
Y)A=1{1/3 1/2 1/2]; 2A=10,8 0,6 0
1/3 1/4 0 0,1 0,1 0,8
§10. KsaapaTrnaua dpopma
Osznauenns. KpagpaTudHoo (OpMOIO BiJ 3MIHHUX x1, 2,..., T, Ha3UBAIOTh OIHO-

PIAHMY MHOT'OYJEH APYTOrO CTENeHs BATJIALY
Q@132 T )= Y @i TiT4,
ij=1

ae a;; — AllicHI 9ucaa, IPUIOMY a;;=aj;, i,5=1,...,n.

CumMeTpudHa MaTpuld A=(a;;), %,j=1,...,n, cKlIajeHa 3 KoedillieHTIB KBaIpaTUIHOL
dopMH Q, HA3UBACTHLCA MATPHULEIO KBaAPATHIHOl GOPMHU.

KBagpaTtwiHa (GopMa Ha3UBAETHCA BHPOJXKEHOI (HEBUDOJKEHOIO), AKINO BUDPOLXKe-
HOW0 (HEBUPOIKEHOI0) € ii MaTpuus.

Kpagparuiy dopMmy y 6asi €1, €2, ..., €, MOKIA IOLATH Y BULVIAAL

ne A=(ai;) — MATpHULA KBaApaTHIHOl GopMK B LiK Sasi.

NBi KBagpaTUYIHI POPMHU HA3UBAIOTHCA €KBiBAJIEHTHUMH, SKIO BijJ ONHI€I KBaApaTUY-
Hol pOpMH MOXKHa IepedTH O IHINOl ILIAXOM HeBMPOKEHOI'O JIHIMHOIO IepeTBOpeHH:A
AMIHHUX.

Kpagpatuuyny ¢opmy @ HasMBalOTL KaHOHIYHOIO, AKIO MPHU i#j BCi il KoedillieHTH

a;;=0, a KoedillieHTHU a;; AOPiBHIOWTL 1, -1 a6o 0, To6TO, AKIIO BOHa Mae BUTJIAL

n
2 2 2 2
Q(z1,72,e.0,Tp )=a18] taozi+-Fa, 5= g aiz?,

ne a; gopiBHLOIOTH 1, -1 ato 0.
Byab—saky xkBagpaTuday ¢hopMmy Q&) MOXKHA 3BeCTH HEBUPOMKEHUM MEPETBOPEHHAM

3MIHHUX [0 CYMH KBaJApaTiB, TOOTO 0 KAHOHIYHOI'O BUIVIATY

,HJIH NPpaKTUYHOT'O 3BeJeHHA KBa,E[pa,TI/I‘IHOi CI)OpMI/I pife) KaHOHIYHOT'O BUIIAAY 3acCTO-

COBYIOTH MeTOJ BHIIIEHHS IOBHHUX KBajparTie (MeTon JlarpaHka) a6o MeToH 3BeJeHHA
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KBaApaTudHOl POPMU [0 T'OJOBHUX OCel. B ocTaHHLOMY BUNAAKY KBajpaTudHa dopma

3BOJUTLCA 10 BUIIALY
Q@N=(@)T AT =M how b A2,

e A; — BJAcHI 3HAYEHHI MaTPHUIl A; A’:T‘lAT; T_1:TT, T — MaTpUIA [Tepexony Bil Ho-
9aTKOBOI OPTOHOPMOBaHOI 0a3n 1o 0a3u, CKIaleHol 3 OpTOHOPMOBAHUX BIACHUX BEKTOPIB
MaTpumi A.

Kpagpatuany dopmy Q(#) Ha3sMBaloTh NOAATHO (Bl €MHO) BU3HAYEHOIO, AKIIO AJA
Gy 1b-AKOT0 HEHYJIbOBOT'O BEKTODa # BHKOHYETHCS CIIBBIgHOMEHHA Q(Z)>0 (Q(F)<0).

CropaBIKyOTBCSA TaKl TBEPKEHHI:

H
2) kBagpaTwdHa (bopMa I0JaTHO BH3HAYeHa TOMI 1 TUIBKA TOMI, KOIU BCl BJACHI
3HaYeHHA MaTPHIll KBagpaTh4dHol GpOpMHE I0TaTHI;

3) Axmo KBagpaTHIHA GopMa IOJATHO BU3HAaYEeHa, TO BU3HATHHK MATDUI KBajpa-

THYHOI HOPMU NOAATHUN;

I.45. 3anucarm kBagpaTuuny dpopMmy 3 MaTpunen A, axmo matpunsa A mae
BUTIAL:
2 ¢ -4 17 -8 4 11 2 -8
a) % -3 § 6) | -8 17 -4 ;) [ 2 2 10
-3 3 3 4 -4 11 -8 10 5

1.46. 3pecTu kBagpaTwIHy GOPMY 10 KAHOHITHOTO BUIVIALY:
a) Q(x1, 70, 73) = 223 + 23 + 25 + 32129 + 421 73;
6) Q(.%'l,ZEQ,Ig) T1Z9 + X123 —3.%'2.%'3;
B) Q(x1,29,23) = 22129 — 22123 + 6025,
1.47. 3a monomorown Merony JlarpaHxka 3BeCTH KBaAPATUYHY (POpPMY X0
HOPMAJILHOT'O BULVIALY:
a) Q(x1, T2, 73) = 23 + 22120 + 203 + dwows + 5@%;
6) Q(x1,29,73) = 37 — 4x129 + 20173 + 423 + 23;
B) Q(21,22,%3) = 11202 + 2123 + Tax3;
r) Q(x1,xs,x3) = 27 — 41129 + 523 + 2x913 + 1023,
1.48. 3pectu kBaapaTuydHy (POpPMY IO KAHOHIYHOIO BUIVIAAY. JSaluCATH

BIANOBIAHE HEBUPOIKEHE MePETBOPEHH 3MIHHUX:

a) Q(x1, 29, 73) = 27 + 523 — 422 + 271719 — 421735

6) Q(x1,22,23) = 427 + 23 + 22 — 4wy 29 + 42123 — 32973;

B) Q(x1, 22, T3,%T4) = T1T2 + Tos + T3Xs + T124.
1.49. 3uanTy OpTOrOHAILHE TEPETBOPEHHA, AKE 3BOAUTDL KBAIPATUTHY (POP-
My rE[O I{aIIOIIi‘IHOFO BI/IFJIfIrl[y Ta 3allnucaTn Heﬁ I{aHOHi'HII/IIU/I BUIVISI AL

a) Q(w1, 20, 73) = 202 + 22 — 4120 — d073;

6) Q(w1,22,23) = 23 + 222 + 322 — 4132 — 4w073;
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B) Q(z1,72,73) = 327 + 422 + 51’% + 4z 30 — dT9T3.
1.50. 3BecTu [0 rOJOBHUX OCEN KBaAPATWYHY (OpMY. SHAUTH BiIOBiIHE
OPTOTOHAJILHE IEPETBOPEHHA:

a) Q(x1, T2, 73) = 322 + 222 + 22 + 4wy 2o + dwaws;

6) Q(x1, 19, 73) = 627 + 323 + 323 + 42122 + 47173 — 87273,
I.51. TlokazaTn, Mo KBaAPATUIHA (HOPMA AOAATHO BU3HAMCHA!

a) Q(zy,x2) = 1322 — 6x129 + 5225

6) Q(x1,Ts,73) = 427 + 573 + 323 + 47172 + 271 73.
1.52. 3umanTu sHATCHHA MApPaMeTpa A, IPHU AKOMY KBaIPATUIHA (HPOpMa 10
TATHO BU3HAMCHA:

a) Q(z1, 72, 73) = 523 + 23 + \12 + dw170 — 27123 + 22203;

6) Q(x1,22,73) = 25 + 23 + 573 + 2 179 — 27173 + 4T23;

B) Q(x1, %0, %3) = 27 + 423 + 23 + 2A\v129 + 102123 + 62923;

r) Q(x1, 79, 73) = 222 + 23 + 322 + 2\v172 + 27173,
1.53. CdopmymoBaTu 03HAYEHHS TA O3HAKU Bl €MHOI BU3HAYEHOCT! KBaJ-
paTudHOl GOPMU.
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PO3AIJII

CUCTEMHU KOOPAMNHAT

¢1. JdekapToBa cMcTeEMa KOOPHUHAT

1°. Cucmema woopdunam wa npAmit

[Ipsma, Ha skix BUOGpaHo MOYATOK BiAJIIKY — TOUKy O, HAIIPAM 1 OUHUIIIO JOBXKUHMU,
HA3UBAETHCA BICCIO KoopauHAT. [I mosHadaioTh Oz.

Koopdunamono mouku Ha npamid HA3WBAIOTH TOBXKUHY Bigpizka OM, B3ATY 31 3Ha-
KOM ILTIOC, AKINO TOYKa M JeXWTH ClpaBa Bif MOYATKYy KOOPAWHAT, 1 31 3HAKOM MIiHYC,
AKINO BOHA PO3MillleHa 3JiBa Big Todku O.

Koxnin Touni M Ha KOOpIUHATHIA OCi MOXHa IIOCTABUTH Yy BiANOBIAHICTL JiMCHE
yueao ¢ — il koopaunary (puc. 1.) s BigmosigHicTh MiX ToUKaMu mpsmol i iX Koopau-
HaTaMU 3aIACYEThCA Tak: M(3), N(5), K(—3).

2°. Cucmema KOOPOUHAM HE NAOUUNHT

/1Bl B3a€MHO IEpIeHINKYJIAPHI KoopamHaTHI ocl Oz 1 Oy Ha IUIONIMHI 31 CIUIbLHUM
nouaTkoM O YTROPIOIOTHL OPAMOKYTHY CUCTeMY KOODAUHAT Ha MIomuHi. li moaHadamoThb
Ozy. Bich Oz HasMBalOThL Biccio abcluc, a Bick Oy — BICCIO OPAUHAT.

Koxni Touni M mIOIMHYA BiANOBIfaE BHOPAIKOBaHa Hapa Tuced (a;b), ge a — abc-
nuca, a b — opawmHaTa Touku M (pmc. 2).

Ocl KOOpAWHAT MUIATEH IUIONAHY Ha IOTHUPU YaCTUHU, AKI Ha3WBAIOThH IBEPTIMHU.

¥
| )
|
|
I
_‘E 0 - 3 5 @) a3
K © M N *
Puc. 1 Puc. 2 Puc. 3

3°. Cucmema xoopdunam y npocmopit

Tpu B3aeMHO HepleHAUKYIAPHI ocl Oz, Oy 1 Oz 31 CIIBHEM IOYaTKOM O yTBOPIOIOTH

y IPOCTOPI NIPAMOKYTHY cUCTeMy KoopauuaT. Ii mosHavaiors Ozyz.
KoxHin To4ni M mpocTopy BiATIOBigae BIOpsAAKOBaHa TpiliKa 4ducea (a;bic), ae a —

abcnnca, b — opaguHaTa, ¢ — ammikara Todku M (pumc. 3).

I1.1. 3uanTu KOOpAMHATY TOYKU CUMETPUIHOI 3 TOUKOW A(4) moxo:

1) nowarky xoopauuar; 2) touku B(—1); 3) Touku C(6).
I1.2. Cropona kBaapaTa AOpiBHIOE 1. 3HAUTH KOODJAMHATU MOIQO BEPIIUH,
AKINO OCAME KOOPAUHAT € ABL HOTO AlaroHal.

I1.3. 3HanTu KOOPAMHATH TOYOK, CUMETPUYHUX 10 TOUYKM M CTOCOBHO ocen
Ta MoYaTKy Koopamuat, akmo: 1) M(1; —2); 2) M(=3;0); 3) M (1;2; —4).
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I1.4. 3HanTU KOOPAWHATH BEPIIMH MPABUILHOTO MIECTUKYTHUKA, CTOPOHA
AKOTO TOPIBHIOE (1, KOJW BIJOMO, II0 TTIOYATOK KOOPJAMHAT € B IIEHTPI MIeCTHU-
KyTHHUKA, & Bich abCINC IPOXOIUTD Yepe3 OQHy 3 HOro diarOHAaJeH.
I1.5. Ky6 3 pebpoum a croite na mwommuai Oxy Tak, M0 HEHTP HOr0 OCHOBH
36IraeThCA 3 TOYATKOM KOODIUHAT, a 6149HI pebpa JexxaTh Ha KOOPAUHATHUIX
IVOIIMHAX. S3HANTH KOODANHATH BEPIIMH Ky0a.
I1.6. 3uanTu KOOPIMHATH BEPINNH Ky0a 3 pe6poM @, AKIIO OTHA 3 BEPIINH
OCHOBH JIEXHUTL B IOYATKY KOOPAUHAT, a pebpa TPUCPAHHOIO KyTa B LIH
pepuii 36iraoTLCa 3 OCAMI KOOP JUIIAT.
I1.7. 3HaiTu KOOpIUHATH BEPIINH NIPABUILHOL TPUKYTHOIL HMipaMily 3 BUCO-
TOW fi, AKIIO il BEpIINHA € B MOYATKY KOODIMHAT, & BEPIUNHA OCHOBH — HA
OCAX KOOPAUHAT.
I1.8. flx po3mimeni y TpoCcTOPl TOYKA, NI AKUX:

Dax=y; 2)y=2 3)ax=y==z
I1.9. BusnauuTu KoOpIMHATH TOUKU, W0 cuMmeTpuuna toumi M (x;y) mo-
no: 1) oci abcunc; 2) oci opguHAT; 3) MOYATKY KOOpAMHAT; 4) GicekTpucu
TIEPIIIOTO KOOPAUHATHOTO KYTa.
I1.10. Ho6yaysaTu B mpocTopi Touku M1 (2;4;6) 1 Mo(3; —2;5).
I1.11. OGumcanTH KOOPAWHATU TOYKHU, CUMETPUIHOI 3 Toukow M (a;b;c)
OA0:

1) maomuuu Ozy; 2) oci Ox; 3) oci Oy; 4) mOIaATKY KOOP JUHAT.
11.12. Ilo6yagyBaTu oO6JaCTi, KOOPAUMHATH TOYOK AKHUX 33J0BOJBHIITL HE-
PIBHOCTI:

y<2-uz y>2-uzx, %Jr%él,
1)< z> -2, 2) ¢ x <4, 3 y>a+2,
y > =2 y <0 y > —4.

§2. BigcTranp MIX ABOoMa TOYKaMU

1°. Bidemanv mise mouxamu wa npamit. BigcTanb d mMix Toukamu A(zq) i B(zz)

Ha oci O o6umciioeTbes 3a GopMyIIO0

d=+/(za—z1)?=|z2—z1].

2°. Bidcmanb mioe mouxamu wa naowjuni. Bimcranb d Mik ToukaMu A(zi,y1) 1

B(zz,yz) Ha ILIOIMIMHI OOIUCTIOETHCA 38 (POPMYJIOIO

2

d=y/(z2—x1)%+(y2—y1)?.

3°. Bidecmamns mioe moukamu y npocmopi. Bigcranp d Mix TodkamMu A(xi,yi,z1) 1

B(z2,y2,22) Y IPOCTOPI OOIUCTIOETHCA 38 (POPMYJIOIO

d:\/(w27m1)2+(92*y1)2+(22721)2.
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I1.13. TToGyayeaTu HA YncaOBil npsaMin Touku A(—>5), B(4) i C(—2), anaiTu
poBxuHA Biapiskis AB, BC' i AC ma oci. Ilepesipurn, au |AB| = |BC|+
+|AC)|.
I1.14. BuxonaTun nonepennro 3agady aaa todox A(+1), B(—4) i C(+5).
I1.15. TloGyaysarn ua unciosin npamin Toukn A(1), B(—2) i C(-3), suan-
T goexkuun Biapiskie AB, BC i AC wa oci. Ilepesipurn, mo |[AB|+|BC| =
= |AC].
I1.16. Touka B cumerpuuna g0 A(4; —1) cTOCOBHO GiCeKTpHCH MEpIIOrO
KOOPJAWHATHOIO KyTa. JHauTu noBxuny AB.
I1.17. 3manTu KOOPAWHATH TOYKH, PIBHOBigmagseHol Bix Towox A(—4;0) i
B(—3; —7), Aka posMilIeHa Ha:

1) oci Ox; 2) nma oci Oy.
I1.18. Mlo6ynyeaTn TpUKyTHUK 3 BepmmHamu B Toukax A(—4;2), B(0;—1)
1 C(3;3). BusnauuTn Horo mepumMeTp i KyTH.
I1.19. [losecTn, mo TpuKyTHUK 3 BepmuHamu A(—3; —2), B(0; —1) 1 C(-2;5)
TIPAMOKY THUH.
I1.20. Tlo6ynyeatu Touku A(—4;0), B(—1;4) i Touku Ay, By, cumerpuyni
3aJaHUM CTOCOBHO oci Oy. OCuucanTu nepumMetp Tpamerii ABB Ay.
I1.21. Ha mroumni mo6yaysatu Toukn A(—7;0), B(0;1) i Touxu A4y, By,
CMMETPUYHI TaHUM BiTHOCHO OICEKTPUCH MEPIIOro Ta TPEThOT'0 KOODJMHAT-
Hux kyTiB. O6uncanTn mepuMerp Tpamerii ABDB Ay
I1.22. 3umanTé TOYKY, MO BiAJaTeHA HA 5 OAMHUNL AK Big Toukum A(2;1),
Tak i Big oci Oy.

TT 992 TTo ~0i1 o roe o TE e
Li.aw. 1o OCL OpAHHAT SHAWUTHA

Ha T
KoopauHAT 1 Big Toukn A(—2;5).

I1.24. Ha oci aberuc sHafiTn ToUKy, Bigganeny Big Toukn A(—2;3) Ha 3v/5
OIMHUIIE.

I1.25. Ha oci opauHaT 3HAUTH TOYKY, MO BiggateHa Big Toyku A(4; —1)
Ha 5 oguHuib. [loACHUTH 3a FOMOMOrOK NOGYIOBH, 9OMY OTPUMAHO IBA
PO3B’A3KM.

I1.26. Ha oci abcrmc sHanTi TOYKY, BigganeHy Big Touku A(a;b) Ha ¢ ogu-
mus. Jocaignru poss'ssok mpu ¢ > |b|, ¢ = |b| 1 ¢ < |b].

I1.27. Ha oci Ox 3HauTH TOYKY, OMHAKOBO BiATATEHY BiJ MOYATKY KOOPIHU-
Har i Big Touku A(8;4).

11.28. 3nanTu ueHTp i paaiyc Koaa, ONHCAHOrO HABKOJIO TPUKYTHUKA 3 BEp-
ITTHAMHA:

1) A(4;3), B(—3;2) 1 C(1;-6); 2) A(-3;-1), B(5;3) 1 C(6;—4).

$3. IMoalr BiApi3Ka y 3aJaHOMy BiJHOIIIEHHI.
ILroma MHOTOKYTHHKA

1°.  Ilodia sidpizka Ha naocwuni y 3adamomy eidnoutenni. KoopauHaTU TOUYKH

M (z;y), IO JIIUTD BiAPi3oK AB 3 KiHIAMU A(z1,y1) Ta B(zz,y2) V BigHomeHHI AM: M B=X,
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BU3Ha4YaloTh 3a popMyramMu

_®itAws _yiHAys
=TT =TT

Ilpu ginenni Bigpi3Ka HABMLI (T06T0 v BigHomeHHi A=1:1=1)

T1tT 1+ye
Jo 12 2, y:y 29.

2°. ITodia 8idpizka y 3adanomy sidnowenns y npocmopi. Koopaunatu Touku M (x;y;z),

73) v Biguomenmi AM:-M B=)X
2) ¥ B1A ,

AR 2 kinngmum A(xrq,y

S 2 < 4 LHEL - AL,

71) Ta B{xrg,ya
1) (r2,Y2,

BU3HAYalOTh 3a (GPOpMyaaMu

_zj+Azy _y1tAya _z1tAza
=TI V=TT =TI

3°. Iaowa mrozowymuure. llaoma MHOTOKYy THHKA 3 BepimnHaMu A1{w1;y1),A2(z2;v2),

A (€01Yn ) TODIBHIOE

I1.29. TloGyaysatu Touxku A(—2;1) i B(3;6) i smautn Touxy M (x;y), mo
gtk Biapisok AB y Bignomenui AM : MB =3 : 2.

I1.30. 3azamo rouxu A(—2;1) i B(3;6). Posgimurnu Bigpisox AB y BigHo-
mensi AM : MB =2:3.

I1.31. BusHaunTu cepeiWHU CTODIH TPUKYTHHKa 3 BeprmmHamu A(2; —1),
B(4;3) 1 C(—2;1). O6uucanTy mepuMeTp HOBOYTBOPEHOIO TPUKY THUKA.
I1.32. 3agano Bigpisok 3 xinmavu A(1; —3) 1 B(31;17). BusraauTn Koopau-
HATHW TOYOK BiApi3Ka, MO AUIATE NOTO: 1) HABMIMN; 2) HA TPU PIBHI YaCTUHU;
3) Ha WICTH PIBHUX YACTUH.

I1.33. 3manTw KOOPAMHATH KIHIIB BiAPi3Ka, IO JEXKATH HA OCAX KOODAUHAT,
AKIIO Horo cepeauua ¢ B Touni: 1) A(2; —1); 2) B(3;4).

I1.34. Y Toukax A(z1) i B(xs) oci Ox poaMimmeno Macy my 1 meo. 3HAUTH
TIEHTP MAac i€l CUCTEeMH.

I1.35. ¥ Toukax A(x1), B(xz) i C(x3) oci Ox posMimeHo Macu mq, ma 1 ms
: . . m121 + Maz + M3x3
pigmosiano. Ilokasaru, mo B TOUIM T = Oyme IeHTD
my +me +ms

Mac el cucremu.

I1.36. Ha ximmi ogHOpigHOro crepxkHsa moBxkuHOK 40 cm i macown 500 r
HacamxkeHo KyJai macoio 100 i1 400 r. BusHaduTu 1IeHTD MAac i€l CUCTEeMU.
I1.37. ¥V rouxax A(—3;—1) i B(4;6) npuxaageno napaielnil CHIN, IO Big-
nosigno gopisawoTh 30 1 40 H. Ha Biapisky AB 3HalTU TOYKY [IPUKJIAJCHHSI
PIBHOJIAHOL.
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I1.38. YV Toukax A(—2;4), B(3;—1) i C(2;3) poamimeHo BiANOBIZHO Mach
60 r, 40 r i 100 r. BusHauUTU MEHTP MAC Ii€i CUCTEMU.
I1.39. V¥ Toukax O(0;0), A(2;—5) i B(4;2) po3MiIEHO BIAMOBITHO Mach
500r, 200r i 100r. BusmauuTu meaTp Mac i€l cucTeMu.
I1.40. Y Tpuxyrauxy 3 Bepumuamu A(—2;0), B(6;6) i C(1; —4) Busnaduru
JoBxXUHY GicekTpucu AE.
I1.41. Y rpuxytHuky 3 sepumuamu O(0;0), A(8;0) i B(0;6) BusnaunTn
moBxuHy Memaan OC 1 GicekTpucu OD.
I1.42. 3uanTu UEHTP MaC TPUKYTHUKA 3 BepumHaMn A(z1;y1), B(r2;y2) i
Clz3;93).

Bxasiexa. lleETp Mac TPUKYTHHKa € B TOYI IIepeTHHY MOro MeJiaH.
I1.43. 3anano api cymixmi Bepmman napanerorpama A(—4; —7) i B(2;6) i
TOYKa TepeTuHy noro marosamen M (3;1). 3HaAUTH KOOPAWUHATYU BEPIIMHHU,
o:

11.45. fxi macm moxHa noMmicTuTy B TOYkn A 1 B Tak, mo6 neaTpoM Mac
JBOX MATEPIATbHUX TOYOK CTATa Taka Todka M, 1mo

1)AM:§BM; 2) AM =7BM?
11.46. 3mauTu HEHTP MAaC YOTUPUKYTHOI OJHOPIAHOL JOIIKK 3 BEPUIMHAMIU
A(=2;1), B(3;6), C(5;2) 1 D(0; —6).
11.47. MoemiTh, MO MOJOKEHHS IIEHTPA MAC CUCTEMH MATEPIATBHUX TOYOK
He 3MIHUTBCH, AKIIO BCl MACU IUX MaTePlaJbHUX TOI0K 30IBIIUTH B TY CaMy
KITBKICTL pasiB.
I1.48. O6uucauru mwionty TpukyTHUKA 3 Bepunamu A(2; 0), B(5;3) 1 C(2;6).
I1.49. Tlokasaru, wo Ttouku A(1;1), B(—=1;7) i C(0;4) sexars Ha OAHIN
TIPAMIN.
I1.50. OGumcanty mionty Yotupukytauxa A(3; 1), B(4;6), C(6;3)1 D(5; —2).
I1.51. 3agzamo rouxku A(1;2) i B(4;4). Ha oci Oz Busmauwtu touky C
Tak, o0 mwioma TpukyTHuka ABC gopiBHIOBaIA 5. 106y 1yBATH TPUKYTHUK
ABC.

%4. PiBHSHHSA JIHIl AK I'€OMETPUYHOrO MICIS TOYOK

I11.52. TlokasaTu, mo piBHAHEAM KOJa 3 pajiycoM R 13 IeHTPOM B MOYATKY
KoopamHar € z° + y? = R?.

I1.53. Hanucaru piBuamms xoaa 3 nenrpom C(3;4) i pagiycom R = 5. Hu
aexaTh Ha npoMy koal Toukm: A(—1;1), B(2;3), O(0;0) 1 D(4;1)?

I1.54. Hanucarn pibnsamnns Jimil, p3 10K 1Kol pyxactoest Toaxa M (2;y), mo
piBrOBiAAameHa Big Towok A(0;2) i B(4; —2). Yu aexars va win ainii Touxu
C(—1;1), D(1; 1), E(0; =2) i F(2;2)?
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I1.55. Hamncatw piBHAHHA JiHil, B3IOBXK AKOl pyXaeThea Touka M (x;y), mo
PIBHOBIA ATEHA B MOYATKY KOOPAMHAT i Big Toukm A(—4;2). Yn rexars
Ha min minil Touku B(—2;1), C(2;3), D(1;7)?
I1.56. Hanucaru pisuanua Tpaexropii Touku M (x;y), aka npu ceoeMy pyci
3AMUIIAETHCA BTpUl gadi Big Touxu A(0;9), mixk Big Touku B(0;1).
I1.57. Hanucaru pisuaaus TpaexTopii Touku M (x;y), aka npu ceoemy pyci
BAMUIIAETBCA yABIYl Oekde Big TOYKH A, HiX Big Touku B, AKIIO:

1) A(—1;1), B(—4;4); 2) A(0;—1), B(0;4).
I1.58. HanucaTu piBHAHHA OICEKTPHUC KOOPAMHATHUX KYTIB.
11.59. Hanmucatu piBHAHHA TeOMETPUYHOO MICIA TOYOK, CyMa BiICTaHEN
Bi 1 KOXxHOI 3 akux 70 To90k F(2;0) 1 Fy(—2;0) gopismmoe 2v/5. obyaysarn
JiHII0 3a 11 PIBHAHHAM.
11.60. HammcaTu piBHAHHA N€OMETPUYHOTO MICIA TOYOK, PIBHOBIATAJCHUX

Big Touku F'(2;2) i sig oci Ox. HobyaysaTu qainio sa il piBHAHHAM.
I1.61. Hanucaru pieranng jinii, B3 10BXK K0l pyxaerecsa Touka M (2;y), mo
BAMMIIAETHCA yABIYI gaqi Big oci Ox, Hix Bix oci Oy.
11.62. Ilo6yanyBaTu JIiHii:
Dy=22r+5 2y=7-2z; 3)y=2x; 4)y=5 5)y=4—2a%
6) y = 2% — 42 + 3.
11.63. BusnaduTu TOYKM HEPETUHY 3 OCAMU KOODAMHAT TAKHAX JIHIN Ta
noOyAYBATH ITi JIIHI:
1)3r—2y=12; 2)20+5y+10=0; 3)y =22+ 4x;
Hy=3-2zx—a% 5 y*=20+4; 6)y>=4—u.
11.64. HamucaTu piBHAHHA DE€OMETPUYHOrO MICIIA TOYOK, PIBHOBIITAJCHUX
Big oci Oy i Big Toukm F'(4;0). [loGyayeaTtu kpusy 3a il piBHAHHAM.
11.65. Hanucary piBILSIIIILT reOMEeTPUTIIIONO MICIs TOYOK, PIBIOBILIIAJEINX
Big oci Oz i Big Touxn F(0;2). [TobyaysaTu ainiro 3a ii piBHAHHESM.
11.66. HanmrcaTu piBHAHHA TEOMETPAYHOIO MICIISI TOYOK, PI3HUIIA BiICTAHEN
Bi KOXKHOI 3 AKUX 10 To4OK Fy(—2;—2) 1 F(2;2) nopisuioe 4. Tlo6ynysatu
JIIHIIO 33 11 PIBHAHHAM.

85, ITonspHI KoOpAUHATH

Y noaspHil cucTeMi KOOpAWHAT IOJOXKEHHS TOYKHM Ha ILIOMWHI BU3HAYAETHCA No-
AApHuM padiycom — BIACTAHHIO Bin noaroca O Ta noaspuusm xymom ¢ (puc. 4). TogaTwi
KYTH o BIIPaXOBYIOTH MPOTH PYXY T'OAWHHUKOBOI CTPITKM, a BiT'eMHI — 3a 1i pyXoM.

SKImo TPUEHATY MOJIOC 3a MOYATOK NeKapTOBUX NPAMOKYTHUX KOODAMHAT, & MOJAp-
Hy Bick — 3a Bicb abcuuc (puc. 5), TO feKapTOBl koopAWHATH (z;y) Todku M 1 ii moaspHi

KOOPAUHATH (r;¢) OyIyTh 3B’A3aHi 3aJeXKHICTIO

T=7Ccos @, y=rsin @;

r=y/22+y2, tg@a:%-
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I1.67. VY moaapwinn cucremi xoopauuar (r; ) mobyaysatu Touxku A(3;0),
B(2;7/4), C(3;7/2), D(2;7), E(3;37/2).
11.68. IlobynyBaTu TOYKMH:
A(2;-m/2), A1(2;37/2);  B(3;—n/3), B1(3;57/3);
C(4;-3r/4), C1(4;57/4); D(3;—2n/3), D1(3;47/3).
11.69. IlobyayraTu JiHiI0 7 = 2 + 2 coS .
11.70. IloGyayBaTu JiHii:

1) r=ap (apxiMenoBa CHipatin);
2) r= a(l — cos ) (kapnioina);

3) r? = a® cos 2¢ (nemuickaTa);

Hyr=aly (rimep6oaivna Cripads);
5) r=a(l +2cosy) (paBmuk Tackass).

I1.71. To6yaysaTn JiHii:
i
Hr=a;2)p=—;3)r=—.
) Je=i3)r= ”
I1.72. Hanucatu B nOASPHUX KOOPAUHATAX DIBHAHHS:
1) mpamol, o BiATUHAE HA TOMAPHITA OCi BiIPI3OK ¢ i mEpIEHANKYIAPHA
IO Hel;

2) IpAMOi, IO TPOXOINTh gepes Todxy A(a; o) i mapanmenrsra 10 moAspHOI
ocl.
I1.73. HamucaTu B TOMAPHUKX KOOPANHATAX PIBHAHHA IPAMOI, IO TPOXOTUTH
4epe3 ToUKy A(a;a) I YyTBOPIOE 3 HOMAPHOIO BICCIO KYT [3.
11.74. HanumcaTu B DOIAPHUX KOOPAMHATAX PIBHAHHA KOJ4 3 LUEHTPOM Yy
rouri C(0;a) i pagiycom, 1o JOPIBHIOE @.
11.75. llo6ynyBaTu Kpupi:

1)r=3-2sin2¢; 2) r =2+ cos3p; 3) r =1 — sin 3¢.

Bxaziexae., BUSHAIUTH CIIOYATKY KYTH, IPU AKAX JOCATAECTBCT Tinax 1 Twmin-
11.76. llobyayBaTu JiHii:

1) 7 = asin 3w (rpunestocrkosa posa);

2) r = asin 2¢ (YOTHPUIESIOCTKOBA PO34).
I1.77. 3anucaru piBHAHHA JIHIA Y DOMAPHUX KOODIUHATAX:

D x?—y?=a%2) 22 +y> =a? 3) xcosa+ysina—p=0;4) y = 1;
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5) 2% 47 = az; 6) (22 + ) = (2% — ).
I1.78. BanucaTu PiBHAHHS JIHIA y TEKAPTOBUX KOODAMHATAX 1 mOOyayBaTH
ix:

1) reosy = a; 2) » = 2asiny; 3) r2 sin 2 = 2a?;

4) rsin (@4— g) =av2; 5) r =a(l + cosy).

32



PO3A41JIII1
EJEMEHTHU BEKTOPHOI AJITEBPU
¢1. JosaBaHHA BEKTOPIB, MHOXEHHSA BEKTOPA HA CKALAP

1°.  O3snauenns. BeKTOpoM Ha3MBAae€ThCA HAIPAMIECHWHU BiIpi3ok AB (puc. 7), 3
MOYATKOM y TOYIN A i KiHIleM y Tod4mi B.

BekTop xapakTepu3yeThcaA TOBXKUHOIO | HAIIpAMoM. [[0BXWHA BEKTOPa IMO3HAYAETHCA
|ﬁ|, a6o |d@|. [Ba BexTopm @i b (puc. 7) Ha3MBAOTHCA PIBHUMH, AKINO BOHHM MalOTh:

1) piBHI goBXuHE; 2) OIHAKOBI HATIPAMHU.

Puc. 7 Puc. 8 Puc. 9

BekTopu, mapalelbHi oIHIA OpAMiH, Ha3WBAIOTHCA KOJiHeapHMMHM. KogiHeapHi Bek-
TOpPY OJHAKOBO HAaIpAMJIEeHI abo IPOTUIEXKHO HAIpPsAMIeHI. BekTopH, mapafelbHi OfHIN
TUIOMIMHI, HA3WBAIOTHCA KOMILTAHAPHUMHU.

2°. Muooxcenna eexmopa e creasp. [JoOYTKOM BeKTOpa & Ha YHCIO (CKAJIp) A
Ha3UBacTLCA BEKTOD, 10 Mac MOBXKUHY |&|-|\| i HAIPAMIEHUH OJHAKOBO 3 &, AKIIO A>0 1
NPOTHIEXKHO A0 &, AKIO A<0 (puc. 8).

s 6y qb-AKOro BEKTOpPa b ICHYe BeKTOp —b, MPOTHIEKHME 3ajaHoMy, —b=—1.b.

[odasanna sexmopis. CyMol0 BeKTOpIB OB i BC masmpaTmMenmo BEKTOP oc

(puc. 9). VY napasrerorpami, moSygoBaHOMY Ha BEKTOPax 0A=a i @:E, OJlHa BEKTOP-
nmiaroHanb 00 ¢ CyMOIO @+b 3ajaHux BEeKTOPIB, a Jpyra — AB — pismumero 5—a.

4°. [Ipoexyia eexmopa Ha 6ich. Hexall BeKTop d@ yTBOPIOE KYT ¢ 3 Biccio Oz. Toai

NpoexIlid BeKTopa Ha III0 BiCh BU3HAYAETHCA (POPMYIOI0
—
np, d=|al cos(ad,Oz)=|a| cos .

IIpoekmia cyMu BeKTOPIB Ha BiCh NOPIBHIOE CYMI IpOeKIid BEKTOPIB Ha 1[I0 BiChb

p, (@45)=np,. d+np,b.

III.1. Ha CTOPOHAX OAiOB NPAMOKY THUKA OAC B BiIKAaJIeHO OJUHUYHI

BEKTOpH i i . Bupasuru 4epes i Ta ] BeKTOpH O—/i @ C@ B? oC i 1@
axkmo OA =3, OB = 4.

IT1.2. Ha mommuni sagano Touxku A(0; —2), B(4;2) i C(4;—2). B mouarky
KOOPIUHAT NPUKJIAIEHO CHIN 0—1)47 OB i OC. Tlob6yayeaTu IX pPIBHOAINHY
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OW) 3HAUTH ii Bem4uHy i npoekmii na 001 KOOD JUHAT. Bupasurtu cuin OA
O? O? i OM 4epes ofuHIYHI BEKTODH i Ta j KOODIUHATHUX OCEH.
IT1.3. Ha mrommusi 3agaso Touku A(3;3), B(—3;3) i C(—3;0). Y mouarky
KOOPAWHAT NpUKIaIeHo cuian , OA, OB 1 OC. TloGyaysatu piBrominay OM
3HANTH 1l BeIWauHy Ta npoekmii Ha ocl koopauaar. Bupaswru cum OA, O
O? i OM «epes OnuHMYHI BEKTOPH i Ta ; KOOD IUHATHUX OCEL.
I11.4. HepeBlpI/ITI/I aHa.IIITI/I‘{HO Ta TeOMETDPUTHO BeKTOle TOTOXKHOCTI:
1)6"‘[);@:@7_'—67 2)a_a+b a;b
II1.5. 3agano BexTOpHU O—>A =dai @ = b. BekTop O? = ¢ — MendiaHa
TpukyTHUKa OAB. PoskmacTu:
1} BekTOp € 3a BekTOpamu d i b;

2) mexTOp @ 32 BeKTOpPAMM b1 7.

I11.6. 3anano BekTopu 4 i l_;, kyT Mix axuvu 120°. TToGyaysaru BekTOp € =
3. . . . .
=2d— §b i sHalTH HOro goBxkuHy, akmo |d| = 3, |b] = 4.

II1.7. 3azano Tpu KOMILIAHADHI OAMHUIHI BEKTOPU 170, 1 1 P (Tﬁ,\ﬁ) = 30°,
(1?,;3') = 60°. TloGyaysatm BekTOp @ = M + 27 — 3P 1 oGuUmMCAUTH HTOTO
MOBXUHY.

IT1.8. 3azano touxkm A(3;4), B(—4;8), C(6;9). IlobyaysaTu BexkTOpn & =
OA, b=0 , €= OC. Posknactu BexTOp C 3a BeKTOpaMu q i b.

I11.9. V¥ pisrobenpennin rpanewii OACB xyt BOA = 60°, |OB| = |BC| =
= |CA| =2, M i N — cepequnu ctopin BC i AC. BI/Ipa3I/ITI/I BekTOpU A
OM OT7 1 MN qepes 1 1 7 — OJUHIYHI BEKTOPH HAIPAMIB OA 1 @
I11.10. Y mpamoxyTHuxky OACB M i N — cepegumuu ctopin BC i AC.
Poskractu sextop OC = & sa pexropamu OM = @1 ON = b, axmo |AC| =

Bxasiexa. B yMOBY é=md+nb i ICTAaBUTH BUPA3U IJIA @, b 1 ¢ 4epe3 i Ta j 1 IPUPIB-

HATH KoedillleHTH 3/IiBa 1 ClIpaBa P i Ta j.
§2. IIpAMOKYTHI KOOPAUHATH BEKTOpPa B IIPOCTOPI

1°. Padiyc-eexmop mouru e npocmopi. Hexam y mpocTopi 3aJaHO MPAMOKYTHY
cucTeMy KoopauHaT Ozyz i TOUKY M (z3y;2).
ey .
Osnauenna. BekTop 7=0OM Ha3WBaIOTH Paliyc-BeKTOPOM TOUKH M.

[loBxuHa paglyc-BeKTOpa 7=ODM BU3HAYaeTHCA 3a dopmyIoio
|7|=y/22+y2+22.
OIVHUYHI BEKTOPH 1, J i k KOO AWHATHHX ocell Oz, Oy Ta Oz BiJNOBIIHO HAa3WBAIOTh

opTaMu. Pajiyc-BeKTOp 7 MOXHA 3aIlMCATH Y BUIVIAII PO3BUHEHHSA
F= zz+yj+zk
KoedinienTn 2, y, 2 IbOro po3BUHEHHA Ha3sHBaKOTL KOOPIUHATAMK BEKTOPa 7.

2°. Koopdunamu eexmopa, zadanoz0o winuysamu. Hexan sagano mouxu A(zi,yi,z1) 1

B(z2,yz2,22). lIpoekiii BekTopa G=AB ma oci KOooOpauHaT 6y Iy Th:
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przﬁ:X:wz—$1,
—
npy AB=Y=yz—y1,

r[pyﬁ:Z:zzle,
TOMY

@=AB=XT+Y i+ 2R,

yuciamu X, Y, Z, To numyTh i—=(X;Y;Z).
Axmio o, 8,7 — KyTH, 0 YTBOPIOE BEKTOP ﬁ:ﬁ 3 ocAMM KoopauHaT Oz, Oy Ta Oz
BIJITIOBi THO, TO
cosa:‘f—ﬂ, cos f=—r Cosy:li

ER ER
4]

cos? atcos? B—i—cos2 y=1.

IT1.11. 3azamo Touky M (2;3;5), BUSHAYATH AOBXKWHY 1 Hampaum il pajiyc-
BEKTOpA.

I11.12. 3anano A(2;1;4) i B(—3;5;1). 3uanTn g0BXKUHY BeKTOpa i = ﬁ
1 IOro HAIIPAM.

I11.13. 3HauTy OAMHUYHUN BEKTOP dj, HAIPIM AKOTO 36IracThCa 3 HAIpSI-
MOM BEKTOPa ﬁ, e A(4;0;5), B(7;1;3).

IT1.14. 3agauno Touxku A(2;6) i B(0;2); noO6yayBaTu BEKTOD /ﬁ7 HOr0 KOM-
HNOHEHTH HA 0CAX, obumcantn np, AB, np, AB i nosxuny |AB|.

IT1.15. ¥V woumi A(2;5) npukaagena cmia, npoexmii axoi ma oci X = 3 i
Y = 3. BusHauuTH KOOPAMHATH KIHIS BEKTOPA, IO 300paxae I CHIy, i
BEJUYUHY CHJIH.

IT1.16. VY Toumi A(—3;—2) mpukaageno cury, mpoexmis akol ¥ = —1, a
npoexing X gogaTHa. BusHAYnTH KOOPAWMHATH KIHIS BEKTODA E , 10 300-
paxae CuIy, AKIIO 1l BeJnInHa JOPIBHIOE 5v/2.

IT1.17. 3agano Touku A(x;y1) 1 B(22;y2). B nowarky xoopaunar npukia-
neHo cuan, aki 3o6paxeno sekropamu OA 1 OB. lobynyeaTu ix piBHOZIUHY
OC'; norecTu, MO TPOEKIIIS PIRHOIINHOI HA KOODIMHATHY BICH IOPIBHIOE CyMi
MNPOEKIIN CKJIAJOBUX HA III0 CAMY BiCh.

IT1.18. BexTop yrBopioe 3 ocamu koopaunar Oz i Oz xyru 30° 1 60°.
SHAUTH KYT, IO YTBOPIOE BEKTOP 3 Biccio Oy.

I11.19. Pagiyc-BexTop Toukm M yTBOpIoe 3 Biccio Ox KyT 45°, a 3 Biccio Oy
xyT 60°. Moro mopxkuHa ¢ = 6. Busmaunru KE?AI/IHE%TI/I Touxku M, SIKIIO il

KOODAMHATA 7 Big' eMHa, 1 Bupasutu BekTop OM = 7 uepes optu 4, J, k.

I11.20. BexTop OM = ¥ yTBODIOE 3 OCAMM KOODJAMHAT PiBHI I'OCTPl KyTH.
Buszauury 1i KyTu i 106y 1yBaTH BEKTOD 7, AKIIO MO0 IOBKUHA — 2v/3.
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IT11.21. Bexrop yreopioe 3 ocamu Oy 1 Oz xytu 60° 1 120° Bigmosiguo. Axun

KyT BiH YTBOPIOE 3 Biccio Ox?

IT11.22. 3agano Touku A(1;1;—2) 1 B(4; —5;3). llo6GyayBaTu BeKTOD E =

=4 , MOTO TPOEKINi Ha OCi KOOPAWHAT | BU3HAYUTH MOBXKUHY Ta HAIPAM

BEKTOPA. JHAUTHU KYTH, 110 YTBOPIOE BEKTOD U 3 OCAMU KOODIUHAT.

I11.23. 3ananoTouxum A(2;2;0)i B(0; —2; 5).H06yﬂyBaTHBeKTOpE =i

BU3HAYUTU MOTO MOBXKHUHY 1 HAIPAM.

I11.24. BexTop # yTBOproe 3 ocamu koopauuaT Oz 1 Oy xytu 60° 1 30°.

SHANTHU Ky T, AKUH BiH yTBOpIoe 3 Biccio Oz, AKIIO HOT'0 JOBXKUHA TOPIBHIOE 3.
=~ 7. Z. 2 e

I11.25. Ilo6ygyBaTu napateorpaM Ha BekTopax OA =i+j 1 O? =3y -2k,

BU3HAYUTHU A1arOHAJ TApPaTIeJorpaMa Ta 1XHIO TOBXKUHY.

IT1.26. Y Toumi A(2;1; —1) npukiageHa cuia R, IpIIOMY |]§| = 7. 3Haw4u

Bl KoopauHaTH 1iei cum X = 21 Y = —3, BU3SHAYUTHU HATIPAM 1 KOO AMHATH

KIHIIA BEKTOPA, IO 300PaKae 10 CUIY.

IT1.27. 3agaHo TpU MOCALIOBHI BepumHu napajierorpama A(l; —2;3),

B(3;2;1) 1 C(6;4;4). 3manTu moro JeTBepTy Bepumuy D.

§3. CxanapHum fo6yToK JBOX BEKTOPIB

1°. Craaapnut dobymok eexmopis na naowuns. Hexal Ha IJIOMIWHI 3a,1aHO BEKTOPU
@(au,ay) 1 b(bs,by).
Osznavenns. CKaJIApHUM JOOYTKOM IBOX BEKTOPIB HAa3WBAETHCA BlAOOpaXKeHHA, AKe
napl UX BEKTOPIB CTaBUTh y BlAIOBIAHICTH YHUCIO
&‘E:a‘,., bytayby,.
Axmo BeKTOp @ yTBOPIOE 3 Biccio Oz KyT o, a BEKTOP b 3 Biccio Oz — KyT (3, TO
d=(|d@| cos a;|d| sin ), l?:(w‘ cos ﬁ,|l;‘ sin 8).
3Bigcu
E~E:|E|~|E|(cos o cos B+sin a sin B)Z‘EHE‘ cos(a—pB)=|a| ‘E‘ cos ¢,
e p=a—f3 — KyT MiX BEKTOpaMH & i b.
2°. Craaspnut dobymox sexmopie y npocmopi. Hexall y mpocTopl 3aaHo BEKTOPH
&(ay,ay,a2) 1 b(by,by,b.). Toni ckanapraui Jo6YTOK TUX BEKTOPIB BU3HAYAIOTH (GOPMYJIOI0
&f~lj:a;,;b;,;+ayby+azbz.
Ak 1y BUDAagKy IIOIIMHA
a-b=|a|-|b| cos ¢,
e ¢ — KYT MiX IIMMU BeKTODaMH.
3°. Baacmusocmi ckaaaprozo dobymry. CKaJAPHUHA NOOGYTOK BOJOJIE TaKUMU BJla-

CTUBOCTAMM:

4°. Josacuna eexmopa. OCKUIBKH @-d@=|d|-|d@| cos 0=|@|?, TO AOBKHHY BEKTOpa d=

=(as;ay;a.) 3HAXOAUMO 3a (POPMYJIOO

|@|=Va-d=, /a%+a§+a§.
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5°. Kym wmioc sexmopamu. KyT Mik BEKTOPAME @(ay,ay,az) i b(by,by,bs) 06auCTIOE-
Mo 3a dopMyIoI0
cos g ff% B u,,;b‘,.,-;-u,,;,;b,»,,+:zbi )
1115 a2 402 +a2 \/1;;+1;§+1)3
6°. Ymosu Koaineaprocmi ma nepnendurysapHocms 8exmopis.

. o y b .
Vmosa xosineaprocmi: b=ma abo Lr=20=bz_,

A ay  az

Ymosa nepnendurysaprocmi: @-5=0 abo a.b,+a,b,+a.b.=0.

IT1.28. BusHavuTu KyT MiXK BEKTOpDAMH

1)5——Z’+}iz§’75’—2f+212 3d=i++2kib=17—j+4k;
Nad=i+2]+3kib=6i+45—2k 4)d=i+2kib=—i—2j.
I11.29. Busnaantn kytm tpukyTtHnka ABC 3 sepnmmavum A(2;—1;3),

B(1;1;1) 1 C(0;0;5).
I11.30. 3 BepummHM KBaJpaTA MPOBEIEHO MPAMI, MO AUIATH TPOTUIEKHI
CTODOHM HABMLI. 3HAUTH KYT MiX IUMU IPIMAMH.
I11.31. 3HZLI/ITI/I Ky'T MI}K ,zuaFOHaJIﬂMH mapaJeiorpaMa, 1mobyIOBaHOTO HA
BeKTopaxa—22+] 1b_—2]+k:
II1.32. Poskpntn 1ysxku y supasi (21— J) - j + (J — 2k) -k + (1 — 2k)%.
I11.33. OGuucauru:
1) (M + )2, aKmo 1M i 7@ — O /MHUYHI BeKTODPH 3 KyTOM Mix HuMu 30°;
2) (@ —b)?, axwo |@| = 2v/2, |b| = 4, (@,b) = 135°.
I11.34. IIpu axomy 3HaveHHi m BEKTOPHU 4 1 EKOJIiHeapHiZ
1)a=mi+5j,b=3i—j;
2) a=mi+4j + 8k, b= —28+T7j + 14k7
I11.35. Ilpu AxoMy 3HaMEHH] 17 BEKTOPH 4 1 b TEePIeH IUKYIAPHL:
Da=mi+j, b= 3i—3j+4k;
2)a=mi+3j+4k, b=4i+mj — Tk?
I11.36. BusnadnTu OOBXKUHE IiarOHAJCH IapaeIorpaMa, o0y I0BAHOIO Ha,
BEKTOpAX:

—

) ad=2m+7ib=m—2f, te N il — OANHUYHI BEKTODH, (77:1-7\77) = 60°;
2) @ =3m +2i1b=2m— 37, ge || = |i| =2, (@ b) = 60°.
II1.37. 3agano BekTOp 4 = 2m — 1, me m 1 71 — OIUHUIHI BEKTOPH 3 KYTOM
120° Mix HEMU. 3HALTH cos(a m) 1 cos(a 7).
II1.38. Poskpuiu ayxku y supasax: 1) (@ + )2 2) (@ + )2 + (@ — b)2.
3'ACYBATH TeOMETPUHUI 3MICT OJPHKAHUX (OPMY.I.
II1.39. Ha nrommui 3a1an0 BekTOpY 4, bid, raximo |3 = 3, |b] =28 =5,

—

(a b) = 60°, (b,&) = 60°. TloGyiyBaTu BeKTOp @ = G + b — & i o6uMcAITH

HOro JOBKUHY 3a popmyaoio 4 = 4/ (d + b— 2.

I11.40. Ha ocax Oz, Oy i Oz BigknacTu piBHl Biapisku, a = 4 1 Ha HUX
nobyaysaru kKy6. Hexanm M — uenTp Bepxupoi rpasi, a N — UeHTp mpasol
6iunol rpani xky6a. Busuauutu Bexkropu OM i ON i KyT MiK HUME.
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I11.41. 3agano BekTOpPH O—1>4 =di O? = l_;, nputomy |@| = 2, |5| =4, (d, l_;) =
= 60°. Busnaduru KyT Mixk Megianowo OM tpukytauka AOB 1 cTropouow O
I11.42. 3azamo Tpu nocaizoBui Bepumun mnapaierorpama A(—3;—2;0),
B(3;-3;1), C(5;0;2). 3uanTu yersepry Bepumay D i KyT mix AC i B
I11.43. 3uanTu KyT Mix BekTOpamMu d = 21 + 411 i b=1m— n, gemin —
OJHMHAYHI BEKTODH, 10 yTBOPWIOTL KyT 120°.

I11.44. TlokazaTu, MO KyT MiX JIArOHAIIME IPAMOKYTHUKA, TOOYJ0BAHOTO
Ha BeKToOpax @ 1 b (@ L g), BU3HAYACTHCA 38 (POPMYJIOR COS @ = %
I11.45. I3 BepmuHN IPAMOKYTHHKA 31 CTOpPOHAMH 6 c¢M 1 4 cM IpPOBEIEHO
TpAMI, M0 MAATH TPOTUICKHI CTOPOHU HABMIA. SHAUTH KYT (0 MiX HUMU.
IT1.46. 3aano TOUYKH A(3'3’ -2), B(() —3;4), C(0;-3;0) i D(0;2; —4). Ilo-

OynyBaTu BekTOpu A i CD = b. 3uaiitu Hpab

TITA7. YV ni mmﬁamma;’, rpanenii OACB (AC || OB) tomu M i N —
I11.47. VY pinno6eapems Tpamenii O. rouxu M 1 N
cepemunu cropin |BC| =21 |AC| = 2. FOCTpI/II/I KyT Tpalenil gopisHoe 60°.

BuszHauuTu KyT MixK BEKTOPAMU OM 10

§4. BekTopHENE JOOYTOK ABOX BEKTOPIB

1°. O3nauenns. BeKTOPHHM JoGYTKOM BEKTODa & Ha BEKTOD b HA3HUBAETHLCA BEKTOD
¢ (puc. 10):

1) mo Mae DOBXKHMHY, AKa YMCEIbHO NOPIBHIOE ILIONI HapaJelorpaMa, o0y I0BaHOIO
Ha BEKTOPax & 1 b;

2) HepleHIMKYIAPHUN 10 ILIOUIMHY apalelorpaMa;

3) yTBOpIOE 3 BeKTOpaMu & 1 b mpaBy Tpilky.

BekTopHUH 106yTOK IMO3HAYAETHCA: @Xb.

2°. Baacmueocmi eexmopnozo dobymry. BekTopHuu go-
GYTOK BOJIOJI€ TAKUMH BIACTUBOCTAMHA:

1) @xb=—bxa; 2) @x (b+&)=axb+axe,

Puc. 10 3) Slkuio @||b, To @xb=0, 30KpeMa, axa=0.
3°. Bexmopuutd dobymox opmis.
ixj=k, 3xk=1, kxi=j, jxi=—k, kXj=—1, ixk=—
4°. Bupasicenna sexmoprozo dobymry uepes xoopounamuy sexmopts. SKimo sarano

BEKTODPH (@ ,0y,0:) 1 5(bs,by,b.), TO IX BEKTOPHUI NO6YTOK BU3HAYAIOTE 3a GOPMYJIO0

ik
ixb=|a, ay a.
by by b

5°. Iaowa napaseaoepama ¢ mpukymuuxe. Ilaomi mapajiegorpaMa i TPUKYTHHKA,
wo 1noGyaoBadl Ha Bekropax @ i b 06YnCILIOI b BIALOBIAHO 3a (POpMysamMu:

o 7 1.7
Snap=|ax5b], Sa —E\axb\.

I11.48. Busnasmrn i noﬁygyBaTH BEKTOP C=dax b AKIIO:
1)a—3z b= 2k; 2)a—z—|—j,b—z—j, 3)a-2z—|—3y,b-3y+2P
3nanTu B KOXKHOMY BUIAJKY IVIOLLY Hapajenorpama, o6y I0BAHOT'O HA
BeKTOpax @i b.
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IT1.49. O6uncanTy WOy TPUKYTHUKA 3 BepiimHamu y Touxax A(7;3;4),
B(1;0;6) 1 C(4;5; =2).
IT1.50. PO3KpHTH gyxuqlicnpOCTHTMiBHpa3H
DX (=R +7x @ =F) +&x G —j+k);
N(@+b—)Xa+(@—) X+ ax (b—E+a);

3) (2@ +2b) x (F+ @) + (C+ @) x (@ + 2b);

4) 3@ +20) x F—a@) + (b4 ) x (@— &) —a x (284 b).
I11.51. 3amamo toukm A(1;2:1), B(2;3;4) 1 C(4;3;2). O6uucanTu miomry
TPUKYTHUKA 3 BEPUINHAMU B IIUX TOYKAX.
IT1.52. Bekropu a ig;yTBopHHOTb KyT 45°. 3HaAUTH IOy TPUKYTHHKA,
06y JOBAHOTO HA BeKTOpax @ — 2b i 3@ + 2b, axmo |d| = |b] = 5.
I11.53. O6uncauTy IOy mapaieaorpama, 100y JOBAHOIO Ha BEKTOPAX:

1) @ = 2 + 3, b = 57 — 71, axmo || = 7| = 2, (m, i) = 60°.

2) @=F+ 37, b =37+ mamo |7] = |7 = 1, (7.4) = 30°,

3) @ =2m+7, b= — i, axmo || = 2, || = 3, (m, 1) = 135°.

4yd=m+2n1i b=2mM~47 ge M i7 — OIMHUIHI BEKTODH, (ni\ﬁ) = 30°.
IIL.54. Josectu, wo (@ — b) x (@ + b) = 2@ X b. 3’aCyBATH DeOMETPHIHHH
3MICT IIi€l TOTOXKHOCTI.
I11.55. 3uauTu IOy HapAJeJOrPaMa, J1arOHAMAME KOO € BEKTOPH 217, —
711 4m — 57, me M 17 — OAUHUYHI BEKTOPH, III0 VTBOPIOIOTL KyT 45°.

Bxazisra. J[liaronani mapagejorpama — a+b=2m—n 1 @—b=4m—57, ge @ 1 b —
BEKTOPH-CTOPOHH MapalelorpaMa. llepeMHOKUBINM iX, 3HaHJeMO BEKTOp 2bX&, TOBMKH-
Ha AKOTI'O JOPIBHIOE IOIBOCHIN MIyKAaHIN Hﬂgmi.
IﬂjﬁﬁmﬁWWMWHMMﬂmHﬁ:3k—215:3;%ﬁ15:6x5CMmmmnM
TOBXKUHY BEKTOPA € 1 ILIONTY TPUKYTHUKA, TTOOY IOBAHOTO HA BEKTOPAX 4 1 b.
IT1.57. Ho6yaysatu TpukyTHUK 3 BepumHamu A(l;—2;8), B(0;0;4) i
C(6;2;0). Obuucamrn noro muomty ta sucory BD.
I11.58. 3HaI/ITI/I O,ZLI/IHI/I‘{HI/II/I  BEKTOD, HepHeH,ZLI/IKyJIHpHI/II/I 0 BEKTOPIB:

Ha=« 4—1—J-1—4n U—AL-I—J-I-Ah, 2) LL—AL—I-OJ—FIZ—; (1_; “_"—4;4—2/’@'.
IIL.59. [omectm, mo (2@ + b) x (@ + 2b) = 3@ x b.
I11.660. O6‘II/I(‘.7'II/ITI/I mamHam Ta ILIONTY TapajelorpaMa, moby10BaHOrO Ha
BeKTopaxa—k:—ylb—z—I—y—l—k

§5. Mimanum qo6yToK TPbOX BeKTODIB

1°. Osnauwenna. MimaauM 106yTKOM TPbOX BEKTODIB @, b i ¢ HA3MBAETHCA BUPaA3
(@xb)-&.
2°. Bupaz miwanozo dobymry uepe3 xoopdunamu éexmopis. SKio BekTopu @, b i

¢ 3azaHl cBOIMHU KOODJMHATaMM, TO MIMIaHUN N06YTOK BU3HAYAEMO (GOPMYJIOI0

Gy Gy Gz
(@xb)-2=|b, b, bl

Cy  Cy  Cp
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3°. Baacmusocmi miwanozo dobymry.

1. Big mepecTaHOBKH ABOX MOBIILHUX MHOXKHUKIB MIMTAaHUU N0GYTOK 3MIHIOE 3HAK Ha
OPOTWIEKHUR (dX5)-e=—(ax ) -b=—(&xb)-a.

2. Ockinbknu (@xb).—a-(bx &), To MilTanuii Jo6yTOK 3amucyioTh y BUNISLI (&,5,E).

3. Akuio ABa 3 TPLOX 3aJaHUX BEKTOPIB KoJdiHeapHi, TO iX MillaHUM K06y TOK AODPIB-
HIOE HYIIO.

4. BekTopn @, b i & KoMILIaHapHi TOAi i JUMe ToAi, Koaun (&,b,8)=0.

5. O6’eM mapadelinea Ta MipaMiin, Mo6yI0BaHUX Ha BEKTOpax @, b i ¢, 06GHUCTIOITD

BIATIOBI AHO 3a (hOpMyaaMu V,mp:|(d‘,l;,8)|7 &’n]l,:%|(d‘,g,8)|.

II1.61. IloGynyeaTu mapafeleminey Ha BEKTOPAX =30+ 4], b= —3] +k
ic= 2] + 5k: 1 o04meanTn noro 06’eM. IlpaBy «m JiBy TPIAKY yTBOPHOIOTH
BEKTODPH d, b c?
I11.62. Ilo6yayeaTu mipaminy 3 sBepumuamu A, B, C, D:

1) A(0;0;0), B(5;2;0), C(2;5;0), D(1;2;4), o6uamcauTn ii 06’eM, miomy
rpaui BC'D i BucoTy mipaMiiu, IO OMYINEHa, Ha IO DAL

2) A(2;0;0), B(0; 3;0), C(0;0;6), D(2; 3;8), obuaucanTu ii 06’eM i 3HAUTH
BHUCOTY, onylueny Ha rpauns ABC.
I11.63. O6uuciutu 06’eM mipaMau, TOSYIOBAHOLI HA BEKTOPAX & — 37— f,
b=6i+371¢=2i++6k.
I11.64. Ilokasarm, mo Touku A, B, C, D jgexars B OQHIN ILIOMIMHI:

1) A(2;-1;-2), B(1;2;1), C(2;3;0), D(5;0; —6);

2) A(1;2;4), B(3;—1;0), C(4;3;13), D(2;6;7).
I11.65. Ilokasarwu, 10 BEKTOPH (@, l;, ¢ KOMILTAHAPHI 1 PO3KIACTHU € 32 BEK-
Topamu @ i I_i AKIIO:

a=—i+3]+2k b=

2) G=7+3]+3k b=4j
I11.66. HOK%S&TH 10 .

1) @+b)-[(@+0) x b = ~(@oy
N ([@+20—0)-[(@—b) x @—b—3)]=3(@be).

I11.67. 3mantu 06’eM TeTpaempa, NOOYIOBAHOTO HA BEKTOPAX O—}l O? i

2% —37+ 6] + 6k;
7+

O , AKIITO Hl BeKTOpI/I HaHp}IMJIeHl 10 61C6KTpHC&X KOOprZ[I/IHaTHI/IX KyTlB 1
MOBXKUHA, KOXKHOT'O BEKTOPA JOPIBHIOE 2.

I11.68. I[1o6yayBaTu BeKTOPH @ = 1 + ] + 4]3, b=1i-— 2/ic¢=31—3] + 4k.
[MoxazaTu, 110 BOHW KOMILUIAHADHI, 1 3HAUTH JIHIUHY 3aJ€KHICTH MK HUMU.
I11.69. Otuucantu o6’eMm mapageremninenqa OABCO; A1 B1C, B AKOMY 3a-
naHoo Tpu BepumHN HUKHBOI ocHoBE O(0; 0;0), A(2; —3;0), B(3;2;0) i BEp-
mmHa BepxHBOI ocHOBE Bj(3;0;4), mo sexuTs Ha 6ivHoMy pebpi BB, mpo-
THaeKHOMY 10 pedpa OO0 .

II1.70. domecTu, mo 06’eM mapaJeneninena, o0y IOBAHONO HA MATOHAJIX
rpaHer 3aaHOrO Mmapajesenine/a, TOPIBHIOE MOABOCHOMY 00’'€My 3aJaHOTO
apaJesernine 1a.
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PO3AIJIV
AHAJIITUYIHA TEOMETPIA HA ILJIOIIWHI

$1. PiBHaAHEA npsaMol

1°.  Pignanna npamoi 3 xymosum woediyienmom. PiBHAHHA mpsAMol 3 KyTOBUM

Koe®IIEHTOM Ma€ BULIAL
y=kx+b.

IlapameTp k JODIBHIOE TaHTeHCY KyTa a HaxXWiIy NpaMmol go oci Oz (k=tg«) 1 Hasm-
BAa€TbCA KYTOBUM KOedIIieHTOM.

2°. 3azaabne pisHANHA NPAMOL. 3araibHe PIBHAHHA IPAMOI MAc BUIJILL

At TRt
Ax+By+C=0.

3°. PiguAnHA npamoi Y 610pi3rar Ha 0CAZL.

Pipaanag nmpAaMol y BiApizkax Ha OCAX Mae€ BUTIIAT
& ¥ _
at5=1

e aib— anrebpudHi BeIUYNHE BiAPi3KiB, AKI BIJTUHAIOTHCS IPAMOIO HA OCAX KOOPAUHAT.

IV.1. Tlo6yayeaTn mpaMi, 110 33A0THCA TAPAMETPAMM:

1) b= -2, a = 60° 2) b= -2, a = 120°. HanucaTu iXHi piBHAHHI.
IV.2. BusnaunTtu napamerpu k i b npamoi, fka IPOXOAUTH Yepe3 TOUKY
M(—2;3) i yrpopioc 3 piccio Oz kyr 45°. Ilobyayparu npaMy 1 nanucarn ii
PIBHAHHA.

IV.3. llobyayBaTu npamy, aka BigTunae Ha oci Oy Bigpizox b = 3 i yTBOpIOE
3 Biccio Oz xyt: 1) 45°; 2) 135°. Hanucaru piBHAHHA LUX NPAMUX.

IV.4. Tlo6ynyBaTu npsMy, mo BigTuHAE Ha oci Oy Biapisok b = —3 1 yTBO-
proe 3 Biccw Oz xkyT: 1) 66°; 2) 120°. HanucaTyn piBHAHHA UAX TPAMEAX.
IV.5. HanucaTu piBHAHHA OPAMOI, AKA TPOXOMUTHL Y€PEe3 MOYATOK KOO IU-
HAT 1 yTBOpIOE 3 Biccio O KyT:

1) 45°; 2) 60°; 3) 90°; 4) 120°; 4) 135°.

IV.6. Ilo6byayBaTu mpAMy, MO IPOXOIUTDH Y€pPe3 MOIATOK KOOPIUHAT 1 1epes
Touky M (—2;3), nanucatu ii PiBHAHHA.
IV.7. BusnaanTn napaverpu k 1 b m1a KOXKHOI 3 IpAMEX:
)20 —3y=6 2)2+3y=0 3)y=—3 4) §+%:1.
IV.8. IloGyayBaTu npsmi:

1) 3x4+4y=12; 2)32z—4y=0; 3)2x—-5=0; 4)2y+5=0.
IV.9. BusmauuTu mapamerpu £ i b mpaMoi, gKa OPOXOAUTL 4ePe3 TOUKY
A(2;3) 1 yrBOpIOE 3 Biccio Oz xyT 45°. Hammcarn piBHAHHA i€l mpamoi.
IV.10. Pipmauns opamux 1) 2z — 3y = 6; 2) 3z — 2y + 4 = 0 sanucatu y
BUIVIAAL PiBHAHB y Bigpiskax. [lobynyeaTu 11i npsi.

IV.11. 3agano Touixm O(0;0) i A(—3;0). Ha pigpisky OA no6yzopanun
mapanesorpaM, JaroHauai AKoro neperurarThes B rouni B(0;2). Hammcatn

DIBHAHHA CTOPIH 1 JlaroHaJen mapaieJorpama.
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IV.12. HammcaTy piBHAHHA TpAMOI, IO TPOXOAUTH 4depe3 Touky A(4;3) i
BIATUHAE B KOOPJAWHATHOIO KyTa TPUKYTHUK, ILIOMIA AKOT'O JOPIBHIOE 3.
IV.13. llpamiy = —21iy = 4 neperunarorts upamy 3x—4y—>5 = 0 Biznosiguo
b Toukax A 1 B. [lo6ynypbaTu pekTop B , BUSHATATHA UOr'0 HOBXKUHY 1 HOro
MIPOEKIIl Ha 0Cl KOOPAMHAT.

IV.14. Yn aexars Touxu A(3;5), B(2;7), C(—1; —-3) 1 D(—2; —6) na npamin
y = 2x — 1, 4u BoHuU posTamopani "Bume” abo " umxde” i€l npamoi?
IV.15. llpami x = —1 1 £ = 3 mepeTHHAIOTE NPAMY Yy = 22 + 1 BIATOBIIHO B
Toukax Ai B. [ToGyayBaTu BeKTOp AB, BU3HAYUTH HOrO JOBXUHY i IpOeKItii
Ha OCl KOOP JUHAT.

IV.16. PierobGenpeHna Tpamelia 3 OCHOBaMHU 8 ¢M 1 2 ¢M Ma€ TOCTPUI KyT
45°, HammcaTu piBHAHHA CTOpPIH Tparmenil, IpUUHABLIIA 3a Bick Oz OLIbILY
OCHOBY 1 3a Bick Oy — BiCb cuMeTpil Tparmeril.

IV.17. HamwmcaTtu pIiBHAHHA CTOPiH poMmba 3 miaroHaaamu 10 c¢M 1 6 cM,
NpUUHABIIY OLILITY miaroHauab 3a Bick O, a meHmry — 3a sich Oy.

IV.18. Hanucaru DIiBHAHHA IPAMOIL, MO MPOXOAUTE Uepes To4uky A(—4;6) i
BIITUHAE B KOOPJAWHATHOTO KYTa TPUKYTHUK, ILIOIIA AKOTO JAOPIBHIOE 6.
IV.19. HanucaTu piBHAHHA JiHI, IO AKIA pyXaeTbea Touka M (x;y), 3amm-
IIAIOYKCEL yABIYL Aaji Big oci Oz, Hix Bix mpaMol x = —3.

AKA MPOXOAUTH ¥epe3 ABI 3ajaHl TOYKA

1°. Kym wmioe npamumu. KyT Mixx npamMumu y=kiz+by 1 y=kaz+by BU3HAYAOTE 13
CHIBBIHOIICHHA

| ko=l
tg 5"—‘ T+h1 ks

Aas opaMuAx, M0 3aaHl PIBHAHHAMEA
Arz+B1y+C1=0 i Asz+Bay+C2=0,

BUKODPUCTOBYIOTH (POPMYIN

A1Bo—AoB A{Ao+DBB
tg o= 7A1A§+Bf13; abo cos 99:—' 21 22+ L 22‘ =-
\/A2+p2, /42482
Ymosa napaseabrocms npaAmMus
— A1 _ By
kl—]ﬂz abo A_Q_B_Q
Yamosa nepnenduryaaprocmi npamuL
kg:—ﬁ abo A1 As+B1 Bo—0.

2°. PigHaHHA NYyurae npamur. PIBHAHHA DyYKa OPAMHUX, IO IPOXOJATE depe3 TOUYKY
A(z1;y1) Mae BHTIIAL
y yni=k{z 1)

3°.  Pienanuns npamoi, wo nporodums uepes d8i mouku. PIBHAHHA NpaAMOl, 110




IV.20. BuszgayuTy KyT MIXK OPSIMAMA:
Dy =2z -3, y=§:z:+1; Hor—y+7=0, 22—-3y+1=0;

N2x4+y=0, y=3z-—4 5)3x+2y=0, 6x+4y+9=0;
3)3r—dy=6, Sr+6y=11; 6)-+2 =1, T4¥_1
a b b a
IV.21. 3agano piBuauma npammx: 3z — 2y +7 = 0, 6z —4y — 9 = 0,
6x+4y —5 =0, 2r 4+ 3y — 6 = 0. 3asmauuTH, 9Ki 3 HUX TAPAJEILHI, AKI
TepHIeHInKYIAPHI.

IV.22. Hanwcaru piBHAHHA Iy4YKa IPAMEUX, II0 OPOXOAATH HUEpPe3 TOUKY
A(2;3). Bubparu 3 mporo mydxa mpsaMi, sSKi yTBODIOIOTE 3 Biccilo Oz KyTH:
1) 45°;  2) 60°; 3) 135°; 4) 0°. TobyaysaTn ix.

ni c 1 %

pi c

<

9
IBHANNA

IV .23, Hanucaru

A(0;7), B(6;—1) i C(2;1).
IV.24. 3agano tpuxyrauk 3 Bepmwmaamu A(—2;0), B(2;4) i C(4;0). Ha-
MHCATU PIBHAHHA CTODIH TPUKYTHUMKA, Memiamu AF, sucotu AD i 3mantu
noBxuHy Memianu AFE.

IV.25. Ilo6yaysaru Touky A(—2;5) i npamy 22—y = 0. Hanucaru pisaanmns
Oy9Ka OPAMUX, IO IPOXOAATH dYeped Touky A i BubpaTu 3 ObOrO Mydka
npAMYy, SKa: 1) mapateabHa 3agaHin; 2) IepheH MKy AapHa, 3a,1aHii.

IV.26. V Toukax mepermny upsmoi 2x — 5y — 10 = 0 3 ocamMu KOOpAUHAT
TIPOBEIEHO TEPIIEHANKYJIAPHT O 3aaH01 TpsaMoi. HanmmcaTn ixHI PIBHAHHA.
IV.27. Tlpama 2x — y + 8 = 0 meperunae oci Ox 1 Oy B Toukax A 1 B.
Touka M nimrs AB y Biauomenni AM : MB = 3 : 1. Hanucaru piBHAHHA
[epIEeH JUKYAAPA, IPoBefeHoro B Todmi M 1o npamoi AB.

IV.28. Hanmcaru piBHAHEA OpaMol, AKa npoxoauTsb depes Touaxu A(—1;3)
i B(4;-2).

IV.29. ¥V tpuxyTHuky 3 Bepummaamu A(—2;0), B(2;6) i C(4;2) npoBeaeno
pucory BD i meniany BE. Hanucaru pisusanna cropouu AC, menianu BE
i Bucoru BD.

IV.30. 3mauTu BHyTDIMHI KyTH TPUKYTHHUKA, CTOPOHH AKOI'O 3a4aHO DiB-
uaguamMu £ + 2y =0, x+4y—-6=0, z—4y—6=0.

IV.31. Tlo6yayBaTn TPUKYTHUK, CTOPOHU SAKOTO 3a1aHO PIBHAHHAMU X +Y =
=4,3x—y=0,x—3y—8=0. 3gauTy KyTH i IOy TPUKYTHUKA.
IV.32. HanucaTw pIBHAHHA MPAMEUX, AKi IPOXOIATHL T€pPE3 MOIATOK KOOP-
AWHAT g KyToM 45° 1o npamoi y = 4 — 2.

IV.33. Hanmcaru piBHAHHA OpAMEX, AKI ONPOXOAATE deped Touky A(—1;1)
mig kyroM 45° no npsamoi 2z + 3y = 6.

IV.34. BusnadyuTu BepUIMHN i KYyTU TPUKYTHUKA, CTOPOHU SIKOI'O 3aaHO
pivsmmvu £ + 3y =0, =3, x—2y+3=0.

IV.35. 3uaniTu TOYKY MEPETHUHY MeiaH i TOYKY MEPETUHY BUCOT TPUKYT-
uuka 3 Bepumnamu A(—4;2), B(2; -5) i C(5;0).
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£3. HopMmanbue piBHAHHA npaMoi. BifcTaub Big TOYKH [0 TIPAMOI.
PiBuaHHA GicekTpuc. PiBHAHHA MydYKa OPAMUX, AKI IIPOXOAATH
Yepe3 TOYUKY HNEPETHUHY ABOX 3aJaHWUX IIPAMHX

1°. Hopmasavue pieHanna npamoi. HopManbHe PIBHAHHA IPAMOI Ma€ BUIVIAL
z cos B4y sin S —p=0,
e p — IOBXWHA TIepIIeH INKyApa (HopMadl ), MPOBeIeHOr0 3 IOYaTKy KOODAMHAT Ha IPAMY,
a 3 — KyT HaXWiIy IIbOT'O MePIeHINKYIIpa 1o oci Ox.

106 3BecTH 3aranbHe piBHAHHA OpAMOi Az+ By+C=0 10 HOPMAJLHOT'O BUTVIALY, TPe-
1

VA2+B2

6a Bcl MOro WIEHH JOMHOXKHUTH Ha HOPMYIOUUY MHOXHUK M==% , Mo 6epeThea 31
3HAKOM, TPOTHUICXKHUM 70 3HaKa BlIbHOrO 4ieHa C.
2°.  Bidecmawnbs 610 mouxy do npamoi. Bimcranb d Bimg TOUKRK (wo;yo) 4O IpAMOL

069UCTIOEMO 32 (HPOPMYIOIo

d=|zq cos F+yo sin G—p] abo

S0

3%, Piensanns 0iCERMPUC KYmie mixe 060ma npamumy. PIBHAHHA OlCEKTPUC KyTiB
MiX OpAMEME Ax+By+C=01 A2+ Biy+C1=0 Mae BUTIAL
Az+DBy+C _iA1w+Bl’!I+C1

A24DB2 AZ4+B2
K2 T
bl 4

BTG TTVIIKA, e 1 TIDOXO T
IBIIAIILT OYyYIKa OPpaMKX, KL OPpOCXe T

a(Az+By+C)+5(A1z+B1y+C1)=0.

IV.36. PiBuauus opsaMux

1)3x—4y—20=0; 2)z+y+3=0; 3)y=kx+bd
3BECTU N0 HODMATBHOTO BUTIIATY.
IV.37. IloGyayBaTu npaMy, SKIIO JOBKHIHA HOPMaJl p = 2, a KyT J HaXuIy
il 1o oci Oz nopiemioe: 1) 45°; 2) 135°; 3) 225° 4) 315°. Hamucatn
PIBHAHHA UX IPAMUX.
IV.38. 3manTn BigcTans Big Towok A(4;3), B(2;1) 1 C(1;0) g0 mpsamoi 3z+
+4y — 10 = 0. IlobyayBaTu TOYKHU i IpAMY.
IV.39. 3gauTu BifcTads Bl I0IaTKY KOODAMHAT 10 OpsamMol 122—5y+39 = 0.
IV.40. Tlokaszaru, mo npami 2z — 3y = 6 1 4z — 6y = 25 napajeibHi, 3HAUTH
BIICTAHL MiX HUMU.

Brasiexa. Ha ogHid 13 IpAMMX B3ATH JOBLILHY TOYKY 1 3HAUTH BiACTaHb Big Hel 0o
ApY1rol upsamoi.
IV.41. 3uanTtu k 3 ymoBu, mo npama y = kzr + 5 BiggaseHa Big modIaTky
KOOpAMHAT Ha BigcTans d = /5.
IV.42. 3nantw gosxuny sucotu BD y TpukyTHuky 3 Bepmmnavu A(—3; 0),
B(2;3)1C(3;2).
IV.43. HammcaTu piBHAHHA TPAMOI, MO TPOXOJNTEL ¥epe3 Touky A(2;4) i
Bl JAJEHA Bl MOYATKY KOOPAWHAT HA BiACTaHBb d = 2.
IV.44. Hanucatu piBHSHHS MeOMETPUYTHOIO MICIA TOYOK, IO BiJAaIeHl Bij
npamol 4z — 3y = 0 ma BigcTranb d = 4.
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IV.45. HammcaTtu piBHAHHA TpPAMOIL, 10 BiggateHa Big Touxu A(4; —2) Ha
BigcTaHb d = 4 1 mapaneabHa 10 npamoi 8z — 15y = 0.

IV.46. Tleperiputu, mo touku A(—4;—3), B(—5;0), C(5;6) i D(1;0) €
BEPLIMHAMY TPAIelil, 3HAUTH ii BHCOTY.

IV.47. Yepes mouaTok KOOPIUHAT IPOBEICHA IPAMA, HA OJHAKOBIN Bl qcTaHi
Big Towok A(2;2)1 B(4;0). 3HanTu 10 BiICTAHE.

IV.48. HanucaTu piBHAHHA OICEKTPHUC KYTIB MLX mpaMumu 2z + 3y = 101
3z + 2y = 10.

IV.49. HammcaTtu piBHAHHA OICEKTPUC KYTIB MiXK npaMumu 3z + 4y = 121
y = 0.

IV.50. Hamucatu piBHAHHA M€OMETPUUHOIO MICISA TOYOK, BigmTaleHUX Bij
npsamol  + 2y — 5 = 0 Ha BiACTaHb, IO JOPIBHIOE V5.

IV.51. Hamucatu piBHaHHA TpaekTopii Touku M (x;y), AKa, PyXaYUCh,
3aIUIIAETHCA BABIYL qafi Big npamol y = 2x — 4, Hix Big npamol y = 4 — 2x.
IV.52. Hamucatu piBHAHHA OPSMOl, AKA TPOXOAUTE depe3 To4uKy M mepe-
TuHy npsamux 2z +y +6 =01 3z + 5y — 15 = 0 i 9epe3 Touky N(1;—2) (ue
sHAXOAAIN TOIKH M ).

IV.53. HamucaTu piBHAHHA TOPAMOI, AKA TPOXOAUTEL Uepe3 Touky M mepe-
Tuay Tpamux 5r —y + 10 = 01 82 + 4y + 9 = 0 1 napaneabua 10 TPAMOL
2 + 3y = 0 (me 3naxonaaau Touku M).

IV.54. Hanwucartu piruanmua TpackTopii Touku M (x;y), AKa, PYXAIOUUCH,
3aIUIMAECTHCA BABIYL Jal Big OPAMOlL ¢ = &, HIX BII NpAMOl § = —.

84, Pi3Hl 3agaqi HA IIPAMY

IV.55. Yepes nouaTok KOOpAMHAT NPOBECTH MPAMY, IO YTBOPIOE 3 MPAMU-
MHA 2+ ¥y =a iz =0 TPUKYTHHUK, ILIOIA AKOI'0 JOPIBHIOE G2.

IV.56. 3amamo Touxku A(—4;0) i B(0;6). Yepes cepeamny Biapiska AB
IIPOBECTH IPAMY, O BigTuHae Ha oci O BIAPI30K, BB GlabmImy, HiX HA
oci Oy.

IV.57. 3agano touku A(—2;0) i B(2;—2). Ha Biapisxy OA nobyzoBanuit
napanenorpam QAC D, giaromnanai akoro nmepeTnHalThCA B Toumi B. Hamwm-
CATU PIBHAHHA CTOPIH, mlaroHajen mapajeiorpama i smautu kyT CAD.
IV.58. 3HauTu KyTH i IOy TPUKYTHUKA, YTBOPEHOI'O NPAMUMEU y = 2,
y=-2xiy=x+b.

IV.59. 3 mouarTky KOOpAWHAT TPOBEIEHO IBI B3AEMHO MEPIEHINKYIAPHI
npsaMi, SKi YTBOPKIOTE 3 NPAMOK 2T + y = @ PIBHOOEIDEHUN TPUKYTHUK.
SHaAUTY IJIOMIY UbOT0 TPUKYTHUKA.

IV.60. SuawTy By Tpinm KyTH TPUKYTIRKA, JKIIO 38TAI0 PIBISIILT TOTCO
cropin AB: x —3y+3=01AC: 2+ 3y +3 =01iocuosa D(—1;3) Bucoru
AD.
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IV.61. 3anano piBHAHHA OIYHUX CTOPIH PIBHOOEIPEHOTO TPUKYTHUKA 3T +
y==01ix—3y = 0i Touka (5;0) HA WOrO OCHOBi. 3HAUTH MEPUMETD i
TJIONLLY TPUKY THUKA.

IV.62. Y rpuxyruuxy ABC 3anano: piBusuaas croponu AB:3x + 2y = 12;
piBuannsg Bucotu BM: x + 2y = 4; pisusauus pucoru AM:4v+y =6, 1e M —
TOYKa NepeTuHy sucoT. HanucaTu pisaanna cropin AC, BC isucortu CM.

85. Kono

Pisnanna woaa 3 neHTpoM B To4mi C{a;b) 1 pagiycoM, 10 TOPIBHIOE R, Ma€ BHUIVIAL

0 (e—a)®+(y—b)*=R>.

3arajgbHe PIBHSHHS KOJa

(2) 2 +y* +ma+ny+p=0.

1llo6 Big piBHAHHA (2) mepedTn 4O PIBHAHHA BUraAfy (1), moTpi6HO B aiBiM YacTHHI
PiBHAHHA (2) BUALIATE MOBHI KBajpaTH

(z+2)+(y+3) =224 27 —p.

IV.63. Hamucatu piBuanas koaa 3 ueatpom C(—4;3), paxgiycom R = 5 i
nofyaysaru moro. du mexars ma npomy kom touxm A(—1;—1), B(3;2),
0(0;0)7
IV.64. 3anano Touxy A(—4;6). HanucaTn piBHAHHA KOIA, AlaMETPOM AKOTO
cayrye Biapizox OA.
IV.65. 3agano Touxku A(—3;0) i B(3;6). Hamucatu piBHAHHA KOJa, giaMe-
TPOM AKOI'O CAYT'YE Biapizok AB.
IV.66. 3nanTn meHTpyu Ta paglycu KiT:

1) 22 + y? — 62 + 4y — 23 = 0; 2y 2?2 + 92+ 50— Ty +2,5=0;

3) 2?2 +y*> + Ty =0.

Ilo6yayeaTu i Koaa.
IV.67. Ilo6yayBaTu KoIa:

Da?2+y?—4z+6y—3=0;2) 22 +y? -82=0;3) 2> +y? +4y =0.
IV.68. Tlo6yayBaTu koa0 22 +y? + 52 = 0, npsamy = +y = 0 1 3HAUTH TOYKN
IXHBOT'O TIEPETHUHY.
IV.69. HanucaTy piBHAHHA KOJA, IO JOTHUKAECTLCI OCEH KOOPAUHAT 1 IIPO-
X0auThL depes Touky A(1;2).
IV.70. 3uantu kyT Mixk pagiycamu xoaa £2+y2 44z —6y = 0, axi npopeneno
B TOYKHU MEPETUHY KOJa 3 Bicco Oy.
IV.71. Hammcatu piBHAHHA KOJA, AKE TPOXOAUTH 4depe3 Touku A(—1;3),
B(0;2) 1 C(1;-1).

Bxasziexa. HammcaTy piBHAHHA IMYKAHOTO KOMa ¥ BUMIALI 224y +mae+ny+p=0, mia-

CTaBUTHU B HHOT'O KOOPIHUHATH KOXKHOI TOYKH I 3HAUTHU m, n 1 p.
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IV.72. Hammcartu piBHAHHA KOJa, IO TPOXOAWTH 4E€Pe3 TOYKU HEPETUHY
kona 2 + y? + 4x — 4y = 0 3 npsAavoro y = —x 1 9epes TouKy A(4;4).
IV.73. HanucaTu piBHAHHA JOTHYHNX A0 KoTa 72 + y? — 8z — 4y + 16 = 0,
AKI TPOBEAEHO 3 TMOYATKY KOODIUHAT.

IV.74. 3agano Touxy A(a;0). Touxa M pyxaeTncs Tak, MO B TPUKYTHU-
Ky OMA xyt OM A 3aqumaeTbea OIpAMAM. BU3HAYUTH TPAEKTOPIIO pyXy
TOYKH.

IV.75. Busmauutu TpaexTopito Touku M (z;y), AKA PYXAETHCA TAK, IO
cyma KBagpaTiB Bigcramen Big mei no towok A(—a;0), B(0;a) i C(a;0) mo-
2

crimme popimmmooe 3o
IV.76. Komo notukaeThea oci Or B MOYATKY KOOPAUHAT 1 TPOXOIUTE Tepes
rouxky A(0; —4). Hamucary piBHAHHA UBOTO KOJAA | 3HAUTU TOYKU [IEPETUHY
KOJa, 3 DOiceKTprucaMy KOOPAMHATHUX KYTIB.

IV.77. HanucaTu piBHAHHSA KOJ4, AKE TPOXOAUTH Yepe3 MOYATOK KOOD TUHAT
i gepes Touku nmeperuHy Kota x2 + y2 = a® 3 mpamoo ¥ +y +a = 0.
IV.78. HamucaTn piBHAHHA TOTUYHUX, AKl IPOBEICH] 3 MOIATKY KOOP JUHAT
[0 KOJIa, 110 TPOXonuTh depes Touxu A(1; —2), B(0; —1) i C'(—3;0).

IV.79. 3maiitu KyT Mix pajiycamu xona 22 + y?> — 4z + 6y — 5 = 0, mo
[IPOBEEH] B TOYKHU IePEeTHHY KoJa 3 Bicco Ox.

IV.80. Touxa M (z;y) pyXaeTLca Tak, MO CyMa KBAAPATIB BiACTAHEN Bif
Hel 10 MOYaTKy KOOpAUHAT i 70 Touku A(—a;0) mocTillo ZOpiBHIOE a?. Bu-
BHAYUTU TPAECKTOPiO pyxy Touku M.

56. Emimc

Eaincom Ha3MBAETHCA NeOMeTPHYHE MicIle b
A 7 ’ Mexy)
TOYOK, CyMa BIJCTaHeHl BiJ KOXKHOI 3 AKHX [0

OBOX 3alaHnX TO4oK Fy 1 F» (PpokyciB) € crara

BeJAUMYMHA 20 Oliblua, HIXN |Fy Fal. —a Fi-¢,0) F(c,0) a
1 ) 2

Kanowniune (manmpocrime) pirngnng erinca

Ma€ BUINIA

-b

2,2
il ¥y__q
a2 + b2 .
Eninc, 3a1aauii KaHOHITHUM PiBHAHHAM, CH-

Puc. 11

MeTPUIHUH OA0 oced Koopauuar (puc. 11).
[TapameTpu o 1 b Ha3sWBaIOTLCA MIBOCAMH eqinca. SKmo a>b, To Gokycu Fi 1 Fo

poaminieni Ha oci Oz Ha BificTaHl c=+v/a?—b2 Big menTpa. Bignomenns £=¢<1 HA3UBAETHCA

eKCIeHTPUCHTETOM eJinca. Bigcrani Big Touxu M (z;y) edinca o woro dbokycis (hoxaabHi

pajiycu) BU3HAYAIOTHL 32 (hopMyaaMu

rT1=—a—E T, ro=a-4c x.

IV.81. Ho6yayraruu exinc 2 + 4y? = 16, 3uaiiTy HOro GOKYCH T2 EKCIIEH-
TPUCHTET.
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IV.82. HammcaTn KaHOHIYMHE DIBHAHHS EJINCA, 3HAKYH, MO: 1) BiicTaHb
MK (hOKycamMu JTOPIBHIOE 8, a Maja miBeick b = 3; 2) Ginbina miBBick @ = 6, a
excrienTpucureT € = 0, 5.

IV.83. 3manTu Maly mBBICL b i eKCHEHTpUCHTET € eJinca, o Mae OLIbLLY
miBBick @ = 5 i mapamerp ¢, mo gopirHwe: 1) 4,8; 2) 4; 3) 3; 4) 1,4; 5) 0.
IToGyayBaTu KOXKEH 3 eJIIICIB.

IV.84. Eninc, chiMeTpU<HAN MO0 OCEH KOOPAMHAT, IPOX0JUTE I€PE3 TOIKA
M(Z\/g; \/6) 1 A(6;0). HamucaTu BOro piBHAHHA, 3HAUTH KCUEHTPUCUTET 1
BiAcTaHb Big Touku M 1o QOKyCiB.

IV.85. HamucaTtn xaHoHiuHe PIBHAHHS IITNICA, B AKOTO BIACTAHI BiJ OIHOTO
3 ¢doKyCIiB 10 KiHIIIB OLIBIITOL OCI JOPIBHIOKTL 51 1.

IV.86. 3emisa pyxaeThCa MO €IICYy, B OTHOMY 3 (POKYCIB AKOTO 3HAXOIUTH-
ca Coune. Haumenma sigcrann Big 3emiul no CoHIs nopiBHIOE NPUOIU3HO
147,5 min. kM, a mambuiemma 152,5 Mag. kM. SHanTH OUIBINY MiBBICHL Ta,
EKCHEHTPUCUTET OPOiTH 3emi.

IV.87. Eainc, cuMeTpU<HUN MO0 OCEN KOOPAUHAT, MPOXOTUTH IePe3 TOUKA
M(2;V/3) i B(0;2). HamucaTu HOro piBHAHHA i 3HAHTY BiICTAHL Bif TOUKM
M nmo ¢doxkycisb.

IV.88. Exinc, cCUMeTPUTHNT TIOA0 OCEW KOOPAMHAT, (POKYCH AKOTO JeKATH
Ha oci Ox, npoxoauTs yepea Touxy M (—4;1/21) i Mae exciienTpucHTeT 8 =
= } Hauucaru pisusauns eainca i snantu pokaubii pagiyc-sexropu rouxku M.
IV.89. 3uafitu gobxkuuy xopan emimca 2 + 2y? = 18, mo FiTuTh KyT Mix
OCAMY HABIILT.

IV.90. 3HauTu eKCUeHTPUCUTET eIilca, AKIIO BiICTaHb MiXK (HOKycaMu I0-
PiBHIOE BiICTaHl MiX KIHIAME BEIUKOI i MaJ0l MBOCEN.

IV.91. Ha eninci 922 4 25¢y? = 225 sEailTu TOYKY, BIACTaHB Bif AKOL 10
npaBoro GoKyca B YOTUPHU pa3m; OLIblna, HiXK BiACTaHL A0 JiBOro QoKyca.
IV.92. Opaunaru BCix ToI0K K018 22 +y? = 36 smenmmeni Brpuyi. Hammcarn
PIBHAHHA OTPUMAHOI HOBOL KPUBOL.

IV.93. BusnaunTn TpackTopito Todku M, AKa, PYXaOUINCh, 3AIUIIAETHCA

BABIYl Gumxde 10 Touku F(—1;0), mixk no npamol z = —4.
2 2
IV.94. 3uaiTy JOBXKUHY XODAU EJIICa, —+ z—z = 1, mo HAIpAMIEHA B3 I0BXK
a

miaroHaml TPAMOKYTHUKA, MOOY IOBAHOTO HA OCAX eJilnca.

IV.95. 3uafiTu cruiabHi To4kn exinca z2 4 4y? = 4 i Kousa, 10 TPOXOIUTH
Jepe3 (POKyCH eIIIca i Ma€ HeHTp B WOro " BepxXHin® BepIIHHI.

IV.96. Ha mpaudiz x = —5 3HaUTH TOYKY, AKA OTHAKOBO BiJajteHa Bif
" 1iBor0” (hoKyca i Bix ”BepxHBOI” BepmmHE eminca x2 4 5y? = 20.

IV.97. A6cumcu TOYOK KOaa T2 —+ yQ = 4 a36lrblreHi BABIYL. BusHaxuTn
ONEePXKAHy KPUBY.

IV.98. BusuaunmTn TpackTopito Todku M, AKa, PYyXanduCh, 3aIUIIAETHCI
BTpudi 6amxkae 1o Toakn A(1;0), nixk 10 npamoi x = 9.
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§7. Tinep6oaa

IMinep60a010 Ha3UBaecThCA TeoMeTPUUHe Miclle TOYOK, PI3HMIA BliJACTaHeH BiJ KOXHOI
3 AKUX 10 JBOX 3aJaHUX TOYOK Fy 1 Fa ((boxyciB) € CTaJoK BEJIUYUHOIO 2a, (O<2a<|F1 Fy)).

Kanoniune piBHAHHA Tinep6oan 5
2

22 _ Y

> '11—2:1.

a
I'inep6oaa, Mo 3a1aHa KAHOHIYHAM PiBHAH- M)
HAM, CHUMeTPHUYHA IIOJ0 OCEM KOOpAWHAT (pHC. 2\ P
. L 1 2 x

12). Bona neperunae Bick Oz B Todkax A(a;0) < | al ¢

1 A1(—a;0) — BepHMHaX Mapaboln i He HepeTH-

Hae Bick Oy. [lapaMeTp o Ha3WBaCTHLCA TIMCHOIO -b

miBBicClo rinep6onu, a b — il YABHOIO MiBBiCCIO.
[Tapamerp c=va?+b? ¢ Bigcrandio Bij Gokyca
Pyc. 12

IO LeHTpa.

Rinoomenusg £ —g>1 HazMBacTLCT eKCIEHTDY

BlIHONIeHHA ¢ =¢>1 HaBWBaEcTHCA CKCHECHTDY
3UBAIOTLCA ACUMIITOTAMHU TillepGoan.

Bigcrani Big Toukm M(z;y) rimepboam mo ii dokyciB (PpokaabHl pamiyc-BeKTOpH)

BU3HA4YaOTHL 33 popMyTamMu
ri=lex—al, ro=|e x+al.

Tinep6ona, B AKOi a=b, Ha3WBaeThcA PIBHOCTOPOHHBOIO, ii PIBHAHHA z —y?=d?, a

PIBHAHHA aCUMITOT y=x%z.

. #2292 Cy2 2
TI'imep6oan &y — ‘;’—0:1 i ;‘—2 — 2> =1 Ha3UBaIOTHLCA CIPAXKEHUMMU.
o 12 ) o

IV.99. Hanucaru kaHOHIYHE PIBHAHHS TinepOOIH, 3HAIOYH, 10 BiACTAHI Bi
oJHi€el 3 11 BepiuH 10 GOKYCIB JOPIBHIOIOTL 91 1.

IV.100. Ilo6yzyparu rimep6ony x> — 4y® = 16 i ii acummroTn. 3HAUTH
GOKyCH, eKCIEHTPUCUTET 1 KYT MK aCUMITOTAMH.

IV.101. Ha rinepboui z2 —4y? = 16 B3aT0 To4xy M 3 OpIuHATOIO 1. 3HAHTH

iACTaHb BiA Hel 4O (POKYCiB.

IV.102. Hanucarw kaHOHIYHE piBHAHHSA TrinepOoau, 3Hao4M, wo: 1) Big-
cranp Mix (okycamu popieroe 10, a Mixk BepumHAamMu 8; 2) AiNCHA MBBICH
a= 2\/57 A eKCIeHTPUCUTET € = /1, 2.

IV.103. Timep6oaa, cuMeTpPUUHA MIOAO OCEN KOOPAMHAT, MPOXOIUTE Yepes
touky M(6;—2v/2) i Mae ysapHy miBBich b = 2. Hammcaru ii piBmszma i
BHAUTH BigcTaub Bix Touku M 10 GOKyciB.

IV.104. 3uaiiTu TOYKY [EpeTHHY ACHMITOT rimepbomm x2 — 3y? = 12 2
KOJIOM, KA Ma€ IEeHTpP V IpaBoMy (GOKyCl rirmepOoan 1 IpOXOAUTh Yepes Mo-
YaTOK KOOPIUHAT.

IV.105. Hamwcaru piBHAHHSA Einep@)om&, SAKa, Ma€ BEPIIMHU B (POKyCax, a
Ty

¢OKyCH — B BepIINHAX €JIIICca o5 + i 1.

IV.106. Hanucaru piBHsHHS rinep6ouu, Ska Mae eKCLHEeHTPUCHTET £ = /2,
IpOXOAUTEH Yepes Touky M (2a;ay/3) 1 cuMeTpudHa MOK0 0Celt KOOD,IMHAT.
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IV.107. To6yaysatu rinepboay y? = 22 + a2, 3HalT™ KOOpAWHATH ii do-
KYCIB 1 KyT MK aCUMITOTAMH.
IV.108. Timep6oma, mpoxoguts wepes Touxy M (6;3v/5/2), cumerpuina

II0J0 OCeM KOOPAUHAT 1 Mae miicuy miBeice a = 4. Hanmcartu pieHAnHA
MIePIeHINKYIAPIB, OIYIIEHNX 3 JIBOr0 (hoKyca rinepOoam Ha il aCUMITOTH.
2 2

IV.109. 3uanTu BigcTans Big Gokyca rinepboan = 1 1011 acuMOToT

a b2
1 KyT MI2XK aCUMIITOTaMHU.

IV.110. 3manTu excueHTPUCUTET TinepOOaH, ACUMITOTA AKOI YTBODIOE 3
aincHoIO Bicco KyT: 1) 60°; 2) a.

IV.111. Busmauntu TpackTopito Toukn M (x;y), AKa, pyXanduch, 3aIulia-
€ThCs BAIYl Oamkde no mpamol ¢ = 1, Hix go Touku F(4;0).

IV.112. Ha rinep6ouai 922 — 16y? = 144 smaliTu TOYKY, BiICTaHbL Bij AKOL
m0 TRrRoro (hOKyea BARIYUI MEHITIA, HIYK T0 TTPAROTO.

IV.113. Touka M ginuTs Bigcrase Mix dokycamu rinepboun 9x% — 16y% =
= 144 y siguowenni F1M : MF = 2 : 3, ne F; — mipun ¢okyc rimepGoau.
Yepes Touxy M nposegeno npamy mijg KyTom 135° 1o oci Ox. 3HAUTH TOYKA
[ePETHUHY Ii€l IPAMOL 3 ACUMIITOTAMU Iirepdou.

IV.114. Busnasuru TpaexkTopio Touku M, sgKa, PYyXAIOTHUCH, 3AIAIIAETHCS

BaBiul naui Big Toukm F'(—8;0), mix Big mpamol x = —2.
t8. ITapaGoaa

Hapaboaor HA3UBAETHCSA IeOMeTPHUYHE MICIle TO-
4OK, OJHAKOBO BiJaJeHNX Bij 3agaHol To4uku ((okyca)
1 saganol npsamol (fFupekTpucH).

Kanoniuue piBHAHHA Mapabogu Mae BUTVIAT

y2=2pw.

Tlapa6ora y>=2pz Mae doKyc F(g;o) 1 JupeKTpucy

z=—1%; GoKaIbHUI pajiyc-BeKTOp TOYKK M (x;y) Ha Hik

T::c+12—’.

Puc. 18

IV.115. Hanucaru piBHAHHA DeOMETPUUHOIO MICId TOYOK, IO OJHAKOBO
Biggareni Big Touku F(0;2) i Big opamol y = 4. 3HalTH TOIKU TEPETUIHY
i€l KpUBOl 3 OCAMHU KOOPAMHAT i moOyayBaTH 1.

IV.116. Hamwcatm piBHAHHA TEOMETPUTHOTO MICI TOYOK, AKI OTHAKOBO
BiIJIa/eH] Bi MOYATKY KOOPAUHAT 1 Bif mpaMoi ¢ = 4. 3HAUTH TOYKU TEpe-
THUHY IIi€l KPUBOL 3 OCAMU KOODAMHAT 1 o6y ayBaTH il.

IV.117. Hanucatm pIBHAHHA TEOMETPUYHOO MICII TOYOK, AKI OAHAKOBO
BiAJateHl BiA MOYATKY KOODAMHAT i BiX mpsaMol £ = —4. 3HAUTH TOYUKU
TIepeTUHY Ili€l KPUBOI 3 OCAMHU KOOpAWHAT i moOyayBaTH ii.

IV.118. Hamwmcatu piBHAHHS I€OMETPUIHOO MICIST TOUOK, AKI OTHAKOBO
Bigganeni Big Touxku F(2;0) i Big npamoi y = 2. 3uanTu BepumHy NapadoIn,
TOYKHK MEPETHUHyY i€l KpuBoi 3 Biccio Ox i mobyaysaru ii.
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IV.119. Tlo6yayeaTu mapabouan,AKi 3a1aHO PIBHAHHIMMA:

1) y? =dz; 2)y* = —dx; 3) 27 =4dy; 4) 17 = -4y,
BIAMITUTH iXHI HOKYCH 1 3aNUCATH PIBHAHHA TUPEKTPUC.
IV.120. Hanucaru piruamus napaboau, mo:
1} mpoxoants gepes Touxu (0;0) 1 (1; —3) i cumerpmana mogo oci Ox;
2) mpoxoauts depes Touxu (0;0) i (—1;2) i cumeTpuyna mogo oci Ox;
3) npoxoauts yepes Touxu (0;0) i (2; —4) i cumerpudna mo g0 oci Oy;
4) mpoxoguts uepes Touku (0;0) 1 (2;4) i cumerpuna mogo oci Oy.
IV.121. HammcaTut piBHAHHS KoMa, AKe Mae TMeHTp y Goxyci mapabonun y? =
= 2px 1 JOTUKAETHLCA 1l JUPEKTPUCH. JHAUTH TOYKU IePeTHHY Iapadoid i
KOJIA.
IV.122. HamucaTu piBHSHHA mapaboan i il IUPEKTPUCH, AKIIO Tapadoaa
HOPOXOAUTE YePe3 TOYKM HepeTuHy npaMoi ¥ +y = 01 xoma x° +y2 +4y =0
i cumerputisa oo oci Oy. Hobyaysatu kom0, npaMy i mapabory.
IV.123. Ha mapatori y> = 6x 3mHaliTH TOUKY, (hOKATLHUI PALiyC-BEKTOD
KOl TOpiBHIOE 4,5.
IV.124. Hamucartu piBHAHHS mapad®oam 1 11 AUPEKTPUCH, AKIIO Tapadosaa
OPOXOJUTE Yepe3 TOYKM IepeTuHy mpaMol y = 7 i koaa 22 +y2 + 6z =01
cuMeTpuyHa mogo oci Ox. lloGynyBaTu Koao, IpAMy i mapabory.
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PO341JdV
AHAJIITUYHA TEOMETPIA B ITIPOCTOPI
P

§1. Pi
1°. PigHAHHA NAOWUHYU, ARG NPOLOIUMDb UePe3 3a0aHY MOUKY NEPNEHOURYAAPHO 00
3adanoeo sekmopa. Hexall M(z;y;z) — goBlabHA To4YKa mwiomuuan (puc. 14). Tonl piBHAH-
HA IJIOIOMHH, AKa IPOXOAHUTDH Heped TOo4UKY Mq(za,y0,20)
: TMePIeHInKYIIPHO 10 BeKTopa i—=(A;B;C) Ma€ BUIVIAL
Af{e—z0)+B{y—y0)+C(2—20)=0.

Mixyz)
™ 2°. Bacaabre PIBHANHA NAOUUHA. SarajdbHe PIBHA-

-\-""H-\.
~.Myxyz
HHA IJIOIMIUHE Ma€ BUTIAL
At Bt (ot Dy
v Ar+Dy+Cz+0=0.
=, BexTop #i=(A;B;C) € BeKTOPOM HOPMaJi A0 IJIOIAHH.
e 3°. PisHANNA NAOUWUHY, WO NPOTOJUMb UEPES MPU

A mouku. Sxmo M(z,y,z) — HOBiIbHA TOYKA ILIOIUHU, TO

Puc. 14 BekTOopu MM, MiMs, M;M; KoMmIulaHapHi i piBHAHHA
IUIOUINHY, AKa IPOXOAUTE Hepes Tpu ToYku Mi(z1,y1,21),
Ms(z2,y2,22), Ms(z3,ys3,23) HabyJe BUIIALY:
T—T1 CChl 221
za—z1 y2—y1 z2—z1 |=0.
T3—T1  Y3—Y1 3—21
4°. Pienanna naowuny y 6i0pizkar wa ocaz. PIBHAHHA ILUIONIMHA V BiApiskax Ha

OCAX Ma€ BUTJIAL

x M E_
atrti=L

V.1. Hobyayeatn mmomunn: 1) 52 — 2y +32—10=0; 2)3z+2y—2=0;
3)3r+22=6;, 4)2:-7=0; 5)2r4+y—z+6=0;, 6)r—y—z=0;
Ny—2248=0; 8 2x—-5==0; 9Yzxz+z=1; 10)y+z=0.
V.2. Ilo6yaysaru mwiommuu 1) 22 +3y+62—12=0; 2)2x—2y+2z—-6=0.
SHAUTH Ky TH, [0 YTBOPKIOTE 3 OCAMEU KOOPAUHAT HOPMAJI 0 WX ILIOIIH.
V.3. Yepes vouxy M(—1;2;3) uposegena 1a0Wnna LEPUEHANKYIAPHA 10
OM . Hanucaru il piBHAHHA.

V.4. 3agano rouxu M;(0; —1;3) i M>(1;3;5). Hanucatu piemanna mwromu-
HH, IO MPOXOAUTH Yepe3 TOUKy Mi 1 HepmeHImKyJIsIpHa IO BEKTOpa il =
My M.

V.5. HanmcaTn piBHAHHA miommny, o npoxosuTs 1epes touku M7 (0;1;3)
i M5(2;4;5) mapareasno go oci Oz. llo6ynyBaTn mio miomuny.

V.6. Hanucatn piBHAHHA ILIOMWHA, 10 TPOXOAUTE depe3 Touku My (2;2;0)
1 M5(4;0;0) napareasrno go oci Oz. [lo6yaysarTu 3agany WIOMUHY.

V.7. Hanucaru piBHAHHA ILMOMIMHA, K& IPOXOIUTE Yepe3 Bich Oz 1 TOUKY
M1 (2; —4; 3). Tlo6yaysaTu 3ajaHy ILIOUIUHY.
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V.8. HanucaTn piBHAHHS TUIONMIWHM, IO TPOXOINTE Yepes Touxy M (2; —1;3)
1 BIATUHAE HA OCAX KOODIMHAT PIBHI BIADI3KU.

V.9. HammcaTyn piBHAHEA IVIONIMHYA, IO TPOXOAUTD Yepes Touky M (—4;0;4)
1 BigTuHae Ha ocax Ox 1 Oy Biapisku a =41 b= 3.

V.10. HanwmcaTun piBHARHA IIOIIWHMA, O TPOXOANTE Yepes Touxku My (1;1;4),
M5(2:1;2) i M5(1;-1;2).

V.11. HamucaTu piBHAHHSA ILIONINHY, 110 BiATUHAE HA 0cax Oy 1 Oz BIAPI3KH,
yABIYi Ok, HiX Ha oci Oz, 1 mpoxoanuTh Yepes Touky Mq(1; —3:5).
V.12. Hanucaru piBHAHHA IUIONIMHY, 110 OapatenbHa g0 ocl Oy 1 BirTuHAE
Ha ocsax Ox 1 Oz Bigpisku ¢ i ¢. Tlo6ynryBaTy 10 IIOMIAHY .

§2. KyT Mix miommunamMu. BigcTanb Bl TOYKH O ILIOIIUHU.
PiBHAHHA ODyYKa IUIOIIMH, [0 MPOXO0ATH Yepe3 JIHIIO MepeTUHY
OBOX 3a/IaHUX TUIOIIUH

1°.  Kym wmioe naowunamu. KyT MixK mrommHaMud Ajz+Biy+C1z+D1=0 1 Agx+
4+ Boy+Caz+D2=0 3aI0BOILHAEC CIIBBIJHOIIEHH
— ni-nh — A1 As+B1 Ba+C1Co
COs p— |n"1|A|n*2|— \/A2+B2+C2\/A2+B2+CQ’
1Py TNy 2By Tl;
ne Ay 1 i — BEKTOpPH HOpMaJel 1o IMOMUH Ajx+Biy+C12+D1=01 Ase+Boy+Caz+D2=0

BiAIIOBI JHO.

Ymosa napaseabrocms naowur

Ymosa nepnenouryasaprocmi naowum
Ay Aa+4B1 Ba+C1 Ca=0.

2°. Bidemans 8id mouruy 0o naowunn. Bigcrann Bim Touykw Mo(zo,y0,20) A0 TLIONH-
HU Az+ By+Cz+ D=0 BU3Ha4Ya€ThbCA 3a (POPMYJIOIO
i |Azo4Byo+Czo|

3°. PiHANHA NYUKE NAOWUH, WO NPOTOIAMb UEPE3 ATHEI0 NEPEMUHY 080T NAOULUN.
PiBHAHHA NyYKa ILIOMINH, IO IPOXOJATH Yepe3 JIHIIO MepeTHHY IOMMH Ajr+Biy+Ciz+
+D1=01 Asz+Bay+Csz+D2=0 Mae BUTJIAL

a{Arz+B1y+C1z24+D1)+5(Azz+Bay+Caz+D2)=0.

V.13. 3uanTu KyT MiXK ILIOMIUHAMA:

DBax—2y+22—8=0iz4+2—6=0; 2)z+2z—6=0izx+2y—4=0.
V.14. 3HalTH IWIOMMHY, AKa IPOXOAUTE Yepes Touky M (2,2, —2) napaiein-
HO 710 miomuHN * — 2y — 3z = 0.

V.15. Hanwucaru piBHAHHA IIOIIWHY, IO TPOXOANTE Yepe3 Touky M (2; —1;5)
[IePIEHIUKYIAPHO 10 mwiommH 3¢ — 2y + 2+ 7 =015z —4y+ 324+ 1=0.
V.16. HanmucaTn piBHAHAA NIOIMHA, IO TPOXO AT Yepes Toakn M (2; —1; 4)
i N(3;2; —1) mepuenaukyaapro 1o miomman & + 4y + z — 3 = 0.
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V.17. 3uantu Bigcrass Big Toukn A(5;1; —1) go mwiommen x—2y—2z+4 = 0.
V.18. 3wantu Bigcraws Big Touku (4;3;0) 70 MIOMWHHN, 0 TPOXOIUTH
uepes Touxkn M (1;3;0), Ma(4; —1;2) 1 M3(3;0;1).

V.19. 3HanTy BiACTaHb MiX mapanesbHuMu wiommHaMu 4z + 3y — 52 —8 = 0
idr+3y—524+12=0.

V.20. HanucaTu piBHAHHA IUIOMINH, TAPAJISJLHIX 10 ILIOMINHA L — 21 + 22—
—5 = 0 1 BiZgadeHUX Big Hel HA BiACTAHB, MO TOPIBHIOE 2.

V.21. HanucaTu piBHAHHA IIOMINHY, IO IPOXOIUTH Yepe3 JiHII0 [MepeTHHY
mnomwH 22 —y + 32 —6 =0, 2+ 2y — 2 + 3 = 0 1 wepes Touxy (1;2;4).
V.22. Hanucary piBHAHHS IVIOIIWHM, IO TPOXOANTE Yepes Touxy (2;—1;1)
MePHeHINKYIAPHO 10 mwiomuH 3¢ + 2y — 2 +4=0ix4+y+2z—-3=0.
V.23. 3HaiTH DIBHAHHA IUIONIMHY, IO TPOXOAUTH depes Toukm (2;0; —1) i
(1;—1; 3) mepneHUKyIAPHO 10 TWIomuEn 3x + 2y — 2 + 5 = 0.

V.24. 3uawnTn sigcrass Big M(1;3; —2) 1o mwomman 2z — 3y — 4z + 12 = 0.
V.25. 3HaUTH JOBXKUHY NEPIEHIUKYIAPA, ONYIIEHOro 3 Touku M (2;3; —5)
Ha mwIommuy 4x — 2y 4+ 52z — 12 =0.

V.26. 3HanTu piBHAHHA ILIOMINHU, TOYKU AKOI OJHAKOBO BIJJaJeHl BiJ TO-
qok P(1;—4;2)1 Q(7;1;=5).

V.27. Hanucatu piBHAHHEA IJIOIINH, TAPATEIbHUX 10 IOMUHEA 22 + 2y + 2 —

—R =01 BiggaleHEUX BIT el Ha BineTanL d — 4
S U1 B1ggajIeHuX Bl I HEl Ha B1ACTAaHB d .

$3. PiBHAHHA ONpPAMOlL B IIPOCTOPIL

1°. PisHAHHA NPAMOTL, U0 NPOTOIUMDb UePE3 3aFAHY MOUKY NAPALLAbHO JO BeKMOopa.
PiBHAHHA TpAMOl, IO IPOXOAUTHL Hepe3d TOYKY My(zo,y0,20) 1 HapajelbHa A0 BeKTOpa

f:(m;n;p) Mae BUTJIAL

(1) T—To_y—yo__E—20
m - on »

)
e M(z,y,z) — DOBUIBHA TOIKa mpsaMol. PipHsHHA (1) Ha3WBAIOTh KAHOHITHUM DIBHAHHAM
npsamoi. BekTop (=({m;n;p) Ha3MBaIOTh HAIDAMHUM BEKTODOM IIPAMOI.

2°. Ilapamempuune pisnwanns npamoi. [lapameTpudHe piBHAHHA IPAMOI, IO Mae

BUTJIA L
z=mt+zg, y=nittyo, z=pt+zo,

OTpUMaEMo, IPUPIBHIOIYN KOxkHe 3 BigHomens (1) go mapamerpa t.
3°.  PieHaAnHA NPAMOT, wo npoxodumbs uepe3 d6i mouxu. PIiBHAHHA TpaMoi, IO

NpOXOAUTE Hepe3 OB TOUKM Mq(z1;y1;21) 1 Ma(z2;y2;22) Mae BUDIAL

T—xq _ Y=Y1 _ z—zi
To—®1 Y2—Yy1  z2—21’

. Jacaabie prenanis npamot. 3arajinile PpiBILIII TPIMOl Mac BHTILL
4°. 3 3
{ Arz+B1y+C1z+D1=0,

Azz+Boy+Caz+D2=0.

54



5°. Pignanna npamoi 8 npoexyiar. PIBHAHHA TIpAMOl B IPOEKITiAX Ma€ BUTVIAT
{ r=mztxo,
y=nz+yo.

V.28. Pipuanua mpamoi 2¢ —y+ 32— 1 =015z +4y — 2 — 7 = 0 3BecTn 10
KAHOHIYHOTO BUTIATY.
V.29. Hanmcarw piBHAHHA OPsSMOI, MO MPOXOAnThL Yepes Touky A(4;3;0),
napaneabno 10 sektopa P = (—1;1;1). Tlo6yaysaTu mio nmpamy.
V.30. Hamucatw piBHAHHA OpAMOl, MO NpoxoauTh depes Touky (0; —4;0),
napagerbHo 1o sektopa P(1;2;3).

V.31. Ilo6yayBaTu mpsmi:
Wy=3,2=2; 2)y=2,z=z+1;, 3)rx=4z=y

1 BUBHAYUTH 1XHI HAOPAMHI BEKTOPH.
V.32. PiBusanaua npamol 2z +y + 82 — 16 =0, x — 2y — 2z + 2 = 0 manucaru
B KAQHOHIYHIN HOpMI.
V.33. Hanmcary piBHAHHA TPAMOI, MI0 IPOXOAUTL deped Toukn A(—1;2;3)
1 B(2;6; —2), sHalTH i1 HAPAMHI KOCUHYCH.
V.34. Hanucatu piBHAHHA IPAMOIL, IO IPOXOAUTE Yepe3 Touky N (5; —1; —3),
napaJeasHo g0 upamol 2x +3y+z2—6=0,4x — by —z2+2=0.
V.35. Hanucaru piBHsHHS Ta nOOYAVBATH NOPAMY, IO MPOXOAUTE Uepe3
rouxku A(2;—1;3) 1 B(2;3;3).
V.36. HamucaTn nmapaMeTpUtIHe PIBHAHHA IPSMOL:

1) mo mpoxomuTs wepes Touxy A(—2;1;—1), mapamreabHo o0 BEKTODA
P =(1;-2;3);

2) wo npoxoauTh Yepe3 Touku A(3;—1;4) 1 B(1;1;2).
V.37. Hanucaru piBHAHHEA TPAMOI, IO MPOXOAUTE depes ToUKy A(a;b;c):

1) mapaxersuo no oci Oz; 2) mepnenaukyaapuo no oci Oz.
V.38. 3HauT;m KyT MIXK OpaMow0 = = 2z — 1, y = —2z + 1 1 mpamoro, 10
OPOXOAUTE Yepe3 MOYATOK KoopauHaT 1 Touxy A(l; —1;—1).
V.39. 3HanTu KyT MiX OPAMUMN:

) r—y+z—4=0  (ar+y+z—-4=0

{ 2r+y—22+5=0 ' { 20 +3y—2—-6=0"
5 2r—y—7=0 | 3x—2y+8=0
){2:6—2—1—5:0 ' {z:?)x '

Bxasieka. HanpsAMHUEA BEKTOD KOXKHOI 3 IPAMHUX MOXXHAa BU3HAYUTH AK BEKTOPHUI
106y TOK HOpMAaJ/JIbHUX BEKTOPIB ILIOLUUH (ﬁ:]\?l X Ng).
V.40. Ilokazaru, mo mpaMa g = % = % OEPIeHINKYIAPHA 00 IPAMOL & =
=z4+1l,y=1—=z.
V.41. Hanmmcarw piBHAHHS TPAMOI, O NPOXOANTHL Yepes Touky (—4;3;0),
napajenbHo 40 nupamol © — 2y+ +z =4, 2x +y — 2z = 0.
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V.42. HanucaTn piBHAHHA MEPIEHAUKYIAPA, OMYIIEHOTO 3 TOYKH (2; —3;4)
Ha Bick Oz.
DBxrasziska. lykana npaMa IpPOXOJUTH IIe Yepe3 TOYKY (0;0;4).

V.43. 3uanTu Bigcrans Big Touxu (2; —1;3) 10 mpsamoi
z+1 y+2 z-1

Bxrasiera. Torika A(—1;—2;1) JCKHUTDL Ia Hp}IMiﬁ; $(8;4;5) — IANpAMIUN DCKTOD
1;><AP}| |p><AM|

3agaHoi npsamoi. Toxi d=|AM|sin ozf\AMh AR = T -

V.44. 3nantu Bigcrans Big Touxkn M (3;0;4) mo mpamoi y = 22+ 1, 2 = 2z.
V.45. Tlo6yaysatu npsamy £ = 3, 2 = 5 1 3HAUTHU 11 HATPAMHI KOCUHYCH.
V.46. 3HauTH BiICTAHBb MiX MAPAIEIbHIME MPAMIMEA

z—2 y+1 z+3. 2-1 y—-1 =z+1

1) = = i = — :
1 2 2 1 2 2
WZT—=2 y+1 2z -7 y—-1_ 2z-3
T3 T T2 3 T 2
V.47. Y pIBHAHHAX MPAMOL 5= % = ~ BU3HAMATH mApaMeTp 7 TAK, MO0
— n
r+1 y+5 =z, ..

L IPSMA NEPETHHATACA 3 IPAMOIO —5— = ~5— = = | JHAUTH [XHIO TOIKY
TIePEeTUHY.

84, ITpsaMa 1 mwIoMIMHA

. . . T—x —Yo zZ—zqg .
1°. Kym mioc npamoro 1 naowunoro. KyT MK OpaMoio — 0_¥ ny == p"“ 1 ILIO-

mnHOK Az+ By+Cz+ D=0 3aJ0BOJILHAE CIIBBIJHOIICHHA
\Nﬂ - |Am+Bn+Cp|
|N|-|l‘7 A2+B2+CQ\/7712+77,2+}72~

YMmoea napasesbrocms npamot i NAOUWUHY (ﬁLf)

sin =

Am~+Bn+Cp=0.

L 7 . S NI S S =il | B AY
J MUBU ILEPILCHUU/NHA/L‘)LPH‘UL e LP)LMUL T AW UHU \ll; ” L}
A B_C
m n P

2°. Touxa nepemuny npamoi i naowuny. J1d 3HaXo KeHHA TOYKW NepeTuHy IpAMol

1 muomuEN Tpeba mapaMeTpUYHe PIBHAHHA IPAMOL

z=mt+zo,
y=nt+yo,

z=pt+zo
MACTaBUTU B PIBHAHHA ILIOIMUHU Ax+By+Cz4+D=0 i1 3HaUTH t., a OOTIM &, Ye, Zc. KO-
OPIWHATH TOYKH IEPEeTUHY IPAMOI 1 IVIOIINHA HA3UBAIOTHLCA CJiIOM.
3°. Ymoea posmiwenns 060 NPAMUL 6 00HIt NAOUUNI.
—wy Y=y, o 2=z, . v—af i 1 2y

. . L —_ J—
Bl npami m 1T m1lT Pl Tme2T o2 p2JIe}KaTI>B

OJHIN IIOMIKHI, AKIIO BUKOHYETLCA CIIIBBIIHOIIEHHA

i/ 1" i/ r i/ 1
To—To Yo~ Yo 2o %0

mi ni P1 =0

ma ng P2



V.48. TloGyayeatu mwmomuny - + y — 2 = 0 i mpsAMy, 0 IPOXOIUTDH Iepe3

rouku A(0;0;4) i B(2;2;0). 3HAUTU TOYKY MEPETUHY IPAMOI 3 TIOIIHHOKO i

KYT ML HUMHU.

V.49. 3umantu KyT Mixk mpamoio y = 3z — 1, 22 = —3z 4+ 2 1 mWIOMKHO©

2v+y+2—4=0.

r+1  y+1  2-3
-1 3

r+1 y+1 2+3
==

V.50. ITlokazaTu, mo mpama TmapaielnLua IO

JEXUTEL ¥ N ILUIOMIMHI.

. T —2
V.51. Hanucary piBHAHHA ILIOIIUHY, IO NPOXOAUTEL Y€Pe3 IPAMY T =

2¢ 4y — z =0, a mpama

-3 1
yT = Z:: i Touxy A(3;4;0).

V.52. Hamucatn pIBHAHHA IUIONIMHM, AKA TPOXOANTH depes A(—1;2;—3)
MMePHeHIUKYIAPHO 0 NpAMOl T = 2, y — 2 = 1.

. r—1
V.53. HamucaTu piBHAHHA ILIOMIMHY, IO IPOXOJUTL YEPE3 IPIMY =

1
_y+1  z+2

2 2
V.54. HanucaTy piBHAHHA IIOIIMHA, 10 TTPOXOIUTEL Iepe3 MaPATeILH] IPaMi
r—3 'y z—1.x+1 y—-1 =z

MePHEHINKYIAPHO 10 mwiomunu 2x + 3y — 2z = 4.

= = 1 — .
V.55. Hamucatn pi%BHHHHf} npﬂM(2)i, 10 1'I2p()X(),E[I/IT1> qepez TOYATOK KOOPIH-
HAT 1 yTBOpIOE piBHI KyTH 3 wiommHamu 4y = 3z, y = 01 z = 0. 3mantu i
KyTH.
V.56, 3mauTu TOYKY meperudy mpaMmoi x = 2t — 1, y =t+2,z2=1—1¢ 23
IJIOIINHOIO 3z — 2y 4+ 2 = 3.
V.57. 3HaUTU TOYKY MEPeTHHY IPAMOI g = % _2r !
r+2y+32—-29=0.

V.58, 3HanTy HAMKOPOTILY BiICTAHL MiX MAMOOLKHWMHU ITPAMAME
z+1 y 2-1. =z y+1 =z-2
= - = 1] — = — =
1 1 2 1 3 4

Bxaziexa. 3HalTU BHCOTY Napaljelierinela yTBOPEHOrO HATPAMHUMU BEKTODPAMU

3 ILIOIITUHOIO

IUX OPAMHUX 1 BEKTOPOM, IO 3'€IHYy€E 3agaHl Ha HUX TOYKH.
V.59. Hamucaru piBHANHA HepnenMKyaapa, Omymenoro 3 Toukn (2; 1;0) na
apamy * =3z — 1, y = 2z.

-2
V.60.I—IOKa:saTI/I,11101'1pﬂMigc:z—2,y:2z—|—ligc3 = 1 = .

TMEePETUHAIOTHCS, HATTMCATY PIBHAHHA TUIOMINHA, B AKIN BOHU PO3TAIIOBAHI.

V.61. Hanucary piBHAHHA IIOIIMHMY, IO IIPOXOIUTD I€Pe3 MapaJesbHl IpsaMi
r—1 y+1 =2z-2_ 2 y+1 =z-1

1 =
1 -2 3 1 -2 3
V.62, 3naiTu HAUKOPOTILY BIACTAHL MiXK MUMOOLKHUMU IIPAMAMU
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-9 y+2 z. =z y+7 z-—2

4 3 T 1'Z27 9 T 2

V.63. 3 Touxu (3; —2;4) ONyCTHTU MEPIEHANKY/ISD HA MIOMMHY 52 — 3y—
—7z+1=0.
V.64. HanucaTn piBHAHHA TUIONINHM, 110 TPOXOIUTE Uepe3 ToUKy (3;1; —2)
) r—4 y+3 z
1 9epes Ipamy T = T = I
V.65. Ilo6yayBaTy IIOIMHY §y = z, OpAMY & = —z + 1, y = 2 1 3HauTH:

1) TOuKy IXHLOrO mepeTuHy; 2) KyT MiXK HUMI.
x—1|—3 = y;—l = 41—1 ix=3z—-4,y=2+2
MEePETUHAITHCA. SHAUTH TOYKY IXHBOTO TIEPETHUHY .

V.67. Hanucatu piBHAHHS HepHEHIUKYIIPA, OLyIneHOro 3 Touku (1;0; —1)
z+1 y—1 z

V.66. Ilokasarwu, o npami

Ha IIPAMY — > = %

V.68. 3HauTu npoexIrio TOTKH M (3;—2;4) va mmommny 5 —3y—7z+1 = 0.
1

V.69. 3nanTn npoekniro Touku A(2;1;0) na npamy % = % =z

V.70. 3nanTm TOuKy, cumerpuyHy To4mi B(3;2; —4) momo:
r+1 y-1 =z

2 -3

1) wioumnau 2z + 2y — 2 = 5; 2) mpamol
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PO3A1J VI
BCTYII 10 MATEMATHUYHOTO AHAJI3Y

§1.Muoxunu. /incui uucaa. Jloriuaa cuMBoIiKa

SKIMO KOXHUN eleMeHT MHOXKUHA A € OJHOYACHO eJeMeHTOM MHOXKUHK B, TO MHOXUHY
A Ha3uBaOTL NidMHONCUNOW MHOKUHK B i 3amucyioTb ACB. 3 Toro, mo ACB i BCA ,
BUIINBaE, M0 A=B.

06’ednannam MHOXKUHE A i B Ha3sWBAIOThL MHOXWHY, IO CKIAJAETHCA 3 eJeMeHTIB, fAKi
HaJle)kaTh X049 ofHIM 3 nux MHOoxkuH. O6’erHanHA MHOKUH A i B nmosHasaioTb AUB.

Ilepepizom MHOXUH A 1 B Ha3UBalOTh MHOXHUHY, II0 CKIATAETHLCA 3 €IEeMeHTIB, SKI
OMHOYACHO HaJeXaTh AK JO MHOXKWHHU A, Tak 1 10 MHOXuHU B. llepepis MHOXuUH A 1 B
TO3Ha4aloTh ANB.

CnpaBIKyIOTBCS PIBHOCTI:

1) AUB=BUA | ANB=BN4; 2) AU(BUC)=(AUB)UC i AN(BNC)=(ANB)NC;
3) (AUB)NC=(ANC)U(BNC) 1 (ANB)UC=({AUC)N(BUC).

Piznuyero MHOXKUH A i B HasuBaloThb MHOXWHY C, AKa CKIANAa€TbCA 3 eleMeHTIB, 1o
HaJgeXxaThb 40 A, ajle He HajdexkaTb 10 B. Pizuwumio MmHOXWH A 1 B nmo3Ha4vaioTb A\B.

MHOXVHY, eleMeHTaMK AKOI € BCi BIOpAAKOBaHI nmapu (a,b), ne aE A, b€ B, Ha3UBAaIOTDb
dexapmosum dobymrxom MHOXKUH A 1 B i mosmadaroTbh AxB. 3ayBaxumo, Mo Ax B#
#BXA, Koau A#B.

Byksamu N, Z, Q@ Ta R NMo3HaYal0Th BiMOBIIHO MHOXWUHUA HATYPAJbHUX, [IIAX, Palio-
HaJbHUX 1 AIACHUX duces. Ha3BaHI MHOXKUHU IIOB’sA3aH1 CIIiBBifHOMeHHEAM NCZCQCR.

ABCOMOTHOIO BEIMIMHOIO, ab0 MOIyJeM JINCHOrO YUCIa & HAa3UBAIOTh HeBlL eMHe YUCIO

x, womw w220,
lz|=
—x, xoam x< 0.

Jloz2iuni cumeoau. 3amuc aAS o3Hadae "o 1 7, sanuc oV osHadae "« abo B, a 3amnuc
—o O3Ha4ae 3amepedeHusa a (He "a”).

3anuc a<3 03HaYaE: TBEPIXKEHHA o €KBIBAICHTHE TBeP IXKEHHIO §, TOOTO 3 o BHILIUBAE
3, 1 HaBIIaKu, a 3aluc o= Tpeba PO3yMITHU, IO TBepIXKEHHA (3 BUILIUBAE 3 TBEpIKeHHS
o (ale He HABIAKN).

3anuc Ve € X 9uTacThesa: I 6y Ib-IKOTO (;[JIH BCix) 2€X, a 3anuc Jz€X: icHye (MO)KHa
3ganTn) *€X. Hanpukaan, sanuc ¥6>0 Ja Va: z24az+b>0 Tpeba auTATH: A1 6YIH-AKOTO

“qucia b>0 3HARAETbCA IUCIO a, MO [ BCIX ¢ BUKOHYETBCA HEepiBHICTDL w24aw+b>0.

VI.1. Hexan A={z e R| -1 <2< 2}i B={xeR|1 <z <4}. 3nanutn
AUB, AnB, A~ BiB-A.
VL2, Hexau A = {z e N|2 < 2 <6} i B={r € Z| 1<z <4},
C ={z € N|z? —4 = 0}. 3 AKHUX €JEMEHTIB CKIAJAI0THCA MHOKUHU

1) BUC;2) ANBNC;3) AUBNC; 4)AU(BNC); 5) AxC;6) Cx A?
VI1.3. JoBectu piBHOCTI:

DAN(ANB)=ANB;, 2)ANB~C=A~N(BUC);

3)(ANB)NC =(ANnC)~(BUA).



VI1.4. TlepeBipuTu npaBmIbHICTD BKIKYEHD
DBAUBNCCAU(BNC); 2) (AUC)NBC(ANB)UC.

VI.5. SamucaTn pamioHaIbHI 1poOH %; %; %;

MEeCATKOBUX APOOIB.

VI1.6. Tlogatn y ruriagi paumionanasEnx apo6is amcaa 0,125; 0.(3); 2,4(35);

0,2(9); 3,13(26).

VI.7. [JosecTu, mio cyMa pallioHAIBHOTO W iPPAIliOHATBHOTO TUCET € YUCIO

ippamionagpHe. Im MOxe O6yTH PAIliOHAJBHOK CyMa MBOX 1ppalliOHAJIBHUX

aucen?

5 . ol
—17 Yy BUTVIA A1 HECKIHICHHNX

VI.8. /lorecTn TBEpXKEHHA:

1) (Va € R) : (la] > 0) A(Ja] = | —al) A (lal < a <]al);

2) (Va e R)(Vb e R) : |a+b| < |a| + |b];

3) (Va € R)(Vb € R) : |ab| = |a|lb].
VI1.9. [loBecTu HEPIBHOCTI:

1) a— | > [Ja] - |b]];

2) 2421+ a2 4+ a0l 3 Jal = (o] + o] + -+ |2a]).
VI.10. Poas’azaTu mepiBHOCTI:

1) ]z + 1| £0,05; 5) |z + 2|+ |z — 2| < 12
2) |z = 2| = 10; 6)|lr+1—]z -1 >1;
3)z| > |z + 1]; D41 — |z~ 1)) < 1;
4) 122 — 1] < |z — 1]; 8) |x(1 — )| < 0,05;

§2, KoMmmrekcui amcaa

Bupas z=az+iy, fe @,y — OiACHI YUcaa, i — yaBHa oauHunA (i>=—1), HA3UBAIOTH KOM-
IIEKCHUM YHCIOM y aarebpuynin ¢popmi. Juciaa Re z=z Ta Im z=y Ha3UBalOTh BIAMNOBI IHO
MIACHOK W YABHOIO TaCTHHOK KOMILIEKCHOTO YIhCHa. UWCIo =z —iy HA3WBAIOTh CIPAKe-
HUM [0 4YUCHa z=x+1y.

il HaJ KOMILIEKCHUMHM YUCIAMM z1=1+iy] TA zz=T2+iys BUKOHYIOTBCH TaK:

z1tz2=(z1+z2)+i(y1+y2); z1-zo={z1z2—y1y2)ti(z2y1+z172);
2_1_2122_w1w2+y1y2+iw2y17w1y2
= = — 2] 2
z2 ' z2Z2 z2+y3 z2+y3

fKIIo Ha IUIONMIVHI BBeJeHa JeKapTOBa IPAMOKYTHa CUCTeMa KOoOpauHAT x(Oy, TO BCA-
KOMY KOMILIEKCHOMY YHUCIY z=x-iy Ha ILUIOLNIWHI BiAIOBifae To4YKa M(z,y), IPU LBOMY
KaXyTh, 0 To4Ka M(z,y) 306paxae KOMILIEKCHE YUCIO z=z-+1y.

[Mnomuua Oy, Ha AKIN 300paXkKalOTBLCA KOMIUIEKCHI HCIa, HA3HBAETHCA KOMILIEKCHOIO
IIOIIMHOIO, TIPU 1boMY Oz Ha3WBalOTh NIUCHOWO BicClo, a Oy — yABHOIO Biccio.

Hucno r=+/z2+y2 Ha3UBAIOTH MOAYJEM KOMILIEKCHOT'O YHCIA z—z-+1y 1 MMO3HAYAIOTH
|z]. Moayab KOMILIEKCHOTO YMCIa JOPIBHIOE BifcTaHI N0 TOYKU M(z,y), AKa 300paxae
KOMILIEKCHE THUCJIO, Bij MTOIAaTKYy KoopAuHAT. KyT ¢, AKMH yTBOPIOE BEKTOD oM 5 rogaT-
HUM HAIpAMOM oci Oz, HA3UBAIOTE aPryMEeHTOM KOMILIEKCHOT'O HKCIa i TO3HAYATh Arg 2.

3anuc z=r{cos p+1isin ¢) HA3UBAIOTH TPUTOHOMETPUIHOIO (HOPMOIO KOMILIEKCHOI'O YUCTA.
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Byab-axe kommuekcHe 4muciao z#0 (|z|#0) Ma€e apryMeHT ¢, AKAU € PO3B’A3KOM CHCTeMH
Y

-

[ii HaJ KOMIUIEKCHUMH YHUCIaMH B TPUTOHOMETPUYIHIA GOpMi BUKOHYIOTHCI TaK:

. T .
PIBHAHB cos o=1", sin o=

r(cos p+isin ¢)r1(cos p1+isin 1 )=(r+71)[cos(p+w1)+isin{o+p1)].

r(cos p41isin ¢ .
s ) L fcos(p ) Hisin(o )]

n

[r(cos p+isin ¢)]"=r"(cos np+isin ny).

27k 27k
N/ 7(cos ptisin p)= '("/?(cos <P+n7" +1sin <P+n71' )’ ae k=0,1,2,...,n—1.

/Bi ocTanHl GopMyIu Ha3WBalOThL GopMyramMu Myaspa.

Dopmyaa Enmepa
Dopmyna Knnepa

e'¥ =cos w+1isin @.

VI.11. BuxonaTu aii:
a) (2434)(3—24); 6) (a+bi)(a—bi); B) (3 — 22’)2; r)(1+ 1)3;
1+ 2% 4—3i
N O s O e ®) (ak b= (a- ).
VI.12. Posp’asaru piBHAHHA:
a)z? +25=0; 6) 2?2 —20+5=0; B) 2> +42+13=0; r) 2> +8=0;
1) x* +4 = 0; e) 2% —8 = 0; €) 2% 4+ 64 = 0; x®) 2% — 81 = 0.
VI.13. KommiexcHi uncaa 306pasuTi BEKTOPAMU, BUSHAMUTH 1X MOAYJIL Ta
ApryMeHTH 1 3alUCATH B TPULOHOMETPUIHIN GOopMi:
DNz=3;2)2=-2;3)2=3i;4)2=-2i;5)2=2—2i;6) 2 = 1 +4V3;
Ne=—V3—-i:8)2=444i;9) 2=—-14+iV/3; 100z =1—1i; 11) 2 = 5;
12) 2 = —v2 —iv/2; 13) 2 = =2+ iv/2; 14) z = sina + i(1 — cos ).
VI.14. ITo6yayBaTn 006macTi TOUOK 2 34 YMOBOIO:

3
a) [z <3 6)|:]>4 B)l<|?]<3 1) ><p< L

4 4
. .
D lzl<2 i 5 <w<m e)2<|z|<4 i —m<p<-I.
VI.15. 3anamo To4uky zg = —2 + 3i. Ilo6yayBaTu MHOXKUHY TOYOK Z, /A

AKUX |2 — 20| < 1.
VI.16. 3agano Touky 29 = 3 — 4i. I[loOyayBaTu MHOXUHY TOYOK 2, MJIA
AKuX |z — 20| < 5.
VI.17. O6uncautu 3a dopmyaono Myaspa:
. . 6 . . . 5
a) (1+)'% 6) (1—iv3)'s B) (1440 1) (1-0)% 1) (2+iVI2)’;
T, m\*% T, ., mw\b N
e) (1+cosz +zsmz) ;o €) (1+cos§+zs1n§) o) (V3 i)
VI.18. 3mafiTu Bci 3HaueHHa 2z = v/1 i 306pasuTy ix pajiyc-BeKTOpaMH,

OOy AYBABIIN KOJO, pajiyca 1.
VI1.19. 3HayiTu BCi 3HaYEHHA KOPEHIB 1 300pa3uTH iX paaiyc-BeKTODAMU:

a) v—1; 6) V1.
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VI1.20. 3uanTn:
a) V1, 6) Vi; B) V=1, r)V=2+2.

VI1.21. 3uauru cymy sina + sin 2z + sin 3z + - - - + sinnz.
v g—iw
2

V1.22. 3uantu cymy cosz + cos2x + cos 3z + - - - + cosnz.

. o . €
Braziexae. 3a popMyaon Euiepa 3allcaTil sin =

£3. YucaoBa pyHKIA

1°. Honamma gynrwyii. Ko KoxHOMY 4uCIy v€X 3a MEBHUM IPABUIOM CTaBUTBHCA Y
BIATIOBI IHICTD €IMHE YUCIO YEY , TO KaXKyTh, [1I0 HA MHOXKHUHI X 3aTaHO YUCIOBY DYHKIIIO
y=f(z). MHoxuHYy X Ha3WBalOTh 00JACTIO BH3Ha4eHHA (QPYHKIN] f 1 MO3Haval0Th Dy=X.
MuoxuHOMO 3HaYeHb QYHKII f Ha3UBaOTh MHOKUHY Ey={yeY|JzcX:y=F(z)}.

Dynknis y=f(z) Ha3sUBaeTHCA MAPHOIO, AKIMNO f(—z)=f(z) i HemapHO!O, AKIMO f(—z)=
=—f(z).

DyrKnilo f(z) Ha3WBalOTH CTPOr'0 MOHOTOHHO 3pPOCTaloHO0 (CHALHOI), KO f(z1)>
> flz2) (F(z1)<f(z2)), KOMA x4 >xa.

Dyuxiiio f(z) Ha3MBAIOTH MOHOTOHHO 3DPOCTAOYOIO0 (CHajHO), AKIO f(x1)>f(z2)
(f(a:l)gf(mz))7 KOJIU T1>T3.

2°. Obepnena Gynryis. SIKIMo Ha TeAKid MHOXHHI X ICHYE €IWHMHA PO3B 430K PIBHAHHA

J(x)=y,

ne yEEf, TO KaxyTh, 10 Ha Il MHOXUHI iCHye o6epHeHa 1o f QyHKIiL c=F""(y).

Axmo dyukmig y=f(z) cTporo MOHOTOHHA Ha AeAKiM MHOXHUHI X, TO Ha LM MHOWXKUHI
icHye obepHeHa MYHKIIA c=F"(y), AKa TAKOX € CTPOr0 MOHOTOHHOIO.

3°. Ipagiune 306pavicenna dynuxyii. MHOXHUHY TodoK mIonuHE {(z,y)| €D, y=f(x)}

Ha3WBalOThL rpadikoM GyHKI y=f(z).

VI1.23. Busuaauru 064aCTi BUBHAYEHHA TAKUX (DYHKIIIL:

1 _r 1 r+4 _ 2.
a)y=_3 0 y=——71 B Y=o+ 1)Y= Vir-a?
2
A)y:(ﬁl—:v)\/{)ii; e)y=v2+z—-2% € y=In(z-10);

x®) y =logy(z —2) +1ogy(2+2); 3) y=+vsin2z; mu)y = arcsin

i =

)y sin '
VI.24. Ha sky muoxuny E, BinoGpaxae muoxuny F, dyurkuis y = f(z),
AKIIO:

1+$;

i) y = arcsin (1 — x) + In(In ).

a)y=a?, E,={-1<=z<2}
0)y=Ilgz, E,={10<x <100},

B) y = %arctgx, B, ={-00 <z < oo}
F)y=ctg%, E, ={0<|z| <2}
5y=lz|, E.={l<|z] <2}

VI1.25. Busuaunry, AKi 3 uux QyHKLOIA DapHI, a SKi HemapHi:
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sin a® —1
1 = 2 = ;
A
4) D(z) = a® — —; 5) f(x) = x sin® x — 2°; 6) fi(x) =x + 2.
aw
VI1.26. fka 3 erementapuux ¢yHkuin mae Bracrusocti f(1) =0; f(a) = 1;

flzy) = flx) + F(y)?

VI.27. fIka 3 eremenTapuux QyHKIn Mae BractusocTi f(0) = 1; f(1) = a;

fle+y) = f(@)f(y)?
VI.28. [Mua dyuxuil f(z) =

1
F — a7 .
3) F(x) =a" + et

20+ 1

m otamcauru f(0), f(—2), f <>7 fla—

oz + 1) = plz — b)
VI1.30. [Mna pynxuii f(x) = 42 — 22 o6umcauru f(a+ 1) — f(a — 1).
VL.31. f(z) = 2% — 2 + 1. O6umcaurn f(0), f(1), f(=1), f(2), fla+1).
VI.32. p(z) = % Ot:menutn ¢(0), o(—1), ¢ (g) @ G) ﬁ
VL.33. F(x; y) = 2% — 32y — y?. O6uucanrn F(4; 3) i F(3; 4).

VI1.29. [na dynxuii ¢(z) = 2° o6umcrutn

VI1.34. IloGyagyBaru rpadix JaiminHol $pyekuii vy = ax upu o = 0; ¢ = %;
a=1a0=2;a=-1.
VI1.35. IloGyaysaru rpadgix Jininaol ¢pyskmil y = x + b opu b = 0; b = 1;
b=2,b=-1.
VI1.36. IloGyaysaTu rpadiku JiHITHEX QYHKIIN:

a)y =3z +2; 6) y =4 — 2x; B)y:—§+5.
VI1.37. Ha Bigpisky —3 < z < 3 nobyaysaru rpadiku GyHKIINA:

a) y = 2z; 6)y=2r+2; B) y =2z — 2.
VI.38. lloGyaysaTn rpadikn hyHKITN:

a)y=1% O y=z"+1 B)y=(z—-1)>%
VI.39. To6yayratu rpadik KBapaTHOTO TpUAIeHa y = ar’+ by -+ c, apipmm
fioro 10 RUTIAY ¥ = yo + a(z — 30)2.

PosraguyTu npukiagu:

a)y=4z—2r% 06)y=22-32+2; B)y=-22+22-1
VI1.40. IloGyayeaTu rpadiki DUINX PAIOHAILHIX (OYHKIN:

23
a)y=a’s  0)y=2%  B)y=7;
z8 x? x®
ry =3 Ay=-3 e y=-
€) y =zt ®)y = 5xt - 3; 3) y =2 + 2t u)y =% —2°
V1.41. Tlo6yayeatu rpadik ppodoBo-mininHOI GyHKUii (rinepGoum):
6 6 6 6
Dy=—; 2y=-+2 3y=—01 4 y=—
)y = Jy=—_+2 )y =——71 Jy=——
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(zyT

ax + b
VI1.42. Tlo6yaysatu rpadik IpoGOBO-miHINHOI QyHKI § = i— 7
cT
m

ad —bc#0, c¢##0),sBiBmm ii 10 BUTIALY ¥ = Yo +

T —x0
3w+ 2
PosrusauayTu npukian y = 55— 3
VI1.43. Ilob6ynyeaTu rpadgiku QyHKIINA:
- 2
a = ; 0 = - .
)y 1+x ) 1+ x+1—x

V1.44. Ilo6ynyeaTu rpadgiku PyHKIINA:
a)y=2%  6)y=2"7  Bjy=logyxr; r)y=log ,z.
Axy 0cobauBIiCTE B PO3TAIIYBAHHL IUX KPUBHAX IIOLO0 OCEH KOOP AUHAT MO-

JKHA 38YBAKWTH?!

V1.45. Tlo6yayBaTu rpadiku GyHKITIH:
Wy=lh 6 y=-lz-2 =)

f =zl — 2
(R Bl 11 v

Y ;
r) y =z +4+ |z — 2| va Bigpizky [—2; 5].
VI1.46. 3ganTu 06MaCTh BU3HATCHHA (QYHKINN i MOOyIyBaTH iXHI rpadiku:

a)y =vz+ 2 6) y =9 — 22 B) y = v8x — x%;

-1

ry)y=+v—-x+vi+u ,q)y:arcsinx2 ;

2+

gy="EE s sy

xK) y =4 —z? 3)y=ve+l—-y3-ux
4

m)y=1—+2cos2z; i)y=—— .

)y )y =

VI1.47. Ilo6ynyeaTu rpadgiku QyHKIINA:
3

| Ean

x L
a)y =4 — 5 Ha BiApiaKY |x] < 2:
2
xe . .
6)y=3,54+3x— 5 MIXK TOUKAMH IePeTHHY 3 BiCCIO abcmuc.

VI1.48. Ilo6ygyBatu F})adpiKH TPUCOHOMETPUIHNX (PYHKITIA:

a) Yy = cos; 6) y = sinx; B) ¢y = cos 2x;
r)y:sing; 1) y=—sinz; e)y=cosimy;
e)y=sin’z; x)y=|cosz|; 3)y=rtgwr

n) y = ctga; i) y = ctg?a; i)y=—tgx.

VI1.49. Ilo6ynyeaTu rpadgiku QyHKIINA:
a) y = 1 — cosz Ha BiAPIaKY |z| < 27;
6)y =3+ 2cosz; B) y = +sinzx.
VI1.50. [obyaysatn rpadiku 06epHEHUX TPUTOHOMETPUIHNAX (DYHKIIIN:

a) y = arcsin z; 0) y = arccos z; B) y = arctgx;

r) y = arcctga; o)y =arcsin (x — 1); e) y = 2arccos z;

€) y = arcsiny + 4; &) y = arccos’x; 3) y = 3 — arcsinz.
VI.51. Tlo6yayearu Ha OXZHOMY PUCYHKY rpadiku GyHKOin y = sinz Ta
y = cosx. JomaBaHHAM ODPAWHAT IIUX KPUBHUX MOOYIYBATH HA IILOMY K
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pucyHKy rpadik GyHKIil § = sinx + cosz.
VI.52. dyHKIA Sgh T BU3HAYAETHECI GOPMYJION0

—1, axmo x < 0;
sgnr = 0, saxmo zx =0;
1, axmo x> 0.

IToGyayBaTu rpadgik miel ¢pymKiii.
VI.53. IlobyaysaTu rpadixu rinepSomaanx ¢pyHKITIN:

y=chux, ae chx = 3 (e +e77); y =sha, ge shae = = (¢* —e™7);

sha

y=thz, ge the = —.

) o ) chx
JocaianTn IXHi BAACTHBOCTI.

VI1.54. Tlo6yayBaTu KpuBi, 10 3aIUCAH] TAPAMETPUIHAMU PIBHAHHAMUT:
3

1 . t
De= y=3t%  Qu=0 y=5-4
Nr=2t—-1 y=1-—4t Har=t3 y=t>-2.
3ammcaTn piBHAHHA KOXHOI Kpusol y Burmami F(z,y) = 0.
VI.55. Tlogatu y Burusai F'(z,y) = 0 (abo y = f(x)) piBHSHHS KpUBHKX, IO
3a,1aH1 TAPAMETPHUIHO:

1)z =acost, y=bsini; 2) x =acos®t, y=bhsin®t;
by =t t_ ot
3)33:%7 y:%; 4) » = tgt, y:coszt.

VI.56. Ilpuungsum y = xt, OTpUMATH MapaMeTPUYHE PIBHAHHA ~ 1eKap-
Toporo aucta’ x® + y* — 3axy = 0 i HOCHINTH PyX TOYKH IO KPUBIH Ipm
MOHOTOHHIE 3Mmini £: 1) Big 0 10 +00; 2) Big -1 go 0; 3) Big —00 gO -1.

¢4, T'paHUIA MOCTiJOBHOCTI

1°. O3nauenns 2panuys nocaidoenocmi. HYHUCIOBOIO MOCHITOBHICTIO
LLy L2geeesLpyees
HA3zWRAIOThHL 9UCIOBY DYHKIIIO, 3a/a0y Ha MHOXWHI N HATYyPaTLHUX Yucen.
KaxyTp, Mo MOCHIIOBHICTD ©1,22,...,&n,... 30ITAETHCA 10 YUCIA a, AKIIO
Ye>03N=N(g)Vn>N:|z,—a|<e.
Y 1UbOMy BHUIIAAKY IHIIYTH
Iim z,=a.
Ty OO
[locnigoBHICTD, AKa He Ma€ I'paHUIll, HA3UBACTHCI PO36IKHOIO.
[TocnigoBHICTE HA3MBAIOTL HECKIHYEHHO MaJol0, AKIO lim z,=0.
[y

2°. Baacmusocmi 2panuyb nocaidosnocmed.

1. Axmo icHyIOTH li_1>n Ty 1 1211 Yn, TO:
o = o
1) lim (@ptyn)= lim @,£ lim y,; 2) lim (2, y,)= lim w, lm y.;
L= DG "— oC = D "— oC n— T n— oC
lim x,
. Ty noac . . . .
3) lim = Tm o fKIo lim vy, #0; 4) AKMO 2z, <Y,, TO lim z, < lim y,.
n—osc Yn l_)m Yn n—oc n—oc n—c
"o e
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1I. Axmo Yn LTy <2y, i lim Yp—= lim z,=c, TO lim =z,=c.
= D = D n— o

I11. Byab-AKa MOHOTOHHa 1 06MeKeHa IOCTIJOBHICTh Ma€ I'PaHUIO.

3°. Hucao e.

Hucno e ippallioHalbHe 1 e~2,7182818284.

4°, HecCKinuenna epanuys. 3allic nliﬁmx z, =00 O3Ha4aeE, 110

VE>0AN=N(E)V¥n>N:|z,|>E.

5°. Hacmkost epanuys. Hucao £ Ha3MBaEeThCA HaCTKOBOIO TPAHUIIEI0 TIOCTIJOBHOCTI z,,,
AKIIO ICHY€ 11 MAMOCTIJOBHICTD @1y s Thgseeeshy 5eer (1<K <ka<...) TaKa, IO r,.lgmx T, =€,

Koxkna obMmexkeHa mocaifoBHICTh Mae x049a 6 OIHY CKIHYeHHY 9acTKOBY T'DaHHUITIO.

HalMmeHNy 3 9acTKOBHX paHHUb (CKIHYeHHY a60 HeCKIHYEHHY) IOCILZOBHOCTI x, Ha-

3UBAIOTh HUKHBOIO TPaHUIEKO MOCH 10BHOCT] (T03Ha4al0Th lim 2, ), a HAaUGLIBILY — BepX-
= OO0

HBOIO IPaHUIICIO IIi€l MOCHiAOBHOCTI (IO3HAYAIOTh lim &, ).
frpresys

IocaigoBHICTE z,, Mae TPAHULIO TOMI i TIIBKU TOIi, KOAU lim z,= lim z,.
— et

"—0C

ITounHaioun 3 AKOTO 1, MOAYJIbL KOXKHOTO 3 3HaUYeHb Oyae MeHImuM, Hix 0,1;
mix 0,01; mix 0,001; mwix sagane mogarue 7

VI1.58. Hexan z, = (n =1,2,...). Josecrn, mo lim z, = 1,
BU3HAMUBINN I8 KOXKHOTO € > 0 wmcao N = N(e) Take, mo xoam n > N, TO

|z, — 1] < e.
VI1.59. losectn, mo z,, (n = 1,2,...) € HECKIHICHHO MAaJa, 3HAWIIOBIINA /IS
KOXHOTO € > 0 uncao N = N{e) Ttaxe, mo |z,| < & upu n > N, axmo
(—1)ntt 2n 1

].)l'n— n 72)In_n3+173)xn_mv
VI1.60. [osecTn, 110 OCTITOBHOCTL

)z =(-1)"n;  2)z,=2Y";  3)az,=lglgn (n>2)
€ HECKIHYEeHHO BEJIUKMMU, BU3HAYMUBIINK 111 OyIb-Akoro E > 0 Take wucio
N =N(E), mwo |z,| >E mpun > N.

—1)"

VI1.61. 3anucaTy mOCaiIOBHICTL 3HAYCHEL 3MIHHUX £, = | + —( ) . Tloun-

2n+1

HAIOYM 3 AKOT'O N, Il 3HAYEHHA BlAPIBHATUMYTECS Bl 1 Menrre, Hixk Ha 0,01;
HIX Ha 3aJaHe JogaTHE €7

VI1.62. dosectn, mo mpu 1 — 00 MOCIAOBHICTE 7/3, 10/5, 13/7, ..., (3n+
+4)/(2n 4 1), ... 36iraeThea g0 aucaa 3/2.
VI.63. /luna KOXHOI 3 TOCTIJOBHOCTEN:
n—1 2n—1
—; 0) Tp = ———;
n+1 n+1

1)z, = (=1)" - (0,999)".

2n—1.

a) ¢, = = -
) n+1

B) 2, = (—1)"
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. T
8sin 715 3n + (_1)n

r)z, = ; Tp=——; €) I, =3 "asinnm;
\" 1

€) z, =1+ (—§> Do) @, = (1) + o 3) 2, = (—1)"(2n + 1);

) _1 . TN ) _ 1 . . ) _1 .27

Ha:n—Qnst, 1a:n_2nsm 5 1a;n_251nn

3HANTHU TPAHUIIO, AKINO BOHA ICHY€. J3HANTH 9ACTKOBI IDAHUII, BEPXHIO 1
HUKHIO TPAHUIN KOXHOL 3 IIUX TOCTIJOBHOCTEN.

VI1.64. Bepmmnua B tpukyTtauka ABC pyxaeTbcs B3noBx npsamoi BE napa-
JaeapHO 40 croponn AC, HeoOMe)eHo BiJalAi0Yunch BiipaBo. Sk 6y Ay Th Ipu
LLOMY 3MIHIOBATHCSA CTOPOHH TPUKYTHHUKA, MO0 ILIONIA, BHYTPIMIHI KyTH, 1
soBHimmHin kyt BCD?

VI.65. Hexan «,, — BHyTPIIIHIN KyT IPABMILHOIO N-KyTHUKA. [oBecTu, mo
lim «, =m.

n—00
VI1.66. 3nanTn rpaHum:
1) lim (1 + —> ; 2) lim <1 — —) ; 3) lim <1 — —) ;
n—r-too n n—-+oo n n—-+too 6n
5 n+3 3 5n _4 n/2
4) lim <1 + —) i 5) lim (1 + —> ; 6) lim (n ) ;
n— —oo n n—roco n n—roo n
7) nh_)rréo - i 5) 8) nh_)ngo nln(n +4) — Innj;
. n{m 1Y, .
9) nh_{r;() tg <4 + n)’ 10) nh—>H;o n[lnn —In(3 + n)].

65, I'pauung pyukmii

1°. I'panuys Pynryii 8 mouyi. Hexan dyHKUis y=f(z) BU3HAYEHA HA MHOXKMHI X i
a — BHYTPIIIHA ToYka MHOXHHU. KaxyTh, 1o uucio A ¢ rpanunero oyHKI f, Koau z
npamye 10 o (mamyTh lim f(z)=A), AKIO
@ —ra

Ve>036>0Ve: 0<|z—a|<é=|f(z)—Al<e.

3anuc lim f(z)=oco 03HaYae, IO
n—ra

VYE>030>0Vz: 0<|e—a|<é=|f(z)|>E.

2°. Baacmueocmi 2paHulb
I lim C=C.
II. fAxmo icayroTh rpanuni lim w(z) i lim v(z), To:
i (u(e) v(@)=Jim, (o) fim, o(@);
i (ulzye(m)=Jim, w(@) i, v(@);
ul@ lim w(x)
. r—=a .
tin, (55 ) =y meamo i w20
e
III. fAxmo v(z)<v(z) y AeAKOMY OKOIl TOYKM a U iCHYIOTH paHumi lim u(z) i lim v(z),
r—a =

To lim u(z)<lim v(z).
n—ra n—ra

67



3°. Odnocmoponni epanuyl. KaxyrTs, mo 9ucio A € rpanwnmero 3aiBa QyHKI f, KOJIU
z mpAMye R0 o (OMIIYTEH a:ii}zn—()f(m):A)’ AKIO Ve>035>0Vz: 0<a—z<6=|f(z)—A|<e.

Hucao A e rpaHuIelo cupaBa QYHKI f, KOTH ¢ IPAMYE 10 a (HI/IIJ_IyTb hm (z) A),
w: Olw—a<6—|f{w)—Af<e. !
Tnoni 3amicTh ;,;lj},n_nf(a:)’ ;I:ET )f(z) OUIIYTH BigmoBigHo f{a—0) 1 f(a+0).

[anA icnyBaHHA TpaHulll GYHKII f(x) B TO4li ¢ HEOOXIMTHO i TOCTATHBLO, 06 iCHYBaJIK
06U Bl OHOCTOPOHHI T'paHuni byHKIN f 1 f(a—0)=F(a+0).

4°. Busnauni 2panus.

o =L lim ()t =e.

VI1.67. loeectu, 1o lim2 % — 4 = —4.
T—r

VI1.68. BuxopucToByOUMHN O3HAMEHHA TPAHUII (DYHKIT1 B TOUIN, JOBECTH, IO
hm (22 —1) =5.

3z+4
VI1.69. Moeectu, mo lim Tt

=3
T—00 T

dr — 3
VI.70. li
HomecTu, 1110 xLHgO w1

OyayTh BiapisuaTHCA Big cBoel rpanuni memire, Hix ma 0,0017
3

= 2. Ilpum akux r s3HadeHHA QYHKIII

VI.71. 3panTn lim Ta lim
=240z — 2 e 3 0y —2°
VI1.72. Hoeectu, 1mo sin @ — HecKigIenno majaa mpu o — 0.
T+ 2 S5x 4+ 2

VI.73. osectn, mo lim = 2,5, NOKa3aBIIH, M0 PI3HUAIA
T—r00

2,5 € HECKIHYEHHO MaJa IPU & HECKIHYEHHO BEJUKOMY.

VI1.74. ﬂOBeCTI/I o
1) hm x® = 27; 2) lim (2* + 2z) = 3.

z—1
VI. 75 3HaHTH
1) lim 2Y/(==1); 2) lim 21, 3)  lim 3t82e,

z—+1-0 z—1+0 z—mw/4—0
2 2
4)  lim 3%, 5 lim ———; ) lim ———
z—7 /440 z—7/2—0 1+ 2lg @ z—7 /240 1+ g
1 1
i - . - - : 1/(z—a).
D e 8 orey 9, im e ’
—4 1 1 in 2
10) lim e/@9);  11) lim v A+l 12) lim -0 2T
z—a—0 z—2 2x+1 © 1 — cos 4z
xr—
4
5 2 26 8 2_16
13) lim 22020 gy i 0TS gy g 20
z—1 22 + 3 m%"x2—8x+1‘) z—-—4 x+1
. 2 -9 T — 2 22— —z+1
16) iy — SRR T P a1
— 1000 -9 ) 6
19) lim : 20) lim 7£ 21) lim 7‘ T
=10 g3 — 20332 + 100z :v2—>3 24+ x—12’ =3 22—z —6"'
3 6 4o —3x — 3 4 —5B5x+6
22) lim o2t 23) lim — 2T "% 94 lim P -52+86
2 20 + 4 z——3 2 —3 z—3 z2 -9
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2~z —12 ~25 2 70410
— 7 26) lim _- 27) lim L+ 9.

25) lim L T
) lim, z—>5 72 —8r + 15’ z—2 x2—8$+12’

s a7 =G +8'

—6 11z — 51 22
28) lim 2’ —6a% + Lz 6. 99) 1im x—  30) lim
P —3x+2 o B2 o 550 1/355_3
31) lim ”$+ . 32) lim —o ;. 33) lim YL
z—0 z—=0 /4 +3x —2 z—=a T —a
t i — V2 — 2 -
34) lim —2% . 35) Jim SnL ST gg) gy YEET Z,
c—7 sin 47’ 7 /4 cos 2z z—0 x
1—tgx —+/1+¢t 1 21— 2
37) Tim Vv gx —/ +gx 38) Tim V4 +x+xA Vi—z+a ;
T—T sin 2z z—0 2 —x
. Vi+xz+22 -2 . 2—+Vx—4 T
39) lim —; 40) lim ——; 41) lim ——
@y 1 z+1 » 8 22 —64 z >0 \3/1—1—3:—1
42) G 202 — 1 ) 43) 1 5pd — 7m. e 61 — 1
)xargo 5x2+4x )xgrolo 1—2g3"° )xLH;o xz—}—l
102% — 7 47 + 32— 2 2 3z — 4
45} lim 736 ; 46) lim fattSr -2 ; 47) lim 7&: + 5w
=00 x2 +1 z—oo  2xt 4 4 eooo 4xt +3x+2°
302 — 4z +5 A 50 + 30— 1
48) lim 7L v 49) lim w” +50% + 3w
wroo 22 — 322 + 6 oo 22% +22° —dw 1 5
3n+1 T — 6x 212 + 1
50) lim —r bl gy g YR gy g V2D
n—oo In2 —1 rz—oo O+ 1 n—oo 2n—1
1+2+3+... in 5 sin -
53) lim 20 TR gy gy S0P sy g 4
n—s00 Int +1 z—0 T z—0 xT
.9 T
2 t sin- —
56) lim — z ; 37) lim < ; 58) lim ﬂ; 59) lim - 3;
z—0 sin 5x =0 tg 3z =0 X z—0  x?
1— cos4 in 4 VI —cos 2
60) lim ——— " 61) lim —— 62) lim Y= =",
z—0 rsinx z—0 \/F z—0 T
Vi asn T —1 sin mar 1 — cos b
63) lim YIS =T ) iy S0 W; 65) lim — 2 2T,
z—0 fl,’z z—0 T z—0 ,7’?2
tgma tgx — si 1-—
66) lim 2. g7y lim BX ST gy fiy — BT
z—0 sin nx z—0 3 z—0 z2
1— 1 — cos 2z + tg? t
69) lim ——""; 70) lim ——— TAIETT . ) iy MCUET
=0 x r—0 X sin x r—0 x
79) lim arcsin2(1 —2x) - 73) lim arcs';n (x+4) - 74) lim arzctg (x—1)
o1 42?2 —1 z—>—4 x? + 4z x%l 22 —3x4+2'
si — COoS cos .
75) lim Sm 2T % g6y fim L. lim (Va2 ¥ 3z — 2);

z—7/4 T — 4z r—=w/2 T — 2% z—00

1 2
78) lm (V@1 V=2 79) lim ( _ _>
T—00 x—

z—2 22-1

1 12
80) lim ( - >; 81) lim (Vz? + 8z + 3 — Va2 + 4z + 3);

T—2 r—2 x?’ -8 T—00
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1 6
82) lim (Vr2+axr+b— Va2 +cx+d);  83) lim < - >;

1 1
84) lim _ — = | 85) lim (Va2 +z — Va2 — 2z + 1);
z—0 sin 2 ¢ 4 sin 22 T 00
2
86) lim (Va2 +1— Va2 —4x); 87) lim L +L ;
00 ’ z——2 T+ 2 z2 —4 '
88) lim (z — va? —x +1); 89) lim < Smf —tg2x>;
00 z—7w/2 \ COS “X
142 R
90) lim 243+ tn_n : 91) lim (I — E) tg x:
n—oo n+2 2 T /2 2
92) lim (1—2)tg S a5 93) lim (1420)V/%;  904) lim (1 — dz)1—2)/%;

2z

-2

95) lim (sin2z)'8°2°;  96) lim(z +e*)/=;  97) lim 3¢ :
T—7/4 z—0 z—oo \ 3z + 1

“3e _ ] In(1 — 1 2) —In2
98) lim . 99) lim u; 100) lim M;
T—00 x z—0 T z—0 x
2 4\° 241\
101) lim (ST g0y g (T :
oo \ 22 =32+ 7 500 72
103) Tim (cos )8 5 104) Tim (1 + 3tg? 2)°€°%;105) lim | 2T "
z—0 ’ z—0 ' z—oo \ 20 + 1 ’
YT+ VI+toz—3
106) lim W; 107) lim +7m.;
T—00 V2z+1 T4 T —2
Viti-2 _si
108) Tim Y272 109) lim ————;  110) lim — 2T,
z—0 sin Sx z—0 14+ 2x—1 z—oo 4 + 6x
VrF13-2V/z 11 tgx — si
111 g V2BV AT gy g, teo o sne
x—3 22 -9 x—0 Sln3 xT
2_51+6 2402 548
113) lim 22 F0 gy i T2 sy i 2O
z—=3 2 —8x + 15 z——2 2?42 z==2 sin (z + 2)
in 52 — sin 3 324
116) lim 28 TP g7y i (2T ov/e ),
z—0 sin v—ooo \ 1 — 274
. CcOST — CcOS 3z . 1-—-10*
AT o W e
Vi 2 Tttge — I tsi
120) i VEECOS2 o gy, VIT e - Vidsine
o—7 /240 \/_—\/255 z—0 x3
2 . 4
122) lim B L 123) Tim SRE Y
¢=0 /1 + zsinx — \/cosx e—d 1 —2

tg3:z:—3tgx.

124) 1li 2 -3 - 2 —3x); 125) i
) o (Va? +a Ve o) ) :Bﬂu;?/3 cos (x + 7/6)
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2¢in’z +sinz — 1

126) lim — - .
z—mw/6 2sin“x — 3sinx + 1

$6. IlopiBHAHHA HEeCKIHYEeHHO MAIHX

Hexan ¢ynkuil a(z) 1 f(z) € HecKIHYeHHO MaluMHU, KoK z—a. Toxl:

. B(x)

1) mamo S afz)
a(z) (mumyTh B(z)=o(a(z)), KOIX z—a);

B(x)

2) Axmo lim m:k;ﬁo, TO F(z) Ha3MBAIOTh HECKIHYEHHO MaJOIO TOI'O X MOPAJKY, 11O
r—ra 4

b=

=0, To 3(z) HA3MBAIOTL HECKIHYEHHO MaJjOI0 BUINOI'O MOPALKY, HIXK

i a(z) (mmuoyTs G(z)=0(a(z)), Koam z—a); koau x k=1, 1o G(z) 1 a(z) HasuBaOTBHCA

eKBIBaJeHTHUMIM HECKIHYeHHO MaluMy (3alucyloTh He Tak: [(z)~a(z));
B(z)

8) Ao lim, o5y

=k+#0, To 5(z) Ha3UBAETbCcA HECKIHYEHHO MaJOIO n-T'0 MOPAAKY IIOA0
a(z).
Pisauns 1BoX eKBiBaJeHTHUX HECKIHIEHHO MAJWX € HECKIHYeHHO MAJOoI0 BHUIIOrO IO-

PAIKY MO0 KOXKHOI 3 HUX.

VL.76. IopiBHATH HECKIHIEHHO MaJi BeImdIuHI o = 5t2 +2¢° 1 8 = 312 + 243
xouu t — 0.

VI1.77. BusHaunTu nopsaiky HeCKiHdeHHO Maanx: 1) 1 —cosz; 2) tgx—sine
100 HEeCKIHYEHHO MaJol .

VI.78. TlopisnaTn Heckinvenno Mami Beamauuy « =t sin® ¢ i # = 2t sint.
VI.79. BusHauuTu nOpAIKA HECKIHIEHHO MAJIUX:

1) 2sinz — 2%, 2) Vsin®z + a4, 3)VI+a3 -1, 4)VI+aZ-1,
5) sin 2 — 2sinz, 6) 1 — 2cos (z—|— §>’ y=+14zsinz —1
11010 HECKIHYEHHO MAaJol .
VI1.80. [TopiBHATH HECKIHYEHHO MaJl BEIUYMHN:
Da=tn(l+¢)ig="1tsint, axmo (¢ — 0);
2) a =t?sin’tip = ttgt, axmo t — 0;
Ya=0+4+2)"-118=mz, axmo z — 01 m — pauioHanbHe I0JaTHE

VI1.81. 3HauTH rpaHuli:

sin ax + x2 . Az +sin’z
keI B e

a) lim — ; ) lim

z—0 sin 2x 20 tgbr

im — .
*—0 gin 3z + 3
§7. HemepepsHicTs DYyHKINI

DyHKIIA f(z) Ha3MBAETHCA HENEPEPBHOIO ¥ TOYIl v=a, AKIIO BOHA BU3HaHeHa B MeAKO-
MY OKOJi TOYKH a1 lim f(z)=f(a).
=
DyHKIi10 HA3UBAIOTHL HEMepepBHOIO Ha BiAPI3KY [a,b], AKIO BOHA HellepepBHa B KOXKHIK
TOYIi OPOMIXKKY (a,b), a Ha Horo KiHIAX lim  f(z)=f(a) 1 lim f(z)=F(b).
@ = @40 w—b—0
Touky, B AKIM MOPYIIYETHCA HEepepBHICTh (DYHKINI, HA3WBAIOTE 11 TOYKOIO PO3PHUBY.
Touyku po3puUBy, I AKUX ICHYIOTH CKiHYEHHI OJHOCTOPOHHI I'PaHUIl
lim  f(e)=f(a—0) i lim  f(x)=F(2-+0),
x—a—0 w—at0

Ha3MBAlOThL TOYKAMU PO3PUBY MePIIOrO POAY, BCi iHII TOYKKM DO3PUBY — TOUYKAMM DO3-

PHUBY OpPYTroro poay.
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Axuro y Toumi po3puBy HmepIIOro poAy BUKOHYETLCA PIBHICTH f(a+0)=f(a—0), To Taka
TOYKa Ha3UBAa€ThCA TOYKOIO YCYBHOI'O PO3PUBY.

Axwo dyukuil f(z) 1 g(x) Heuepepsui B roqul z=a, 1o dbynkuil f(z)tg(z), f(z)g(z),
f(=)
g(z)

fAxmo ¢yHKOiA f(z) HelepepBHAa B OKOJI TOYKM z=a, a GYHKIiA g(y) HelepepBHA B

(g(a)#0) TaKoXK IIelepepBIli, KOIH z=a.

okoJi y=f(a), To pyHKIA g(f(z)) HelepepBHA, KOIU s=a.

VI1.82. Busumauwmrtu TouUky poapusy dyHKmI y = ——, sHanTn lim  y,
x+3 z——3-0
lim vy, lim yinobyayBaTu cxeMaTHIHO rpadik QyHKILI.
z——340 T—+oo

VI.83. BusmaunTty Touky po3puBy QVHKINL y = %, 3HAUTH lin21 oY
x @

2
lim gy, lim yinobygyBaTu cxemarnyiHo rpadgik (GyHkil.
w——2+0 z—too

VI.84, Ilox

VITKIIS P
r—4
VI.85. 3HanTu TOYKW PO3PHUBY i MOOYAYBATH CXEeMATHUIHO Tpadiku dhyHK-

. 2
TIin: Dy=——; 2) y = ctga; y=-—.
T 4—x

VI.86. 3uaiTn TOYKU pO3PUBY (DYHKIH y = arctg

diK PyHKIIII.
VI1.87. 3HauTH TOYKYM PO3PUBY (PYHKIIL:

1 o0y yBaTH I'pa-
z—

z? — 25
)y — )y G- D@ =5
VI1.88. Tlo6yayearu rpadiku GyHKININ:
1) z 42 2) n r 42
= 7’ =X —_—
YT e+ Y j + 2]

BuanauuTn; xapaxTep iXHIX TOYOK PO3PUBY.
VI1.89. Ilo6ygysaru rpadix pyHKII

0,52” mpu |x| < 2,
y=fx)=4 25 mpulzl=2
3 opu |x| > 2.

1 BKa3aTW TOYKH! 11 PO3PUBY.
V1.90. Ilo6yaysaru rpadix PpyHKIni

2 mpu z =01x = £2,
y=f(z)=¢ 4—22 npu0< |z| <2,
1 opu |z] > 2.
1 BKa3aTW TOYKH 1i PO3PUBY.
z+1

VI1.91. 3uauTu Touku po3puBy QyHKI y =

23 4+6x2+112+6
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1
VI1.92. [locaiguTu Ha HEMEPEPBHICTH (DYHKIIIO y =

(x — 1)(x — 6)
Mmixkxax: 1) [2; 5];  2) [4; 10];  3) [0; 7].
VI1.93. Busuauuru TOYKM PO3pUBY (PYHKIIN 1 ZOCIIIUTH XapakKTep LuX
TOYOK, SAKIIO:

Dy=

HA TPO-

z 2+ x?—1 z

T 2 Y=77T=>75 3Y= 3=
(1+ x)? Jy 1+ a2 )y 3 —3x+2
1

5) y = e* /2, 6) y = 2
nx
VI.94. JocriauTu QpyHKINl Ha HEIEepepPBHICTL 1 3 ACYBATH XAPAKTEP TOYOK

PO3pUBY, AKIIO

z2, npu 0 < z < 1, x, mpum |z| <1,
D@ ={1 ') f) =
—x, mpu 1l <z < 2;

1, mpwm |z| > 1.
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PO3A41J VII

AUPEPEHIIIAJIBHE Y1CJAEHHS
®YHKIIIN OAHIET 3MIHHOI

81, IMoxigHa PyHKIIil
1°. Osnauenns noxionoi. [loxinuowo GYHKINI f(z) B TOUNI ¢ HA3UBAOTL MPAHUIIIO

fl(m)= lim fz+Az)—fx) .

Az—0 z
. d . R
OXiJHY TO3HAYAI0TH z) abo —m) 3HaXoIKeHHA MOXiTHOI Ha3WBaIOThL nude-
iy o e
peHIiI0OBaAaHHAM (PYHKITII.
2°. Ocnosni npasusa anazodoucenns noriduoi. Sxmo C—const, a dpyurmii u—u(z),
v=v(z), MalOTHL MOXiJHI B TOYI =, TO:
(C)' =0; (Cuw)'=Cu'y (uxv) =u' £v';
U\ HI'U—U'UI
(w-v) =u -vtu'; (;) =72
3°. Ocnoeni gopmyau duepenyirosanms:
nyl__ n—1, I 1 .
1) (w )7nz ? 2) (\/5)72\/57
3) (sinz) =cosz; 4) (cosz) =—sinz;
1 1
5) (tgz)'=_z25; 6) (ctgz)'=— gz
7) (arcsina:)':ﬁ; 8) (al‘ccosz)':—\/ﬁ;
1 1
9) (arctgm)':H_T; 10) (arcctgm)'sz_T;
11) (&%) =e*; 12)  (a*)'=a" Ina;
1 1
13) (Ina)=1; 14) (log, @) ===, (a>0);
15}  (sha) =chaz; 16) (chz) =shez;
/ v / ? / AN / b
17} (thz) = 1 18) (ctha) =— 1
;A ) =chz g’ LA ) shZz

VII.1. Kopucryomuct 03narenisaM moxiamnol, snmantu moxiam ¢gynxmin:

1
a)y=a% 6)y=a' Bly=— 1)y=Va )y=VE e y=ig;
1 1
cy=cgr;  wy=—5  3)y=v2atl wy=

3z +2
VII.2. 3uanty noxigai GyHkiin:

3
1)y:%—4w2+4w+6; 2) y = a® + ba’r? — x°;

¥ 228 axr+b
Jyy=—— — 2 _ 4 4) y = ; 5)y= 4\/x;
)y == 3:rx x; Jy=y )y =z+4Vx;
ou=(145) 0 Du=la-wh 8=+

1 1 3 2
Ny=—-——: 10)y=-—-—————; 1l)y=(z—a)(z—b);
VY= 55~ o )y AN )y = (z —a)(z—b)



2 37

1 2 6 2
2)y="4 g BysetVityn o Wy =vVel- oo

1 1 8 6
15 y=—— —=; 16) y = — ; 17y y = coS ;
)y 5.2 348 )y =T )y =z +cosz
18) y = 223 + tg x; 19) y = 2% + sin a; 20) y = 2t —tgx;
2 1 —z?
21)y:1_xxz; 22)1}:%; 23) y = zsin x;
2 1
24y y = a’tgx; 25) y = J/xsinx; 26)y:5x+——3—3;
1-1 2 1
2y =xzlnz; 28) y = nx; 20y =4lnz+ — — —;
Lo or x x  3a?
30) y = 1+e i 3 y=42lnz;  32)y=3x lnz — 2%
_ex
33) y = a3 cosx;  34)y = 6adctga 35) y = Smf;
x
2
36)y:2$—; 37) y =22 +3%; 38) y=a22% 39)y=a’e"
2 +2
40) y = 1—%—L 3' 41) y = (2 — z?) cosx + 2x sinx; 42) _ BT,
Y= \3/5 ’ Yy = ’ y_ﬁv
cos T NG
43y y = ————; 44) y = : 45) v = /1 — 22 .
Yy T+ eing’ )y SR )y =+1— a2+ arccos x;
46) + arcct A7) =9 48) .
= x + arcctg x; = : —x— .
y arectg V=g y =T
sin z sinx — cosx
49) y = — BT 5y = BT O T sy e tha
)y 1+2hsinav )y sinx + cosx )y
1+s
52)y:¥' 53) y=thx +cthz; 54)y=2x —cthz.

1 —shz’
3

VIL3. f(z) = % — 42% + 22; o6amcmmru f'(0), f'(1), f'(=1).
VIL4. 3uairu f/(1), axmo f(z) = Va2,

VIL5. f(z) =

x 5 ) / /
5r 1" Buaitu f7(0), f(2), f'(—=2).

o 1
VILG. f(x) =2 + 5 oomemmn /(1) + f(-1).
s

VII1.7. Tino, xuuyTe BEPTUKAJIBLHO Br'OPY, PYXAETHCA 3a 3aKOHOM h = 4+
+8t — 5t2. 3HalTH MWBUIKICTH TiTa ¥ MOMEHT IOYATKY PYXY Ta B MOMEHT
najinug. Ha Axiil BUCOTI MIBUAKICTL Tifa AOPIBHIOBATHME HYJIIO!

VII.8. 3anexkHICTb MK BUTpaTaMU BUPOOHUIITBA I 00’€MOM BUILYCKY IIPO-
Iyl BupaxacTnes gyukmicio y = 50x—0, 5x®. 3naiiTu cepemni Ta rpanm-
Hl BUTPATHU BUPOOHUITBA, AKIIO 00’¢M BUIIYIIEHOl IpoayKini gopisuoe 10.
VII1.9. 3anexuicTb Mix BUTpaTaMu BEPOOHUIITBA U 06’€MOM BHUIIYCKY MIPO-

IyKmii BupaxkacTnes dynkmicio y = 10z — 0,04z3. 3naitu cepemmi Ta
IPaHUYHI BUTPATH BUPOOHUIITBA, AKIO 06’€M BUIIYIIEHOI IPOAYKII IOPiB-
HIOE 5.
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VII.10. O6car npoaykiil w, BUMYIIEHOI HPUTaf0i0 POOITHUKIB, 331a€THCI
piBEarEAM u = —28% 4+ ¢ + 100t + 50, e 1 < t < 8 — poboumit wac
y TOOuMHaX. JSHAUTH NPOAYKTHBHICTH MpAalll Yepe3 TOAWHY MICAA [TOYaTKy
poboTu 1 3a TOAWHY A0 11 3aBEPIIEHHA.

VII.11. O6car npoaykmii u, BUIYINEHOI 6pUragoi0 poOOITHUKIB, 33 1a€ThCA
piBmanmam u = —t> —5t2 4+ 75t +425, ge ¢t — poBOMI 9aC y TOINHAX. JHAUTH
TIPOAYKTUBHICTL TpAaIl depe3 2 ToI MCII T0YaTKy poOOTH.

82, IMToxiaHa ckaageHol GpyHKIIL

Axmo u=¢(z) Mae NOXiAHY B TOYII z, a y=f(u) Mae NOXiAHYy B Touli u=¢(z), TO
ckaajgeHa GYyHKIIA y=f(p(x)) TaKoXK Ma€ HOXIAHY B TOYUIN x 1

y' (@)= (w(@)) u'(w).

VII.12. 3uaitu nmoxiafi Big QyHKINHA:

1)y =sin8x;  2)y=tg(azx +b); 3)y281n4+cos§;
4)y:8sin%; 5) y = (1 — 62)°; 6) y = /(4 + 3)?;
1
)y = ; 8) y = V2 + 2% 9) y = V/sin 3z;
(14 22)*
1
10) y = ——; 11) y = v/2z + sin 2z; 12) y = sin” x;
)y R e )y )y
123) oy =ginZ 2 14) y =sinz2: 15y =coP 2. 18) » = cos /=
)Y DALy ) ML ) g T Ay vy d el e ]
17) y = sin* 2 4 cos* 2; 18) y =tgdx — 2tg2 v + dtgx;
2
. sin® x COST
19) y = V1 + 2 cos? x; 20) y = 21y = s
)y +1COS €, ) sin 22’ )y 96in
x
2)y=—""—;  23)y=tg’—; 24) y = 2% sin® x:
)y T sm30)t )y =tg’; )y = 2 sin” 2;
3
sin” @ 1
2)y=a"V1i-a%  26)y= D2y ———
)y )y cosT Jy 42 + 32 + 2
28) y = (22% +1)5; 29) y = 5tg? 3a; 30) y = (322 — 4z +2) cos 2z;
2
31) y = z?sinx + 2w cosz — 2sinx; 32)y = (sin%—cos%) ;
2 1 1 2 1
33) y =tg acz— ; 34)y:§sin3 x—;sin5\/§+?sin7ﬁ;
2

71—
35)y = 1+I§ 36) y = v6x — sin 6x; 37)y:gg2./1_x2;
V T
: 2 1
38) y =sin®2?; 39)y = Y1 +sin0z; 40)y =2tgx — gth 4+ Etg6 ;

1 —cos2x Vixr +1 t .t
Wy=1rees Pv=Ta o Blusyposing

VIL13. f(t) = VI + cos? t; auaiiru f’ (g).
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VIIL.14. f(z) = /x + 2\/z; smautn f'(1).

VII.15. 3uanTty noxigmi Big pyHKINNT:

1
1) y = In6x; 2) y =In (1 —sinx); 3) y = In(cosz) — Zsin4 x;
z° z?
4)y:1nx5—+2; 5)yzlnm; 6)y = (¢°+3)[In (25 + 3)—1];
1+2z
Ny=In(\/zr++/r+1);8 y=In o 19y =4z —8In(24+ /1);
2
‘ x
10)y = 42%e®*—8In(va2 — 1); 1)y =In (2% —42); 12) y = In ——r;
)y Y )i 1)y =1In( );12)y Nigerr
13) y = C,OS;U +In (tgg); 14) y = a7 15) y :e_zs;
sin® 2

16) y = z%e~22; 18) y = 4(e™/* — /%), 19) y = /zeV®
20) y = e®(sinx + cosx); 21) y =1In(e® — ze®); 22) y = e®/bsin =

b
_ e’ . _ azx —axz\2., — 2$+1 .
23)@/—I2+17 24) y = (e" +e7")% 25)y—1n<tg 1 )
1 i .
26)y:1nw/ﬂ; 27) y = In (322 + v/9z1 + 1);
1—sinz
28) y = e * +sin (e %) cos (e™*); 29) y = 1 — e 3 . o2 3a;
—1)(z —3)3
(I — 1) 31)y=—ln D@3
30) y = e¥¥ (V2 — 1); 31) y n(£_2)3(£_4),
1 .
32)y:1nsinx—§sinza3; 33) y =In(vx +2 — vz —2);
1+vVz2+1
34)y:1n%; 35) y =In(cosz + V1 + cos? x);
1
36) y =In %, 37) y = <z In(ctg z) + In(sin z);
vi—x* Z
sin 2z sin 3z e® —e "
38y y =1 T 3Ny =———""" . AN y= —
)y n\/ 1 —sin2z’ )y 1+ In(sin 3z)’ )y et + et
8z /1 2_1
41)y:E(em/“—e_w/“);éﬁ)y:ln 86; 43)y =1In e
2 i1 Vit 1

44) y = z (In® 2 —31n* 2+ 61lnz - 6); 45) y = In(sin /7) - tg V7 — /7

1 1 1

46)y=1ntg%+cosx+§cos3x; 47) y =1n (1__> + =
T

x
48) y = %; 49) y = arccos /1 — 9z; 50) y = arccos %;
51) y = arcsin \/x; 52) y = arctg Vozr —1; 53) y = arcsin (1—2x);
54) y = arctg H—ﬁ; 55) y = /11— 122 — arccos r;

56) y = arccose®®*1;  57) y = arcsine®®t!; 58) y = arccos (1 — #2);

77



2

1
59) y = arcctgx + arcsin ﬁ; 60) y = arcsiny/ 1 — %;
61) y = /x - arcsin/x + 1 — x; 62) y = arctg v9z? — 1;
/1_ 2

63) y = arcctg \/ﬁ; 64) y = arcctg %,

203 1-— 16 — 22
65) y = arccos H—Lmﬁ‘; 66) y = arcctg\/H_—i; 67) y = arccos 1(34—7‘::2;
68) y = arcsin &; 69) y = arcsine® + arcsin v'1 — e27;

V1 +sin®z
z+1 9
70)y =—arctg (1 + ) + ———— 71) y = arccos (2e** — 1);
’ = T oa? +2I+9 ’
72) y = zarccosz — V1 — 22; W*’ arcsin e*
4 " 3r — a3 75 arctggj 1
) y = arctg T )y . —D%HQ
76) y = sh? x; 70y =2vchx —1; 78) y = In(ch x);
79) y = In (th z); 80) y = arcsin (th z); 81) y = V1 4+ sh? 4x;
82) y = ch® x; 83) y = zsh?z + th® x; 84) y = arccos (sh2 z);
85) y =v4+chZdr; 86)y==12°—1In(shz); 87)y=1In th— — hi
x
21 1 tg? v

88)y:a;7+arcsm— 89)y: &

90) y = \/490 — 1+ arcctg \/435 — 91) y = In (e + 1) + 2arctg (e');
1 1 .
92) y =4 n\/:z:—4—|—\/x2—4x; 93)y:1tg4t—§tg2t—lncost;

1 z—a 1 Vat + 17‘%'2
M)yy=—1 + — arct 95 In
)y g )y = Vst

la "z+a  2a
2
96) y = e!/2t&" @ cosa; 97)y:arctg1 v’ 5 98) y = 22 e® Inz;
-2

1 1
99) y = arccos /1 — 27; 100)y=1n(—+1/—2+1>;
x x

2 2
101) y = ZQ—L; 102) y = 2(tg VT — V/T); 103) y = (arctgx)?.
x
Temnom sminu T, pyHKII] HAUBAIOTH Bl IHOMIEHHA IOX1AHO1 GYHKIIL 10
7
Y

ii apagenna T, = =—.

Eaacmuunicmio Ey(y) Gyakuii y = f(%) cTOCOBHO aprymMeHTy & HA3W-
BAIOTL I'DAIIUIIO BlANIOMIEIILT BIAIIOCIOrO IPUPOCTY (PYUKIIL O BlAIIOCIIOrO
IPUPOCTY apryMeHTY, KOJU TPUPICT apryMeHTY MPAMY€E 10 HyJd, TOOTO

) Ay Az x .. Ay oz
E(y)= fim (22 28) =2 gy V2
) Az < y > Yy Aro Az Y
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VII.16. TlokaxiTb, 110:

1) Ty = (Iny); Eo(y) = oTy;

2) B, (uv) = E,.(u) + E.(v); E, (%) = E,(u) — E,(v).
VII.17. O6c¢car npoaykiil w, BUMYIIEHOl HPUTaf0i0 pOOITHUKIB, 331a€THCS
piBHAHEAM U = —2t% 4+ 247 + 100t + 50, ge 1 < t < 8 — poboumi 4ac
y IOAMHAX. SHAUTH MIBUAKICTH 1 TeMII 3MiHH IPOAYKTHUBHOCTI Ipall Yepes
2T0m mcasa ToYaTKY 1 3a 2 ToA A0 KIHI poOOTH.
VII1.18. 3anexuicTs Mix cobipapTicTro oguHMUl npoaykmii ¢ (y Tuc.rpH)
i BumyckoM npoaykiil x (Mapa. rpH) 3agaeTbesa Qydkuieo y = —0,5zx+
+80. 3HAUTHU eTACTUYHICTH COBIBAPTOCTI CTOCOBHO BUMYCKY TPOAYKINI, AK-
IO BUITYCK TPOAYKIT cTaHOBUTHL 60 Mapa. TpH. K 3MIHUTHECA COOIBAPTICTH
npoaykmii (y %), Axkmo sunyck npoaykimii 36iapmmthea va 1%7
VII1.19. ®yukmil nonuTy ¢ 1 IpoOmo3uili § TOBAPY, M0 KYNYETHCA 1 IPOTIO-

HY€THCA 33 OAWHUITO Hacy, 3aJeXHO BiI ITIHK p TOBAaPY 33IaHO PIBHOCTAMU

+8 " . . .
=P Ta s = p+0,5. 3HauTu PIBHORAXHY IIIHY TOBAPY TA EMACTHYHICTE

Cp+2

monuTy i nponoaumii npu win miui. fx sMminuThCA nprGyTOK npu 36iTbIICHH]
iy 1a 2% Big piBHOBaXKHOIT

VI1.20. PyHKI DOMUTY ¢ 1 TPOMO3UITi § TOBAPY 3aI€XKHO BII IIHA P 33,1aHO
piBHOCTAMEU ¢ = 7 — p Ta s = p + 0,5. 3HANTHU PIBHOBAXKHY IIHY TOBAPY Ta
€MACTUYHICTE MOMUTY 1 IPOMO3UINI mpy Wi# miul. SK 3MIHATLCA TPHOYTOK
npu 30iAbIIeHH] WHT Ha 5% Bi PIBHOBAXKHOIT

VII.21. fx 3B’st3aHi TpaHUYHI Ta CEPEIHI MOBHI BUTPATH i JITPUEMCTBA, AK-
IO eJACTUYHICTS MOBHUX BUTPAT 33 006’ €MOM BUILYCKY IPOAYKIi opisHioE 17

§3. IMoxigua o6epHeHOl PYHKITIi.
IMoxiguma ¢pynknii, mo 3agana mapaMeTpPUIHO.
IToxigua HeaBHOI dyHKITII

1°. Hozidna obepnenoi Pynryii. Skmo HemepepBHa PyHKIA y=f(7), (a<z<b) Mac
NoXifHy B To4I xoE(a,b), npudoMy f'(x()#£0, To B OKOJI Iliel TOTKH BOHA Ma€ HETEPEPBHY
obepHeRy QYHKIIO t=F"1(y), AKa Tex Mae IOXiTHY, IPHIOMY

2°. Iozidna Pymnryii, wo sadana napamempuuno. fxmo Gyuxiuil z=¢(t) 1 y=¢(t),

(a<t<3) MalOThL HOXiAHI B TOUI ¢y, IPUHOMY ¢’ ()70, TOLI MapaMeTPUYIHO 3ajaHa PYHK-
. z=p(t}), . . dy o

mig Ma€ y TOULl zo=(to) MOXIAHY 7, AKa MOXKe OyTH 3HaUJeHa 33 POPMY.IOK

y=1(1) dy o (1)
%(IO): a (f0) "

3°. Ioxidna neaswoi Gynuryii. SAxmo piBHAHHA F(z,y)=0 y IeAKOMY OKOJI TOYKU
(z0,y0), fKa € PpO3B’A3KOM LILOTO PIBHAHHA, ONHO3HAYHO 3ajac PpyHKNII0 y=y(z), To il mo-

XigHy y'(z¢) MOXHa 3HAUTHU 3 PIBHAHHI
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=0,
T=T0,Y=Yo

(35 trte o))

ne F(z,y(z)) po3aTIAgaioTh K CKIajleHY (PYHKIIIO 3MIHHOI .

VII.22. Busnauurtu o61acTi icuyeanns obeprennx Gyukuin = z(y) 1 3Han-
TH 1XH] IOX1TH], SKIIO:

a)y=xz+Inz, (x>0); 6)y=x+¢€"; B)y=shz; r)y=thz.
VII.23. BusuauuTu 0IHO3HAMHI HEMEPEPBHI MKy o0epHeHnx PYHKIIN T =
= z(y) i 3HanTH IxHI TOXigHI, AKIIO

22

1+ 22’
VI11.24. TlokasaTu, mo icrye O,E[H;)‘_BHaHHa ¢yHKIiA y = y(x), mo BU3HAYA-
eThcs piBHAHEAM ¥° + 3y = x, 1 3HalTH i1 HOXiAHY ¥, .

VII1.25. TlokasaTu, WO iCHYe OMHO3HAYHA (PYHKIIA y = y(T), BU3HAYEHA
piBHAHHAM y — esiny = z, (0 < € < 1), i 3HanTH ii moxigHy Y.

VI11.26. 3mantu noxiggi ¥, akmo

a)z =sin?t, y=cos’t; ;[):1::\3/1—\/5, y:\/l—%;

ayy=222—12% 6)y= B)y =2 T —e 2%,

6)x = acost, y = bsint; e)x =acht, y=~0bsht;
B)r=acos’t, y=>bsin®t; e)x=a(t—sint), y=a(l—cost);
r)z=ecos’t, y=esin’t;x)r = aurcsin#‘7 y = arccos#.
Vi+e V1+¢?
VI1.27. 3uantu y' 3 pIBHAHHA: , , , ,
a) 2* +y* =a* 6)y® =2pr; B) Z—z—‘z—zzl; r) z—2+z—2—17

Nl +y?—zy=0; e)ax?+ay+y>=6; e)2+y>—3ary =0;
x) 2+ =’ s) w =y +arctgy; w) el —e T +ay =0;
i) e*siny —e Ycosx = 0.

VII.28. 3nantni y'(0), axmo e*¥ — 22 + 3% = 0.

VII.29. TMoeectu, mo E,(y) = )
(@

84, Mudepenman pyHKIIil

DyuxIio y=f(z) Ha3UBaOThL AUPEPEHIINOBHOIO B TOYI[ x, AKIIO ii IPUPICT y il
TOYIl MOXHa 3aIlUCATH Y BULVIAIL
(1) flz+Ax)—f(z)=AAz+a(Az) Az,
ne A=const, a a(Ax)—0 npu Az—0.

Dyukiis € gudeperIinoBHo B TOUI 2 TOJI 1 JUIlle ToJi, KOJIU BOHa Mae B Il TOYI
noxiaHy, npudomy B (1) A=f'(z).

Ycaka gudepeHIinoBHa B 3aJaHiil ToYNl GYHKIIA € HeIePEPBHOIO B I[iM TOMYIII.

TonoBRy MHINHEY MOA0 Az 9acTUHY IPUPOCTY (MYHKIII Ha3WBaIOThH IUdepeHIialoM

¢dyHKOi y Toum @
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dy=AAzx.
BpaxyBaBmu, mo A=f'(z), & de=Az, MOXEMO 3aIUCATH
dy=f'(z) dz.
OcTanasa GopMyJaa He 3MIHIOETHCA 1 TOXL, KOAN = € GYHKIICIo z=p(t).
Ha migcrasi (1) MoxXHa cTBepIXKYBaTH, IO IPU TOCUTH MaIoMy Az OpUpicT QyHKII

HaBJIMXKEHO JOPIBHIOE 11 AudpepeHianay.

VIIL.30. s dyukmi y = «? snaiitu Ay i dy, AKIIO Z 3MIHIOETBCS Bix 2 10
2,01. TlopiBuaTH ix.

VII.31. [las dpyukuii y = ° susnauntu Ay i dy npu amidi z Big 2 g0 1,98.
VII1.32. Mas pyuxmii y = /7 suaitu Ay 1 dy, axmo x smigoeTbea sig 100
mo 101,

VII1.33. Buantu nudgepenuiany QyHKIIN;

‘ t
a)y =a™ 6) y = 23 — 322 + 3, B)y =1+ 22, F)S:g?;
1 1 1
o) r = 2p — sin 2¢p; e)wzt—Q; e)yzz—x—Q; ®) r = cos(a — bp);
z=a

3) s=+v1—1?; wu)y=Ilncosz; 1i) retgy/4u —1; i) s = e 2.
VII.34. 3uantu:

a) d(v/z + 1); 6) d{lga — a); B) d(bl — e~ "); 1) d(Int —e™?);
1) d(sin” t); e) d(1—cosu); €)d (% + arctg%); %) d(a+ln a);
3) d (cos g), u) d (arcsini—').

VII.35. Cropona kyba z = 5 m 0,01 M. Buswaunru abcomwoTHy Ta Bii-
HOCHY MOXUOKM Ipu 004ucIeHHl 06’ emy Kyba.

212 ,
VI1.36. [lomxuna Temerpaguoro mposony S = 2b <1 + 3 ) xe 2b — Big-
CTaHDb MIXK [BOMa TOYKAMHE IIiABIIYyBaHHA, & f — HauOLibmui nporud. Ha-

CKUILKKM 30LILIINTLCA IPOruH [, AKIIO IOBXKUHA NMPOBOLA Bl HAIDIBAHHA
AOIBLIINTLCA Ha dS7

VII.37. 3 aK00 TOYHICTIO HOTPIOHO B3ATH abeuucy KpuBoi y = x°+/7 Ipu
x < 1, mo6 npu o64uciendi ii opauHaTH LOnyCcTUTH H0oxXxubKy He Olibury 0,17
VII1.38. 3 aKo10 TOYHICTIO TIOTPIOHO BUMIPATH padiyc Kydi, o6 Ipu 06tIn-
caenni i1 06’emy momycTuTu noxubky e 6liwmry 1%7

VII.39. Ilepiog koamBamua MaaTHMKA 1 = 27+/1/980 ¢, me | — poBxu-
Ha MAasSTHUKA B CAHTHMETPaxX. Sk mOTPIOHO 3MIHUTH TOBXUHY MASTHHUKA,
I = 20 cM, w06 nepios xkoauBaun 3Menmusca Ha 0,1 ¢7

VI11.40. [osectu dpopmyry a* +z ~ a + Ll (@ > 0, |z| € a), Ta
na™—

KOPUCTYIOUHUCH HEI0 OOIUCIUTH HAOAMKEHO:

a) V9;  6) v80;  B) v100;  r) “W1000.
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§5. TToxiani i gudepeHIliaId BUIAX TOPAKIB

1°. OcHoswi o3nauenns. lloxigsl Bumux mopaikis Big dyHkmil Y = f(a:) BU3HaYa-

IOTbCA CHIBBITHOIIEHHAMUI
FR@=TI @) (=),

NudepeHItianln BUIIUX TOPAIKIB Big GYyHKII y=f(z) BUSHAYAIOTHCA MOCHIJOBHO Gop-

MYyJaMu
d"y=d(d""'y)  (n=2,3,..),

ne dly=dy=y'dz.

Hximo = — He3ajekHa 3MIHHa, TO

A" y=y (") 7 ; ym =

2°. Dopmyau Jetioniya.

(u(m)v(m))("‘)(m):z Cv:;u(k)(w)v(71,716)((E)’ d”’(uv):Z C,ljdl"ud'"fl"v.

=0 L=0

VI11.41. 3nautu noxinHy Apyroro nOpanky Bix ¢gpyHkmii: .
a)y=sin®z;  6)y=tgz; By=VIi+aE rjy=e;
o)y = ctgx; e)y= arcsing.

VII1.42. 3uanTty noxigHy TpeThoro MOpALKY Big ¢hyHKIII:

a) y = cos? x; 6)y:x—2; B)y=xsinz; 1)y=2zlnz;

x
1) s=tle b e)y = arctga.

VII1.43. 3HanTu NOXifHy N—ro HOPAAKY Bil (yHKII:
a)y=e""/% 6)y=Ilnz; B)y=r; 1)y=2" a)y=sng

e) y = cos® x; e) y =a*%; xK) Y=

.2
; 3) y = sin” x.
1+ 22 )y i}
VI1I1.44. IlocaigopuuMm gudepeHIioBaluaM suBecTn (popMmyan Jlenbmimna:

(wv)" =u"v +2u'v +uv”;

(u ,U>/// — u///v + 3u//v/ + 3u/ 7_}” + u,U///;

(o)) = UV 4+ 4" + 600" 4 du'v" + oY),
VII.45. 3a ¢opmyaorno JlenbuHina 3HaUTH MOXIAHY APYIOrO MOPAIKY Bij
dyuxmin:

a) y = e® cosz; 6) y = a® x°; B) y = x? sinx.
VII.46. 3a dopmyaoro JlenbHina 3HAUTH HOXIAHY TPETHOIO HOPALKY Bif
dyuKIin:

a)y =e ® sinx; 6) y = 2% lna; B) Y = X COSI; r) y = z%e”;

5 . T

;L)y:azzsmg; eyy=xf(a—z)+3f(a—z).

VILA4T. f(z) = ze®/*. 3uairu f(x), f™ (), F(0).

VII.48. f(z) = arcsin%. 3manu f(2), f'(2), f"(2).

VIL.49. f(x) . [loeecTu, mo npu n > 2

z
Vi+z
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41-2:5...2n—-3
f(n)(o): (_1)71 1 2n7<1 )n

VII.50. Joeectu, uo GyHKINA y = € COST 3a40BOJbHAE AudepeHIiaabHe
piemammsa y!V + 4y = 0.
VII1.51. [loBecTn, mo QpyHKIII § = e
pisasrna 22 y"” — xy’ +y = 0.
VIL52. f(z) = 2> e */%. Jopectn, mo (™ (0) =
)
/

VII.BE3. f(x) = efmg, TorecTn, o f(n)(()\ = _9n — l\f(n72)(0\
A = J My A /J M

/% 3a10BOMBHAE JudepeHIiaIbHe

nn—1(-1)"

)

Fem=U) =0, f@0) = (=2)"(2m—-1)(2m—3)...3-1 = (=2)"(2m—1)!!

(N o e oy O (D) AR D)
(&) = « HAOBECTH, WO J{1) + 37~ + ~5 R

54, f
.55. Bpaxaioun 2 He3aIexHOIO 3MINHOI0, 3HARTH d°Y, TKIIO:
Inx
ajy=v1ltah Oy=— By=a"
Ak 3MiHUTLCA Hel gudepennian, AKMo £ = at + b, x = t37
VI1.56. 3nantu y'' 3 piBuanma:

a) 22 + 9% = a?; 6) ax + by — xy = ¢; B) £y =1;

on
=< .

r) 22 —y? =a® 1) arctgy=a+y; e) 2 +ay + y? = a%;
€) (z—a)? +(y—B)* =R
T . .
VIL.57. — + = = 1. 3uantu y"” B Toumi (0;b).
a?  b?

‘ d
VIL58. te /2 + se ¥/? = 2. 3uaiitu d_i npu t = 0.

d
VIL.59. it lnz — z Int = 1. 3gantu d—f mpu t = 1.
VII.60. z%siny — cosy + cos2y = 0. 3uantu y' npu x = g
2

VIL61. 3uairn IUIA (PYHKITIN:

dz? e
a)r = asint, y= acost; )z =t y=§—t;
6)r =2cost, y=sint; nNr=t*, y=1+1t%
B)x = a(t —sint), y=a(l —cost); e)x=e* y=¢e*

1"t

VIL.62. 3uantu noxigui y), y', y”s sig dynxuii y = y(z), mo 3agana
HapaMeTPHIHO, AKIIO;

a)x =2t —12, y=31—13 6) r = acost, y = asint;

B) T = a(t —sint), y = a(l —cost); r) z =e'cost, y=elsint.
VII.63. 3uanru noxinui y,, y”,, vy} Gyukuii y = y(x), wo 3agana HeapHO,
SAKIIO:

a) 22 +y?2 =25 6)y’=2pr; B)2P-azy+yi=1
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VII1.64. Braxkaioun T HE3aJCKHOI 3MIHHOI, 3HAUTH AudepeHIialy 3a3Ha-
YEHOT'0 MOPAAKY, AKIIO:

a)y=2a°, dYy; O0)y=—, d’y;  B)y=wmzcos2z, d';
r)y=¢e"Inz; d*y.
66. Moruuna i

KyToBui koedirienT goTuydnol g0 KpuBol y=f(z) B To4ui KpuBoi (xq,yo) AOPIBHIOE
3HAYEeHHIO NOX1AHOI PYHKII f B TOHUII zg
k=tg p=F"(z0).
PiBusanHA goTH4HOI B To4mi M (z(,yo) 40 KpUBOI y=f(r) Mac BULIAL
y—F{zo)=f"(zy)(z—z0).
PiBHAHHA HOpMaJai y HiMl TOYI
y—f(wo):—m(w—wo)-

VII.65. 3HaNTH KyTH HAXWIV Iapadoan y = 2 B TOUKaX & = £2.

VIT o e 17 e oA a T e — A o mougtes
V11,00, aliCaTi PIBHAHHA OOTWYHHWX 4O TiIepOOIn Iy = 4 B TOUKaX
1 = 1129 = —4 i 3uanT™n KyT Mixk gormaauMmu. [loGynyeaTtu KpuBy i
TOTHIHI.

VIL.67. 3uaiiTu piBHAHEA HOpMai 10 mapabomiy? = 2px BTouti M (g, yo)-

o . . 2
VII.68. Axun xyT yTBOPIOE 3 BiCCIO a0CINC TOTUYHA J0 KPUBOL iy = gacS—

—éx37 IO MPOBEAEHA B TOH 3 abcumcon & = 17

V11.69. Hanucaru piBHAHEA 0THYHOI Ta HOpMaJi 40 napabomn y = 4 —2° B
To4ni neperuny ii 3 siccio Oz (npu x > 0) 1 no6yayBaru napabolLy, JOTUIHY
1 HOpMaJb.

VII.70. fxup xyT yrBOpIOE 3 Biccio abcuuc goTrwdHa go mapaboaum y =
=2% - 32+ 5, mo mposefena B Touri M(2;3)7 HammcaTu pipHAHHA el
MOTHUYHOI.

VIIL.71. HanucaTy piBHAHHEA OTUYHUX 10 KpuBoi 2 +y2 +44 —2y—3 =10
B TOYKaX mepeTuHy ii 3 Biccio Oy.

VII.72. Hanucatu piBHAHHA JOTUYHOL B TOYIN (Zo;Yo) A0 KPUBUX:
2 2

1)2—24—?;—2:1; 2) y? = 2pz.
VII.73. 3nanTu NOBXKHUHY MiIJOTHYHOL 1 IiAHOpMAJi, HAIMCATH PIBHAHHA
AOTUYIHOI Ta HOPMAJL 10 KPUBUX
Dy=2% 2)y*=2°
y Touni x = 1.
VII.74. Tlig skuM KyToM nepeTuHaroThes Kpubi o2 + y? = 51 y? = 427

VII.75. HanmucaTu piBHAHHA TOTUYHUX 1 HOPMAJEHN [0 KPUBUX:
3

x R
a)y:?BTO‘{HII:—l;
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6

y =z BTOuKax 1 =01axy =1;

)
B) 22 + 221> —I—Sy =6 B Touni ¥ = 1;
r) y = 4y — 2% B TouKax mepeTuny 3 piccio Ox;
) y =4 — x B Toukax mepetuny 3 Biccio Oy;
e) y? = (4 + 2)® B Toukax mepeTuny 3 ocamu Ox i Oy;
2
€) % - % = 1B Toumi M(—9;-8).

VII.76. 3HalTH BiICTaHbL Bij BepIIMHN Tapaborn y = x° — 4z 45 1o 1oTmd-
HOI, IIO IIPOBEJEHA 10 Hel B To4ll nepeTuny napabonu 3 Biccio Oy.

VIL.77. Ilix axum kyTom npsama y = 0,52 neperunae KpuBy y = COS 7
VII.78. 3naitu xyT Mix kpusuMmu y = /2sinz iy = /2 cos z.

VIIL.79. 3mafiTn kyT Mix mapaboramu y = 8 — 22 i y = 2%,

VII.80. Hamucaru piBuammsa gormammux g0 koma 2 +y> + 4z —4y+3 =08
TOYKaX nepeTruny uoro 3 piccwo Ox. IlobynyeaTu KOIO Ta IOTHYHI.
VII1.81. Hammcarm piBHAHHA AOTHYHOL 10 emimca z° + 4y? = 16 B Towmi,
B HKIA AUUTBCH HABIL BLAPI3OK AOTUYHOL, BILATHTUN OCAMU KOOPAUHAT, 1
AKUU JeKNUTL y MEPIIOMY KOODJIUHATHOMY KyTi.

VII.82. Hammcatu piBHAHHA TOTHYHOL 10 mukmoiam z = a(t —sint), y =

T ™ .
= a(l — cost) B Touxax t = 5 1 t= 5 MMo6yayepaTn Kpuey Ta TOTUIHI.
VII.83. HammcaTn piBHAHHA JOTHYHOL JO PO3rOpTKEH Koaa r = a(cost+

. . , b
+tsint), y = a(sint — tcost) B Touwi ¢t = 1
§7. Teopemu mpo cepegHe

1°. Teopema Poaaas.
Axmo dyHkuig y=f(z):
1)HenepepBHa Ha NPOMIKKY [a,b], 2) Bcepequni HbOro Mae moxigny, 3) f(a)=f(b),
TO MIXK a 1 b 3HAleTHCA TaKa TOYKa ¢, B AKIA f'(¢)=0.
2°. Teopema Jlazpansica.
Axmo dyHkuia y=f(z):
1) HemepepBHa Ha MPOMIXKKY [a,b], 2) BCepelHHi HLOI'C Ma€ IOXiAHY,
TO Ha (a;b) 3HAMAETLCA TaKka TOYKa x=c, B AKiU f(b)—f(a)=(b—a) f'(c).
3°. Teopema Kows.
Axmoe dyskmii f(z) i p(z):
1) HenepepBHi Ha HIPOMIKKY [a,b], 2) MalOTb HOXiAHI Ha (a,b), IpUIOMY ¢’ (x)#0,

F(b)—fla) _ f'(c)

TO Ha (a;b) 3HAUJeTHLCA TaKa TOYKA x=c, B AKIH ~—5i——45= .
(a50) swam = SO —p(@) = ¢(0)

VII.84. Tlepesipuru, mo Mix kopensavn byuxuii [(r) = 2% — 42 + 3 micrn-
ThCA KOPiHb ii moxignoi. IMoscauTu rpadiumo.

VII1.85. Un moxna 3acTocyBatu Teopemy Pomta g0 dyskmii f(z) = 1—v/a?
Ha Bigpisky [—1;1]7
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VIIL.86. IloGymysaru nyry AB xpusol y = |sinz| ma Biapisky [—g; g}
YoMy Ha mysi He Mae OTHYHOI, IO mapajielbHa xopal AB? flka 3 ymoe
TeopeMu Po/uia TYT He BUKOHYETBCA!

VII.87. Hamucatu gopmyay Jlarpamxka aaa gysxmii f(r) = z° Ha BIAPI3KY
[a,b] i sanTy c. [loacauTu rpadiaso.

VII.88. Hamucatu dopmyay Jlarpamxa f(b) — f(a) = (b — a)f'(¢) naa
dbyuxmii f(x) = 2® i 3ganTH C.

VII1.89. Hamucatu dopmyray Jlarpamxa gia dyexmii f(z) = /T Ha BiApiaKy
[1;4] i 3HAWTH C.

VII.90. Iloxasatu, mwo HA BiApisKy [—1; 2] He MOXKHA 3aCTOCYBATH TEOPEMY

iy =1— Va2, Tloscauru rpadivso.
; oy [0

z
VIL.O1. Ilofynyeatu ayry AB xpuroi y

Jlarparxa 10 QyHKIIN 4y =

Tomy mHa ay3i He Ma€ OOTWYHOI, MO mapatenbHa xopai AB? flka 3 ymos
Teopemu Jlarpanxa TyT He BUKOHAHAT
VTI1.92. Hexan

f(w):{x opu |x| < 2,

1 mpu |z| > 2.

o6y ayearTu rpadik miei pyukuii i, Bassum ma mromy Touku O(0;0) i B(2;1),
mokasaru, mo Mixk O i B Ha n1poMy rpadiky HEMAE TOYKH, TOTUYHA B AKIU
Oyuaa 6 napasenbaa OB. flki ymoBu reopemu Jlarpanxka gas uiel GyHkuil Ha
Biapisky [0; 2] Bukonami, & axi mi?

VII.93. Bigomo, wo f(x) HenepepBHa HA BiApisky [a;b] i Mae noxiazHy B
KOXHIM To4mi inTepeany (a;b). 3actocysasmm Teopemy Pomta 1o GyHKIi

o(x)=|b fb) 1|,
a fla) 1

oTpuMaTu Teopemy Jlarpanxa. 3’AcyBaTu reomeTpudHe 3HaYeHHA P(1).
VII.94. 3a gomomorow dopmyan Komi gosecru: sxumo f(0) = f'(0) =
n
S)
=f"0)=..= f(n—l)(o) =0, To f(z) _ / (’f)7 1e0<O <1,
an n.
VII1.95. Hanucatu ¢opmyay Jlarpamxa i sHant ¢ 111 GyHKINN:
a) f(x) = arctgr ma Bigpisky [0;1];
6) f(x) = arcsinz ma Bigpisky [0; 1];
B) f(x) = Inz ma Bimpisky [1;2].
VI11.96. Hammcatn dopmyay Komi i smantu ¢ aas GyHKIin:
a) sinz 1 cosx Ha BiApisKy [O; g} ;

6) 2% i /7 ma Bigpisky [1;4].
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VIL.97. TloGyaysarn rpadik dyukmi y = |¢ — 1| #a Bigpisky [0;3]. Yomy
He MOMXKHA [IPOBECTH JOTUYHOI, 110 napajieabaa xopai? fIka 3 yMoB Teopemu
Jlarpanxa He BUKOHY€TBCA?

VII.98. B skifi Toumi foTwwHa J0 KpHBOi y = 4 — 27 mapatenbHa 10 XOpAH,
wo crarye ok A(—2;0) i B(1;3)7 Hosacautn rpadidso.

§8. PoakpurTs HeBuzHadenocten. [Ipasmio Jlomitans
1°. Hesusnauenicmy % Hepuie npasuao Jlonimaas.
Axmo:
1) dyukuii f(z) i ¢(z) Bu3HaYTeH] | HemepepBHi B JeAKOMY OKOJi TOYKH a, [e a —
qucao abo CUMBOI oo, 1 lim f(z)=1lim ¢(z)=0;
2) moxigmi f'(z) iJ'g;')E:c) iCH):Ig”;L B OKOJI TOYKH a, 33 BUHATKOM, MOXKJIWBO, Camol

TOYKH a, IPHIOMY OJHOYACHO He IIePEeTBOPIOIOTHCA B HYJb IIPHU T#4;

2°. Hesusznauenicms % Apyee npasuao Jonimaaa.

Axio

1) dyuknii f(«) i ¢(z) HecKilellllo BeJHKi IPA = >a, fe a — IHCIO abo CHMBOI 00§

2) moxigui f'(x) 1 ¢’ (z) ICHYIOTB B OKOJII TOYKH @, 38 BHHATKOM, MOXKJINBO, CAMO] TOIKH
a, IPUYOMY [JIA BCIX TOYOK IBOI'O OKOJIY, KPiM TOYKW a, BUKOHYETBCA CIIiBBIAHOIIEHHSA

£2(@) ¢ 2 (2)70;

) ) . . ()
3) icHye ckindeHHa ab0 HECKIHYEHHA T'PaHUIMA lim @)
xn =
To i ,
f(z) f'(x)

S o) T o)

VII.99. 3uanty rpaumi:

1) lim P JJ; 2) lim 6,—; 3) lim u; im 2 ;
z—=0 I z—0 sin 4z z—ra 7" — ™ z—1 In 5z
&) Tim s'%naac; 6) Tim chz — cosav; 7) lim e‘“”’— ebg”;
z—0 sin bx z—0 T2 z—0 s1n321
—arct ct —1 3t — 12t
8) lim L8 gy piy TEET T2 ) i 282 BT .
z—0 3 z—0 z2 z—0 3sindr — 12sin4x
1 —si . T _pT 1— cosx?
11)  lim ﬂ; 12) lim ai; 13) lim C,OST ;
/(20 (2az — m)? 20 tgT c—0 2 sinz?
In(si 1-— 1-—
14) T ROIAD) g LTcosar e, LT COST
z—0 ln(sin bx) =0 1 — cosbx z—=0 g2
— si tgx — si ¢
17) lim 2208 q8) fim 22 2R 49y i
=0 3 e—0 x —sinz z—+oo I3
e 1 1 t
20) lim —;  21) lim —;  22) lim ——; lim —2%.
r——o0 T3 o0 L z—0 Ctg.%' /2 tg 3z
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24) lim (7 — z)tg g; 25) lim «ln z; 26) lim z"e %
2 z—0

T—T z—too
1—2si 1-1 1

27) lim ST oMM, 28) lim j; 29) lim 67;

zon/6  COS3T zow/4 COS 2T =0 In(1 + 2z)

Loz ; 2 . s 1/(1—z).
30) }33“1 T 31) };%(1 — e*T) ctg x; 32) };ﬂx ;

1 1 .

33) lim (— - —2); 34) lim (2 + 2)Y/%;  35) lim 27;

z—=0 \ TSNz T z—0 z—0

36) lir%(sinx)tgr; 37) lim <1_|_ §> : 38) lim (2 — z)teme/2,
T—r T

T—+00 z—1

39) lim (tgz)®82®;  40) lin})(ctgx)smm.

z—m/4

VII1.100. [Tosectu, mo npu £ — 0
3
m—arctgmwg; a‘””—bwwmln%;
e?® — 1 — 2x ~ 2% 2z — In(1 + 2x) ~ 222

x
VII.101. [omectm, mo « — sinx ~ r npu r — 01 Tomy sinz = = 3

. z? o e
HOXUOKOI0, AKA HAOIMXKEHO TOPIBHIOE r O6uuciauru sin 1° 1 8in 6° 1 omiguTH

HOXnOKN!.
23
VII.102. JdosecTn, mo arcsins — x ~ 5 koau = — 0.

§9. ®opmyaa Temnopa

Axmo ¢yHknia y=f(z) BU3HaYeHa 1 HellepepBHA B OKOJl TOYKH T(, Ma€ HelepepB-
HI Y UBOMY OKOJI MOXiMHI IO n-I'0 MOPAJKY, & B TOUII x( HOXITHY n+1-T0 HOPAIKY, TO
CIpaBKyeThea hopmydaa Lernopa
1 111
x T
(1) Fla)=F(zo)+f (zo)(w—zo)+L ( 9 ()41 3<! 0 (1) +
F" (o),

LY B

e NTL (N
T—wo) TrR{X).

3alnIKOBUI e r, (z) y dopMyai (1) 3anmmcyoTs B OZHOMY 3 TPHOX BUAIB:
saavwrosut waen y gopmi Jazpandca

(n+1) O
T”(I):f ((Irtzil)'(a: z“))(m—m(,)(“’*l), (0<@<1);

saanuskosud waen y dopme Kow

FOT N (24 O(e—20))
n!

o (2)= (1—0)"(z—zy) "1, (0<O<1);

3aavwrosut waen y dopmi Ieano
o (2)=0((z—z0)™).
Axmo y dopmymi (1) zo=0, To ii HaszmBatoTh popmynoro Makinopena.

Ha migcrasi popmyan (1) MoxKeMo 3allICATH TaKi PO3BHHEHHA.
; 3 ,

2 n
1 E;l::1+z+Z_I_i_g_!_;,_..._t,_fl—!-i-o(zn .
3 5 2n—1

T

L sinw=a—r 4 57 (1" oy b=
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2 T 4 2n

II1. cos w:lf‘m—,Jr—,fer(fl)" C‘B—,Jro(wz""*'l).
ot (2n)!

2 3 ka
IV. In(14a)=2— 545 —4(-1)" " T=fo(a").

V. (1+a:)'”’:1+mz+m(7;!_1) I2+m(m—§?(m—2) I3+...+m(m—1).ﬁ.!(m—n+1) R
VII.103. f(z) — MHOrOWIEH YeTBEPTOrO CTemeHA. 3Hao4n, mo f(2) = —1,

f1(2) =0, f"(2) =2, f"(2) = =12, f1V(2) = 24, sanucaru el MHOrOWICH
ra spantu f(—1), f(0), f'(1).

VII1.104. [laa muorounena f(z) = x'° — 3z% + x® + 2 sanmucatu Tpu nepmi
9JICHH PO3BHHEHHA 33 (popMmy.Joro Temnopa B Touni zg = 1. 3HauTu HAGLU-
wene anagenns f(1,03).

VI11.105. 3nantn 3 Toanictio 1o 0,01 snadenns f(1,02), axkmo f(x) =z
—2%0 + 1.

VII.106. 3anucatu dopmyay Maxkmopena 3 3aJullIKOBAM TWIEHOM V hopMi
Heano aas QyHKuin:

a) flz) =sha; 6) f(x) =cha; B) flz)=e"; 1) flz)=In(l—2z?).
VII.107. 3amucaru dhopmyay Makmopena 3 3aJnIIKOBAM wICHOM Vv (hOopMi
Jlarpanxa ana gynkmin:

a) f(z) =1+ 6) f(z) = V1 +ua; B) f(x) = Ya™ + .
VII.108. dyuKIito ¥ = g T PO3BMHYTH 3a CTENEHAMU T J0 “WIEHa 3 T°.
VII1.109. @yukuio y = ¥ — 1 po3BuHyTH 34 CTeneHsAMHu ¥ — 1 10 <wIeHa 3
(x —1)3.

VII.110. Jlanmor, 3axpillieHui Ha KiHIAX, I BILIMBOM BJIACHOL BAT'W IIPO-

50 _

Bucae o JiHii y = ach —. Ilepesipuru, mo npn Mamux |x| popma JaHIOra
a
22
HaOANKEHO OMUCYETHCA TapadoIon § = a + 2
a

VII.111. Ha migcrasi ¢opMmyan Temaopa 3 3alUIIKOBAM WIEHOM V (POpMI
Jlarpamxa a6o Komi ominutu moxudbxy ¢popmy:

1 1

a) \3/1+w%1+§w—§x2,ﬂ1<m00§w§1;
1

6) tgx =z + gx?’, axmo |z] < 0,1;

v 1o, s 1 4 _
B)e? =14 w4+ o'+ =2 + —2*, axmo —0,5 <2 <0,5.

2 6 24
VII.112. Kopucryouct ¢popmyaoo Terwropa, obmeanTn rpamumi:
_ cosz —e /2 . a®+a =2
a) lim ——; r) lim ————;
z—0 54 z—0 72
1 1 .
6) li - — : li — 22 In(1 4+ 1/2));
) lim (x Sinx) ) lim (2 —2?In(1+1/1));

e’ sy I($+ ); e) ILm (\(VZEG _|_;p5—\0/x6—$5)-

z—0 (Eg
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§10. 3pocTanuda 1 cnaganaa PyHKIII.
Hanpsam onykiaocTi. ToYkH meperuny

Axwoe dyskuis y=7(z) Mac gogarHy (Big'eMuy) noxigny f' () Ha iHTepsadi (a,b), TO
BOHa 3pocTae (cllafga€) Ha IbOMY IHTepBall.

Osnauenns. I'padik gudepeHninoBHol (PyHKNI] Ha3UBaIOTh OILYKJIMM BHU3 (OIyKIHM
Bropy) Ha BIApI3KY [a,b], AKIO KpuBa y=f(z) (a<z<b) po3TamioBaHa BUIle (HUXKYE) JO-
THYHOI, M0 TpoBefieHa B 6y b-AKIN TOYIN MEOTO Binpizka. T0YKOIO0 MeperuHy Ha3WBaIOTh
TOYKY, B AKIA 3MIHIOETBCA HAIIPpAM ONYKIOCTI rpadika HyHKIII.

JlocTaTHBOIO YMOBOO ONYKJIOCT] Tpadika ABidi qudepenninoBroi GyHkil BHEA3 (yro-

py), € BukoHaHHs HepiBHOCTI £/ (2)>0 (f'(2)<0), KoIu a<z<b.

VII1.113. [locaignTn ¢byHKI HA 3DOCTAHHS 1 CIAIAHHSI:
2 3

§ — &) 9y — 9 n) y— - )y = In
Radiib] Y g hadi ) =)y I A e

jsV]
N
s

e 7Y 2
hadt) (e VA

|
sl

e

)y =¢"; €)y =4z — z”.
VII.114. BuaHaYuTU TPOMIKKY MOHOTOHHOCTI TaKUX (hyHKITIN:

. 2
a)y=2+x—z% 06)y=3+zr—1% B)y:—x‘; r)y =x+cosx;
14+ 22
22 .
o)y = x + |sin3z|; e)y=—; e)y =2z —lnaz2
eJJ

VII.115. [osecru, mo npu 30LILIMICHH] KIIEKOCTI CTOPIH 1 IIEPUMETDP P

NPaBUIBHOTO N-KyTHUKA, BIMCAHOIO B KOJO, 3pOCTae, a nmepumerp P, mpa-

BUJIBHOT'O N-KYTHUKA, OMUCAHOTO HABKOJO BOT'0 KOJIA, 3MEHIIYEThCA. BUKO-

prUCTOBYIOUN 1IeN (HAKT, TOBECTH, IO Pp, 1 P, MAKTL CHOUIBHY TPAHUIIO IIPU

n — oo.

VII.116. [locaignTy HA OTYKAICTH 1 mOGYyIyBATH KPUBI:

a)y=2% 06)y=2° Bly=e r)y=Inz 1)y=2"°

VII1.117. BusHa“MuTH IPpOMIKKH MOHOTOHHOCTI, TOUYKH MEPErnHY KPUBUX Ta

o6y 1yBaTH KPUBL:
3 2x

=1es D=l

x 2
a)y=--1% Oy=ec; By
611, ExcrpemyM (pyHKIIII.

Hau6inbie 1 HaMMeHIe 3Ha9eHHA (PYHKII1

DyrKnia f(x) Mae JOKATLHAN MaKCHMyM (MIHIMYM) ¥ TOYMI ¢, AKIO GYHKIIA BU3HA-
YeHa B OKOJI TOYKHU z( 1 AJIA BCIX TOYOK AeAKOl 0OJaCTi |z—z¢|<§ BUKOHYETHCSA HEPIBHICTDH

F@)<f(zo) (f(z)>F(z0)).

Heobxidna ymosa excmpemymy.

Toukw 3 o61acTi BU3HaYeHHA QYHKINII, B AKX MoXiAHA QYHKIIi He icHye abo fopiBHIOE
HYJIIO, HA3UBAIOTL KPUTHIHUMH TOYKAMU.

Pyrknia y=f(z) MOXKe MaTH eKCTPEMYM TUIBKH B TUX TOo4kax, ge f'(z)=0 abo He

icHye.
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Locmammi ymosu excmpemymy.

1. Axmo 1) pyskmia f(z) BU3HaYeHa | HellepepBHA B J@AKOMY OKOJ |z—z¢| <& KpuTHd-
HOl TOYUKH z¢; 2) f(z) Mae CKiHYeHHY ToXigHy f' () B obaacTi |z —xo|<é; 3) moxigHa f'(z)
3MIHIOE 3HAK TIPU TIepexofi Yepe3 TOYKY x(, TO B I TOUI (YHKI[A Mae JOKATLHUM eKc-

»_n

TpeMyM {MaKcuMyM, Koau f'(z) 3MiHIOe 3HaK 3 "+4” Ha =", i MiHIMyM, Koau f'(z) 3MiHIOE
3Hak 3 "—" Ha "+7).

1. Axmo dbyakmia f(z) gBiui gudepeHiToOBEA B OKOMI TOYKK g i B TOYI g BUKO-
HYIOTHCA YMOBU

F{z0)=0 i F' (z0)#£0,

To B Wil Toumi GyHKIiA f(z) Mae JOKaJIbLHAM eKcTpeMyM (MaxcumyM, axmo f''(wo)<0, i
MiHIMYM, AKio f'’(z¢)>0).

II1. Hexali pyukmis f(z) Mae B HedKOMY OKOJI TOYKH zo Ooxigai f'(z), f''(z),..

SO @) i £ (@), npwomy

133

f9N@0)=0 (k=1,...,n—1), £ (w0) 0.
Toai: 1) sikwio n — HmapHe YUCIO, TO B TOYII zg QYHKIIA f(z) Ma€ JIOKAIbLHHN eKCTPEMYM
(MaxcumyM, gKmo f™(z0)<0, 1 MiEIMyM, AKImo f"(z0)>0); 2) AKIO n — HeNapHe YHCIO,

TO B TO4I xp (PYHKIA f(z) eKCTpeMyMy He Mae.
Abcomomuud excmpemym.
Han6inbme (HaliMeHIIe) Ha BiApisKy [a,b] 3HaZeHHA HemepepBHOI dyHkuil f(z) gocs-

raeThcA abo B KPUTHYHIN To4li 1iel PpyHKIli, abo B KiHIAX OIHOTO BiApisKa.
VII1.118. 3HanTu JOKAJIBHI eKCTPEMYME (DYHKIIIN:

DHy=@-1"% Bly=|z+5); 6 y=a2+4+5;

3 3 4
7)y—4$4—%; 8)y:%—$2—3$; 9)y:1+2x2—%;
2
10)y:x— z3; 11)y:£+—’ 12) y = 23 — 622 + 9z — 4;
4 2 =z )
13) y = 222 — 2*; 14) y = a(z — 1)2(z — 2)%; 15)y=o + —;
x
2z 27 —3x 42
16) y = ——; 1My="-—- 18) v = V/2x — 22:
)y T2 )y oS )y =2z — 2%
10
19) y = ze™; 20) y = zlnz; 21y = ————
1—|—sma:

1
22) y:arctgx—iln(l—l—xz); 23) y = e“sinz.
VI1.119. 3nanTu HaUMEHIIE 1| HANOLIbIIE 3HAYCHHA TAKUX (DYHKIIIN:
a) f(z) = 2”3 Ha BiApisKky [—1;3];
(z) = 2* — 4z + 6 =Ha Bigpisxy [—3;10];
(x) = |x — 3z + 2| na Bigpizky [—10; 10];
(z)
() =

=)

=)

H

1
)=z —|— — ma Bigpisky [0,01;100];

)
) f
) f
) f
) f

V5 - 4:v Ha Bigpisky [—1;1].

A x
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VII1.120. PemiTkoro, gopxuna Akol 180 M, MOTPIOHO 3arOPOAUTH MPAMO-
KyTHY npucajubHy MIsSHKY HAUOLIBIIOL niom. BuaHavyuTn po3Mipu MpsAMo-
KYTHO] JiMAHKHA.

VII1.121. Poskaactu yncao 10 Ha 182 101aHKYN TaK, 1106 TOOYTOK IIUX THCET
6yB HaNOLIBIINIM.

VII1.122. Y TpukyTHHK 3 OCHOBOIO ¢ i BHCOTOI0 h BIHCAHO MPAMOKYTHUK
HanOLIBINOl mionn. BusnaunTu miomy IpaMOKyTHHUKA.

VI1I1.123. I3 xpaapaTHOr0 JUCTKA KAPTOHY 31 CTOPOHOK ¢ BUPI3AHO MO KyT-
Kax OJHAKOBI KBAAPATUKMA. 3 TIEl 4aCTUHU KADTOHY, IO 3AJUMIINIACH, CKJ/IE-
0I0TH MPAMOKYTHY KOpOOKy. SIkoio moBuHHA GyTH CTOPOHA KBAAPATHUKIB,
mo6 06’eM kOpoOKky GyB HAMOLILIIIAM !

VI1.124. BuszauuTy posmipu BIIKPATOrO OACENHY 3 KBAIDATHUM JHOM,
06’eM AKoro 32 M? Tax, 106 Ha OOIMIIOBAHHA CTiH 1 IHA MNLIa, HANMEHIIA
KIWTBKICTb MaTeplauy.

VII.125. BivHi cTOpOHU 1 MeHIIa OCHOBa Tparlelii fopiBHiTh 10 cMm. Bu-
3HAMMUTH 11 OLIBITY OCHOBY TaK, MIOH IJIONIA TPAMelil 0yIa HANOLIBIIA.
VII.126. Y miBkpyr BIKCAHO TPAIeIiio Tak, I0 il OCHOBOIO € AiaMeTp MiB-
Kpyra. BusnasuTy KyT Ipu OCHOBI Tparmerii Tak, mob rioma Tpamerii 6ya
HANGLILIIOI0.

VI1I1.127. Ilepepis TyHeasa mae GOPMY OPAMOKYTHUKA, IO 3aBEPIIYETHCS
miBgpyrom. Ilepumerp mepepisy 18 m. Ilpu sakomy papgiyci miBKpyra mioma
nepepisy 6y/e HANOLIBIION?

VII.128. [pa diTaku JeTATH B OJHIN ILIOMMHI IPAMOJIHINHO mig kyToMm 120°
3 OJHAKOBOIO MBYUIKICTIO U KM/T0H. Y TeAKWHA MOMEHT OIUH JIiTAK IPUICTIB
B TOYKY TIEPETHUHY JiHIN PYXy, & APYTUN He JOJETiB 10 Hel a kM. Uepes axuin
4ac BiACTaHb MikK JiTakamu Oy/e HAMEHIIOK i Y0MY BOHA JODIBHIOE?

XITT 100 N et e et Y
vil.ladJd. J CRKUIbKHN pdslB OU eM KYJIL

= R M ~ ) PR
8]

OLIbIINM Bl OO0 €My HaW

OLIBIIOTO
UUMIHAPA, U0 BOUCAHUN B II0 KYJIIO!

VII.130. /[pa xopugopu mmpunon 2,4 M i 1,6 M mepeTHHAIOTLCA i Ips-
MHAM KYTOM. BH3HAYMATH HAUOLILITY JOBXUHY JPAOHHH, IO MOKHA IPOHECTH
(TOPU3OHTANILHO) 3 OAHOTO KOPUAOPY B IHIIHN.

VII.131. ¥ xouyc 3 pajgiycoMm 4 aMm i BUCOTOW 6 1M BOUCAHO UMIIHIP HAU-
6ilnpimoro o6’emy. 3HaUTH 06’€M UBOrO UWIIHIDA.

VII.132. VY miekpyr pafgiyca R BOUCAHO TPAMOKYTHUK HAUGLIBIION TLIOTIT.
O64uCaUTH UOr0 PO3MIDH.

VI1.133. Ha napaSoaiy = 22 3HAHTH HAROMIKYY 0O IPAMOL y = 24 — 4 TOUKY.
VII1.134. Kapruna Bucuts Ha crini. Hmxmin ii xkinens ma b cM, a BepxHIN Ha
@ CM BHIIE ovel cmocTepirada. Ha gaxin BizcTaml Bim CTIHK NOBHHEH CTATU
cuocrepirad, wob po3AuBUTUCA KAPTUHY 14 HANOLIbIIMM Ky TOM?
VIL.135. VY mopaMoxyTnu# TPUKYTIHK 3 TiooTermy3010 8 c¢Mm i kyrom 60°
BOUCAHO IPSAMOKYTHUK, OCHOBA, AKOT'O JEXUTh HA rinoTenysi. Axi moBuHHI
OyTy PO3MIpH HNPAMOKY THUKA, 1106 KOro ILIoma 0yJ/ia HAUOLILIIOn !
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VII1.136. 3anano touxu A(0;3) 1 B(4;5). Ha oci Ox swantn Touky M Tax,
o6 eigctanb S = AM + M B 6yna HaOLIbIIO0.

VII1.137. 3 xpyra BHUpI3a€TbCA CEKTOP, IO MICTUTh KyT &, & MOTIM CeK-
TOP 3ropTaeThCA B KOHyC. [lpu axkomy sHadeHHI KyTa « 06’eM KoHyca Oyjae
HanOLILIIIM?

VII.138. 3anexHicTb MiX BUTpaTaM# BUPOOHMIITBA 1 06’€éMOM BHIYCKY
npoAyKmili Bupaxaerses dyukmieo y = 10r — 0,042%. g axoro o6’emy
BUNIYCKY IPOAVKILI 3aTpaT BUPOOHUNTBA Oy YT MAKCUMAJBLHIMIU !
VII1.139. O6car mpoaykii «, BUMYIIEHOI OpUTaf0i0 pOOITHUKIB, 33 Ta€TLC
PIBHAHHAM U = —%tg + %tz + 100t + 50, ne { — poGouum 4ac y roiuHax.
Hepes ckiIbKI 4Yacy MCAsS MOYaTKy poO0Yoro AHA NPOAYKTHUBHICTH MpAaIlll
OyJe MAaKCUMAJIBLHOK!

VII.140. IIporuosna niHa akimii Mae BUNIAL Cyp = Coﬁ, ne Co —
MIOYATKOBA WiHA, ' — BiIHOCHUN MpUGYTOK KOPIOPAIii, c; — qacTKa mpubyT-
Ky, BUIICHA HA BUILIATY AWBIACHIIB, re — HanedEKTUBHIIIA CTABKA, PeiH-
BecTHUIii AuBineHiB. [HBECTOP IPOAaB aKIiio 3 XapakTepucTukaMu r = 0, 2,
re = 0,5 1 kynus axmito 3 xapaxkrepuctukamu r = 0,4, r. = 0,5. Ilpu sxomy
3HAYEHHI § 11 OMepAllis IPUHece HAUOUILIINN O9iKyBaHUN TPUOYTOK?

§12. ITo6yaosa rpadikis GyHKIIA

Naa nobynosu rpadika dyHKUil y=f(z) noTpibHO:

1) sHaUTH 06nacTh BU3HAMEHHS (QYHKINI;

2) mepesipuTH ii NapHICTH, HEMAPHICTD 1 MEPlOAUTHICTE;

3) BU3HAYATU TOYKH MEPETUHY 3 ocAMU Oz 1 Oy;

4) 3HaUTH TOYKM po3pWBY (PYHKHI] i MPOMIKKKN HelepepBHOCTI Ta AOCIIAATH MOBe-
MiHKY QYHKII Ha KIiHIAX OTPOMIXKIB HEIIEPePBHOCTI;

5) BU3HA4MTA LPOMIKKN 3POCLaHHs | CluasadHds PyHKUIL, TO4KN eKCIrpemMymy;

6) BU3HAYATU HANPAM ONYKJIOCTI 1 TOYKH ITeperuny;

8) mobyaysaTu rpadik dyHKIii.

[Ipn BukoHaHHI MyHKTY 4 Tpeba 3HANTH aCHMIITOTH I'padikKa, AKIIO BOHU ICHYIOTb.

Axmo lim  f(z)=+4c0, To IpAMa z=a € BepTUKAILHOIO ACHMITOTOIO KPUBOl y=f(z).

z—a$0
Sxmo icHyoTh CKiHYeHHI IpaHnmi lim @:k, i lim [f(z)—kz]=b, To IpaMa y=
w—= 4o @ — 4o

—kr+b € TOXUIOK acCUMIITOTOI KpuBOl rpadika PHyHKIN, Koan z—+co. Tak caMo 3HAXO-

AATH NOXWUIY aCUMITOTY, KOJIH T — —o0.

VII1.141. 3HanTH ACUMITOTH KPUBHUX:

2\ ? 1 2241 z?
Dy=(1-2),; 2)y=—a+—; 3Ny=o "7 4)y=—\
)y ( x) Jy=-—x+ 5 3)y o )y o

z? 2 2 —z—1 1—4x
By=—— 6y=--1; TNy=—"—"—"; 8)y=—"—:;
Jy=57 0y Fi )y - 8y=1 g0
9) e 10) 2 arct 11) tg ——

= ; =X — Z2arctgz; = arc .
Y= o y g; y & —
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12)y=va?+1-Va’ -1  B)y=va?+1+ Ve’ -1

1 ° 2 —x
VII.142. JocmianTy $HyHKINIO Ta NOOYIYBATH 11 Ipadik:
2
1) y = 4o — 2% 2) y =%+ 2x — 3; 3Ny= $9;
xz—2
1)y = . 272, 5 y=vVa®-1, 6)y= .
y 42 ? y I y 1+I‘2’
—6 13 2
Ny=""0 0 sy=at(-a) 9y=e
141
10) y = # + cos 2x na iHTepBadi (—7;7); 1) y= + HI;

= v/sin2?; 16) y = Ver” —1; 17) y = sina?* + cost x;

o VTTE 19y — sy L
- ’ YT D@ -4 Yoty

21) y = Ql—?’; 22) y = z + In(cosz); 23) y = Inv1+22 —
22 —
arctg x;
24) y = |z (z +2);  25)y=ae™"  26)y=2z—3Vz%

Yy
y = x — arctg 2z; 13) y = xe /2 14)y =z Inaz;
Y
)

—1)? 2.
oy = U sy ympe i g =a i
30) y = sin 2 — x Ha iHTepBAaT (—g; g), 31) y = 3zt — 823 + 627,
. Inz
32) y = x + arcctg 2x; 33) y = 2sinx + cos 2x; 34)1/:7;
3—a? 1 (4 —2)° .
35) y = ; 36)y = — 3Ny=—"=; 38)y=ae "
Jv="7"5 Jy=a+— )y 92— 1) )y=ae
123/ (z + 2)? 222 — 1
39) y = 32% — 523, 40)y=—"L— "  Al)y= .
) y = 3z — ba’; )y e )y T
. 1+z+z
42)y = (1 -2 (1 —23); 3N y=—""=; 44)y = 2v/—x;
Jy=(1-2)(1-27); VY=o )y =2 +2v/~a;
(z +3)3 e s
45) y = W; 46) y = v/1 — cos z; 47) y = e " sin” 7.
T

VI1.143. [locniauTu napaMeTpUIHO 3a1aHy (PYHKIINIO Ta 100y 1yBaTH 11 rpa-

dik:
Da=0343t+1, y=3-3t+1; Dur=—1 y=—"
3)x=tet, y=te '
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£13. HaGauxkeHe po3B’A3yBaHHA PIBHAHL

1°. Budisenna dilicnozo Kopensa pieuanna f(z)=0.

fAxmo f(a) 1 f(b) MalOThL Pi3HI 3HAKW, & f(z) HellepepBHA Ha BIAPI3KY [a,b], TO MiXK a
1 b MicTuTbCA KOpinb piBHAHHA f(z)=0. fxmo, kpim Toro, f'(z)#0 Ha BIAPI3KY [a,b], TO
el KOpiHb €WHUA.

2°. Memod zopd nabaudcenozo po3s’asysanns pienanna f(z)=0.

Hexan f(a)f(b)<0 i f'(x)#£0, xoam xC(a;b), ToAl AK Ileplle HaOIUXKEHHA KOPEHA PiB-

HAHHA f(2)=0 BUGMpPacMo TOUKY w1 (puc. 15), mus sxol

HacTynme HabIMXKeHHsA 3HAXOTUMO, 3aCTOCOBYIOUH IO XK (POPMYAy 10 TOTO 3 MIPO-
MIXKIB [a,z1], [*1,b], Ha AsKOoMY (pYHKIiA HaGyBae 3HadeHb pi3HUX 3HaKiB. [Ipolec npunu-
HAETHCS, KOIW HACTYIIHEe HAGIMKEHHS BiAPI3A€THCA Bijl MOMEPETHBLOTO MeHIe, HiXK 3aaHa
TOYHICTDH 3HAXOMKEHHA PO3B A3KY.

v b
) o ———————

a b
A
i far
Puc. 15 Puc. 16
3°.Memod domuunuz (memod Heiomona).
Hexat f(a)f(b)<01i ' (2)#£0, Koau z€(a;b) i Hexall ¢y — TOH i3 KiHIIB Bigpiska [a,b],

Ha gKkoMy f(zo)-f(z0)>0. Toxl mocaifoBHUMY HaGAMXKEeHHAME KOPeHsA ¢ Oy1yTh TOUYKHU T,
[IepeTUHY 3 Bicclo Oz TOTHYHHX A0 KPUBOI y=f(z) B TOYKaX (Tn_1,f(zn_1)) (puc. 16),
SAK1 BU3HAYAIOTLCA 38 HOpMYJIOIo

f(w'n,—l)

Tn=Tn—1—" f’(wn—l)

4°. Memod imepayit.

(n=1,2,3,...).

SAxmoe piBHAHHEA f(z)=0 MOXHa 3BECTH [0 BUTIANY z=¢(z), IPUUYOMY B AeIKOMY OKO-
gl xkopens |’ (z)|<0<1 1 zg — HOBIIBHE HHUCIO 3 IBOI'O OKOLY, TO 301KHa IOCHIJOBHICTH

HaOAMXKeHb PO3B’A3KIB PIBHAHHA MaTHUMe BUIVIAA z1—¢(zq), z2=¢(x1), zz=p(x2),...

VII1.144. 3azano pisasauana f(x) = 2*—2—10 = 0. CkracTu TabIuIo 3HAKIB

dyukmii f(z) ga 2 = 0,1,2,..., BUSHAYNTHA MeXi PO3MINICHHA AOAATHOIO
KOpeHA N 064YncauTy 1oro 3 TounicTo 0,01 3a [OIOMOTro0 MeTOY X0pa abo
JOTUTHUX.

VI1.145. Ilo6ygypapmu rpadixn dynxmii y = x* ta, y = 15—3z, pusnasmrn
Mexi po3MimenHs Kopesie pieagmHa 2 4+ 3z — 15 = 0 i o6umcanTn ix 3
TounicTio 0,01.
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VII.146. 3 rounictio 0,01 sHauTH 10JAATHI KOPEHI PiBHAHD:

a) % + 50z — 60 = 0; 6) 23 +x—32=0.
VII1.147. MeTogoM iTepariit sHaiTy gificHi KopeHi pibHArHEA £° +22—8 = 0,
OBYMCTIOIYY TTOCT TOBHI HAGTMKEHHS 32 GOPMYIOn T = /8 — 21,
VII.148. MerozgomM iTepaliil 3HaUTH IIMCHI KOPEHI PIBHAHL:

a) 2 +60r —80=0;6) 2° =4x;8) 2® + 2o+ =0;1) 2* - 22 -2 =0.
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PO341J VIII
IHTETPAJIBHE TMCJIEHHI CDYHK]_IIfI OOHIET 3SMIHHOI
¢1. HeBusHadeHNH IHTerpaj

1°. O3nauenns HEBUSHAUEHO20 IHMESPAAA

Dyuknia F(z) Ha3sHBaeThCA MePBICHO M GYHKINI f(z), Akmo F'(z)=f(=z).

HeBusHadeHnM IHTerpazoM [ f(a:)da; Ha3MBA€ThCA MHOXKUHE BCIX HePBICHUX QYHK-
mii f(z)

[ r(@)yde=r(z)+C.

2°. Baacmusocmi nesuanauero20 iwmezpatd.

L d [ ude=udx 01 | Auwde=A [ wde
J ’ | J :
17 { gm0 v (ioninde— dea [ wdr
L du=utl. . jlutvyde=j ude+ | vdz.
3°. Tabauys 0CHOBHUT THMERD AALE.
1. f m""dm:%—kc, (n#£-1). 7. f (‘U‘i"' =tga+C.
2. f ‘%:ln lz|+C. 8. f ‘;ié lv——ctgz—&-C.
3. f e’ de=e”+4C. 9. f 1_*_1"2 =arctgz+C.
4. fa dm:lu - +C. 10. f \/1_2=arcsinx+0.
11—

5. fcoswdm:sinm-}—c. 11. f 1_1‘v2:%1n| }fi +C.
6. fsinwdwzfcoswﬁ»c. 12. f ﬁ:ln|$+\/$2:&1\+0.

4°, Ocnoo6nt mMemodu MMmeepysaniia.

1. Bsedeuna noeo2o apaymenmy.

Axmo [ f(z) de=F(z)+C, To f f(u) du=F(u)+C, fe u=¢(x) — HelepepBHO JubepeH-
miioBHa GYHKIIA.

2. Bamina 3minnoi.

Axmo f(z) — uenepepsHa, TO NpuUAHABIIKM = (t), Te p(t) — HelepepBHa pa3oM 3i
CBOEI0 TIOXiAHOW GYHKINA, OTPUMAEMO

[ £y da=[ £p(£))! (t) dt
3. Inmeepysanna 4acmunamu.

Axuo ulz) 1 v(z) — audepenirioBHi QyHKILI, TO

fudv:uvffvdu.

VIII.1. 3manTyu igTerpain:
1 22+ 2+ 1) de; 2) Mdm 3) [==2dx; 4) EHD” g
5) S dn 6) (5 - M) dr; 7) [ 52 da; 8) [ S g
z + Jx) dz; 10 dx; 11 dx;
)f(f o) >f(f ) ) J R
Z; 13) [e® (1 — &) da; 14) [a® (1 + 2= ) dax;
2 [drdn 1) Jer(1-5) di 1) fa (14 25) d
15) | =225 —dx; 16 + 2+ %) dy; 1 sin$ —cos % z;
>f e dz; 16) [ (3 + 2 + 55) dw; 17) [ (sin§ £)’ d

cos2 zsin? ¢ e
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8) [e® (1 + %) dz; 19) [ ctg’zdz; 20) [ m_‘;ﬁ; ) [tg’z dx;
2) [sin® Z da; 23) [ cos® £ du; 24) [ (HT — ﬁ) da;

25) [ 152:26) [ar (1457 ) do;27) [ 15500 4y 28) [ 2260 g,

VIIIL.2. 3uautu inTerpain:

1) fcos3udr; 2) [—=%—; 3) [(e"/?+e */?)dx; 4) [VAr —1dz;

5) f@B=2x)"dx; 6) [V5—6xdx; T) f\/gdfﬁ, 8) [(e® +e ") dx;
9) [sin®z cos zdx; 10) [ \/%; 11) [ cos(a — bz) dz;

12 fsm(a—bx) de; 13) [ FA=tmde; 14) [ 5555 15) [ 5

16) [ = ng,; 17) [ctgrdz; 18) [tgxdx; 19) fisincows jfm dx;
20 1+S§ncoms T dx 21) , 1+c§zif1 T dx’ 22) j w(lifn w)’
23) [sin®x cos xdr; 24) [cos® z sin wdy;  25) [<2gdr,

o

6) [ sin z de, 27) [ i=Eces® gy 28) [sin  cos xdz;

cos3 x sin? @

)
)
) J
)
)
29) [V1+3ads;  30) [V1-2232%dr;  31) [ A
)
)
)
)
)

2) [4L Cj:”; € de; 33) [ e ® sin x du; 34) [esn® cos xdx;

35) [e” a* x dx; 36) feﬁdf”; 37) [xvVa? + ldz;

38) [Va® =8 aPdw; 39) [l 40) [ ALy 41) [ pmLdey
42) [tnzdr. g3y [T+ 4dsinz cos zdr; 44) [ V1 — 625 2 dr;
45 fltlinjw dr;  46) fezamg dr;  47) %; 48) f(a_d#)g

VIII.3. Hosectu, mo

o

d 1

nf a?%:ﬁ = arctg% + C, npunussmz & = atgt;
T x

2) f \/ﬁ = arcsing + C, HpI/II/UIHﬂBHII/I x=aQa Sin t,

dx

_ p) o 2 —

3) [ NeEy il In |z 4+ Va2 + k| + C, nputtuasum 22 + k =t — x;

dzx 1 r—a 1 1
4:) fm = % ln ;p—f—a +C, BanyBaBLHI/I, 1o m = %X

(=)
X — .
r—a zT+a
VIII.4. BuxopucToByounu GOpPMYJIH IONEPEIHBOl 3a1a4i, 3HAUTH IHTerpa-
JIN:
dr . dx ., dr . de .,
D[+ 2/ #5 39 /i5= 9 #F= 5)I¢T—47
1 1 . iz
6) J (5 + 7)d:v, N (= 7) A 8) [ 572 de;
"Idw, . dr z-dzx, zdx
9) 10) | = +3, 11) f ——5 12) f4+w0, 13) fm,

221
16) [ 2=de 17) [ 582 du;

W) [ 19) [ o



18 f3x 4d£E f _xtl f z+1 d.%' 21) ;rzdm,

Ve 4 =y

. dx . dx . z%de . eV dx .

22) [ 5% fm’ 24)fm7 25) =5 26) [ =5
czde . dx . da . dx .
27) f 4+O 257 28) f 224424290 29) f 2 _2x45) 30 f V2 243"

. dx . dx .
3) [ 2= 32) [ 7= 33) [ =%y 34) fm’
dz . dz . cdr .
35) [ == 36) [ == 370 [F8T 38) [ =
Bxaziexa. Y npukiagax 21, 22 moTpiGHO B I JIHTETrPAIbHOMY HEIIPaBUIBHOMY Apo61
BAILINTY Iy dacTuHy. B npukmagax 23 — 38 Tpeba 3 KBaApaTHOrO TpUULIeHa BUILIATH

MIOBHUU KBaapaT.

VIIL.5. IuTerpymoun JacTUHAME, 3HAUTH IHTETDAJIH:
1) [Inzdz; 2) fxln(x —1)de; 3) fxe*™dx; 4) [zarctgzdx;

5) [«?cos @ du; 6) [esinwx dz; 7) [(Inz)?dw; 8) sffnirw;
) flnzde. () f“c\s/li%dﬂ 11) [arcsine drv; 12) [23e % dx;
) [ In(z? + 1) du; 14) [ cos(ln z) d 5) [ Vx In z dzx;
6) [2?e~*/2dx; 17) [arctgx da; f — z; 19) [ €® cos z dux;
f“csmz dz: 21) [ zeospdr, 22) [arctgyv2z — 1dz.

§2. InTerpyBaHHA palioHATLHUX (YHKIIN

Axmo miginTerpaibaa GYHKIA € HeIPaBUWILHUM IpoGoM, To Tpeba BUIIIATH 3 HHOT'O
UiJgy JacTUHY.
Sfki1o 3HAMEHHVK TPaBUJIBLHOTO Npody PO3KIANAeThCA Ha MHOKHUKU BUIVIALY (z—a)®

i (2% 4pz+q)”, ne p?<dg, TO MPABWILHUN Api6 TaK PO3KIATACTLCT Ha CyMy eJeMeHTapHIX

npobiB:
Pa) _ A Ao
(:),'—u)“‘(:l:2+p:l:+q)/”7?”T1“'+(l—u AR Py L
Mqw+Nq Mow+ Ny Mgw+Ng
+ 41‘,2+p:):+q+ (w2 4puta)f toot (a2 4prta)f
TyT P(z) — HOJIHOM CTelleH HUXKYOr0, HiK CTeliHb 3HAMEHHUKA.
.6. YUCIUTH IHTEIPATH:
VIIL.6. O6uuc erpaJ
zde zde . . z°—1 .
1) J (1) (2a11)’ 2) | 5259 f6m e A [ e dws
320 da 2024 A1e—91 (222-5) da —5 .
5) f (2z2—1) (422 16:c+15) 6) f (z—1)(z+3)(z—4)’ f 21522 +6) 5z2+6
5 4 G
x+w*—8 . € dx . 20—y +3¢L — 92 +4
8) f z3—4z dx; 9) f m4—3x2+2dx’ 10) f z0—5z3+4x dx.

VIIL.7. O6uucainTy inTerpain:
223z b ‘ 23 . 23— ™
1) f( 3z42)d 0 2) fmgjmlzd:z:' 3) fﬁjigdx’ 4) ff—zzdx;

z(z 2+2$+1) 5z3+6x2
O ety O metendn 1) [ S
VIIL.8. O6uyncanTu iHTErpaIn:
D[ D F 9 EE 9 (j”” :f;jl da
kg w0 [ ﬁd 7 [ tide;
f:(vx;rfz)% 9) f (g;2+9 ;10 f($2+1 ;1) f(;vJ%w)z

99



VIIIL.9. 3acrocoytoun metonq OcTporpaacsKoro, O0YNCINTH IHTErPAIn:

D [ ooty 2 o 3) [ Aaatisdn 4) [

§3.JeTerpyBaHHsS TPUTOHOMETPHYHNX GYHKIIN

1°. IaTerpaiu BijJ HapHUX CTEIEHIB CHHYCA 1 KOCHHYCa MYKAIOTh, BUKOPUCTOBYIOYH

GdopMyIn TOHMNKEHHA CTelleHsa

2 1—cos 2,

sin® = 5 ; sin @ cos z=

2 os 2
cos? g Licos 2 :

sin 2u
3 R

2°. IuTerpaiu Bi[ HeMapHUX CTEMEHIB cHHyca abo KOCHHYca IIYKAIOTh BHECEHHAM
mig gudepenmian oguic 3 nuxX GYHKINN i BUpaxKeHHAM ii depes inmy. Hanpukman,

. 2 2 2
fsm3 z cos” v de=— f(lfcos‘ x) cos” x dcos x.

3°. ImTerpanau BUrIARY fR(sin z,cosz)dz, fe R — palioHalbHa (DYHKIA, MOXYTh

6yTH 3BeleHUMH [0 1HTerpaja BijJ pallioHaJbHOI (GPYHKITI IiICTaHOBKOIO

2t LL’Li 2t
1—¢2 1+1,2}

oy . ot 1-t2
bg=i (sne=s2, cose=igr, e
VIII.10. 3uauTn inTerpaan:
1) [sin? 3xdw; 2) [(1+2cos ) dr; 3) [(1—sin 22)? da; 4) [ cost z du;
5) [(1 4 3cos 2x)%dx; 6) [sin*zdw; 7) [sin® v cos? z dw; 8) [ cos® z da;
9) [sinwcos’wdr;  10) [sin*zcos*xdr;  11) [sin®zcos® x du;
12) [sin® xde;  13) [sin®zcosPwdr;  14) [sin® 2 cos® z du;
15) [ cos” x da; 16) [(1 4 2cos z)? du; 17) [(1 4 2sin x) dz;

cos® x dx sin® x dx dz dz
18) [T gy p LA gy oy O
1 sin? ) cos? ¢ ) sin 2z ) sin z
dx €O8 T +8in x_

22 2 24) [tgbede; 2 S
)fcosx’ 3) J <in 27 ) [tg’xde; 25) [etg’zda

VIIL.11. 3maurn inTerpasm:
1) [sin 3zsin xdz; 2) [sin 3z cos xdx; 3) [sin 3zsin 5z du;

™

4) [sin (x + %) cosxzdr; 5) [sin (53; - Z) Cos (a: + g) dz;
6) [ cos mzcos nxdr; 7) [sin masin nzdr; 8) [sin mx cos nx dz.
Bxasziexa. 3acTocyliTe dhopMyIn
sin a cos ﬁ:%[sin (a+3)+sin (a—0)], cos o cos 5:%[cos (a+B)+cos (a—0)],
sin a sin B=1[cos (a—f)—cos (a+3)].

VIIIL.12. Imrerpyounm 9acTuHAMM, JOBECTU (GOPMYIN ~TOHWKEHHS CTEe-

Hﬂ”

. 1 Lo n—1 L
/sm”xdx:——cosx sin" 1z + sin" 2z dx,
n n

1 . n—1
/ coszdr = —sin z cos™ lxz + cos™ 2z dx.
. n n .

Kopucryounck mamu hopMyTaMu, 3HANTH
1) [ sin® 2 da; 2) [cos® zdx.
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VIIL.13. 3umautu inTerpaim:
dx dz dz
>f(sinx+coszv)2 )fsmx—l—cosx )fasmx—i—bcos:v
dz dx . 2 —sinz dz
o) o

5) [ 6) [ o 7)) [

5+4cosz’ 1+tgx’ 24 cosx 1+sin2x;
dx dx dx
8 ;9 ;10 _—
>f5—4sinx+3cosac7 )f4+tga;+4ctga37 )fsina:—}—QSecar’
dx ) dx . dx

1) f 2) J 3) J

a?sin? z + b2 cos? 1 —sina’ 4+ 5sin?x — 3cos?
VIIIL.14. 3HaIU/ITI/I iHTeraJ'II/I 3POOUBIIH ni;LCTaHOBKy BUTVIALY T —a = btgt:
]-) f - 2\2§ 2) f \MQ\?i 3) f : 4) f ﬁdx
J \“’ TF ) \/f +3 \&TeadTo)

§4. InTerpyBaHHA AeAKHX IppaliOHAJILHOCTEH

1°. luTerpaxa
f R(m, N aerb) dx,
ne R(z,y) — pallioHaIbHa (YHKIA, 3BOAUTLCA AO iHTerpaia Bl pallloHaJbHOl (hyHKII
3aMiHOIO az+b=t", a IHTerpas
fR(z'", '{/m)z'”_ldm

— 3aMIHOWO ax'™ +b=t".

f Max+N
(x—a)Vax24bate
0GYHCTIOEThCA 3aMiHOIO v—a=1.
3°. InTerpaau BUrIALY
[ R(z VaZ—z2) dz Ta [
J / J
06GYUCIIOITE BiANOBIAHO 3aMiHAMU z=asin t Ta z=atgt.

4°. 3 igTerpaia

1
[‘ agz’ +a1$'” +...+an
Va2 +be+c
MOKHa BUIIUTH alreGpUaHy JacTHHY

"

age” a1 "+ Hay, m—1 da
(1 S/ N =(Apa" T ot A )W A [ 8,

ne W=+vaz24+br+c. HepusHadeHi KoedilliecHTH A; BU3HAYalOTh IiclId AUdbepeHIiIOBaHHA
piBHocTi (1).

5°. Iarerpan Big gudepeHniaibHOTO GiIHOMA

f " (a+bx™)? da,

ne m,n 1 p — pallioHaJbHI YUCIa, 3BOAUTLC [0 IHTerpajia Bij pamioHaibuol GyHKI Julire
y TPHOX BHIATKAX:

1) samiHOIO z=t", fe s — CIIILHUU 3HAMEHHHK m 1 n, AKIIO p — Iijle THCIO0;
ml

n

2) 3aMiHOIO atbz"=t", 1e s — 3HAMEHHUK p, KOIN — MiJe 9ucio;

+p — IijJe YUcIo.

3) samiHOIO % +b=t", e s — 3HaMeHHHK p, Koan 2+l
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VIII 15 BI/IKOpI/ICTOBYIO‘{I/I TiCTAHOBKY 1°, 3HAUTH IHTErpaIn:
f 3:c—|—1 2) f : z dx : 3) f . dx :
3z+1 \/2x+1+1 \/5+\/3§
. z%dx . z dx
fx\/a—:vd:v, 5 | o 6) [ =

VIII.16. Buxopucroyro4n miacTanoBky 2°, 3HANTH iHTErpaIm:

dx . dx . dx . dx
V= D imrsy 3 smee Y oo
VIIIL.17. BI/IKOpI/ICTOByIO‘{I/I ni,ZLCTaHOBKI/I 3°, 3HaﬁTH iHTerpam:
1) [Va? — 22 da; fa; V4 —aczdm 3) [ V34 2z — a2 du;
dx . z2dx 22dx
Ve Ve 9 e
VIII.18. 3uanuTu iHTerpaiu, BUKOPUCTOBYIOYUN IPABIIO 4°:
132 T T ar P
)fﬁt”dx; 2)f\/32d17127 3) [Va? +kdx; 4) [ V2ax — 22 da.
VIII.19. 3uanTu inTerpaiu Big gudepeHniajbanx OiHOMIB:
x T . x . 25 da
1) f z :1d1_|_m3; 2) f =3 ?d‘)_mi” 3) f 2 2 \3) 4) (n‘fhm%)wz :

{11 ,+2Y3
Vi T LoV a—x ERVAS S sty

VIII.20. 3HaﬁTH iHTeraJm
. Vzdx, T .
f “3m+1 17' fﬁ+174)f s/md’m’
x—i—l 23 de . zdzx . 23 de .
f dx 6) f Vo2 H1-1' 7) fa:2+2+2 1422  8) f2+\/m7
—dr;

. dx . 22 de
fﬁ 0 eover W i 12)

13) [ V4z + 22 dx; 14) f%; 15) fm’ 16) fgﬂm;
17) [ —A=:18) [ m?im;w)fﬁoj—mzow%d

B%aslfma B mpukmrani 12 3pOOHTH 3aMiHy z=2sin> t.

§5. InTerpyBaHHA AeiKUX TPAHCHEHIeHTHUX (PYyHKIIN

InTerpan fR ) dz ofuucIOeThCA 3aMiHOO e’ =t, z=In t, dz="1t.
pik &t FlHep60JIl‘IHI/IX GYHKIIH CIpaBIKYIOTHCA Taki POpMYIN MOHUXKEHHS CTeleHs:
sh 2 ch =212 ch? g=h2edl sh? g ch2e=1

VIIL.21. 3nauTw imTerpaim:
2

1) [Srde 2) [orde 3) forde ) [etldy 5) [a%eVPdn.
VIIL.22. 3uanTy inTerpain:

1) [sh¥zde; 2) [sh®zch®xde; 3) [ch*azde; 4) [sh?zch®zda;

5) [thade; 6) [cth®xdr; 7) [sh2zch3zde; 8) [ch2xch3ada;

9) [Vthxdr; 10) [shazsinbrdz; 11) [shaxcosbz dz.

66. Pisni OpuKIagu Ha iHTerpyBaHHa QYyHKIIA

VIIL.23. 3nauTu iHTerpaim:
J‘ \/mdr ) 2) J‘ arctgz dx 3) f dx 4) dx

1+4z2 T taa?) Ttsin @

fm 6) [z cos®wdr; T) [ e 8) [/ 1rs du;
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2 P 2 .
9) [22E8 10) [atglodss 11) [z 1) [ gheds
13) fﬁ%, 14) f@:;Tbde 15) f 4+m07 16) IM{W,
17) [ orteei 18) [ 25555 19) [ VI = 22 — 22 dx; 20) [ e
21) [ =2 da; 22) fw 23) | e 24) [ctgtadr;
g U (201 1)(1++/22+1) )
25) [ YASZ gy 26) [ gy 97) [T gy 0g) [__dv .
J z? ! /J cos 3z 7 / J sin 3z ! 7 \/w+a+\/5’

29 fmjif; 30) [ Z=L dr; 31) [ MER2E gy

f dz 1;
f alCSln\/_ d.T 35) f sin 2z d 36) f cos 2x dx

costz sin? @

1+tgm’
37 fln(cos a:) dz 38) f eaa:_ew d.ZL'; 39) fsm ?zw7 40) f ln(zl—zl)dz;

)

)

) T cos®

41) f\/mdx 42) fH_sdlﬁ, 43) [ 29— 44) [e Ve da;
)
)
)

f arctgv/z de | 6 f Vigzrdz 47) f ln(z2+1) dz; 48) f o* dx .

\f ’ sin 2z a2"'+1’

2
53 f(z d_4; 54) f_zmgliztwl -d;p; 55) f—ciﬁné”j'_z dx; 56) ;14.

§7. O6uncaeHHsA BU3HAYCHUX IHTErpaiB

1°. Inmeezpaa 6 cenci Pimana. Hexall Ha npoMixkKy [a,b] BUsHavYeHa obMexeHa (HyH-

xuisa f(z). Posi6’emo mpoMikoK [a,b] Ha n 9acTHH TOUKaMU a=zg<z1<z2< <z,=b. Ha

KOXKHOMY IPOMIXKKY (z;_1,%;) BUGepeMo TOBLIBHY TOYKY &; 1 CKIaZEMO CyMy Z fl&i) Az,

=1
n

ne Ax;=x;—xv,_1. CyMma BUTIALY Z f(€i)A x; HasHBAeTbCA IHTErpPaJbHOIO CyMOIO, & i
i=1
T'paHUNA IPU maxA z;=X—0, AKIIO BOHA iCHY€ i CKiHYeHHa He3aJeKHO Bil cIocoby po3ouT-

TA Ta BI/I60py TO'IOK IIa ejJeMellTax IT,YOZ36I/IT’I‘JI7 IIa3UBaCTLC BHU3HATICIINM iIITeraJIOM Birl[

¢yHKII f(z) y MeXax BT a Jo b:
ff x)de= 11111 Z FlEDNA ;.

DyHKig f(z) B UBOMY BUNAJKY Ha3UBAETHCA IHTEIDOBHOK Ha MPOMIKKY [a,b].
2°. Dopmyaa Heromona-Jetdbniya. Hexan f(z) Bu3HadeHa 1 HemepepBHa Ha [a,b] 1

F(z) — ii nepsicHa. Tonai cupaBaxyeTbesa popMya
ff do=F(x)|’=F(b)~F(a).

3°. Bamina sminnod. SIkmo:

1) dysKUia f(z) HemepepBHaA Ha BiApi3Ky [a, b];

2) ¢dyskuia ¢(l) HenmepepBHa pa3oM 31 CBO€ MOXinHOIO ¢’ () Ha Bigpisky [w,0], ge
a=p(a), b=¢(B);

3) ckaagena dbyHkuia f(p(t)) BU3HaYeHa | HelepepBHa Ha [a,[], T

b B8
[ 1@ da= [ rle(e)e’ () dt.

a 183
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4°. Inmeepyeanna vacmunamu. ko f(z) 1 g(z) HemepepBHI pa3oM 31 cBOIMU IIOXI-

MTHUMU Ha BiApi3Ky [a,b], TO

b b
J f@)g' (@) de=f(2)g(2)|,~ [ £ (2)g(2) da.

a a

VIIL.24. CkaaBimum iHTerpaibHi CyMU i TEPEUIIOBIIN 0 MPAHUIN, 3HAUTH
IHTerpaJan:
[

) [fade; 2) [2*de; 3) [e"dx; 4) [sin zd.
0 0 0 0
VIIL.25. O6uncauTn:

ot o f(sn XY e fpstan n [ L
1) | 2%dx; 2 x+—> dx; 3 2 —z|dx; 4 ==
1 1 3 0 _12 V1—a?
; roodr f s dx
5 rde; 6) [ ——:; 7) [VI4azdr; 8) [ ————
)1f\/_ )J\/9—x2 )J )_j;(11+5at)3
16 dx e’ dx ¢1+4+logox
9 [———; 10) [ ——; 11) [ ———dx;
)Of\/fv+9—\/§ ){:z:\/l—i—lnx )“1[ ’
12) j\a 3dx . 13) “j\/g dx . 14) ;690/5 dx: 15) f($2 CLI) dr
02—z n a2 422’ o ’ 5
3 dx V3 T dz /6 dx /6
1 — 1 - .1 ; .
6) ‘! ek f \/——ycz 8) Tjs I 9) of sin 6z dx;

dx dx /31 + tglx
L 21)f Do) 5T
Va2 +1 V-1 oa (1+1tgz)

22 dx /2 dx

1
J
0
1
. . 25 .
{1+M’ of\/—— )_;[/21—}—(:0833’
1
J
0
1
J
0

2
5
—

zdz L dx a/2 z
T o co28) [ = day
(22 +1)%’ )Ofew—l—l’ )Of a—x

dI ) Trf/Z . d ) ﬂfZ ) d
—_ 30 cos® zsin2x dx; 31 sin x cos® x dux;
22 +4x+5’ 5 ’ o ’

—m/4

w

b

=
B

z2va — 22 dw; 33)

3 2
cos” r dr a4 f dx
1

,7!/2 Vsing z+ a3’

J
0
1 71'/2
35) [we™* du; 36) f xcosxdx; 37) fln(oL—i—l)dLL 38) f\/l—f—ﬂduL
0
8 xdw L xdx ”/3 zdx
39 ;40 ;41 . 42) [z3sinzdx;
)‘3[\/14——96 )Ofl—i-ﬁ )W{lsinzx )Of
4 dr L e dg /2 9
43 —44) [ ————: 45 e** cos r dr; 46)
Warr e | | e
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5 xd:v \/E . 71'/2 7r/4 5
47) | ——; 48 2 — x2dx; 49 x cosx dx; 50 tgex dx;
) [ [ Vem s o) ] ) [

V3 3 T /4
51) [ dix‘; 52) d—$2; 53) fsin6 gdx; 54) [ cos’ 2z dx;
1 (14 22)3 1T+ 0 2 0
/4 rsing 2 23de /2 dz
55) [ 28000 56) [ —— Y . 57
) ({ otz ) ‘Ofﬂc’2—1’>ﬂc4—27 )

o 2cosz+3
t8. CepeaHe 3HAYEHHS (PYHKIIi]

1°. Cepedue snauenns gymnryii. Yucao

b
Mfl=5= [ f(x)de

HA3UBA€THCA CepejHIM 3HadeHHAM (QYHKI f(x) Ha IPOMIKKY [a,b|.

fAxmoe Ha TpOMIXKKY [a,b] GYHKIIA f(x) HellepepBHa, TO ICHYy€e TOYKa cE(a,b) TaKa, IO

M[f1=f(e).

2°, Iepuwa meopema npo cepedne. Skio:
1) dbyrknii f(z) 1 ¢(z) oOMexKeH] U IHTeIrpoBaHi Ha NPOMIXKY |a,bl;
2) dyHKNIA p(x) 36epirac 3HaK IpU a<z<b,

TO

b b
[ i@ e@) de=un [ o(2) da,

ae m<pu<M 1im= inf f(z), M= sup f(z).

x€fa.b] w €. D]

fxmo, kpiM Toro, GpyHKIIA f(z) HemepepBHA Ha NPOMIKKY [a,b], TO u=f(c), ge a<c<b.
3°. Apyea meopema npo cepedne. SKmmo:

1) dyrknii f(z) i ¢(z) oGMexkeHi I iHTerpoBaHi Ha IPOMIXKY [a,b];

2) GyHKNIA (2) MOHOTOHHA, KOIHA a<z<b,
TO

b I3 b
3elad]: [ F2)o(x) de=p(at0) [ f(z)det+o(6—0) [ F(x)da.

3
SAkio, KkpiM TOro, GYHKIIA ¢(x) MOHOTOHHO CIaJHA Ta HEBil €éMHa, TO

b &
[ f@) e(2) do=p(a+0) [ f(z)da;

a a

AKIIO K (DYHKIA () MOHOTOHHO 3pOCTalo4a i HeBijJl €MHa, TO

@

b b
[ @) e(x) de=p(6-0) [ f(z)da.
€
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VIIL.26. Busmauntu cepenne 3uadeHHs GyHKIL:
1) y = sinx Ha Bigpisky [0, 7];
2} y = tgx Ha Bigpisky [0, 7/3];
3) y = Inz wa Bigpisxy [1,€];
4) y = 2 na Bigpisky |[a, b];

5) y = —— ma Biapiaky [—1,1].
) 1 + zz . [ ? ] . -
Y KOXHOMY NPUKJIALL MO3HAYMUTH HA MpadlKy CeperHe 3HAYeHHs (BYHKIIL
Ta TOYKY, B AKII BOHO TOCATAETHCA.

VIIL.27. BusnauynTn sHAKNM TaKUNX BU3HAUYEHMX 1HTErpaTiB:

27 27 sinx 2 1
1) [zsinzdz; 2) [ dr; 3) [ 2%2%dz; 4) [ 2?lnxdz.
0 0 -2 1/2
VIIIL.28. IlopiBHATHM 3HAYEHHS 1HTETPAJIB:

71'/2 77/2 ) 1 1 .
1) [ sinzdri [ sin?zdz; 2) [e™dzi [e™™ dx.
0 0 0

0
VIII.29. OuinuTy inTerpaJn:

3.5 .2 2 .2 5 /4 5/2
x°dx x5 +5 . xdx
[ ; 2)f2—+d:z:; 3) [ (L+sin’z)ds; 4) [ —.
1521 o ¥°+2 /4 i lte
VIII.30. BuxopucTOBYIOHH IEPIIYy TEOPEMY IPO CepegHe, OMIHUTHU iHTer-
panan:
27 dz 1 xf)
D[ 2)[———=da
o 1+ 0,5cosx o Vi+=zx
VIIL.31. BukopucToByo4du Apyry TEOPEMY PO CepEemHE, OMIHUTHU IHTer-
panan:
2007 ; b ‘
1) D da 2) [sinz?dz (a <z <b).
1007 & a

89, HepJsacTuBI IHTerpain

1°. Heesaacmusud inwmeepas nepwozo pody. HAxmo dbyuKmis f(z) iHTerposaHa Ha

KOXKHOMY CKIHYEHHOMY HMPOMIXKKY [a,b], TO
+> . b
f flz) dz(;f lim ff(m) de.
b—=+4oc
a

a

HepsacTuBHE IHTErpaJ MMEPIIOTO POAY HA3WBAETHCA 361KHUM, AKIIO IPAHUIL ¥ Ipa-
BIM TacTWHI PIBHOCTI iCHY€ Ta CKiHYeHHa, 1 Po36iKHAM — B iHIINX BANAIKAX.
2°. Hesaacmusud inmezpaa dpyzoeo pody. SfAxmo dyHkuis f(z) HeobMexeHa B

NesIKOMY OKOJII TOYKM b, aje IHTerpoBaHa Ha KOXKHOMY MPOMIXKKY [a,b—e], (€>>0), TO
b Tet b—e
ff(oc) dz™ lim f fz)de.
: esto

HepaacTuBui iHTErpat IPYTOTO POAY HA3UBACTHC 361KHUM, AKIIO TPAHUI ¥ TpaBii
YACTUHI PIBHOCTI ICHY€ Ta CKIHYEHHA, 1 POo36IXKHUM — B iHIIUX BUIIAIKaX.
3°. O3naku 3619CHOCTE HEBAACTNUBUT IHIMESPAALE.

1. Axmo 0< f(2)<¢(z), kKoau z>a, TO:

106



4+ +oc

f f(z) dz 36iraeTbcs, AKIIO 30iraeThes f w(z)dz;
Joe NI

f ¢(z) de po36iraeThes, AKIO PO36IKHNN f o(z)dz.

(43 a
+oc —+ o
II. Axmo f(2)>01 f(z)=0"{(p(z)), KoM z—+oo, TO iIHTETrpaAIH f flz)dz i f o(z)dx
36iraoTbesa a6o po3biraloThbCs OJHOYACHO. ’
4+

III. Axmo f(z)>01 f(:v):O*(#), KOJIU T—+00, TO IHTErpal f f(=z) dz 36iraeTbes,
KOoJu p>1, 1 pos3biraeTnbes, Koau p< 1. '
v
Axmo x f(z)>01 f(z)=0" (W), Konu x—b—0, To iHTerpal f f(z) dz 36iraeThbed,

KoJu p<1, 1 po3biraeThes, Koau p>1.
IV. Ozunaxa Aipixae. SIkmo f(x) — HellepepBHa Ha |a,+00) 1 Mae oOMexeHy Ha |a,+0o0)
@
=t

IepBicHY F(m):f f(t)dt, a g(z) — MOHOTOHHO cHaJjHa Ha [a,+o0), OIpEIoMy lim g{z)=0,

+
TO f f(z)g(z) de 36LKHAN.

a

+>x
Osnaxa Abeas. Sxmo g(z) — MoHOTOHHA U oOMekeHa Ha [a,+00), & f f(z)dx
- a
36iraeTnes, TO f f(z)g(z) de — 36lkHMN.
VIIL.32. O6umcauTy iHTerpaan abo TOBECTH iX PO3OIKHICTD:
> dx °°dx °° dx °° dx °dx
1 —; 2 —: 3 —; 4 —: 5 —dz, (a > 0);
G T T 9T 8 G > 0)
1 1 dI —+oo dI o0
6) [ Inxzdx; 7 —_ 8 — 9) | e~ *dux;
] W= e 9
oo 2 o dx oo dx oo
10) [ ze™™ dzx; 11 — 1) [ ———— 13) [a?e %/ (x;
)of )“1[1+9?2 )“1[:762\/:762—1 )of
% dx T dx ®arctgx dr dz

_a A g [ AABTAT gy AT
1+ a? 5 ava? —1 )1f z2 )1f(:ﬂ+1)2’

T dx o xdx oo dx
1 . 1 . 2 .
8),{0 (z2 +1)2’ 9)7L$2+1’ O),L (22 +2x +2)2’
21) f:v3e"””2d:z:; 22) [wsinzdzr; 23) [e V®dr; 24) [e sinz;
0 0 0 0
°© dz e rdr L dx g dx
25 —; 28 ;
HWire O arme® i ¥ ya—p
2 dx 2 xdr 2 dx 2 dz
29 - ;30 ;31 P 32) f Y—;
W mvs O = Wle—o 2oy



1 1/e 5 .
I el Err el P
VIII. 33 ,ZIOCJH,E[HTH lHTeraJII/I Ha 361)KHICE£ o
f — f —— 3 “[de 0 Lfsmma;dj?
T\/;d—gc. 6) feﬂz dx; 7) szé; 8) Q‘OO sin” x dz:
9) T%y 10) jfo% da; 11) TW%U(M; 12) Tﬁe‘wdx;
® L 1 2
fff/mﬂ .14)£$1jfn$;15)0f\/% Of 3 1_d22)5

$10. O6UUCIEeHHA IO

1°. Iaowa Kpusoainitinol mpaneyli 6 npAMoKymHIt cucmemt xKoopduwam. Ilioma S
naockoi pirypu AA; By B, 1o o6MexeHa ABOMa HellepepBHUMYU KPUBUMH y—y1(z) i y—y=(z)

(y2(2)>y1(z)) 1 ABOMa mpaMuMEu z=a 1 2=b (a<b) (puc.17, a) oGUHCIIOETHCA 3a (HOPMYIOIO

b
5= [Ty2(e)—y1(2)] d=
a
2°. IHaowa Pieypu, obmedxncenoi Kpusorw, wo 3adaHa NAPAMEMPUUHUM DISHAHHIM.
HAxmo z=2z(t) i y=y(t) (0<t<T) — mapaMeTPUYH] PIBHAHHA KYCKOBO INIAZKOI IPOCTOI 3aM-
KHyTOol KpuBol C, AKa IpHu 06X0Il MPOTH MOJUHHUKOBOI CTPLIKH o6Mexye 3aiBa Big cebe
pirypy 3 mromermo S, TO

T T T
1
S=— [yma' @) dt=[=(t)y' () dt  a60  S=7 [[=(Oy' (=" B)p()] dt.
0 0 0
3°. Ilaowa naockoi Pieypu, 3adanoi 6 noaapnur xoopdunamaxz. Ilnoma S cekTopa
OAB (puc. 17, 6), 06MexXeHOr0 HENEPEPBHOI KPUBOIO B HMOIAPHUX KOOpAMHATaX r=7(p) 1

IBOMa MIBIPAMUMHA p=a i =03, (a<3), TODPIBHIOE

y
=3y(%)
i "Bl B
A
5 ot r=rip)
aq
9] b x 4
Pl =e o *
a 6
Puc. 17
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VIIL.34. O6uncantu miorn GIiryp, 0OMeXeHUX JIHIAMH, 0 33,/aHl B OpPSI-
MOKYTHIA CHCTEMI KOODIWHAT:
Hy=4-2%y=0; 2)36—24—?;—2—1’ 3)y=6x—2% y=0;
Hy=a3y=8,x=0; Syl=1—w,0=-3; 6) vy +at = 2%
7)4y—x2 y?=4dx; 8)ay=6,2+y—-7=0; Ny=2% 2+y=0;
y—|10g1090| y=0,z=0,1,z = 10; 1My=3-2x—122 y =0;
y=224+4x +5, 2 =0,y =0 i MiHIMAIEHOW OpIMHATOW;
y2 =2z, x="h 14)3/—7“ y=2—2a%
=4, x=1,2=4,3y=0; 16) y=Inz, z =€,y =0;
y2:2a:+4,a3—0, 18) y? = 2%, y =8, x = 0;
2=(4-2)% 1=0; 20)y:4$+x2,y:x+4;
21) a®y? = 2% (2a—x);  22) (y—a): =2 x=1;

‘)‘2\ TIeTIIeIO V'rwmm 4(7/2 — Tz\ + 3 = 0;

10)
12)
13)
15)
17)
19) y

24) HeTIen cTpodoin y (2a —2) =a(x — a)%;

25) oauieio niBxBuiero cunycoigu y = sinz iy = 0.
VIIL.35. O6uncanty mwiommn $hiryp, oOMe)eHnx JiHIAMHA, IO 3a1aHl mapa-
METPUIHO:

1) oguiero apkoro nukaoiin x = a(t —sint), y = a(l — cos t) i Biccwo Ox;

2) acTpoigow ¢ = a cost, y = a sin® t;

3N x =212,y =212 13

4) z = a(2cost — cos2t), y = a(2sint — sin 2t).
VIIL.36. O6uucanTn miomi iryp, oOMexeHUX JiHIAMY, 110 334aHl B MIO-
JAPHUX KOOPJUHATAX:

1) memuickaroro Bepuyni r? = a? cos 2¢; 2) kapaioigowo r = a(l —cosp);

3)r=acos2¢; 4)r=asin3y; 5)r=acos3y; 6)r =asin2yp.
VIII.37. O6uucanTu miomy ceKTopa r = %7 % < <27

VIIIL.38. O6uucantu miomy (hirypu, 0OMeKeHOl JiHAMM:
1) r =a(l +sin®2¢), r = a;
) p=4dr—r3 p=0; 3)p=r—sinr, @=m.
VIIIL.39. O6uucantu mromy (pirypu, 00MeXeHol 3aMKHYTOI0 KPUBOIO

_ 2at it
TR A
1
VIII.40. O69ucaAnTH IIOMULY, IO MICTUTHCA MiXK JOKOHOM §f = T i 1oro
z

ACHMIITOTOIO.

. . 2 ¢ R
VIII.41. O64mcauTu IOy, IO MICTATBCA MiX KPHUBOIO § = x e " /2
ACUMITOTOW Iiel kpueoi (z > 0).
3
VIIL.42. O64YucInTi IIOMY, IO MiCTHTBCA Mix Imcoigoio y2 = 5 iii
a—2z

ACUMIITOTOIO.
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§11. O6uncaeHHa JOBXWH IyT KPUBUX

1°. [fosxcurna 0y2u naockoi Kpusoi 6 NPAMOKYMHUT Koopduramaz. JJOBXKUHA AYTH

raajkol HelmepepBHO gudepeHIinoBanol kKpuBol y=y(xz) (a<zx<b) KOpIBHIOE

b
s:f +/ 1+y’2($) dz.

50 o JPPs

7T aaicainea st RHiiEos i
27, [ 08UHCUHG 0Y2U KPUueol, uj

Napamen

3adaha WpukHo. SIKINO KphBa 3ajaia piBi-
HuAMU z=z(t), y=y(t) (to <t<T), ne z(t), y(t) — HenepepBHO AUbepeHIiioBani GYHKII] Ha

BIAPI3KY [to,7T], TO ZOBXWHA TYyT'M KPUBOI NOPIBHIOE

T
s= [ /=2 (42 (1) de.

to
Has npocTopoBoi kpuBoi z==x(t), y=y(t), z==(¢) (t¢<t<T) NOBXKUHA AYTHU

T
s:f Ve 2(0)+y 2 (1) 22 (1) de.
to
3°. /fososcuna dyzu naockoi kpusoi 6 noaspnur xoopduwamazr. Axmo r=r{yp) (a<

<@<fB), me r{p) — HemepepBHO AudepeHiinoBana GYHKINA Ha BIAPI3KY [a,[], TO TOBXKUHA
IYTHU KPUBO1 JOPIBHIOE

A
s= [ V/r2(e)+r2 () dp.

VIII.43. DBusna4durtu IOBXKUHU IyD KPUBUX:

. 4
1) y*> = 5(2 — )%, BigTaToi mpamoro z = —1;
2
2) y:ln(sinx) Bi;[:l?: % oo xr = ?ﬂ-;

3)y=1In(1-2?) Bi,zpa::—i g0 x = %;
4) y? = 2pz, BigTATOl IpAMOIO T = g;

5) y? = z%, migrsaToi npsaMo T = é;

6) y? = (x + 1)3, Bigrarol npsmow = = 4;
Ny= g — 1, BigTarol siccio Ox;

)y = ach% MiX OpAMUMI & = =+a;
9)y:1anig$:%A0m:%.

VII1.44. BusHa<uTu JOBXUHE IYyD [MAPAMETPHUIHO 33TAHUX INIOCKUX KPU-
BUX:

1) oguol apxu nuxaoian x = a(t —sint), y = a(l — cos t);

. ‘ ¢ , ‘
2) xkpuBoi 1 = t2, y = 3~ 2 MixX TOYKaMH; HepeTHHY 3 Biccio O;
to t
3) xpuBol x = 5 y=2- 7 MIXK TOYKAMHM MEPETUHY 3 OCAMU KOODIU-

HaT.
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VIII.45. BussaynTu AOBXUHU AYT WIOCKUX KPUBUX, HOMEPEIHBO 3ATUCAB-
I iX PIBHAHHS y mapaMeTpudHin dhopMi:
) ) ) N 2/3 y\2/3
1) 22 +y? = o 2) 2%/3 +y2/3 = a?/3; 3) (—) +<Z) =1
a

VIII1.46. BussHa4uTy IOBXKUHU IYT HAPAMETPHUTIHO 3a1AHUX KPUBUX:

1) z = acost, y =asint, z = ht, 0<t< 27

2) x = elcost, y = elsint, z =¢f, —c0 <t <0

3) x = at, y = V3abt?, = =2bt3, 0<t<t.
VIII1.47. BusHauuTy IOBXKWHU IyT KPUBUX, 3aJaHUX Y MOJAPHUX KOODIU-
HATAX:

1) xapgioiau r = a(l + cos p);

2) WepUIOro 3aBUTKA CHipadi ApxiMena 1 = ap;

3) Bciel kpuBol r = a sin® L

€

812, O6uncaenns o6’eMiB

1°. Obuucaenna 06’ emy miaa 3a sidomumy nonepeunumy nepepizamu. Skimo o6’em
Tina V icHye 1 S=S(z) (a<z<b) — mioma nepepisy TiJa IIOMHUHOIO, IO MepIeH [UKY AApHa

no oci Oz B Touml z (puc. 18, a), To

2°. 06’em miaa obepmanna. O6’cM Tida, yTBOpeHOT0o 00epTaHHAM HABKOJO oci Oz
KpupoJininnol Tpanenii a<z<b, 0<y<y(z), ge y(x) — HemepepBHa Ha [a,b] QYHKIIL
(puc. 18, 6), nopiBHIOE
v
V=n [\yg(z) dz.

a

Puc. 18

VIIL.48. O6uucautu 06’eM TiIa 0OMEXKEHOTO MOBEPXHIMMA:
HBz+y+z=a, =0, y=0, z=0;

2 2 2
D +y? =22 2=h; 3)§+b_‘2+c_2:l;
2 oy P ‘ ‘
4) S +5 ==, 2=¢ S*+4=1, P+4°=82, 2=0.

VIII1.49. O6uncautu 06’€M ropuIa, OCHOBOK AKOTO € IPAMOKYTHUK 31 CTO-
pouamu a i b, Bepxue pebpo AOpIBHIOE ¢, a BucoTa — h.
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VIIL.50. O6uucantu 06'e€M 3pi3aHOro KOHYCa, OCHOBAME AKOTO € €INCH 3
miBocamu A, B i a, b, a Bucora nopieHioe h.

VIIL.51. BusuauuTu 06’€M Tila, YTBOPEHOrO 00€pTAHHAM (Ppirypu, oOMe-
JKEHOl JHIAMHA:

) 2y .
2) PR 1, y = b maskomo oci Oy;
3) ¥y = 2pz, = h HaBKOJO OCi OT;
4) y? = (z + 4)3, z = 0 masxoxo oci Oy;
5) y2 =4 — z, ¢ = 0 naskoxo oci Oy;
6) y = sinz (oamiew miBxBuew) y = 0 HABKOIO OCi OZ;
7) 22 —y? = 4, y = +2 maskono oci Oy;
8)y = . —:M’ z = %1, y = 0 maskoao oci Ox;
22y
9) ol + ol 1 maBkom0 oci Oy;
10) (y — a)? = az, z = 0, y = 2a HaBkoa0 oci Oz
11) y = cosx, y = —1 mapkoao opamol y = —1 opu —7 < & < 7
12) y = zv/—z, x = —4, y = 0 maskoo oci Oy;
13) y = cos (x — —) =0,y =0 (upm x > 0) BaBkoxo oci Ox
2
Myy=a- Z—, T + y = @ maBkouo oci Oy;
15) x2/3 + y2/3 = a?/? maekouo oci Oz;
16) y = 23, z = 0, y = 8 maBKkom0 oci Oy;
17) 22 — y? = a2, v = +2a maBxomo oci Oz;
) I

19) (y — 3)2 4+ 3z = 0, = —3 marxos0 oci Ox.
VIIL.52. 3mautu 06’eM Tiaa, yTBOPEHOro o6epTaHHAM NET/Il KPUBOL T =
=2t —t?, y = 4t — ¢* maBkouo:

1) oci Oz; 2) oci Oy.
VIIL.53. O6uncantu 06’eM Tina, YTBOPEHOT'O OOEPTAHHAM ILIOCKOL (PIrypu
B IOJAPHUX koopamHaTax r = a (1 + cos¢) (O < p < 27) HABKOJO:

1) moaapuol oci; 2) mpaMol 1 cos p = ——.

4

VIIL.54. O6uucantu 06’eMm Tina, yrBopeHOro obepranasM Qirypu, obme-
KeHOI JiHiAME ¢ = 77>, ¢ = 7, HABKOMIO TIOIAPHOL 0ci.
VIIL.55. O6uncanty 06’e€M Tila, YTBOPEHOrO 0OEPTAHHAM IMCOiAM y° =

3
x -

= HAaBKOJO 11 aCUMITOTH.

2a —
VIIL.56. 3nantu o6’em Tita, yrBopeHoro obepranaamM HaBkoJao oci Ox He-

. . . 1 1 .
CKIHY€HHOl TLIKHA KPUBOL §f = 2 <— —— | opuz > L

r T
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$13. O6uucaeHHaA IO MOBEPXOHL O00epTaHHSA

Iaowa noseprni, YTBOPEHOI 06epTaHHAM YU MMaAKol KpUBOi y—f(z), a<z<b HaB-

Koao ocl Oz, JOPIBHIOE

b
P=2r f lyl ds(z), ne ds(z)=+/dz?+dy? — pudepenuiaa gyru.

a

VIIL.57. 3HAWTH IO MOBEPXOHb, YTBOPEHUX OOEPTAHHAM KPUBUX:

Hy= 35\/% (0 < x < a) vaBkoao oci Ox;

2) y = acos % (|| < b) HaBkoaO OCi Oz
3 y=tgx 0<a< ;) HaBKOMIO oci O;
4) y? = 2px (0 <z < x9) HABKOJIO:
a) ocl Oz; 6) oci Oy;
5) x=a(t—sint), y = a(l —cost) (0 <t < 27) HABKOUIO:
a) oci Ou; 6) oci Oy; B) upsamol y = 2q;

6) r=acos®t,y=a sin® ¢t maBKoI0 IpAMOl y = ;
7) r = a (1 + €os ) HABKOJIO MOIAPHOL OC;
8) r2 = a? cos 2¢ HaBKOJIO:

_ 7
; B) oci p = —.

a) TOJLAPHOI Oci; 0) oci p =

N |

814, Immi 3agadi Ha 3acTOCYBAaHHsA BH3HAYEHOr'O IHTerpajia

VIIIL.58. I'pebus mae ¢popmy Tpamenii 3 BEPXHBOIO OCHOBOI) ¢, HUKHBOIO —
b (b < a) i BUCOTOW0 h. 3HAUTH TUCK BOAU HA I'PebIIIO.

VIII1.59. BusHadyuTu TUCK BOIHU HA BEPTUKAJILHUY TIBKPYT, AiaMeTp d AKOro
nepebyBae Ha IOBEPXHI BOIU.

VIII.60. BusnaquTy THCK BOAW HA BEPTHKAJILHY TPUKYTHY ILIACTUHY BU-
cOTOK0 h, OCHOBA @ AKOI € HA MMOBEPXHI BON.

VIIL.61. BusHaunTu THCK BOAN HA BEPTUKAIBHY TPUKYTHY INIACTUHY BUCO-
TOI0 h, OCHOBA @ AKOl apajeJbHa IO TOBEPXHI BOAN, a MPOTUICKHA BEPIITHHA,
nepeOyBa€e Ha IIOBEPXHI BOIH.

VIII.62. 3uanTtn rinuuy d, Ha AKIN BEPTUKATLHUN TPAMOKYTHHU LT3
BHUCOTOIO h PO3ALIAETLCA Ha OBl YACTUHU, TUCK BOIK Ha AKI OJHAKOBUH.
VIIL.63. fAxy pobory Tpeba s3aTpaTuTH, 00 TIIHATH TLIO MACOK m 3
MIOBEPXHI 36MJI1 HA BUCOTY A HAJ 3CMJICIO!

BxasziBka. CxopucraiTech THM, IO CUIA, 3 AKOIO 3eMJId IPATATYE TiI0, 06epHEeHO
NPOMNOpIifHa KBagpaToBi BigcTaHi Tijga Bif IeHTpa 3eMii i TOpPiBHIOE mg Ha MOBEPXHI
3eMi.

VIII.64. Ilipamiga Xeomca € NPaBWIBHOK YOTHPUKYTHOIO TipaMizow 31
croponow ocuoBu 200 u i Bucoroo 140 x. Aky pob6oTy HA ITOLOMAHHA CUIA
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Barm MOTPIOGHO OYJI0 BMKOHATH TPHU MOOYIOBI MipaMimn, AKIIO TUTOMA Bara
KaMeHI0, 3 AKOT'0 BOHa, 30y10BaHa, JOpiBHIOE 2500 K1’ /MS.
VIIL.65. /lepes’asHun TOMIABOK MUIHAPUYIHOI (GOPMU 3 TLIOMIEH OCHOBU
S = 4000 cm® i Bucororo H = 50 cm mmaeae v Bozi. Slky po6Gory mort-
pifHO BUKOHATH, 06 MOBHICTIO 3aHypuTh noro y eoay? ([ycruma gepesa
0,8 2/cm3).
VIIL.66. Axy pobory Tpeba sarparuTu, mod BUKAYATH BOAY 3 IWIIHAPA
pagiycom R i BucoTowo h?
VIIL.67. Axy poGoTy nOTpidHO 3aTpaTuTh, o6 BUKaYaTH BOAY 3 HIBC(hEPHU
pagiycom R?
VIIL.68. [Ipa eqexTpudnux 3apam q1 = 6.67-107° Ki g = 10-107° K pos-
MimieHi B moBiTpi Ha Bigcrani 10 cx omun Big oxHoro. fky poboTy BUKOHAE
CIJIa, eJIEKTPUYHOL B3AEMOIIL, TIEPEMIMTYIOUN 3aPAT (=:

a) Ha BigcTamb 30 cm BiT ¢1; 6) B HECKIHYEHHICTE !

BxasiBka. Cura B3aeMogii TBOX eleKTPUIHUX 3apPAJiB BH3HAYAETHLCA 3AKOHOM
Kyaona F:%, 1€ ¢1,92 — BeJUYHMHHU 3apAMiB, £0=8,85-10"'% & /m — yHiBepcalbHa
eleKTPUYIHA CTala, ¢ — JieJeKTPUIHa IPOHUKHICTEL CepeNoBUINa {11 NOBITpA ex1), r —
BIJICTaHDb MiXK 3apsJgaMu.

VIIL.69. 3 akoio CWIOH HECKIHYCHHA MPAMA PIBHOMIPHO MO3UTUBHO 3aPAI-
JKEHA 3 JIIHINHOI rycTnHon ¢ K /M i€ HA OJMHUYHNUN NO3UTHUBHUU 3aDAL,
110 nepefyBae Ha BigcTaHl a m Big Hei?

VIIL.70. 3HauTu cTaTUYHI MOMEHTH IIOJ0 KOOPAUHATHUX OCeH 1 KOOpIu-
HaTHu HeHTpa Mac JiHll y =a —z, 0 <z < a.

VIIL.71. 3pauTu cTaTwvdi MOMEHTH 100 KOOPAUHATHUX OCEH 1 KOOpgu-
HATW TIEHTPa Mac TPUKYTHUKA, oOMexeHoro miuaiasmu ¢ =0, y =0, z +y =
=aq.

VIIL.72. 3HanTu CTATHYHI MOMEHTH IIOA0 KOOPIUHATHUX OCEN I KOOPIH-
HATHU NEHTPa Mac TBKoaIa y = Va2 — x2.

VIIL.73. 3pauTu crarmddi MOMEHTH IIOJ0 KOODAUHATHUX OCEH 1 KOODJu-
HaTH nenTpa Mac miekpyra 0 <y < va? — z2.

VIIL.74. 35alTN CTATUYHI MOMEHTH 100 KOOPJUHATHAX OCEH 1 KOO JuHA-
TH HEeHTPa Mac QIirypu, 0OMEeKEHOI OCAMU KOOD IUHAT Ta KPUBOIO /T + VY=
Va.

VIIL.75. 3HauTu MOMEHTH iHepIil NPAMOKYTHHKA 3 OCHOBOIO & 1 BUCOTOIO
b moxo NOro CTOpIH Ta IOLO OCEH CHMETPil.

VIIL.76. 3mauTu MOoMeHT iHepuii miBkoaa 3 pagiycoMm R momgo Horo miamer-
pa.

VIIL.77. 3umanTu MOMEHT 1HepIli mBKpyra 3 pagiycoM R 11010 1oro aamMer-
pa.

VIII.78. IlpogykTuBHICTE mpali OPOTArOM BOCHMEUI'OIMHHOIO POOOYOrO
JHA BU3HAYAETHCA PiBHICTIO 2 (1) = —2, 5t2 + 15t 4+ 100. 3maiiTu 06’eM BAPO-
6J1eHO]1 3a J€Hb IPOAYKIIii.
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VIIL.79. TlpoaykTuBHICTH mpall NPOTACOM BOCBMUT'OJAWMHHOIO POOOYOrO
JIHS BU3HAYAETHCS PiBHICTIO 2(8) = —31% + 10¢ + 175. SIkuii BiACOTOK NPOAY-
KIii BUpOGIEHO y MepIil IOJOBUHI THA?

VIIL.80. 3umanTu cepefHIN Uac, 3aTPAveHUN HA OCBOCHHS OJHOTO BUPOOY,
3a 9aC OCBOEHHI:

a) Big 1 10 121 Bupoby; 6) Big 100 mo 121 Bupoby,
AKIO DYHKINA 3MIHE 3aTPAT Yacy Ha BUTOTOBICHHA BUPOOIB 331a€THCA PiB-
. 600
HicTIO t(1) = —=
VIIIL.81. Kpusa JlopeHna xapakTepu3ye 3aIeXKHICTh | ’ A

BIICOTKA TPUOYTKIB () Bif YaCTKU HACEIeHHA (y), IO
uuMu Bodoie (kpuea OB A puc. 19). Koediuient /Txi-
HI, AKAN XapaKTePHU3y€ HEPIBHOMIDHICTD y POBIIOINi-
M TOXOMIR HACETeHHH, O0YUCIIOETRCA AK BlTHOITEHHS
mwiom girypu OABO o mwiomi AOAC. C x

O6uucantu xkoedimient /ximi, Akmo kpusa Jlo- 0 Laooey
peHIla 3a1aHa PIBHAHHIM:

a)y = x; 6) y = % B)y=1-V1-22

Pue. 19
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PO3 AIJ IX

PAIN
81. YucaoBi pagu

1°. Bazaabni nonamma. HucroBunn pax ~
u1+u2+u3+---+un+~~~:Z Unp

. . . =1
Ha3UBaCTbCA 361'1KHI/IM7 AKINO 1CHYE€ CKIHYC€HHa I'PpaHWUIA

lim S, =S,
o o— 00
ne S,=uj+us+-+u, — HOTO n-Ha YaCTUHHA CyMa. UHCIO S HA3HBAETBCA CYMOIO PAMIY.
Psan, uto He 36iraeTbesd, Ha3UBAECTHCA PO3OIKHUAM.
fe o)
2°. Heobzidna o3naxa 36iscnocms pady. SAxmo paq Z w, 360LkHEU, TO lim w,=0.

n—=nc
n=1

3°. Osnaxu 36tocHocmi padie 3 JodamHUMY YAEHAMU.

1. Axmo mocaiAoBHICTE YACTUHHUX CYM DALY 3 JOLATHUMH WileHaMUu oOMexeHa, TO
prg 301ae1bUA.

11, Awxmo \V/nzn(;' 0<u, <v,, TO:

2

~ ~
1) 3i 36ixkHOCTI pAgY Z v,, BUILIEBAE 361KHICTD PALY Z Up

n=1 n=1

~ ~
2) 3 po3bIKHOCTI pALY Z wu,, BUILIABAE PO3OIXKHICTD pALY Z [
n=1 n=1
oo >
II1. SIkimio w,, ~v, OTpH n—oo, TO pAIA Z Uy 1 Z vy, 3 AOJATHUMH WIeHaMu 36ira-
n=1 n=1
I0ThCA ab0 Po36IraloThcAa OMHOYACHO.
>
1V. Axmo w,, >0 1 npu n—oo u, =0 (#), TO IpU p>1 paAn Z u,, 36iraeThed, a npu
n=1
p<1 po3biraeTbCd.
Un+1

=g, TO TpU <1 PAA
Up,

V. Osnaxa Jasambepa. Axmo u,>0 (n=1,2,...) i lim
"—r DO
o

Z wu, 36iraeThes, a npu ¢>1 po3biraeThes.
n=1

s
VI. Osnaxa Kowsi. fIkmo wu, >0 (1171,2,...) i lim %/u,—q, TO HpH ¢<<1 pAx Z Up,

n—
n=1

36iraeThedA, a OIpu ¢>1 po3diraeTnes.

VIIL. Iumeepaavna osnara Kowi. SIxmo f(«) (2>1) — menig’cmira espocraltota byiK-
+oc

.
uig, TO pAfg Z f(n) 3b6iraeTbca abo po3biraeTbcA OJHOYACHO 3 iHTerPaJOM f flz)de.
n=1 1

IX.1. 3amucatu ¢popMyay 3arajJbHOTO WICHA PALY:

1)1+3+5+7+ ; 2)1+1+1+1+ ;

2 4 6 8 7 3 5 7 7
R I S S S S

39 27 8 7 1-3 3.5 5-7 7
5) si T otsinZ4sin s+ ; 6) arct 1+act 3—l—act 5—|—act 7—!—
1n2 1n4 1n8 el r g2 iy g8 r g18 r g32

Yu BukoHyeTLCH HEOOXigHA yMOBa 301KHOCTI M1 IUX PALIBT
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IX.2. BesmocepeHb0o JOBECTH 30IKHICTD PANIB 1 3HAUTH iXHI CyMU:

1 1 1 (=1~
1)1—§+Z—§+"'+ on 1 + ...
2) <1+1>+<i+i>++<i+i>+
2 3 22 32 m 3" '
1 3 5 2n—1 )
3)§+2—2+2—3+"'+ on + ...
1-2 2.3 3. 4 n~(n—1) '
Brazierxa. Po3KIacTU w, Ha eJeMeHTapHI Ipodu.
1 1 1 )
Vit T T Gy Gy
1 1 1 )
6)ﬁ+ﬁ+”'+(2n—1)~(2n+1)+”"
1 1 1
7)n ﬁ'f’""l-mﬂ-...,
ST R S
17739 2n—1) (2n +5) ’
SISt
36 n?(n + 1)? ’
IX.3. MocraiguTu psagu Ha 361KHICTE:
} 0,001 + /0,001 + 0,001 + .. .; 6)%4—%%—'“%—%—}-...'
1 1 1 1 1
2)1+V+V+ 7)1+ﬁ+ﬁ+ﬁ+
3) + + 5 +...; 8)1+3+5+1+
1+l4 l+24 1+ 3% ' 4 9 16
4)1+i+—+i+ )1+3+3+1+
42 72 102 2 22 23 24
21 41 61 2 4 6 )
5)§+—+27+ 10)1-1-3!-1-5-}—...,
1001~ 2001 3001 1000n + 1
12) 14+ 24 2 Iy
35 2n—1 ’ 32 (2n — 1)2
14) L ! ! +...; 15) 1 + L + 1 +
1-2-3 2-3-4 3-4-5

_+—+. . .+7
V2 2v3 nvn+1
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IX.4. BukopucToBywuM O3HAKYU TOPIBHAHHSA, JOCTIAUTH 301KHICTD PAIY:

1 1 1 1 1 1
1)—+—+~-~+ e 21+ —+ — N
5 RENTS I 2.5  3-5%2  4.53
3) 1 1 +1 5 1 N 1 1 1 L
\/§ NG \/Zr In2 In3 In4 Ins5
L S L .o
1-2 3.23 (2n—1).22n-1 " 777
6) sin — +sin = + - +sin o + ...
Sln2 SIH4 Sin on e
7 sina+sin2a sin 3o )
1 22 32
1+2 1+n
8 14+ —n :
) i 1+n? ’
1 1 1
9) — 4+ — ...
>2~5+3~6+ (n+1)-(n+4)
m m
10) tg = +tg = tg —
Jigs tigg + i+
1) 3 1 12)§ L
n?—dn+ 5 - m’
13) S (Va—vi=D; 1) Y - (\/n+ —vn—1).

n=1T

JS L A ylid, g i
379" 97 3n ’ 379 gn
B) b m bbb A b0 g
31 5! (2n+1)! ’ 2 22 o '
5) 1 12 1-2:3 6)1+2+4+ O
1-3 ' 1-3-5 ’ 21 31 nl
4 47 4770 2 9.5 2.5 (3n— 1)
73 + D8 T+
272.6 " 2.6-10 1715 1-5-(4n —3)
3 32 3n
9) 1 . :
Mttt 2. (2n — 1)
1 3 5! 7!
10) - +
Jsts ity aetares
1 1.3 1-3.(2n—1)
1) = 4+ —2 i L R
) 3t3et T T :
1 5 9 13
12) — + + N
)f V2. 32 ¢3~33 V431
Loy (D7 (217 (n!)? m T
13 1) te Srote T4t
)t BTNt ) tg H2AG T ntg ooy
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IX.6. 3a momomorow osmaku Ko gocaigutu 361KHICTD PAIY:

) 100 1007 100™ .
>T+ o Tt s
2>1!+2!+ +n!+ )
1 922 nn Y
2.1 22.9 27 . pl
3+ =+ n
1 22 nn
3.1 32.921 3.l
H 4 4
) 1 22 + nn '
5) ! + + -+ ! + ...
In2 In"(n+1) 7
)3 () ( ")
§+ AN / AN “+1/ +”.7

1 1
7) arcsin1 + arcsin® 3 + -+ 4arcsin™ — +....
n

IX.7. 3a gonomMorow iHTerpaibHol 03uaku Kot gocaiautu 361KHICTh PATY:

TS B ) R
3 5 7 77 NZERRVARVAT|
3)i+3+3+ P) SIS
33 1412 1422 1432 7
5)1+2+3+~6)1+1+1+~
1+12 1+22 1+ 32 Y 32 -1 52 -1 7 -1 e
iy JIE SUIUPNIE NUN
2In2  3In3 nlan 7
1 1 1
8) + .

> + +
2In?2  31n?3  4In?4

) 1+1 2+ 142 2+ L (1t 2
1412 1+ 22 1+ n?

§2. O3Haku 3012KHOCT1 3HAKO3MIHHAX PATIB

1°. Abcomomna 36ixcnicmy pady. Pan

(1) >

n=1

Ha3WBacTbCA abCOMIOTHO 361KHUM, AKINO 361KHUE pal

oc

(2) S fual.

n=1

Y neomy Bunaaky pag (1) Takox 36ixkEmu. CyMa aGCoNIOTHO 301KHOrO pAXY He
3aJ€XKUThH Bl MOPAIKY CYMYBaHHA NoMaHKiB. /[lJig BM3HaYeHHSA aOCOJIOTHOI 361KHOCTI
pany (1) mocTaTHBO 3acTocyBaTH o pany (2) BigoMmi 03HAKH 361KHOCTI A 3HAKOCTAIUX
pagie. Axkmo pag (1) s6iraeTscs, a pag (2) posbiraerscs, To pag (1) HasHBaeTHCA yMOBHO

A6TKHUM.
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2°. Oznaxa Jeti6niya. 3HaAKO3MIHHUU DAL

>

v1—vzFtuz—vgt= Z (—1)" 1o, (v, >0)
n=1
36iTaeThca (BH.T‘HJIOM He aﬁcomo’rno), AKITIO vy > Vp+1 (n=1,2,...) 1 lim v, =0.
n— T
Y 1bOMY BHNAJKY IIS 3adUIKY PAXY R,=(—1)"v.114+(—1)"T v, o+... cupaBmKy-

€TbCsA OMIHKA | Ry, | <vyg1.

oc

3°. Osnaxa Abean. Pan Z Up Uy 3OLKHAHW, AKIIO:

n=1

1) pag Z u,, 361KHUN;
n=1

2) uncaa v, (n=1,2,...) yTBOPIOIOTb MOHOTOHHY 1 0OGMeXeHy IOCIiJOBHICTE.
~

4°. Osnaxa Jipizae. Pan Z Uy Uy, BOLKHAM, AKIIO:

n=1
n

1) 4acTKOBI cymMu U,,,,:Z u; 0OMeXKeHl B CYKYITHOCTI;
i=1
2) HOCIIfOBHICTB v,, MOHOTOHHO IIPAMY€E OO HYJA IIPH n—»co.

IX.8. /locaiguTu 361KHICTb 3HAKO3MIHHAX PATIB, I/ 361KHUX PAIIB 3HAUTH
ixul cymu:

3 7 1 1 1
Hl—=-4+-—=-+4+...; 2)14+-—=-4+=-+4...;
) 21+4 18+ P 2) +21 41+8—; k
Nl—-—+—+...; Hl—=+—=——+...;
) \/§+\/§+ ; ) 23+33 43+ ;
1 1 1 1 1 1
HNl-—+—-——+...; 6)l——44+———+4...;
) 2a2+3a4 4a6+ ) \/Z+\/§ \/Z—'—
1 1 1 1 1 1
Nl—-=4+=—-=+...; 8 — — ..
) Z’)2_|—52 72+ )21n2 31n3+4ln4
IX.9. MocaignTu 361KHICTH 3HAKO3MIHHAX PAJIB:
= (CNUE s e ()
)Y —— 2 X(ED"——— 3) X ————F
n—1 2 n—1 n + 100 n—1 \/E‘F (—1)
x (-1 x sin® n © In'%n . nr
4 ; 5 -1)" ; 6 —
)n:1 v )n=1( ) n )n=1 - 4
7>1+1+1 1 1 1+1+1+1
2 3 4 5 6 7 8 9

IX.10. [ocaiguTu Ha abCOIIOTHY Ta YMOBHY 301:KHOCTI pagm:

1 1
1) 1— = 44 (=1)n+t o
Jl=gt o+ ()" ;

1 1
N1l — ... gyt

3 n+1
&2—5+’“+@JWH—E—+”Q

1 1 1

4y — — — 4. 1t 4
)1n2 1n3+ (=1 In(n+1) '
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sina  sin2a sin no

5) 1 2 n2 ’
6) —1+ L + (=" 1 +
\/§ \/ﬁ .. 9
1 8 27 n3
7)) — — — - ... —1)y~t1
) 2 4 + 8 +(=1) 2n + ’
e} (_1)77.—1 oo (_1)n—1 50 (_1)n
8 —_— 9 —— 10 -
) nzzjl ne 7 ) n=1 np+1/n 7 ) n=1 [n + (_l)n]p’
&S] -1 n—1 o) —1) o ~1 n+12'n2
11) r /_( /)1\m_|_11n; 12) <71)> 13) <)7
n=1 [Vt T {(—L1)"""]" =1t —1lnmn =1 7!
§3. dyHKUiOHATBLHI PAgHA
1°. >

Obaacmo 36iscnocmi. O61acTio 361KHOCTI QYHKIIOHAIBLHOTO PARY Z up ()

n=1
Ha3MBaeTLCA CYKYNHICTE X THUX 3HadeHb x, M AKUX el pajy 26iraeThed.

n

Dywxnia S(z)= lim S, (x), xe S,,,(m):z w; (), HAAUBAETHCI CYMOIO IILOCO DALY, A

7 —> DT i=1
R, (z)= Z wi{z) — 3aJNIIKOM PALY.
i=n+41

2°. Pienomipna 36i0cnicme. [locmifoBHICTL QyHKIIINA

f1(z) f2(2),es fr(T),se.n
HABMBACTHCH PIBHOMIPHO 3612KHOI Ha MHOXMHI X, AKIIO
Ve>0 3N, VeeX V>N, | f(z)—fa(z)|<e
Y upoMy BHNAAKY NUINYTbH fn,{z) = f(z).

DOYyHKIIOHAIBHEUN PAJ 5 up () Ha3MBA€TbCA PIBHOMIDHO 361XKHMM Ha MHOXWHI X,
n=1

SAKIIO Ha LM MHOXWHI PIBHOMIDHO 36IIa€ThCA IOCT JOBHICTh MO0 9acTKOBUX CyM S, (z)=

n
=>"8i(2) (n=12,..).
=1
o~
3°. Osnaxa Betiewmpacca. Psan Z uy, (x) 36iraeThca abCOMIOTHO Ta PIBHOMIPHO Ha
n=1
~c
MHOXMHI X, AKIIO iCHY€E 361KHUN YMCAOBUN P Z ¢, TAKUU, MO VzEX Vn |u,(z)|<cn

n=1
e

4°. Osnaxa Abeas. Pan Z Uy (@) v, (z) 3612KHUN PIBHOMIDHO Ha MHOXKHMHI X, SKIIO:

n=1
>

1) pag g wy, (2) piBroMipro 361KIKMA TIa MIToXKUIN X ;
n=1

2) dyskuii v, () (n =1,2,.. ) 06MexkKeH] B CYKYIIHOCTI ¥ yTBOPIOIOTH IPU KOXK-
HOMY © MOHOTOHHY IOCIITOBHICTbD.
~

5°. Oswnawa [Jipizae. Pax E wp (z)v, () 36lkHUY PIBHOMIPHO Ha MHOXKWHI X, SKIIO:

n=1
n

1) 4acTKoOBI cymm Z wi(z) oOMexKeHl B CYKyIHOCTI;
i=1
2) HOCHAOBHICTH v, (z) MOHOTOHHa NI KOXKHOI'O z 1 DIBHOMIDHO Ha X IIpAMYE A0
HyJIA, KOJIU n—oo.
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6°. Baacmusocmi Gynryionasbnur paocis.

I. Cywma piBHOMIpHO 36i:KHOT0O pﬂ,uy HellepepBHUX (PYHKIIH € HemepepBHOIO.

1I. fAxmo ¢pyHKIIOHAILHUA PAL Z w, () piBHOMIpHO 361KHUU Ha KOXHOMY [c,B3]C
n=1
(a,b) U ICHYIOTH CKiHYeHHI rpanuni, lim u,(z)=U,, (n=1,2,...), To:
a—>a

1) pan Z U, 361:xHWH;

n=1

2) BUKOHY€TbCA PIBHICTB lim { Z up(z) } Z { lim u,,(z)}

a—a | ol T
~c

II1. fxmo Bci 4aeHn 3061KHOTO PANY Z wp (T) HemepepBHO NudepeHIlnoBaHl Ha a<
n=1

z<b 1 pAn 3 MOXiTHUX Z u! (z) 36I)KHUN PIBHOMIpHO Ha iHTepBali (a,b), TO
n=1

g l= ~
s |:Z u,,,(a:):| :2 ul, () npu  z€E(a,b).
n=1 =1
1V. Axmmo wrenu psagy Z u, () HemepepBHI 1 el pA 361KHAN PIBHOMIPHO Ha CKiH-
n=1
4eHHOMY IIPOMIXKKY [a,b], TO

b = P
f{ Z Uy, () } dw_ fu,, (z)d

a n=1aq

1) fulz) = 2™, a)OSIS%, 6) 0<z <1,
2} fulz) —x"lf vt 0<2 <1,
3) fnle) = x_'_n%, 0<u < oo;
4) fu(z) = 1—5;};-95’ 0<a<];
R'S)fn(:zc)—1_’_7129627 YJ0<2<1;6)0< 2 < oo
s
6) fn(x) T 27 a)0<e<l—¢ 6)l-c<2<l+eg;

B) 1+e¢<z<o0.
IX.12. Busmauntu npu |z| < 1 cymy i saaumox psamgy

1+z+z2+2°+...

i mokazaTw, mo BiH piBHOMIPHO 36iracTeea Ha BiAPiaky [0,1/2]. Tpu axomy
n 3amumwok | R, (x)| < 0,001 gas 6yAb-KOro x 3 UbOro Bigpiska?
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IX.13. Tlokasaru, 1o psax

1 1

1 1
2 + 1 _m2+4+

219 22416

pIBHOMIpHO 36iXHUN HA BCin wmcaosin oci. IIpu axomy n (i ZOBIILHOMY )
sannmok pary |Ry(z)| < 0,00017

IX.14. Tloxkasatu, o psax
z+a(l—a)+x(l—2)*+2(1 -2 +...

. . . - . . o 1
36l HRIK HepiBHOMIPHO Ha Biapisky [0, 1] i pisromipuo ma Bigpisky [=, 1]. Ipu

2
axoMmy n 3amuuiok |R,(z)| < 0,01 guas 6yab-axoro x 3 uboro siapiska?
IX.15. TlokazarTu, 1o psax

1 n 1 1
z(zx+1)

(z+ 1)(z+2) + (x+2)(z+3)"

piBHOMIPHO 361kHMKA 10 — Ha imTepraa (0 < x < oo. IIpn akomy n (I KOBiTL-
x

HOMY 7 > 0) sammmok pany |R,(x)| < 0,17

IX.16. Tlokasaru, mo psaz

ZEZ
-
3

s
l\')|&l\J

piBHOMIpHO 36ixHUN Ha BiApiaky [0, 1]. Ipu axux n zammuox |R,(z)] < 0,1
4715 Oy Ab-AKOI'O T 3 LBOrO BiApisKa?

IX.17. Ilokazatu, mo pazg

3 I3 x
x” +

A+ "0+ "

3

30IxHUN HepiBHOMIpHO Tpu z > 0 i piBHoMipmo mpu x > 1. Ilpu axomy n
sannmox | R, (z)| < 0,001 gus 6ygp-saxoro x > 17
IX.18. Tloxkasatu, o pan

1 1 1 1
+ + + T
1+ 3V1+3z 32V/1+5x 33/1+ 7z

piBHOMIpHO 36i:kHUN Ha iHTepBadi 0 < x < oo. Ilpm axkomy n (i 6yab-AKOMY
HeBin’emuomy ) samumok | R, (x)| < 0,017

Bxrasiexa. TopiBHATH Iel pAf 31 361KHUM YHUCJIOBUM DPATOM.
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IX.19. Tlokasaru, 1o psax

1 1 1 1
+ + + + ...
V4o \,22—!-29] \,24—!-39] \,26+4l’

piBHOMipHO 36ix)uunN Ha inTepeani 0 < z < oo. Ilpu SKOMy n 3aJIHIIOK PALY
| B, (x)] < 0,017
IX.20. Bmsnauutu 06aacTi 361KHOCT]L PYHKIIOHATLHIX PALIB:

Dil+a+-+a™+...; N nz+n*z+--+In"z4...;
22 "

Batat+t o ta . A rt s b
2 n

5y g PRI

1+2 1422 1427 77

6) 2z + 6224 - +nn+Da" +...;

T)L-f— '%2 + +L+ .

1+ 27 1—|—x4 1+2n

8)sm—+smz+ —l—sm——i—

9)xtg§+a:2tgz+ +I”tg2—n+

. sin 2z sinnx
10) sinz + 52 +o — +..

COST  COS2x% CoSNT
+ 4+
12)e ®+e 4. ipe ™4 .
IX.21. Busnauutu obnacti 361k HOCT] (a6COMOTHOL I YMOBHOI) TAKUX (QyHK-
HIOHAJBHUX PAIIB:

DDA o i P ()

11)

a1 Z" el ny. Zin+1l \2z2+1 .
v Er DETE 9 LT ()
= = (n+a)" = ()" [(1-az\"
10) nzlneim; 1) n; (nnifw); 12) nzl 2(n—)1 (l—i—f) '

IX.22. BukopucTopyoun o3HaKy Benepimrpacca, I0BeCTH PIBHOMIpHY 361xk-

HICTh y 3a3HaUYEeHUX MPOMIKKAX TaKUX (PYHKITIOHAJILHUX PATIB:
S = (-1

1 —, |z| < o0 2 , x| < o0

I bl DL ekl <

— na . n 1 .
3);1_'_ 52,|:E|<oo, Z\/_(:E tz )vfpe[in]’

sinnzx & cosnx
x| <oo; 6
B Ve o Oy
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2

© sinnx S T
,|£|<OO; 8) Z2ln<1+m>,|$|§a<oo.
n—

n=1 n\/ﬁ

IX.23. Ilokazaru, o psn

7)

2, 6 Lo An—2
Lot + et + ..

PIRHOMIPHO a36ixHMK Ha iHTepRram —1 +w < z < 1 4+ w, A6 w — Oyab-gKe
OONATHE YHUCJIO, MEHIIE OAWHULN. I[HTErpyBaHHAM OLOIO DALY 3HAUTU HA
iarepsani (—1;1) cymy pangy

$3+ 7+ +x4n71 N
3 7 dn—1
IX.24. 3alTH CyMH TaKUX PAIIB:
25 pin—3 72 23 2t
1 B e 2) e e (D)
R T e R T I e R e A ey

IX.25. $yukmia f(r) BU3SHAYEHA PIBHICTIO

[MokasaTu, mo ¢yuknia f(x) HenmepepsHa Ha B goxaTHin misoci Ox. O6-
In3

wmeantn [ f(z)dz.
In2

IX.26. Pyukuis f(z) BusHateHna piBHICTIO

flx)=1+2-3c+ - +n3" g™t 4. .

IMokazarw, mo dyrxnis f(z) HenepepBHa Ha iHTEPBAT (—%; %) O6uucanTu
0,125

| f(z)dz.
0
1
IX.27. BuxopucroBywouu cuisigHomenus [ z"dr = P BHAUTH CyMy
0 n
TaKUX PAIIB:
1 LI et P IR P et Y
1 3n —2 Y 5 in-3
oo
.. dx 1 .
IX.28. BuxopuCTOBYIOUH CHMIBBIIHOMIEHHS | — = — o » SHANTH CYMY ALY
x n2
2

1 1 1

12 9 T
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IX.29. BukopucToByo9n CriBBi IHOIIEHHSA

/2

‘ o —1)(2n—3)...3-1
2n d :z(
/Cos Ty onen—2)...4.2

0

3HANTHA CyMy DALY

—
o

4130 —1)
o T ST e

N =
[N
e

IX.30. Tepexonarucs B Tomy, mo Gyakuia f(r), Aka BUBHAYAETHCA PALOM

5 T3
fla)=ata’+ et

3aJ0BOMBHAE criBBigHOmenHa zy = y(z + 1).
84, CremneHeBl pagu

1°. Inmepesaa 36iscHocmi. s KOXKHOTO CTEIEHEBOTO PAAY
apta1(z—a)taz(z—a)’+.. . Fa, (z—a)"+...
icaye iHTepBaa 3613KHOCTI, BCepeduHi AKOro Ien pajn 36iraeThed, a 3a HONO MeKaMu —
posbiraerses.
Pagiyc 36ixknocti R pAagy Bu3HadaeThes 3a opMylzoo Komi-A gamapa
1 =+
R_’"’hﬁmx‘ N an

abo 3a dopmyioo

R= lim

an ’

Gn 1

n—oc

AKIIO 1A TPaHUIA iCHYE.

Sxmo R gopiBHIOE oo, TO pAJ 36iracThbcA Ha BCIM YMCIOBIH OCi.

CreneneBnil paAj 361:KHWHA He TLIbKA abCONIOTHO, aje M PiBHOMIPHO Ha Oy[b-IKOMY
BIAPI3KY [a,[], 110 1€XKUTH BCcepeuHl iHTepBaay 361xkHOCTI (a— R,a+R).

2°. Pad Tetaopa. Heckinienno nudepenuitopta B To4 a GyHKIHA f(x), Bel moxiani
AKOi 06MeXKeHl B JeAKOMY OKOJI Iliel TOYKH, PO3KIaJacThCA B CTEIeHeBUU PAL

Fe)=3 LB (o gyh,

. A=0
OcHoBHI1 PO3BUHEHHSA.

n

1. e“':l+ﬁ+%+%+m+",,’;! +..., — 36IracThca MpH C(—00;00).
. - o1 g2n—1 .
IL sine=e— 4+ % —-+(~1)" "' g =57 +... — 30iracTpea npu o€ (—oo;00)
II1. cos $:1_§+%_...+(_1)"'—1 (12;7,:")’!""“' — 36iraeTbca IpH TE€(—00;00).
IV. (14=2)" =142 I+% I2+---+Mw ™ +... — 361KHAN TpHU |z|<1.
2 3 4 2 .
V. ln(1+ac):a:—:”T+:’f7+~~~+(—l)”"1%—&-... — 36iraeTbea npu —1<z<1.
VL. arctg x2w7§+%7---+(71)”_1 "’22,,:';;"11 +... — 36iraeTbes opu || <1.
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3°. /l1i nad cmenenesumu padamu. Beepenunl cmabHOTO 1HTEpBady 361:KHOCTI TIpa-

BUJIBHI CITIBBIAHOIIEHHS:
I. Z ap{z—a)"+ Z b, (z—a)= Z (antby){z—a)".

n=0 =0 =0

II. (Z [229) (T/_a)’”> (Z by (I_a)’"> = Z Cp (T/_a)“ , Age cp=agby+a1b, —1+-+anbg.

n=0 n=0 n=0

I L [Z a,,,,(xa)"} =3 (ntDan 1 (z—a)".

n=0 n=0

s

IV. f [i a,,,,(wfa)"’-‘ dwzz ,:_;_"1 (z—a)"th.

o Ln=0 1 n=0

IX.31. Busuauutu pagiyc Ta inTepBaa 361XHOCTI 1 10CAIANTY 361KHICTH HA
T'DAHUIAX IHTEPBATY CTEIEHEeBUX PATIB:

1>1+L+—I) PN 2)1——— + A
3.2 32-3 3.4 77 5vV2 523 534
QI 43;'2 8373 oo In - (_I)n_l
) 23 523 3 ) X 8 L
0 N 7 "=t 8 ;
)n§1 (3n —2)27 )n:1 )nz::I (n+1)"
(x+1)?2 (x+1)°* (z+1)*
1 ....
9) (x+ 1)+ 5 = S
2z — 20 — 3)2 9y — 3)3
10) z—3 (2z-3) +(90 3) L
1 3 5
2z 49;2 8&33 s gn
11) 1+ + i b 12 x
ST VB L
z? at x° © 107"
13) 1 — + — + ... 14 :
) 3-2v/2  32.3v3 3%3.44 )ngl \/ﬁ
oo @2n71 r—1 (x _ 1)2 ($ . 1)3
15 _1 " : 16 ..
)n;( ) 2n — 1 ) 12 T 32 Ty T
2041 (2041  (e+1)° o (n!)2
) 1 + 4 + 7 +...; )n21 G
3" 4+ (=2)" 1 2

(x+ 1) 20) 21 (1 N E)” o

o _1\yn]n [S9) n(n! 2 1P
21) E Ml’”; 22) zz:l(_l)n [%] n

n=1 n
IX.32. 3acrocoryoun nowieHne 1ud)epeHIiioBAREL, O0UNCINTH CYMU PAIIB

1 BUBHAYUTHU IHTEPBAJ IXHBOI 3012KHOCTI MO CBOIX CyM:

3 $5 l’3 l’5

x
1 —+—+.. ) ——+——...;
)$+3+5+ ; )@ 3 T ;
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2 4 2 3

¥ oz ¥

14 —4+—4+...; 4 — 4+ =4+ ...

3) +2!+4!+ ; )Z+2+3+ ;
z z2 3

5) 1’2‘{‘%4‘314—....

I1X.33. 3acTocoByOUM NOWICHHE IHTErDYBAHHSA, OOYHCANTH CYMHU PASIB i

BU3HAYUTH 1HTEPBAT IXHBO1 3013KHOCT1 1O CBOIX CYM:
D142z +322 +42+ ... 2z +222 +32° + ...
3)x—4r?+923 — 162+ ..., 4)1-22+2-322 +3-4ad + ...
5)1—3x? +52* =728+ .. ..

IX.34. BusmaunTn inTepBal 301KHOCTI PAIY 1 3HALTH HOTO CyMY.

D1+3z+522+72°+...; 2)1—do+722 —102%3 + .. ..

Bxaztexa. Tlo3HaduBIIU cyMy pAy depes S, 3amucaTu BuUpasu S—Sz abo S+Sx.
1X.35. PoskracTu B pAg 3a CTeneHAMU T (DYHKITIL:

1) cos(z —a); 2)sin’z; 3) we®; 4)sin (mac + z);

3
5) 2%;  6) cos (mx + %)
IX.36. PosknacTu B pAg 38 CTEIEHAMU & (PYHKITIII:
1 . .
1) In 1+i; 2)In(2-3z+2%); 3)In(l—z+2?).

IX.37. Hammcatn mepmi Tpu 49meHM DO3BUHEHHA B pag dyEKmi f(x) =
= In(1 + €*@).
IX.38. Bukopucrosytoun dpopmyny Maxiaopena, HATUCATH PO3BUHEHHS B
pAL 33 cTeneHAMU T OIHOMA (1 + %)m i mokasaTu, o oTpuMaHun pax 36i-
raeToed, koan |z| < a.
IX.39. 3a gomomMoroi GiHOMIAIBHOTO DAY MOKAZATH, MO 4 |z| < 1
= 1

ey +1;v)3 =1-30+627— 1000+ . = 5 L”; ) (—op,
IX.40. 3a ,ixorIOMororo OIHOMIAJBHOTO PAIY OMEPXKATH PO3BUHEHHA B DA
bynxKIii = s |z| < 1.
IX.41. Poskractu B pag dysaxmio In(z + 1 + 22).

Bxasiska. IlpoiHTerpyBaTu psj, OTPUMaHUN y IOIepe HIA 3ajatdi.

IX.42. 3a gomoMoron GiHOMIATBHOTO DAY TMOKA3aTH, 1Mo A1 |z| < 1
1L, 1, 137 135
-~ = +§a: +22.2!x + 55 .31 A SRR
IX.43. Posknactu B pag PpyHKIIIO arcsinz.

2

Braziexa. IlpoinTerpysaTu paAj, OTPUMaHUN y MONEPENHIN 3anadi.
IX.44. Posknactu €/ B psag 3a CTENEHAME T — a.
IX.45. PosknacTu 3a creneHaMu © — 1 pyHKITII:
— 3 . — o
1) f(z) =2° = 3x; 2) f(z) =sin 5. )
IX.46. Posknactu 3a crenesavu 2 + 1 dynxuii f(z) = 2* Ta f(z) = Y.

JocmignTn 361KHICTH OTPUMAHUX PATIB.
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IX.47. PosxgacTu B pAaf 3a cTemedamu x + 2 dynxmii f(z) = 2t — 422 Ta

1 . N .
f(z) = =. Hocaigmru 361KHICTE PAAIB.
IX.48. Pozkaactu B paan QyHKIII:
x
1) f(z) = cos 5 34 CTENeHAMI & — = 2) f(x) = sin 3z 3a cTeneHamu x + g
TX.49. PosxracTu B DA 34 CTETERAMT T — T dbyrxiio f() = cos? 7.

1

o

IX.50. PoskaacTu B paf 3a creneHsmu x — 4 dyuxnito f(x) = /z 1 gocni-
JUTHU 301KHICTE DALY .

85, 3acTocyBaHHA PAAIB A0 HAGIMXKEHUX OOYUCICHD

IX.51. Hamucaru Ginomianbuuu pajg jaus /1 + x i oGaucantu

/1,004, 1/0,992, v/90,

O0OMENKUBIIUCL ABOMA WieHaMK pAny. OUiHuTH IOXUOKY.
IX.52. Hammcaru GinoMiaabnui pag aaa +/1 + ¢ i oGuameanTa

/1,006, $/0,991, /130,

OOMEXUBIINCL IBOMA WIeHAMU pAny. OUiHUTH TOXUOKY.
IX.53. Ob6uncantu

V1,005, {/1,0012, /0,993, /0,997, V110, ¥/70, V/40,

OOMEXUBIINCH TBOMA WIeHAMM OIHOMIAMBHOTO pALy. OUiHNTH TOXUOKY.
IX.54. OCumcamrm: 1) sin12°; 2) cos12° 0OMeXUBIINCL ABOMA “LIEHAMU
pany sinz i cosx Bignoeigno. OninnTy noxubKy.

Bxasiexa. IleperTu fo pajgiaHHOI MIpH KyTa.
(o)

el 3 (=) 122=2 i npoiare-
n=1

CPYBABLIKA IOWIEHHO OTPUMAHUE P, HAINCATH DOSBHHEHHA B pig dyHKI
arctgx.

IX.55. OrTpumarn poO3BUHEHHS

IX.56. [lpuunasmun & = — B PO3BUHEHH] B pag GyHKO arctg x, ogepxaTn

V3
PAL AT OOUUCACHHA T .

O64ucauTn 7, B3ABIIN MEPIINX I ﬂTb WICHIB pﬂ;{y
IX.57. Buxopucropyouu po3suHeHHs B pan Temmopa ¢gpyHkmoin €%, sinz i

cos z, O6“II/ICJII/ITI/I¢
1) e 3 tounicTio 0,001; 2 \/E 3 tounicrio 0,001;

3 3 ToumicTio 0,0001;

\/_

)
) )
5) sin 1° 3 Tounictio 0,0001; 6) cos 1° 3 TouanicTio 0,001;
7) sin 10° 3 Tounictio 0,00001; &)

— 3 ToumicTio 0,0001; 4

cos 10° 3 TounicTio 0,0001.
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1+z
1—u

IX.58. Bukopucropyioun posBuneHus B psjg Tewropa dyukiii y = In ,

obuucantu In2, In 3, In4, In6, lge, 1g 5.

IX.59. 3amucaTu y BUDIAAL PAIIB iHTErpaal, BUKOPUCTOBYIOUH PO3BUHEHH
B pAJ HiAIHTErpaIbuuX (GYHKIIN, 3a3HAYATH O6IACTI 301:KHOCTI OTPUMAHUX
pPAIIB:

D J

sin x

dx; 2)

< T
10) [ cos = dz.
o 4
IX.60. Of6umcianTy HabAUXKeHe 3HAYEHHA 3a0aHNX BU3HAYECHUX IHTErpaJis,
B3SABIIA TPU WICHN PO3BWHEHHS TigiHTerpanbuux GyHKIin B psag. Ouinuru
noxXuoOKy:
/4 cosy 1/4 N

D [ —rde 2) [etdn 3) [ o

/6
0,5
4y [ zParctgzdr; 5) [ V1+ x3dx.
0 0

V3/3
IX.61. 3HallTn y BUMIAII PATY PO3B A30K pibHARAA ¥y = 1%y 3 HOYaTKOBH-
v ymoBaMu y =1, ¢y’ = 1, xomm z = 0.
IX.62. 3HauTu mepim Y0TUPH WICHH DAY, 110 BU3HAYAC PO3B A30K PIBHAHHA
Pikxati 3y’ = 1 + 2 — y? 3 mouarkoBowo ymoBow y = 1, ko r = 0.
IX.63. 3uauTu y BUIVIALL pALY PO3B’A30K piBHAHEA beccema zy” +y' +axy = 0
3 movaTkKoBuMHu ymMoBamMu y = 1, y' = 0, komm z = 0.

86. Pagu ®@yp’e

x

<

Axmo gyuriia f(z) KyckoBo-HellepepBHa 1 Mae KyCKOBO-HellepepBHY noxiany f'(x) Ha
inTepBani (—;l), npugomy ii Toukn pospusy £ peryaapHi (To6To f(£)=3% [f(£—0)+f(£+0)]),
To (hyHKIIA f(x) Ha IBOMY iHTepBaJi Moxke O6yTH 306paxkeHa pagom Dyp’e

B
flz)==+ E (a,,,, cos BEL 4D, sin 2L ),

n=1

e ! 1
a,,,:% f f(z) cos BF2 da, b,,,:}f f flz) sin 2F2 da (n=1,2,...).
—1 —1

Y 4acTKOBAX BUAIaIKax:

1) akmo ¢dyEKOia f(z) mapHa, TO
1

B
f(w):%JrZ ay, cos “FL, ne a,,,:% ff(x) cos “FL dx (n=1,2,...);
n=1 0
2) AKo prHK"LIlH f(x) HenmapHa, TO
~ !
F(@)=" by sin 232, ne bu=% [ f(z)sin 24 da (n=1,2,...).
O

n=1
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Axnio ¢yEKIiA f(zr) BU3HaUeHa Ha iHTepBati (0;/) i Mae BIACTHUBOCTI HelepepBHO-
cTi, mepesideHi Buile, TO 1i MOXHa 300pa3uTHU Ha IBOMY iHTepBadi AK psagom Pyp’e 3a
KOCHHyCaMu, TakK i pagoMm Pyp’e 3a CHHycaMu, BiAIOBIIHO IPOAOBXKMUBINY 1i Ha MPOMIKOK
(=10).

IX.64. Oyuxiio f(x) = sin® 2 poskractu B pag Dyp’e.
IX.65. Posknactu B pag Dyp’e v sasuatdennx inTepBagax QpyHKIII:

1 fa) A, axmo 0<z <,

xr) =
0, saxmo <z <2,
2) f(z) = = B inTepBaxi (—m;7);

3) flo) = =2

ne A — crana, B imrepeadai (0;20);

B inTepsaii (0; 27);

4) f(z) = { b, IO m<z<h, ne aib — crani, B inTeprani
br, saxmo 0<z<m,
(=75 7T\7
5) f(x) = 7% — 22 B iwTepraii (—7;7);
6) f(x) = 2® B inTepBam (—m;7);
7) f(x) = cosax B inTepBam (—7;7) (a — He Uixe);
8) f(x) = sinax B imTepsani (—m;7) (a — ue mine);
9) f(z) = shaz B iwTepBaai (—7; 7);
10} f(z) = e® — 1 B inTepnadi (0; 27);
11) f(x) = ** B imrepsani (—h;h);
12) f(z) = xsinz B iHTepBam (—m; 7);
13) f(z) = x cosx B inTepra (;7 g)
14) f(z) = 1 1, HKIrllOn ‘ Wf.L<O,
Ul axmo O0<ax <.
IX.66. Dyukuio f(z) = % — g Ha inrepsaui (0; 7) poskaacru B pag Pyp’e

3a:

1} cumycamMm KpaTHUX AyT; 2) KOCMHYCAMY KPATHUX IyT.
IX.67. Pynxmio f(z) = 2* poskractn B pag Dyp'e:

1) B inTepsam (—m;7) 38 KOCUHYCAMI KDATHUX OYT;

2) B inTepBadi (0;7) 3a CMHycaMn KPATHUX [IyT;

3) B imrepsan (0;27) 3a cuHycaMu Ta KOCHHYCAME KPATHHX IyT.
KopucTywo4ducs UMy pO3BUHEHHAMU, 3HAUTH CYMU DSAIIB:
1 . ) (_1)n+1 oo 1

n2::1 77/27 n2::1 n? ' nZZ:I (2n - 1)2 .

IX.68 Posknactu B psag Dyp’e nepioau4ni dpyHKIii:
1) fl) = |sinal;  2) f() =|cosal;  3) f(x) = sgn (cosa);
4) f(x) = arcsin (sin x); 5) f(x) = arcsin (cos z).
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PO341IJ X

PYHKIIII BATATHOX 3MIHHUX.
YACTHWHHI IIOXIAHI TA ANPEPEHIIIAJIN

~ o P s T ST I TrrrT T e

Pryrrrr T AT mT o P TrEy
e o4 AL AL DUA SNMINOviA.

§1. A u,iﬁ

1°. Dynryia 6azambor 3minnuz. SIKIO KOXKHIN ToUll z=(21,&2,...,x, )CX CR" 3a nes-
HUM 3aKOHOM CTaBHUTBLCA y BiANOBIAHICTH €quHE YUCI0 YER, TO CKa)KeMO, [0 Ha MHOXKUHI
X 3aMaHo YUCIOBY (DYHKINIO N 3MIHHUAX ©1,82,. -, Ty, -

Muoxwuny Todok X CR”", Ha AKIU BU3HadYeHO YHKIIO y=f(x1,r2,...,8,), HA3UBAIOTD
obaacTio BUsHadeHHA yHKII f 1 mosHa4daloTh D(f) a6o Dy. MHOXUHY 3HaYeHb (DYHKINI
f nmosna4aoTh E(f) abo Ej.

MHoXIHY F(f):{(:nl,...,z,,,;f(wl,AAA,:B,,,,))ER""“| (ml,...,z,,,,)eDf} Ha3HBAIOTH T'padikoM
dyuknil y=f(z1,...,xy ). ¥ BUNAIKY PYHKII IBOX 3MIHHHUX z=f(z,y) rpadikoM dyHKIIl €
neAKa TOBepXHA y IpocTopi RS,

Muoxuny To4uok M (z,y) ER?, KOODIMHATH AKKMX 3aJ0BOJTLHAIOTE PIBHAHHA f(z,y)=C, ge
C=const — fesAKe (piKCOBaHe YUCIO, HA3UBAIOTH JiHI€I0 PIBHA QYHKIIL 2=f(z,y). Y BUNAIKY
¢yHKIII n2>3 3MIHHAX MHOXWHY {(z1,22,...,T» )| f(z1,22,...,2,)=C} Ha3UBaIOTH IIOBEPXHEIO
piBHA PYHKII y=F(21,22,...,%5 ).

2°. I'panuya Pynryii 6acamvor aminnur. Henepepewicms. Yuciao A Ha3UBaWOTHL I'pa-

Hunero GYHKIH f(z) B Touni o (mumyTs lim f(z)=A), Ao

Ve>035(e)>0VzeX: 0<p(z,a)<d=|f(z)—Al<e,

ne ﬂ(w,a)=\/(oclfa1)2+(x27a2)2+---+(m,,,7a,,,)2 — BIACTAaHDL MiXK TOYKAMH z 1 a.
Ax 1 ana dyHKIMI ogHIEl 3MIHHOL COPaBIKYIOTHCA apudMeTHYIH] TeOpeMH PO I PAHUII.
Axmo icEytoTh lim f(z) 1 lim g(z), To
= =
lim (f(2)+9(2))= lim f(2)+lim g(z), lim (f(x)g(x))=lim f(2) lim g(x)
= = = = E = E =
lim f(x)
= a

flw)
g(w) — Tan g(a)
E—=ra

Axmo, xpimM Toro, lim g(z)#0, To lim
= xn =

Dynkuio f(z), z€ Dy Ha3sUBalOTh HElleDEPBHOIO B TOYIN z°, AKa € FPAHUYTHOI TOYKOIO
i1 o6macTi BU3HAUYEHH, AKIIO

lim0 flz)=f(z°) (abo  lim  f(@x1,22,....5n)=Ff(2],25,...,2) ).
= 41‘,1 —

wy—m

X.1. 3HauTu i 300pa3suTU HA KOOPJUHATHIN IIONIAHI 00JACTH BU3HAYEHHS
dynkuii:

1) 2 = /R? — 2% — y?; 2)Z=ﬁ§ 3)22\/@;
4) 2=/ ¥y - 1; 5) z = \/TY; 6) z = Vsinzx - ,/coSY;

7) zim,n) = C™, ge C™ — KIIBKICTE CIIOIYICHE 3 71 €JIEMEHTIB 10 M
3 n o n ?

=5 9) 2 = arcsin ”2?’2; 10) z =log,., (2 — y);

_ - 5 5 1 . _ . x
11) 2 = /R% — a2 —y2 — T 12) z = arcsin 5 + arccos(2 — y).

8) z = arccos
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X.2. 3HanTu 00MACTL BU3HAYEHHA HYHKIII:

Du=tgn(zx+y—=z); 2) u=In(1— 22— y* - 2%);
/72 1 o2 1
3)u:arccos$7+y; DHu= 4= -1 =22
5% r—1 y— 2
2 2 2
5) u= /2% +y% — 22, 6) u= %+x—3+~~~+%—2'5;
a® a3 a?
T)u=/af —af +aj —af+ -+ /a} —al.
X.3. flo,y) = 5 Do £(1,3), £, f ), £, ~v).
XA, () = oo Bunima [(2,3). (6.9). f(2,32). oy aopi
4. flz,y) = ———=. 3uanTm x,3z). Homy mopis-
7y 3x2 +2y2 ? ) ) ? ) y fa p
woe £(1,4), f(21)?
X.5. dyuknio f(x1,2s,...,2,) HA3UBAIOTL OJHOPITHOW QYHKINE BUMIDY
k, akmo f(tzi,tzs, ... tx,) = t*f(x1,20,...,2,). SKi 3 HaBeZeHUX HIKIE

$yHKIIN € ogHOpi AHEMET
3
D) Fa,y) = Vot =y + 2 2) f(ay,2) = (@ - y)y — 2)(z — o)

3x—|—2y;
1
3) flz,y) = \/ﬁv

5>f(a’b7c):\/a+b—|—c’—a+b+c a—b—}—c.a—l—b—c.

4) f(z,y) = cos(z® + zy + y);

2 2 2 2

T—y n z; \"
6 : =1 ; 7 T3y ee,Tpy) = 1+ — .
)f(‘xvyvz) n’y+27 )f(‘xlvxb s L ) Z ( + )

2,7=1 Zj

X.6. KinmpkicTs TemroTn, AKy BHILIAE IPOBLIHMK 13 MOCTIAHEM CTPYMOM
npoTarom yacy £, ¢ = Ult. Ha migcrasi sakony OMa 3anmcaTy KUIBKICTH
TennoTu AK GyuKIO U 1 ¢ 3a cTagoro onopy [ IpoBIIHIKA.

u+ v
X.7. =z =
wy

6e3n0CePeIHBO AK QYHKINIO T 1 Y.

w
su = wt,v = ?;w =zxz+y,t =2 —y. Bupasutu z

X.8. z(u,v,w) = u* + %; U=T+y, v=2o—Yy, w= Ty JaIUCATH BAPA3,
AKUN 3a7a€ 2 0e3rnocepejuno K QYHKIHo T 1 y.
X.9. f(z,y) =22 —9% lr,y) =2y Suabitu:

1) fly,o(x,9%)); 2) f(f(zy),e(@,y);  3) o(f(x.y),0(x,9)).

X.10. Bigmykaru f(z) i 2(x,y), axmwo 2z = z +y + f(z — y) i, kpim TOrO,
2z =22, axmo y = 0.
X.11. 3nantu f(z,y), axmwo f(z + vy, y) =22 —y°.

T

X.12. PiBusauna crany igeaabHoro raszy mae suraan pvV = —RT, ge R =
I

= 8,314 Az VHIBEpCAIbHA I'a30Ba cTala, M 1 g — Maca 1 MOJIAPHA

Moan-K
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Maca rasy BiAmoBiguo; p, V 1 T — BiATOBIAHO, THCK, 00’'eM 1 abCOTIOTHA
TeMIepaTypa Oboro rasy. [lag 2 2 BogHIO

) nobyaysatu izorepyu 1" = 273.16 K, T' = 150 K ax ainii piBua qpynkmii
T=T({pV);
0) moGynyBatu izoGapu p = 101325 Ila, p = 200 x[la sk aiwii piBuA GyHK-
i r= p(V, T)7
B) moGyaysartu izoxopu V = 22.4 4, V = 44.8 4 ax miHil piBHsa QyHkmii
V=V(pT).

X.13. Ha mwrommuui zOy moOyayBaTH JiHil piBHA Takux (yHKIIN
e=a?—z—y; 2)z=2"-y% 3)z=uay; 4)z=yla*+1);
Cay ‘ ‘ 2?2 4 y?
5) z = arcsin —;  6) z = arccos(l — 2% —y?); 7) z=In5—;
==y
V16 — 22 — 49, 9) z = (2% +y?)? — 4(2? — y?).

X.14. Ha maommui Oy nobyayBaTu JdiHll piBHA TAKUX HEABHO 3aJaHUX
yHKIIN:

8) z =

Dy?=2"%*(x—2); 2)y+z==zlnz; 3)2>+y?-22=1.
X.15. 3uanTy TOBEPXHI DIBHA TaKUX (QYHKIIN

1) u = 27+2y—32, 2) u = sin(z? + 49% — 2?2);

2z ;
1 \/ﬁ 2 2
4 u=1In + vty -tz 5) u = 9C_+y T 422
1—‘/x2+y -|-2;2 16 9
X.16. Ha puc. 20 306paxeno Jiuii piBas ge-
{{)// axol gyrkkuil z = f(x,y). HobynyBaTm cxe-
?m 42 MATUIHO Tpadiky pyHKIIN:
4 pa— . pa— .
ﬂ y 1)Z_f($a0)7 2)Z—f(0,y),
. : 3)z=f(x,2); 4) 2= f(Ly)
16
/ //32/ 7)z=f(z,2); 8)z=f(z,2%).
~~  X.17. Yu icaye rpannua dyskmil f(z,y) =
o, kom = 0,y — 0.
z+y
Puc. 20
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X.18. 3uanTy TpaHuI:

L Tty . x+2y—3
1) lim sin ——————;  2) lim — ;
z0 y*—2y+ao—1 vl y —2y+azv-—2
2 2
. z“+y . Ty
3) lim ;4 lim ————;
o0Vt ty?t+1-1 1383~ Vay +9
2 2
2,241 —1 1 Tty tz—y—2
5) lim %; 6) lim (1 + ﬁ> ;
538 e +y 2352 ety
7) lim oY, 8) lim (a7 +y?)sin ——;
I I3 2 +y
1
1— 2 2 T 2252
9) lim % 10) lim ——r;
=00 (22 +y?)aty 220 vt ty
o5 % . 2 _ Iry — 2 92
11) lim (1+22%2) 747,  12) lim 2L 22—V £V,
20 z=1 (z—1)(y —2)
y—0 y—2
22 . 2’y
z+y
13) lim (#) ; 14) lim (1 + —) .
T——00 x +y2 T—0o0 T
y—r—+oo y—3
X.19. 3uauT TOBTOPHI IDAHMIII:
2 _ .2 2 _ .2
1) lim lim %, lim lim Iziy;
hid hiid
2) lim lim , lim lim :
T z—=tooy—+0 1 + ¥ y—+0z—+4oo 1 + ¥
3) lim lim sin L, lim lim sin ——:
1 1
4) lim lim —t Ty , lim lim —tgi;
z—0y—oo xy ~ay +4 y—=oox—0 Yy Yy +4
5) lim lim log, (y + ), lim lim log, (y + x);
xz—1 y—0 y—0x—1
1 1
6) lim i 1 2y li lim (1 zy .
) B Cre)ss o Iy B U awses
7) lim lim S xy’ lim lim oid
z—oo y—0 Y y—=0z—o0 Y
. Tty . .
X.20. [oeectn, mo rpaHuna lim ———_——— He iCHy€, BIANIYKYIOUM NOB-

TOpH] TpaHui i€l GyHKIIl B IOYATKY KOODAUHAT.
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X.21. JosecTn, mo

Yy
lim lim ——
z=0y—=0 Yy +x — Yy

x
Yu icuye rpanuna lim L A
ro0ay +r—y
X.22. oeecTH, 1o
22+ y?

li lim ———

= lim lim ——.
y=0z—=02y +x — Yy

= lim lm ———

Ty

362—|—y2
4

2 2
7+
Ynu icuye rpamumga lim 7y\47
ez l+(z—y)
. 2xy o
X.23. [Hosectu, mo ¢yukma f(z,y) = T € OOMEXKeHOI0. JHAUTH
T Y

MHOXWHY 3HateHb ¢yukmi f. Un icuye lir% fla,y)?
T—r

y—0
2
X.24. Josectn, mo f(z,y) =

x4 4y

IPSAMY€ 10 HYJIA B3TOBXK Oy Ib-fIKOT'O

mpoMeHs £ = tcosa, iy = tsina, komu t — 0. Ynu icuye lin%) flz,9)?
r—

X.25. /locaiguTy Ha HEMEPePBHICTL Y TOUM (
%,902 +y* #£0,
Hz=<¢ 7 +ty 2) z=
1/2, 2% +4* =0;
2
Ly 2 2
. 7+ 0,
3y z=4 T4y v 4) z =
0, 2®+y’ =0
Byt 5
——,T + 0,
5)z=1{ z*+y? V7 6) z =
0, a?+y*=0;

X.26. Toeecrn, mo dyHKIi:

A Y A0,

1)2:{
07

22 4 y? = 0;

B Touni (0; 0) HenmepepBHi 3a KOXHOK 3MIHHOK 30KpeMa. Iu OyAyTh Il (DyHK-

il HEeIEepPEePBHUMU B [IOYATKY KOOPIUHAT?
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y—0

0; 0) dynxuil:

I‘yz
2 + y2 ’

a +y* #0,

0, 2+y*=0
:v2y2

22 4y’

2?4y #0,

0, 2®+y*=0;
22 — g2 ‘
x2+327x2+y27£07

0, x2+y2:0.



X.27. 3HanTy TOYKU PO3PUBIB (hYHKITIN:

z—y
1)z = L 2= . 3)z= ;
)z (z —1)2+ (y +5)%’ )z x— 3y’ )z 42 —y2 — 4’
1 1 1 1
4) 2= — P 5) s = —— 53 6) 1= —;
sin® 7z + cos? Ty sin® rx  cos?my sin Tx cos 7wy
x—y Yz
7 — . 8 — . 9 — .
)z 3 —y3’ Ju 2y 22 -1 Ju x4 y? - 2%
1 9
0Mu=— 1u=In .
) sin z sin y cos z ) (x—a)?+(y—b?+(z—¢)?
1, xy > 0,
X.28. 3mauTu TOYKH PO3pUBIB GYHKIL 7 = 0, xy = 0, Ta 3006pa-
-1, zy <0

3uTH il rpadik.

$2. HacTuuHl noxigul Ta audepeHial OepIioro MopaIKy
¢dyHKINI 6araTboX 3MIHHAX

1°. Hacmumnna noxione. JacTHUHHOIO MOXiAHOW QYHKIN u=f(x1,2,...,o,) B TOULl z°
3a 3MIHHOIO z; HA3WBAIOThH I'PAHUIIO BiJHONIEHHS YaCTUHHOTO NPUPOCTY miel ¢yHKII 3a
3MIHHOIO x; 0O IPUPOCTY 3MIHHOI z;, KOAU Hed MPUPICT IpAMYye 10 0O

8f(13(1),$;,...,a?i) — lim f(m§vmgv---7m?71#ri7I?+17---7z:’,)7f(m§vmgv---7w?717I?7I?+17~~~7Iz)
Ox; - ° .

;= ©
? i

2°. Nugepenyiaa dynwyii. Oynkuis u=f(z1,22,...,2,) Ha3UBacTHCA AU ePEHIINOBHOIO

.0
@ T — T

B TOYI{ #°, AKINO 1 IPHUPICT ¥ Uil TOYII MOXHA IOJATH Y BUIVIAL

fler,za,..xn)—f(2f.25,...xp =A1(z1—e] )+ Az (e —ad )+ + An (20 —2) )+ep,

ne A1,As,..., A, — deAKi cTai, p:\/(:Bl7:@)2+(m27mg)2+---+(m"7:B,,°L)2, ae—0, Koau z—z°.

TosoBHa AiHIMHA YacTHHA NPUPOCTY HudepeHIinoBHOI B 3afaHill Todli PpyHKIIl Hasn-
BaeThed i1 AudpepeHIiaioM y il TOUIII.

SAxmo yacTUHHI TOXi HI 0 BCiX 3MIHHUX ICHVIOTH 1 HellepepBHI B OKOJI 3a4aHOi TOYKH,
To 11 gudpepentiag y Ml TOYMl Mo¥we O6YyTH 2alWCAHWH Y BUTUIALL

n af xO
Uz)f(gp):g1 %dw
3°. Hozidna craadenoi Pywryii. Axmo dyHKm u=f(z1,22,....2n) 1 2:=@(t1,t2,..,tm ),

(t=1,2,...,n) AUdepeHIiNOBH], TO

Ou_ ¢ Of Ovi ...
at]' —7‘:1 dx; at]' s (3_1,2,...,m).
4°. [oxiona 3a nanpamom. I'padiewm. SKmo I°=(cos a1,cos ag,...,cos o) — OJUHIY-
HUU BEKTOD HATIPAMY f(a,; — KYT, 0 YTBOPIOE W HAIPAM 3 BICCIO 2 ), @ u=f (T 1,T2,...,&n)

— nudepeHIiioBHa (PYHKITA, TO TMOXiAHA el QYHKI 3a HAIPAMOM | OGUMICIOETHCA 3a

G opmyIio0
U

! _1',;1

|Q)

cos oz;,:graa> f~l_5.

of
oz

i

ol

Bz — rpafgieHT GbYyHKIIl v=f(z).

a g a
Tyt gra?lf:(ﬁ,—f an

S’
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X.29. 3uanTy YaCTUHHI TOXIAHI TaKUX (yHKITIN:

Dz=ayy+ \S/LE; 2z =¥, 3)z:1ntg§,
4)z = e v; 5)z=1In (Jc +Va?+ y2) ;0 6)z=In(z + Iny);
1
- - . = (1 Y. — %Y.
7z actg L 8)z = (1+zy)¥; 9)z = z"Y;

10)z = arctgVa¥;  11)u = sin(z? + y* + 27); 12)u = 2v;

13)u = z¥%; 14)u = (sinx)¥?; 15)z = arctg vy ;
1—xy
¥
16)u =e "8 %, 17)z = arcsin z/y; 18)z = Intg %

X.30. O6’em rasy V e ¢ymkmicwo noro temneparypu i Tucky V = f(p,T).
CepenuiM KoeillieHTOM PO3IINPEHHA I'a3y TpU MOCTIMHOMY THCKY Ta 3MiHl
remneparypu Bix T1 no T, HA3MBAWTL BUPA3 ‘/1‘(/7 IlTo Tpeba waspaTu
KOe(DIMIEHTOM PO3MIMPEHHS [a3y TPU TOCTIMHOMY TUCKY JJIS 331aHOI TeMITe-
parypu?

X.31. Temnepatypa B 3agaminn Toumi A crpuxus OX ¢ dpyHKIicHn abcuucn
x Toukn A i wacy ¢ : @ = f(x,t). Skunn Qi3UIHEE 3MICT MapTh YACTUHHI

00 . 00

TIOX11H1 e i —7

X.32. BuanTn f (0;0) Ta f,(0;0), sxwo f(z,y) = {@y. Qu 6yme ws Pyrmis
IUMEPEHIINOBHOI B TOYIL (0 0)7

X.33. 3agana pymkmia f(x,y) = /23 + y>. Un 6yae ua dyukuia audepen-

IIMOBHOIO B IMOYATKY KOODIUHAT?
X.34. Yn 6yme mudepenuinosroio B Toumi (0;0) dymkiia
1

Floy) =4 € Tty #0,

0, z=y=0.
ry 2,2
—, 2" +y* #0
X.35. Hosecru, mo dyuxmia f(z,y) = V2 +y2’ € Hele-
0, z=y=0

. a
peperowo B okoai Touku (0;0), Mae oOMeXeH] TaCTUHHI ITOXITHI 3z Ta 8_f
Y
onuak He audepenninosna B Toum (0;0).

9 1
2
T+ sin ———, @2 + 0
X.36. Mosectu, mwo f(z,y) = ( v 2+ y?’ v # Mac B
0, r=y=0
oxoni Touku (0;0) moxigwi f, i f,, pospupri B Toumi (0;0) i HeoOMexkeH B

Oy Ib-AKOMY il OKOJi, OOHAK caMa € Ju(ePEeHIiNOBHOI B I[I TOYII.
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d
X.37. 3nantn d_ltl’ AKIO:

NDu=e""% x=sgint, y =1 Qu = arcsin(zz —y), x = 3t, y = 417,
Su=e>"3 z=tgt,y =t —t; d)u = aurctgg7 r=e+1,y=e"—1;
T

yz

5u=2x" r=Int, y=sint; 6)u=",z=c' y=1Int, 2 =1 — 1.
X
17, d
X.38. 3uantu & Ta —Z, SAKIIO:
ox dx
1 1 2
1)z =1In(e* +e¥), y = §$3 + z; 2) z = arctg r+l cy = eleth)T
Y
9] 0
X.39. 3nantn £ Ta 3_;’ axmo z = f(u,v) i:
2 .
Nu= Y , 2)u = In(2? — y%), 3u=x" -1y
r+y
v =z?— 3y; v =zy?; v=e"Y.

X.40. Yeaxarwuu, mo Gyl f, ¢, ¥ audepeHiinoBaHi, IepeBipuT BUKO-
HaHHA TAaKUX PIBHOCTEN:

a 0 : P
Dy, - xﬁ_gz/ = 0, axmo 2 = p(2* + y?);

, 0 9 . 2
2) a:2£ _Iya_; +9y% =0, axmo z = g—x + o(zy);

, 502 0
3) (22 — y?) o +ay'e = ayz, amo z = eV | ye2 | ;

ox oy

19z 109z z Y
4) ——F+ —— = — = 222y
) z0x  yOy yQVHKHlOZ fla? —y?)’

8’]_1, 8u au . _ _h Yy < .
5) xa.;.aya_y-kﬁz&_hu,m(mou—w @(x_a’av_ﬁ)’
6) cosz—— + cosy— = cosx cosy, AKmo u = sinx 4+ f(siny — sinx).

Jy ox

X.41. 3Bwantu noxigay dywkuii v = f(r,y,2) 3a HAIPAMOM BEKTODA fy
Touni My i rpagienT 3aganol GpyHKI B O TOYIH, AKIIO:
Du=a?y’z, 1= (2-31), Mo(l;-1;1);
2)u=Yrzy?, = (-23%5), Mo(l;3;1);
N u=zIn(@? +v2), [=(3;-2;4), My(=3;2;4);
fHu=ysinz+azcosy, [=(=3;2:1), My(0;0;0).
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X.42. 3HaUTH HATPAM MaKCHMAIBLHOTO 3pocTanss byuximiv = f(z,y,z) B

Toum My, SKIO:

1) u= 2%y +y?z + 222, Mo(1;-1;1); 2) u=1In(x? + 4%+ 2?), My(2;-1;1);
3) u==xcosyz +ycosxz + zcosxy, Mo(0;0;0).

X.43. 3manTyu noxigry byekmi z = 22 — y? B Toum M (1;1) y HampsaMi, mo

yTBOpIoE KyT 60° 3 mogaTHuM HampaMom oci Ox.

X.44. 3uaintu noxigny dyuxmi 2 = 22 —zy +y% B roani M(1;1) y manpsawi,

0 YTBOPIOE KYT « 3 AOAATHUM HampsaMoM oci Ox. B axomy HampAmi 1d

MOXifHA Ma€: a) HAMOLIbIE 3HAYEHHA; O) HAMMEHIIE 3HAYEHHA; B) OPIBHIOE
HyJ0?

2 2
" . T Y X a b
X.45. 3HapTy noxigHy QyHKmi z =1— — — = BToumi M | —=;—=| ¥
a? b V2 V2
22y
HATIPAMI BHYTPINTHEOL HOPMATL 10 KPUBOL — o 1 » min Tourmi.
a

o . 1
X.46. O6uncaINTH 3HAYMEHHA 1 BLINTYKATH HAIIPAM I'PaicHTa GYHKI u = —,
r
per =+/x? +y?+ 22, y rouui Moy(zo, Yo, o).

. T 2 T . . .
X.47. Torenmian moas ¢ = kln \/0052 == 4 sh? —y, ne aik — meaxi cram.
a a

3HanTH HAaNpyXeHicTh moads F = —grad ¢.
X.48. 3uanTn qudepeHmiagm QpyHKINN:

1)z = E; 2) z = cosxy; 3z= arctgg + arctg f;
4)z=¢e"u; 5) z = arcsin =; 6)z = In /22 + y2;
Y
.%’3 .y
Tz =1tg—; 8)z = Insin =; Nu=zay+yz+zx;
Y @
10)U:%§ 1) u = z°yz; 12)u=2+2 42,
e+ Y zZ oz

X.49. 3unanty audepeHIiaiy cKIaIeHuX (HYHKIN:

Du=f(t), t=4x-3y; 6)u= f(a* +y% 2% —y?, 2zy);

u= 1), t=1; ez fn), w=ar = by
Ju=ft) t=V 9% 8z=fluv), u=ayv="1;
Hu=flz+y,z); 9)z = f(u,v), v=2x— 3y, v =32+ 5y;
5)u:f<§,§); 10)u=f(z,y,2), r=t> y =12, 2 = 2t.
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X.50. 3uatiTu moBHUHE mpupicT Ta Aundepenmialr byHKI & = 12 + 2y + 37,
KON T 3MIHIOETHCA Bl 3 10 3,1, a y — Bix 2 no 2,2.
X.51. 3mawTu mosHui mpupicT Ta mudepenmiar gyuxmii z = lg(z? + y?),
KON T 3MIHIOETHCA BT 3 1m0 2,9, ay — Big 1 mo 1,2.
X.52. O6uucanTy HAOIMKEHO:

1)V(4,07)2+(3,02)%,  2)(2,00)>%;  3)/(1,01)® + (1,98)3;

4) sin 29° cos 61°; 5)1/(6,01)2 + (7,98)2.

X.53. Tino spaxkwuu B moeitpi (4,1 +£0,1H) iy sogi (1,8 +0,2H). 3uantn
TYCTUHY T11a Ta BU3HAYUTH MOXUOKY 0OYUCIEHD.
X.54. Pagiyc ocmoBu Komyca mopiBuioe 10,2 + 0,1cMm, TBipHa — 44,6+

+0, 1 cM. 3HanTu 06'eM KOHYCA Ta BU3HAYUTU MOXUOKY OOIUCIEHD.
X.55. PiBHAHHA B 1EAKOMY OKOJI TOYKH (Zg, Yo) OJHOIHATHO 33,1a€ QPYHKIIO

y = y(x). Buanru ' Ta v {xy):
D2y=1+ay’, z0=1,9=1 2)(r+y)°=27(c—-y), 10=2,y =1
Nye! =M zg=0,y0=1;, 4)y’=z+In(y/z),20=1,9 = L.
X.56. 3manTu noxiany y' sagamol piBEAHEAM PyHKINI ¥ = y(T):
1) y° + 3y = 2x; 2Q)y—esiny =2, (0<<1).

X.57. IepekonaTucs, mo Oyab-Aka GyHKIA § = y(x), HEABHO 3aAaHa pPiB-

HAHHAM
arctgyr = In /22 + 2,
3a10BOJIBHAE AUdepeHIiaJbHe PIBHAHHS
z(dy — dz) = y(dy + dzx).
X.58. [assaganoi pisuanmaM measnoi dyuxmil z = 2(xz, y) 3HAUTH JacTHHH]
TIOX1 THi:

1) 2?2 +y* + 22 = a? 2) 2% — 3zyz = a®;
Nx+y+z=e 4) x4+ y+2=e @y,
5),3:\/:E2—y2tg72 .

22 — 2

X.59. 3Buantu gudepentian dz 3aJaHOl pIBHAHHAM HEABHOI GyHKII z =
= z(z,y):

2

2 2
r oYy Lz . .= o
3)z:a:+arctgL; 4)£:1ni+1.
2= z Y

X.60. 3uanru du, sxmo u® — 3(z + y)u? + 2% = 0.
X.61. Hexan z = z(x,y) — dYHKIIA, BU3HATEHA DIBHAHHAM 2° — 22 4+ y =
= 0 i Taka, mo z(3, —2) = 2. 3nanutm dz(3, —2).
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$3. YacTuuui nmoxigul Ta gudepeHIlialid BUIAX TOPAAKIB

1°. Hacmuuui noridnt suwur nopadxis. JacTHHHI MOXIZHI Bl YaCTHUHHUX HOXIAHUX

nudgeperinoBHOI GYHKI] HA3MBAIOTL YACTHHHAMH IIOXiJHAMH IPYTOTO IOPAIKY

)i *f 8 (8f
O0z% ~ Ox; \ Oz; )’ Jx;0z;  Oz; \ Ox; |-

Tak camMo BU3HaYalOTh TOXiAHI TPETHOTO, YeTBEPTOTO 1 T.M1. TOPAIKIB.

Sxmo ana 3agaHol GYHKII B TOYII iCHYIOTh HellepepBHI IOXiJHI JedKOro MOpAAKY, TO

8 a2
BOHM piBHi, He3aleXXHO BlJ MopAlKy IudepeHnitopanHsa. Hanpukian, Ery [:{w =5 afw .
J 3 v
2°. Nupepenyiaau suwur nopadris. NudepeHniaisn BUIINX HOPAAKIB BH3HAYAIOTHCA
dopmyraMu

iT.n. 3okpeMa 1A GYHKIN z=f(z,y) IBOX 3MIHHUX

o, \N?, 8 o . 9°f 8f 4
d’f= (am dx+aydy) F=gpzde 2, 5, dedyt 5 7 dy?,

: o 3
d:‘f:(g—mda:-i-a—ydy) f*a—fda: +35 og de?dy+35-5 afodmdy +a ];dy

3°. Dopmyaa Tedaopa. SAxmo GyHKIIA u=f(z1,52,...,7,) Ma€ HellePePBHI B TOYILi z°

TMOXiAHI A0 n+1-T'0 HOPAAKY, TO

flz)=f(z )+de( ) +o(p"),
xe /BT A

i=1
X.62. 3uanTy YACTUHHI HOXIAHI IPYTOro HOPAAKY (DYHKINH:

x+ cos y?
1)z = arctg —y; 2)z = xe Y, 3z = Y :
1 -2y T
4)z = In~/22 + y?; 5)z = a¥; 6)z = e””;
7)z = arcsin(xy); 8)z = y*; 9)z = arcsin Y

V2 +y?
10)z:1n<x+ a:2+y2>; 11)u = ™97 12)u = a? + y? + 22,

13)u = 2¥/7; 14)u = G) ; 15u=az".
2u(0,0 0%u(0,0
X.63. Ilepesipuru, uu BUKOHYELTLCA PIBHICTL w(0,0) = «(0,0) UL
oxdy dyox
pyHKIT
(922 — 4y2)6x—y 2+y?#£0
f(zy) = 9z + 4y’ 7
0, 22 4+ 4% =0.
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X.64. 3uanTy 3a3HadeH] MOXiqHI B 3aMaHUX (DYHKITIN:

63
1) Wgy’ axmo u = In{x + y);
o .
2) Wgyw axmo u = In(z? + y?);
u
3 P - — TUZ.
) Oxdydz’ IO W= e
4 dtu o ! 1
———— akmo u = In :
drdydED Ve =2+ (y—n)?
gty x+y
5 22 =Ty,
)8xm3y”’ﬂKmou pamt
6) m AKIITO U = Tyze*Tyt=
dxkAymozn’ o u =y ’

X.65. [osectu, mo yukimia v = Asin Az cosalt 3aI0BOILHAE PIBHAHHA
KOJUBAaHbL CTPYHU

9%u 5 0%u
— =a"—.
ot? ox?
, 1 (@—=e)? ,
X.66. [dosectu, mo pyHKUiI u = €~ 4d%t  33aM0BOJBLHSAE PIBHAHHS
2av/7t
TeTIOTIPOBI THOCTI
ou ,0%u
-— = a4 ——=-.
ot ox?

X.67. Mosectu, mo dymkmia u = In+/(z — a)? + (y — b)? 3a10BOIBHSAE PiB-
wsuad Jlannaca

Pu
dx oy
. 1 .
a pyHKIisg u = —————————————— — DiBHAHHA Jamraca
V=) Ty T o) TAe T

X.68. Hexanm u = xze¥ + ye®. [losecTu, mo

Bu BPu »Bu 3

a3 + 3 x3$3y2 + yaaﬁ@y'

X.69. Hexan u = e*¥*. [losecTu, 1o

Ou _ . % _’_21:% u
Ordydz y@x@y ox ’
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22 — 2
. HosecTn, mo

X.70. Hexan v = 1n

Fu &u PFPu &u 1 1
%*Way‘w—a—yﬂ(ﬁ‘ﬁ)'
X.71. Ypaxaodn, mO NOBLIEHI GYHKINL ¢, ¥ 1 Tak tam gudepeHminoBHl
JNOCTATHIO KUIBKICThL pa3iB, IEPEBIPUTH BUKOHAHHA TAKUX PIBHOCTEN:
9%u , 0%u
) 52 = @ gy Ko u = olx — at) + (z + at);
d%u 9%u 9%u

2 3 " auny T gy - & Mo v aelzy) Fyplety);
2

, 0%u 9%u 0%u
)« g + 2y ¥ g = O mmo =0 (T) +a (1)
0%u d*u 0%u
4) xza 5 +2 ya:z:ay +y28 5 =n(n—1u,

R~

AKmo u = ' 7" (_) + 2" <Q>;
ou 0%u _ Ou d*u t x

oz Oxdy Oy 0z’
X.72. 3nanTu nosui gudepeniam Ipyroro IopasKy (PyHKIIN:

Aaxmo u = ¢ (z + Y(y)).

y Y
yz==——; 2)z = ——; 3)z=(z+ye
4)z:xlng; 5)z = wsin?y; 6) z = In(z — y);
T
T u=xyz; )u = ¥ Nu=uaxy+yz+ zx.

X.73. 3uanTy 0oBHI IudepeHIiagI 3aJaH0r0 MOPAIKY Bl QYHKIN:

1) d®u, axmo u = ¥ sin x;

2) d®u, axmo u = In(z + y);

3) d®u, axmo u = z3 +y® + 2* — 3wyz;

4) d%u, axmo u = In(x + y + 2);

5) d*u, axmo u = In (z°y¥z7).
X.74. 3HauTH IOBHI JU(EPEHIIAIN IPYTOro MOPAIKY Bil CKIATEHUX (PyHK-
LI1M:

Du=f(t), t=z+uy; Su=f(&n), {=z+yn=c-y;

Du=ft), t=1; 6)u=fle,y,2), o=ty="£ 2=+
3)u:f(t)7t: x2+y2+z2 7)Z:f(€>7770>52055777217%5:02;
4)u:f(€>77)7 520%77—5% 8)u:f(§,n,§),§:x2+y2,

n=a?—y* (=2xy.
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X.75. 3HAWUIMOBIM TOBHUYN AudepeHtian BiAmOBl THOTO TOPAAKY, OGIUCTH-

™
o3 o3
1) 8—9;; Ta Tc{;z’ Ao ¥ = sin(2x + y);
ot a4
2) 6'_;: Ta Wgy?’ axmo u = ln(ax + by);
? ?
3) gu u akmo u = e®T2y+3z,

5.3 dxdydz’

X.76. PospunyTu dynkiio f(z,y) = 2 + 2y° — xy 3a popmyaow Teiiopa

P N e 7 1 Al _1. 1)

B oxoai Touxku A(—1; 1).

X.77. Pospunyru dyukuio f(x,y,z) = 23 + 24> + 23 — 5ryz + 2% — 3y 3a

dbopmynow Termmopa B okomi Touxu A(l; —1; 0).

X.78. PossunyTn ¢yukuito f(z,y) = sinzsiny sa dopmymnow Teitopa 10

APYTOro MOPAAKY B OKOJII TOYKH (%, %)

X.79. 3anucaTtu possunenss yukmil f(z,y) = x¥ 3a crenenamu (x — 1) Ta

(y — 1) 10 4IeHIB TPETHOrO TOPAAKY. KOPUCTYIOUNCH OTPUMAHUM PO3BUHEH-

HAM, HabIKeHO obumeanTn 1,1%02,

X.80. 3uann wabmmkene anadenrsn el cos(0,017), pOIKTARIIN Ri TTORI THY

$yukmio 3a gopmyaoio MakmopeHa 10 TPeTHOro MOPAIKY.

X.81. 3amucaru popMyan 4ag HAOMDKEHNX OOYUCAEHD 3HAYEHD (PYHKIIH
1) (,Ob.’l,;

cosy

I JOCUTL MAJNX 3HAa4YeHL MOIY.IIB IXHIX apryMeHTIiB.

2) cos(x +y + z) — COST COSY COS 2

84, ExcrpemyM ¢QyHKIIL 6ararbox 3MIHHUX

Touky z° HazMBaTMMEMO CTalllOHAPHOI0 TOYKOIO (hyHKIIl u=f(x), AKIIO B X TOYI BCl
11 YacTUHHI TOXIAHI TePIIOro MOPAAKY AOPIBHIOIOTEH HYJIIO.

Hexalt u=f(2) € ABiui gudepeHIIHOBHOIO (YHKI[EI B cTalioHapHin Touri z° 1 Bci ii
YaCTHHHI MOXiAHI APYroro NMopALKy HemepepBHI B Todmi z°. SIkmo d?uw(z®) € 3HAKOBH-
3Ha4YeHOIO KBaJpaTUYHOIO (pOPMOIO 3MIHHUX daq, dea,...,dz,, TO (byHKL[iH u:f(zl,zz,...,z,,)
Mae B TOYIN ¢° JOKAJLHUEA eKCTpeMyM (MaKCUMyM, KMo d2u(z°)<0, abo MiHiMyMm, K-
mo d?u(x°)>0). fAkmo x gudepenial Ipyroro NOpAIKY € 3HAKO3MIHHOIO KBa,IPaTHIHOIO
dopmoto B Touli z°, To GYHKIIA u=f(z1,22,...,z, ) HE MAE KCTPEMYMY B Il TOYI.

3oxpeMa QYHKINA IBOX 3MIHHUX 2= f(z,y) Mae eKCTpeMyM ¥ CTallloHapHIl TOHI, SKIIO

o%F % f (azf >2 927

B LI TOHIN 27 952 —\ Booy >0, IpUIOMY MAKCUMyM, AKIO Z—5 <0 1 MyHYMYM, SAKIIO

2
2y 240 (24 <0

W>O’ 1 HE MaTHMe eKCTPeMyMY, JAKIIO 75 9v2 \ sy

X.82. JocaiguTu Ha eKCTpeMyM Takl (hYHKIT1 JTBOX 3MIHHHIX:
Dz=a—ay+y> +3c -2+ 1; 2) 2 =2 +9° — 3axy;
3) z =2+ zy +y> — 3ax — 3by + 1; 4)22&33/—!—% ab”,

y bl
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5) z =2y (a—x —y) +b 6) 2 = 2y/36 — 22 — y?;
Te=at+yt =20 -y)?+12 8)z=e " ¥ (a%2? +b%7);
9) z=(r—4)* = (y - 3)% 10) z = +y +4sinxsiny.

X.83. [ocaiauTu Ha eKCcTpeMyM (yHKITL:
1) u(w,y,z) =2 +y> + 22+ 40 — 8y — 22 + 6;

2) u(z,y,2) =2 + v + 2% + 120y + 22;
3) ulw,y,2) = ayz(da —x —y — 2);
2 2
z 2
) ulz,y, ) =o+ o+ = 2

4x z

X.84., 3HauTH HaROLILITE za HAMEHIIE 3HAYCHHA PYHKIN v 3agamiu 00-
JacTi:
Dz2@y)=2r+y-5 D={zy0<z<1,0<y<1,0<z+y <1}
2) 2(x,y) = 2 —day - 5y°, D = {(z,y)| |2 +|y| < 2};
3) z(wy) =2 +ay +y? D= {(x,y)] || + ]yl <1}
4) z(x,y) =sinz+cosy+cos(x—y), D= {(:v,y)|0 <z < g,() <y < g}
X.85. Y mieky.mo pagiyca R BoucaTu NpsaMOKy THUI napa.HeJIgHine,a HANGLE-
IIIOT'0 00’eMY.
X.86. [loBxuHY MeETAJIEBOI'O CTPUXKHA 3aJ€XKHO BijJ TeMmmeparypu t omnu-
cye dpopmyaa I(t) = lo(1 + at). MerogoMm HAEMEHINX KBAJIDPATIE 3HAUTH
KOEMDILIEHT JMIHINHOIO PO3LIUPEHH ¢ Ta JOBXUHY [y 38 TAKUMU JaHUMU BU-
MIDIOBAHb.

t, °C 25 50 75 100 125 150 175 200
1(), e | 200,14 | 200,24 [ 200,33 | 200,41 | 200,52 | 200,61 | 200,69 | 200,8

X.87. BusecTu ¢HopMyIN IS BU3HAYEHHA METOIOM HANMEHINNX KBAIPATIE
napaMeTpis emmipuanol gyukmii y = f(x), akmo

a) f(z) =ax® + bz +¢; 6) f(z) =ae’™; B) f(z) =alnx +b.
X.88. BusecTu GopMyaM I8 BUSHAYEHHA METOLOM HAIMEHIINX KBAJIPATIB
3HAYeHb mapaMeTpis Bupobumaol dyukmii Kobu-lyraaca U(z,y) = ax®y?,
akmo o + 3 = 1.
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PO3AIJ XI

KPATHI, KPUBOJIIHIMHI TA IIOBEPXHEBI IHTETPAJIN
§1. ToasiuHi IHTerpaIn

1°. Hexalt ma geakiin obracti DCR? 3azana yHKIig z=f(z,y). Po3i6’eMo mo obracThb
Ha nigobacti D; CD (i=1,n) 1 mo3HAYUMO A=max diamD; (MaxcumMyM glameTpiB migobaac-
Ten), a 4epes AD; — oy obaacti D;. B KO;KHiI?I obaacTi D; BubepeMo MOBUIBHY TOUYKY
(wiyi)ED;.

IMoasiiuuM iuTerpasoMm mo obiacti D Bif (byHKuiii z=f(z,y) Ha3UBaATUMeEMO

fff z,y) dwdy_hm Z flziwwi)AD;,

AKIO [IA PPAHUII ICHYE | He 3aJe’KUTh Hi Bif cnoc06y po3buTTsa obaacTi D, Hi Bif BUGOPY
TOYOK Ha elleMeHTaX Po36uTTA.

2°. flkmo z=f(=,y) HenepepBHa B 0baacTi D={(z,y) | e<a<b,p(z)<y<y(z)}, TO
b ()
fff ey)dedy=[dz [ f(z,y)dy

a @)

3°. Ilpu mepexoi Bif AeKapTOBHX [0 MOJAPHUX KOOPAUHAT (x=p cos @, y=psin p)
fff z,y)drdy= fff pcos p,psinp)pdpdep,

ne A — 06J1acTb, y AKY MepeHiLia O6JIaCTb D mpu mepexol A0 MOJAPHOI CHCTEMH KOOP-

MUHAT.

XI.1. 3amucarm 3a AOMOMOOK MOABIMHMX IHTErPAIB 1 OOYUCANTY ILIOLI],
oOMexkeHi JIHIIMU:

Day=4,y=x,1=4 2y =1 dy=2"y=4
3)y=a% 4y =22, 2 = £2; M y?=4+2z, 2+ 3y =0;
5) ay = 2% — 2az, y = x; Sy=lhz,z—y=1,y=-1.
XI.2. Ilo6yayBaTu 06acTi, ILIOII AKUX BUPAKAIOTLCA IHTErPAJTaMU:
a x a \Y4 azfyz a \/m
) [dz fdy, 2) [dy [ dz; 3) [dx [ dy.
0 0 0 a—1y 0 T

SMIHUTHU MOPAIOK IHTErPYBAHHA.

XI.3. H06y,quaT1/1 006/1acTi, IOl AKKX BHPAKAIOTHLCA IHTErPaTaMU:
2—z2

0 0
fd:v f dy, 2) [dy [ du.
-2 y274

3M1HI/ITI/I HOPANOK IHTErPYBAHHA U OOYUCIMTH LI ILIOMI.
XI.4. O6uncauru wiomty ¢irypu a <+ < a(l — cos ).
XI1.5. O6uncanTn WIoNry, OOMEXeHy IPAMOIO 7 COS @ = @ 1 KOJoM r = 2a.
XI.6. O6uucanru miomri, oOMexeH] JiHiaMu:
Ny=z2%y=a+2; 2) ax = y% — 2ay, y + = = 0;
3)y =sinz,y=coszizx=0; Hy!=da?—az,y=a+m;
)
)
)

Ut

r =4(1+ cos¢p) i rcosp =3 (cupaba pig npamol);
r = a(l —cos), r = a i po3TamoBaHy 1O3a KapPiol010;
zy=1 a2y =38 y> =z, y? =8

(=2}

7
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XI.7. TlobyagysaTu 06aaCTi, MIOM AKUX BUPAXKATHCA IHTErPATAMU:
b z a  V2a7—y? 4 8—=z
V) fdx fdy; 2) [dy [ dx; 3) [dx [ dy.
a a 0 Voy 0 2V
SMIHNTH IOPAAOK IHTErPYBAHHA I OOYMCINTH ILIOLI.
XI.8. BusuaunTu nedTp MaC IO, OOMEXKEHO1 JHIAMHA:
1) y = 0 i ogHi€rO MIBXBWIEIO CUHYCOLAN § = Sin x;
Ny=a%,z=4,y=0; 3y =ar,y=uz; 4y 22 +y? =a?, y=0.
XI.9. Buzpauntn moMenTn inepii J,, Jy 1 Jo maonn npaMoxyTHuKa, oOMe-
xenoro gmimiaMu £ = 0, 2 =a,y =0iy =b.
XI.10. BusmaunTtu MoMenT iHepuii mono oci Oz o, 06MeXeHOl JiHIAMY
y=z/2,x=a,y=a.
XI.11. BusmauuTu MOMEHT iHepInii momao oci Oy IO TPUKYTHUKA 3 BEP-
mwmramu A(0; 2a), B(a;0), C(a; a).
XI.12. BusHauuTy DOJAAPHUN MOMEHT iHepIil Mo, o6MexKeHol JiHiamu:
Dz4+y=a,z=0,y=0; 2)r2=a%cos2p; 3)y>=az, z=a.
XI1.13. Busgauuru negrp Mac:
1) miBcermenta mapabom y* = az, v = a, y = 0 (mpu y > 0);

R A T . .
2) qacTUHM einca — + ol =1, BigTaroro Biccio Ox.
a
XI1.14. Buspaunty MoMeHT iHepiii mom0 oci Oy o, 06MexXeHOl JIHIAMEI

22
y=a+ —y=22ix=0.
a
XI1.15. BusmaauTu moMmeHT iHepmii mogo oci O miomi TpUKyTHUKA 3 BEpP-
mmuavu A(1; 1), B(2;1), C(3;3).
X1.16. BuzHauuTy MOAAPHUNE MOMEHT HEPIIIl IO, 0OMEKEHO1 JiHiAMY:
x

1) E+%:1,$:O,y20; Nr=a(l—cosy); 3Ny=4—122,y=0.
XI1.17. Busuadutu 06’eMu Til, OOMEXEHUX TOBEPXHAMIU:

De=2*+y’,2+y=42=0,y=0,2=0;

N@+y)itazr=al,2=0,y=0,2=0;

4y 22 +y? =d?, a? + 22 = ¥
5Y22=zy,z=0a,2=0,y=a,y=0;
6)az=a>—y% 2=0,2=a;

‘zpy,xt+y=a,z=0;

yaz=a* —2® —y?, 2 =0;

) 32 +y? + 2% = 4a?, 2% + y? = o (noza muaingpom);

)22 +y? + 22 =a?, 2% +y? £ ar = 0 (Bcepequui murinIpiB);
13) 22 = 2az, 2 + y* = ax.

Brasiexa. B 3amadax 8-13 mepelTs 10 MOIAPHUX KOODIUHAT.

o O\_/\_/\j\_/\_/\_/vv
™
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§2. IMoTpiuHi iETerpaIn

1°. Hexalt Ha geskin obmacti DCR? 3agana GyuKmia u=f(z,y,z). Po3i6’eMo mo obracThb
Ha migobacti D;CD (i=1,n) 1 MO3HAYUMO Uepe3 A= max diamD;, a depes AD; — o6’eM
obaacti D;. B koxuin obracTi D; BUGepeMo JOBLILHY Tquy (z4,yi,2: )€D;.
IoTpiitHuM iHTerpajoM o obracTi L Big dyHKIil u=f(z,y,2) Ha3UBATUMEMO
JJJ (2 dadydz=fim 35 f(wi9i,20) AD:,
AKINO 1151 TPAHUIA ICHYE 1 He 3aJeKUTh Hi Bl ciocoly posbutTa obaacTi D, HI Big BUOODY
TOYOK HA eJeMeHTaxX Po36UTTs.

2°. Axmo u=f(z,y,z) HemepepBHa B o6acTi D={(z,y,2)[(z,y)€S,p(z,y) <z<P(z,y)}, TO

Py

ffff 7yzd:rdydz—ffdfcdy I flay,2)d

@liny)
3°. Tlpw mepexoi 0 MAMNHJAPDUIHAX KOOPIUHAT (z=r cos @, y=rsin ¢, 2=z

ffff z,y,z)drdydz= ffff (rcos,rsinp,z)rdrdedz,

e A — 061acTh, B AKY IIepenILIa O6JIaCTL D 1npu nepexoii 1o MATHAPUYIHAX KOODAUHAT.
4°. Tlpu nmepexoni go cepUIHUX KOOPAUHAT (x=r cos @ cos §, y=rsin ¢ cos §, z=rsin §)
fff flz,y,z dzdydz:fff f(r cos pcos,rsinpcosf,rsin 9)r2 cos 8 drdepdd,
A

ne A — 06J1aCTb, B AKY Iepeunia o61acTh D IIpy nepexonl 1o cpepuIHuX KOOpIWHAT.

XI1.18. BusmaunTu 06’eM Tima, OOMEXKEHOO HOBEPXHAME az = z° + y2,
2az = a® — 2% — 2.

XI1.19. Busuauntu o6’cy Tita, o6Mexenoro nosepxmamu 2 + y2 — 22 =0,
2% + 4% + 22 = a2, Bcepenuui KoHYCA.

XI1.20. TloxasaTu, mo mopepxua Kouyca 22 +y? — 22 = 0, gimnTs 06'eM Ky
2% 4+ y? + 22 = 207 v pigmomenwi 1:3.

XI1.21. BusmauynTu Macy mipaMmigyu, YTBOPEHOl ILTOIIMHAME Z + Y + 2 = a,
z=0,y =0, 2 =0, AKIIO I'yCTHHA B KOXKHIN i TOYIl ZOPIBHIOE AILIKATI 2
el TOYKU.

X1.22. BusHauTH MEHTP Mac OTHOPIAHOT'O Tija, 0OMEXKEHOTO TTOBEPXHAMU:
Wz4+y+z=a,2=0,y=0,2=0; 2) az=a® — 2% —y%, »=0.
XI1.23. Busumaunty MoMeHT iHepiii mono oci Oz Tiia, 0OMEXeHOro moBepX-

Hamu (ryctmHa g = 1):
Hx=0,y=0,y=a,2=0,x+ 2z = a;
Nr+y+z=av2, 22 +y*=a> 2=0.
XI.24. Busrauuty 06’eMu Tia, OOMEKEHNX [TOBEPXHAMU:
1) az = 22 +4y2, 22 +9y2 + 22 = 24?; N 22492 —22 =0, 2=6-—22—y2%
3) ar = 2% + 9%, 2% = 2% + %
X1.25. BumsmauuTu Macy Tiza, obMexxenoro mosepxmamu 2 + y° — 22 = 0,
z = h, AKIO TYCTUHA B KOXKHIN MOT'O TOHUIN MOPIBHIOE ATUIIKATI 2 1€l TOYKH.
XI.26. BuznauuTu Macy Tijga, 06MexXeHOr0 IOBepXHAMU 20+ 2 = 2a, r+2 =
a, y?> = az, y = 0 (mpu y > 0), AKIO IyCTHUIIA B KOXKINH ii TOII IOPIBIIOC
OpPAWHATI Y 1€l TOYKU.
X1.27. Busnasuru nenTp Mac ognopigmoi mekym 2 + 42 + 22 =a?, 2 =0.
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XI.28. BusmaunTtu MmoMeHT iHepiil mono oci Oz Tira, 0OGMEXEHOro MOBEPX-
HaMu 22 = 2az, 2 =0, 22 +y° = ax.

§3. Kpusodininaun inTerpar. Popmyaa [pina

1°. Kpueoainitinut inmeepas nepwozo pody. Hexal Ha mysi AB COpAMIIOBaAHOL KpH-
Bol BUsHadeHa HellepepBHa GYHKIA f(z,y,2). Po3i6’eMo myry Ha JacTHHH TOUYKaMu A=
=Mo(20,%0,20), M1{(21,41,21) s s Mn—1(Zn—1,¥n —1:20—1) s M (T Yy 20 )=B. Hexan (#;,9:,%;)
— JesAKa ToYKa OYTM M;_1M,;, a Al; — moBxuHa 1iei ayru. Toai KpuBOTiHINHUM iHTe-
rpajJoM IEPIIOro POLY HA3ZUBATHMEMO

[ flzw.z)di= lim T F(2:.9:.%) AL,
in max Al;—+0 §
AKIIO 114 CpaHUIA iCHye 1 He 3aJIeXXUTh Hi Bif cnoc06y PO36UTTA AYTHU, Hi BiJl BUGOPY TOYOK
Ha ejJeMeHTaXx pO36HTTH.

Axmo ayra AB 3angaHa plBHHHHHMI/I z= y}( ), y=9(), 2=0(t), a<t<s, TO
S fley.2) dl—ff ()9 (1),0(D)]y/ @' 2 () +47> (1) +0"2(2) dt
AD

2°. Kpueoainitinutl inmezpaa dpyzo20 po&y‘ Hexan Ha 1y3i AB cIpAMIIOBAHOI KPHBOI

BU3Ha'deHa HellepepBHa BeKTop-GMOYHKINA ﬁ(:c,y,z):(P(:c,y,z),Q(az,y,z),R(w,y,z)). Po3i6’emo
AYTYy Ha YacTHUHH TOUYKaMM A=M,(x0,50,20), Mi{e1,y1,21)y oy Mup—1{@n—-1,Y9n—1,2n—-1),
M, (©n,Yn, 20 )=B. Hexan (3;,7;,%Z;) — OeAka Todka mgyru M; 1 M;. Ilosmaammo z; —x; 1=
=Ax;, Yi—Yi—1=Ay;,2;—2;—1=Az;. Toli KPUBOJIIHIAHAM IHTErpajoM APYTroro poay Hasu-
BaTHUMEMO

AfB P(z,y,2) de+Q(=z,y,2) dy+R(x,y,2) dz=

:m leAl 7il(P( iYirZ )Af +Q($l yYisZi )AZ‘/I +R( Tiy¥irZ )AZ: s

AKINO 114 TPaHUIA ICHYE 1 He 3aJIe>KI/IT1> Hi BiJ criocoby po36UTTA AYTH, Hi Big BUGOPY TOIOK
Ha eJeMeHTax po3OUTTA.

fAxmo gyra AB sagaHa PIBHAHHAMU o= (t), y=¢(t), 2=0(t), a<t<B, TO

A“[g Plz,y,2)dz+Q(z,y,2) dy+ R(z,y,2) dz—

f @(1),9(0),6(1)]@" ()+Qle (1), (1),0(1)]w' (1) +Rlp(t),4(1),6(£)]8' (1)) dt
3°. Bunadox noswozo dugepenyiaaa. Skmo B obaacti V Pdz+Q dy+Rdz=du, TO

[ Pda+Qdy+Rdz=uas—up, To6TO JOpIBHIOE PI3HMII 3Ha4eHb GyHKNI u(z,y,2) B TOIKax

b
=]

B i A i He 3aleXUTL Bil NLIAXY 1HTerpyBaHusa, BUGpaHoro B obiacti V.

4°. Dopmyaa I'pina

$(Pdz+Qdy) ff( 82—V dwdy

&
NepeTBOPIoE KPUBOIHIMHAN IHTerpad Big P d:c—i—Q dy, B3ATUR y30BXK 3aMKHYTOI'0 KOHTYpa
C, y NoABIUHUE 1HTerpan no obaacTi S, 06MexeHil UM KOHTYPOM.

[Tnoma, o6MexeHa KOHTypoM C, OGUHCIIOETHCA 38 (HOPMYIOIO

s=% g(w dy—ydz).

dl
XI1.29. O6uncautu f ——, me L — Bigpisok mpamoi y = 0,5x — 2 mixk
Lr—Y
roukamu A(0; —2) i B(4;0).
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XI1.30. O6uamcauTu fxy dl, me

L
1) L — kouryp nmpamokyTHuka 3 Bepmmnamu O(0,0), A(4,0), B(4,2),
C(0,2);
2 y2
2) L — deTBepTHHA eIirca — + > = 1, 10 JeXUTL y MEPUIOMY KBal-

, az b2
panTI.

XI.31. Ob6uncaunTu f x —y)dl, ze L — xomo x? + 4% = ax.

22 dl

XI1.32. Ob6uucantu f R ne [ — mepimit BUTOK IMBUHTORBOI JiHI Z =
Y
=acost, y =asint, z = at.
XI.33. O6uncanTn [ (22 — \ , oe L — mepmmy BUTOK KOHIYHOI
L \ /
TBUHTOROL JiHIl & = tcost, y =tsint, z =t.
2?2y

XI1.34. 3HaWTH MACy YeTBEPTUHU eIIca — + 25 = 1, M0 JeXKUTDH ¥ MepIio-

2
My KBaAPAaHTi, AKINO JiHIMHA I'yCTUHA B KO}KH& TOYLl JOPIBHIOE OPJAWHATI
mlel TOYKH.

XI1.35. 3uanTu Macy IEpIIoro BUTKA IBUHTOBOIL JdiHil & = acost, y = asint,
2z = af.
X1.36. 3uanTu KOOpIHHATH IIEHTPA MAC HIEPIIOro MBBUTKA MBUHTOROI JiHil
T =acost, y =asint, z = af, AKMO 11 TYCTUHA CTAJA.
XI.37. 3HauTH CTATUYHUA MOMEHT MEPIIOrQ BUTKA TBUHTOBOI JiHI x =
=acost, y = asint, z = at moa0 wionmwman rOyY, AKIIO ii TyCTUHA B KOXHIN
TOYI MPOMOPINNHA KBAAPATOBI Bl ICTaHI Bi i€l TOYKY 10 3aMaHO1 TUIOIIUHNA.
X1.38. 3manTm MOMEHTH IHEpIHi BiJHOCHO KOOPAMHATHHX OCEH MIEPIIOrO
BUTKA TBUHTOBOIL JiHil = acost, y = asint, z = %u AKIIO il TYCTUHS,
CTATA.
XI.39. 3azano Touxu A(2;2) i B(2;0). O6memntn [(z + y) da:

c
2

1) yagosx npsamoi AQ; 2) y3noBx napabomuy = % 3) yanosx qamanoi OB A.
XI.40. 3agano Touxu A(4;2) i B(2;0). O64uciuntn f r+y)dr —axdy:

1) yamoBx mpamoi AO; 2) y310BXK JaMaHO OBA
XI.41. Bagano Touxu A(a;0;0), B(a;a;0), i C(a; a;a). O6umcmrn [y dr+
+zdy + x dz yagoBx mpamoi OC i mamanoi OABC. :
X1.42. Ilone yTBOpeHe CHIOH0 ?(P; Q), ne P =a2 —y, ) = x. llobyayeatu
CHLILY B KOXHIA BEPIIHHI KBaIpaTa 31 ¢cTopoHamMu ¢ = fa iy = *a i
O0MUCANTU POOOTY MPHU MEPEMIIITEHH] TIIA Y3I0BXK KOHTYPA KBAIPATA.
X1.43. Ilone yTrOpEHe CUIOK0O ?(P; Q), ne P =x+y, Q = 2x. llo6yaysaTtu

CIITY B MOYATKY KOXKHOI YBEPTI KoJaa © = acost, ¥y = asint 1 o64ucauTu
pobOTy Ipu HepeMIlllEHH] T11a IO KOIY.
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Poss’asaTu mo sagauy sa ymoen P = 24y, Q = x. YoMy pobora nopisuioe 07
XI.44. Tone yreopene cmwmoio F (y;a). Obuwmcmurn poboTy mpm mepemi-
IIIeHH] TLIA B3JOBX KOHTYPA, YTBOPEHOT'O MIBOCAMU KOOPJIMHAT 1 MEPILIOKD
4BepTIO edinca x = acost, y = bsint.

XI.45. Ioxc yroopence cuaow F (z;y; ). Busnasuru po6oTy npu nepeMimnen-
Hi Tima B3mosxk Jamamol OABCO, saka 3’emuye Touku O(0; O;0), A(0;a;0),
Bl(a;a;0) i Cla;a;a).

XI.46. Hanucaru ta nepesipuru dopmyay Ipina gusa [(z +y)de — 2zdy, ge

&

C — KOHTYp TpPHUKYTHUKA 31 croporamMu r =0,y =0, z +y = a.
XI1.47. O6uncanTu iHTErpaIn:
1) [ 2zyde —2zdy; 2) [ cos2ydzr — 2z sin 2y dy;
AB AB

3) [ tgydr + xsecydy.
AB
XI1.48. 3acrocysapimu ¢popMyay ['piHa, O0TUCIUTH iHTErpaI
[ yidz + (v +y)?dy
C

y3n0Bx KoHTYpa AABC 3 Bepmmuamu A(a;0), B(a;a) i C(0;a).
XI1.49. 3a J0omoMOrom KpHUBOIIHIMHOrO IHTErpala BUSHAYUTH ILIOUIY €Iilca
x =acost, y = bsint.
XI.50. 3a 10moMoron KpUBOMIHINHONO IHTErpaia BUSHAYNTH ILIOMLY IeTIII
kpusoi z° 4+ 2% — y? = 0.

Bxasziexa. IlepeiiTu 10 mapaMeTPUYHHX PIBHAHD, IPUAHABINKA y=ut.
XI.51. 3agano Toukn A(0;1), B(2;5) 1 C(0;5).

O6uncauru [(z + y) dr — 2y dy, ge:

L

1) . — Bigpisok AB;
2) L — nyra AB mapa6om y = 22 + 1;
3) L — mamana ABC.
XI1.52. 3agano Toukn A{—a;0) i B(0; a). O6uucantn poboTy cuin ?(P; Q),
pe P =y, Q =y — x, opu mepeMimieHHi Tiaa:
1) yamoBxk Binpiska AB; 2) yanosx gamanol AOB;
22

3) yagoBxk nyru AB mapabomun y = a — —.
a

XI.53. Ilokasaru, mo [ ydz+(z+y)dy yaﬁOBm 6y Ab-SIKOT'0 KOHTYPAa JOPIB-
()
uroe Hyao. IlepesipuTu el ¢paxT, OGUNCIUBIIY IHTEIPAd Y3I0BXK KOHTYDA,
birypu, mo o6MexeHa JiHiaMu y = 22 i y = 4.
XI.54. Hanucatu Ta nepesiputu dopMyry 'pina nia inrerpana [ df —
C
y3n0Bx KoHTYypa AABC 3 Bepumuamu A(1;1), B(2;1) 1 C(2;2).

XI.55. 3a ZomoMorow KpHUBOJIHIMHOO IHTerPaJia BUSHAYUTH ILIONLY (iry-
pu, 06MexKeHOI acTpoigoo © = acos® t, y = asin® ¢.

dy
0
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XI1.56. 3a J0MOMOT0K0 KPUBOJIHITHOTO iHTErpala BU3HAYUTH TLIONTY, 06Me-
XKeHy KpuBow y? + 2% — 2% = 0.

Bxrazieka. IlepedTH 00 MapaMeTPUYHUX PIBHAHBL, MIPUUHABIIN y=xt.
64, ITopepxuesi inTerpamu. @opmyaun Ocrporpaacekoro i CTokca

1°. Obuucaenns nosepruesus iNmezpatis neputozo 1 dpyzoz20 pody. Skio Ha moBepx-
Hi S, 3afaHidl CHiBBiAHOWEHHAME =2 (u,v), y=y(u,v), 2=2(u,v), Koau (u,v)eA, ae z(u,v),

y{u,v), z(u,v) — HemepepBHO MTUdeEPEHIHOBHI (PYHKIII mapaMeTpiB « 1 v BU3HaYeHa Helle-

neneHa bOvUKMI flz.v.2). TO
PepBHa QYHKIA fiz,y,2), TO
JF Fenz)ds= 1 Fa(u0)p(uv).2(u,0) VAT BT O duds,
ne 5 N
~ D(y,z) |yu 2z _ D(z,=) Zu T _ D{z,y) |Tu Yu
A= D(u,v) » B= D(u,v) ~ , C= D{(u,v) ~
Yo Zy Zy Ty Ty Yov

flkmo Ha moBepxHI S BU3HA4YEHI HellepepBHI GyHKII P(z,y,2), Q(z,y,2) 1 R(=,y,2),TO
Jf P(z,y,2)dydz+Q(z,y,z)dzdz+ R(z,y,z)dedy=
s
=+ [f(P(x(u,0),y(u,v),2(u,0)) A+Q(z(w,v),y(u,v),2(u,v)) B+
A

+R(2(u,0),y(u,v),2(u,v))C)dudv.
2°. @opmyaa Ocmpoepadcvrozo-Iayca

9P  9Q AR
gf dedz+dedz+Rdzdy:f‘/ff(E+£+E> dzdydz,

ne V — o6’eMm, 06MeKeHNH TOBEPXHEIO S.

3°. Dopmyaa Cmoxca

cosa cosf3 cosvy
%] a a
oz Ay Az d3,

P Q R

§ PdetQdy+Rdz=[[
b s

ne a, f 1~ - KYTH 30BHIIIHBOI HOpMAaJi [0 MOBEPpXHI S HAIpaBleHOI B TY CTOPOHY, 3 AKOI

06xia KouTypa C BHIHO IPOTH I'OJUHHUKOBOI CTPILIKH.
XI1.57. O6amcmurn [ (22 + 3y + 2) ds, ge S — wacTuna momunn 3 + £+
S

+% =1, WO JeXUTE y HEePIIOMY OKTAHTI.
XIL.58. O6-memutu [[ zyzds, ne S — vacTuna mIommHEn © +y + 2 = 1, mo
5

JEKUTE y TIEPIIOMY OKTAHTI.
X1.59. O6uucmurn ([ xds, ne S — gactuma chepu z° + y* + 2° = 1, mo
S

JEKUTE y TIEPIIOMY OKTAHTI.
XI1.60. O6umemrn [ x2y?ds, ne S — niBcepa z = /16 — x2 — y2.
I

XI1.61. 3uantu macy cdepu, SKIIO MOBEPXIEBa MYCTHIA B KOKINN TOTII 10~
PiBHIOE KBaIPATOBI BiJCTAHI I11€] TOYKK BII AeAKOr0 (PIKCOBAHOTO AlaMeTpa
cdepu.
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XI1.62. O6uncanrn [[ = dydz—+y dzdz+z drdy 1o BepxHII TOBEpXHI ILIOMUHH
s

r + Yy + z = a, pO3TAIIOBAHOL B IIEPIIOMY OKTAHTI.
XIL.63. O6Gumcmuru [[ 2* dydz + y* dzdz + 2? dedy no Bepxuin noeepxi
5

napabonoina 2 4+ y? + 2az = a?, pOATAIIOBAHOTO B IPYTOMY OKTAHTI.
Brasiexa. lleperTy 10 DMIIHPUIHUX KOOPAHMHAT. KyT ¢ 6yie 3MIHIOBATHCA Bi[J g o .
XI1.64. 3anucaru i nepesipuru popmyay OCTporpaicbKoro AjId iHTerpaia

// xdydz + y dzdr + z dzedy
s

1O 30BHIMHIN moBepxHi Ky 22 4+ y? + 22 = a?.

XI1.65. 3ammcaTtu Ta mepeBipuTu dopmyary Ocrporpaincekoro-layca mms
IHTerpama

// (22 dydz + y* dzdx + 22 dady
S

[0 30BHIIHIN MOBepxHi Tita, 0OMexeHOro moBepxuamu &2 + y2 + 2az = a?,
=0,y =0, z=0 B mepoMy OKTAHTI.

XI1.66. Ilpunmasmm B opmyai Ocrporpaacekoro-layca P = z, Q = v,
R = z, orpumaru ¢popmyy mig ob’emy Tita, 0OMEKEHOr0 [IOBEPXHED S

1
V= g//:vdydz—f—ydzdx—l—zdxdy.
s

XI1.67. BukopucToBytoun (popMy.Iy 3 HOMEPEIHBOl 38134, O0INCaAUTH 06’ eM
1) xym 22 + y% + 22 = R%;
2 2 2
..z z
2) enincoiga = + Z_Q + 2= 1.
XI.68. 3amxmyTa moeepxua S, 3afana CHiBeignomenuaMu & = x(u,v), y =
= y(u,v), 2 = z(u,v), koau (u,v) € A. Josectn, mo 00’eM Tina, 0OMEKEHOrO

noBepxHeo S, MOXKHA O0IUCAUTH 33 (POPMYJIOI0

1 T Yy oz
V = 3 // Ty Yy 2y | dudv.
A Ty Yo Zy

17 0
X1.69. Ipunnasmu B popmyai Ocrporpagcekoro-Tayca P = a—u, Q= a—u,
€ Y

ou
R = —, nosectn, mo

0z ou
///Aud:vdydz :/ —dS,
an
v s
Pu Pu O
ae Au = " u v_ omepatop Jlamraca.

02 T o2 T o2
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XI1.70. TleperipuTu, OTpUMAHy B TIOTEPEIHIN 3aMa4l HOPMYIY AId PYHKIIT
u = 2% 4+ 3% + 2% Ha noeepxui ¥2 + y? + 2% = o>

XI.71. lIlammcaru Ta mepesiputu qopmyay OcTporpaacekoro-layca mtsa
IHTerpama

//(T3 cos(7, 7)) + % cos(7, 7) + 2% cos(7, ?)) ds,
s

B3ATOrO 110 MoBepxHi Ky 22 + y? + 2% = a2.

Bxrastexa. B moTpiiHOMY 1HTerpajl MepenuTu 1o chepuiHnX KOOpAUHAT.
XI1.72. 3a momomoroio ¢popmymu Ocrporpaacekoro-layca obamcanTu

// 2P dydz +y3dede+ 22 dedy

j‘/w J vy ' g
<
>

ge S — MOBEepXHA IMpaMiliu, yTBOPEHOl miommuaMu ¢ +y + 2z = a, £ = 0,
y=0,z=0.

XI.73. Toxasarm 3a ponomoromw ¢opmynn Crokca, 1o f yzdx + xzdy+

(&)

+zydz y3moBK OyIb-IKOTO 3aMKHYTOT'O KOHTYPA MOPIBHIOE HyJ 0. [lepe-
BipUTH 1€, OOYMUCAUBINN iHTErpas y3aoBx koHTypa AUAB 3 BepmmHAMEI
0(0;0;0), A(1;1;0) 1 B(1;1;1).

XI.74. 3amucatu Ta mepesiputu Ppopmyay Croxca maag imTerpasaa j(z -

C

y) de+(x—2z) dy+(y—1x) dz ysnosx kourypa AABC 3 sepumuaavu O(a; 0; 0),
A(0;a;0) i B(0;0;a).

Brasziexa. IlogBiHUHA iHTerpaJ MOXHa B3ATH 0 6yIb-AKIM IIOBEPXHI, IO IPOXOIUTH
4epes HepuMeTp TPUKYTHUKa ABC, HaIpHUKIam, IO INOIMKUHI z+y+z=a.
XI1.75. Hamucaru Ta nepesiputu dopmyty CTokca mid IHTErpala

/x(z—y)dm+y(x—z)dy+z(y—x)dz
C

yagorx koutypa AABC 3 pepmunavu O(a;0;0), A(0;a;0) i B(0;0;a).
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PO3A1J XII

3BU'IAMHI JUDOEPEHIIIAJLHI PIBHSIHHHS
81, ITouaTTsa npo gudepeHiaibie PIBHAHHA

PiBHsAHHA BUrAALY
e8] P,y sy, oy ™)=0
Ha3WBAETHCA 3BUYAMHUM AU epeHIlalbHUM PIBHAHHAM n-I0 NOPAAKY. Dyab-sAka (hyHKIIIS
y=¢(z), AKa [1epeTBOPIOE Lie PIBHAHHA B TOTOXHICTH, Ha3UBAETHCA PO3B’A3KOM PIBHAHHSA
(1), a dyrxmia y=¢(z,C1,C2,...,C), AKa 3a0€KUThH BiJ 7 NOBUILHUX CTAIWX, HA3UBACTHCA
3arajbHUM DPO3B’A3KOM DIBHAHHA (1), AKIIO BOHA € PO3B’A3KOM I[bOI'O DiBHAHHA IIPU Gy b-
AKNX 3HaYeHHAX cTaaux C1,Cz,...,Cp 1 6y Ab-AKHH pO3B 430K piBHAHHA (1) MOXKHA OTPUMaTH
3 Hei BUGOPOM IE€BHUX 3HaYeHb CTAIUX.

PiBHAHHA BUTIALY

(2) y M =fayy gy )

Ha3UBAETLCA 3BUYAMHUM AudepeHIlalbHUM PIBHAHHAM n-I'0 HOPALKY, PO3B’S3aHMM Bif-
HOcHO cTapmioi moxigHoi. fAkmo dyaxuia f(z,y,y .y ,....u ") v nesakili obracTi e Here-

=110 B

PepPBHOIO IO BCIX 3MIHHMX 1 Mac HellepepBHI YacTHHHI moxigHi 1o y,y ,y' ...,y
OKOML TOYKU (T0,Y0,Y01,Y02s-sY0,—1) TIEL 0OMACTI ICHYE € IUHUN PO3B’A30K PIBHAHHSA (2) 3
TMOYATKOBUMH YMOBaMHI

y(zo)=v0, ¥ (z0)=vy01, ¥ (z0)=w02s -, ¥"" " {z0)=%0, 1.

XII.1. Ilepexonaruce, mo ¢yuxmia y = Ca® € posp’askoM gudepeHIiain-
HOro piBHAHHA 3y = zy’. [lo6ynyBaTu IHTErpaIbHY KPHBY DIBHAHHA, AKA
TNPOXOJUTE Yepe3 TOYKY:
D (L) 2L 3) (Li—-3).
XII.2. IlepexonaTUCH, IO
1) pose’askom pisaannaA y'' +4y = 0 ¢ dpyuxmia y = €1 cos 2x+ €, sin 2z;
2) poar’aakxom pirnamma ¥ —9y’ = 0 e dpyuxmia y = C) +Cae37 +C3e73%,
XII.3. Cxanactu nudepeHiiagbie pIBHAHHA, IHTErPDAIBHIMY KPUBUMU AKOT'O
e cim’a mapabor y = Cz?.
XII1.4. Cxractu gudepeHItiagbie piBHAHHA, IHTETPATLHUMHI KPUBIMU AKOT'O
€ ciM's:

1) mapabor y = 2% + 2Cz; 2) xin y? + 22 = 2Cx.
XII1.5. ITo6yayBaTu mmoje HAIPAMIB IHTerpaIbHAX KPUBUX, 33 JaHUX PIBHIH-
HAM: y y J
1y 1y Yoy d 2
) o =aty i ) = ) go =" +y
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§2. IndepeHmialbul PIBHAHHA 3 BIJOKPEMIIOBAHUMHY 3MIHHUME

PiBHAHHA BUTIALY

y' =p(z)y(y) abo M (z)Ma(y)dz+N1(z) N2(y)dy=0
HA3MBAETLCA 3BUYAMHUM JUepeHIlalbHIM PIBHAHHAM 3 BiJOKPeMIOBAHUMU 3MIHHUMMU.

3arajJbHUM iHTErpajoM TaKor'o PiBHAHHA Oyjle BHUpa3

Mq(z
[ 35=fe@aztc  aso N%@ fow@ “

XII.6. 3HanTu 3arajlbHUN IHTErPaJd DIBHAHHA:

1)y’ —y =0; 2)ay' +y=0;

3yy' +z=0; 4y =y

5)x2y’+y—0 6) x +xy + vy (y+ xy) =0;
7) 23y’ — 2y = 0; 8) (22 +x)y' — 2y =1;
9)y\/(12+T2—w 10) (1+2)y +14+9y2=0;
11) 2dr+(r—a)d4p—0 12) 2st%ds = (1 + t?)dt;

XI1.7. 3nauTy 3araibHUK (HTErPAT PIBHAHHA | YACTKOBUU IHTETPAT, AKAK
3a;LOBOJH;Hﬂ€ TIOYATKOBY YMOBY:
D2yve =y, yW)=1

2) y = (2y+1)ctgw y(r/4) =0,5;

3) x ’=0, y=1)=1

4) dr+rtg<pdc,o—0 r(m) =2;

5)y =2/ylnx, yle) =1;

6) (1+22)y +yv1+a?=uay, y(0) = 1.
XII1.8. 3pobupiin HAIEKHY 3aMiHy 3MIHHUX, poaB 'A3aTU PIBHAHHIA:

1)y’ = cos(z—y); 2)y' = 3z—2y+5; NyVi+tr+y=a+y-1
XII1.9. 3a ckinbkuy gacy Tiao, marpite go 100°C, oxomone 10 25°C B cepeno-
Bui 3 Temneparypor 20°C, akmo go 60°C Bomo oxonomKyeThea 3a 10xB?

Brasziexa. 3a3akoHoM HbI0TOHA IIBHAKICTH OXOJA0NKEHHA Tila MIPpONOPHilHa PI3HUII
TeMIIePaTyp TLIa 1 cepeloBUINA.

XTII.10. MoTOpHUI 90BCH PyXaeThCA y CTOATIN BOAL 3l mBuakicTo 10 kM/roa.
Ha nosail msuKocTi 100 MOTOP BUMHUKAKTE 1 Yepe3 20 ¢ BUAKICTE Y0BHA,
aMeHUIyeThCs 40 6xM/rox. Beaxarodu, o cuiaa onmopy BOAU IPOLOPLiNHA
0O MBHAKOCTI 9O0BHA, 3HAUTH IIBUAKICTL YOBHA Yepe3 2XB MICIA 3yNHHKH
MOTOpA. AKul nuIsgX TPORe YOBEH [0 MOBHOI 3yNUHKHU?

XII1.11. IIIeuaKicTE POCTY ILIOLII MOJIOLOIO JJUCTKA BIKTOPii-peril, AKAN Mac
dopMy Kpyra, IPOMOPIITHa JOBKIHI KO, 10 00MeKYye JUCTOK, 1 KIILKOCTI
CBiTJIA, IO MaJa€ HA JUCTOK. KIIbKICTH CBIT/IA, MO MOTPAILIAE HA AEAKY
IMIOCKY O0JAaCTh, AK BiAOMO, IIPOIOPIIMHA IO O0JACTI Ta KOCHHYCY KyTa
MiX HOPMAJII A0 TUIOMIMHY Ta HATPAMOM TPOMEHIB CBIT/Ia. JHAUTH 3aJe-
KHICTH ILIONI JWUCTKA Bl Yacy OPOTAIOM CBITVIOBOI'O THA, AKIIO O 6 Iof
PAIIKy, KON CXOWIO COIIIE, ILIOMA JIHCTKA fopinmonana 1600 cy?. Bpaxka-
Ti, mo o 12 roa nHsA coHile nepebyBato B 3eHITI, a 0 18 rox cXoBajoCh 33
rOpu3OHT (€Hb PIBHONEHHA HA €KBATOPI).
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XI1.12. BuanauyuTy KIIBKICTH PEYOBWHM, IIO I HE BCTYIWIA B XIMIUHY
peaxIiiio depes fCek IMICs MOYaTKy peakiiii, AKIO HMBUAKICTH peakIiil Ipo-
NOPIINHA [0 KITBKOCTI i€l pev0BUHA 3 KOedIllleHTOM MPOMOPINHOCTI —k,
a KUIBKICTh PEYOBUHN HA TOYMATKY PEaKIlil TOPIBHIOBAJIA G.
XII1.13. Y cepeanil 30HI IHTEHCUBHOCTI BiA9yTTiB 3MiHa iHTeHcuBHOCTI E
BIIYyTTA NPONOPIINHA BifHOCHIN 3MiHI iHTeHCHBHOCTI | TOAPA3HEHHA 3 KO-
edimienToM IpOmOpHIinHOCTi k. BusHauuTu 3ateXHicTh IHTEHCHBHOCTI Bi-
YyTTA Bl IHT€HCUBHOCTI IIOIPa3HEHH.
XII.14. VY Mogcal pocTy BHPOOHHUIITBA B YMOBAX KOHKYPCHTHOIO PHHKY
BBaXKAalOTh, 0 WBUIKICTL BUIIYCKY IPOAYKIl IPONOPIINHA BEININHI IHBEC-
TUUiA, AKI € GIKCOBAHOIO YacTKOIO m NpUOYTKY, OTPUMAHOIO Bil peaJizauii
OPOAYKII 38 PUHKOBO IiHOW P(Yy). BBaxaeThes, 10 3ATPUMKH Mi¥K BHITYC-
KOM 1 peaxizauieno mpoxykuil Hemae. Bemwauny 1/1, o6epHeny no Koediui-
€HTa TPONOPLINHOCTI, HA3MBAKTE HOPMOK aKceldepalil. SHaUTu BUPA3 A
06’emy peadizoBanol mpoaykmil y = y(t), AKmo:

1) mopma axcenepauii 1/] = 2, nopma iuBectuiin m = 0,5, kpusa nonu-
Ty 3a43€ThCA PIBHAHHAM p = 2 — y, a npu ¢ = 0 06’em Bumycky y = 0, 5;

2) nopMa akcenepanii 1/l = 1,5, mopma imeectuuinn m = 0,6, kpusa
TIONIATY 33a€ThCA PIBHAHHAM p = 3 — 2y, a ipu t = 0 00’eM BUNYCKY y = 1.
¢3. Oguopiani AndepeHIiaIbHI PIBHAHHA

PiBusAHHA BUDIALY v = F(ey)
HA3UBACTHCA OMHODPIJHUM, AKIIO f(z,y) € OMHOPIAHOIO MYHKINECI HYJIbOBOTO cTeneHsa (Tob-
TO fltz,ty)=f(z,y)).

Pipaaunas BUNIA LY M(a:,y)derN(w,y)dy:O

Ha3WMBAETLCA ONHOPIAHUM, AKIIC M(x,y) 1 N(z,y) oTHOPITHI (DYHKIIII 0JHAKOBOIO CTeleHd
(To6T0 M (tz,ty)=t"M(z,y), N(tz,ty)=t"N(z,y)).
O pHoplaHI pIBHARHA 3aMiHO0 y=wul{x), 1€ u(x) — HOBa HEBIAOMa QPYHKIIA, 3BOAATHCA

MO PIRHAHK 3 RiTOKPEMIIOBAHUMU 3AMIHHUMU.

XI1.15. 3uanTu 3aralbHUN iHTErpaa PIBHAHHA:

1) yy’ = 2y — 2) 22 +y? — 2ayy’ = 0;
t
3) *———; 4):Uycos£—ycosg—a:
S X
5)931/ —y + xy; 6) 2y +y° = (227 +$y)y7
2
vy
7) zy' +2/xy =y; 8y ="5-7
) )

x
9) xy' —y =22 +y2%  10) 3y + 3ay —I—x Ydx = (22 + 2zy)dy;
11) zdy — ydz = ydy; 12) zdy = yln —dx;
x
XI1.16. 3uanTu 3araJbHAN iHTErpai PIBHAHHA | YACTKOBUU IHTETPAJ, AKUN

3a0BOJBHAE TTOYATKOBRY YMOBY:
1) (wy' —y)arctg 2 =z, y(1) = 0;
X



Y 1
2 ! = (1 1 —>’ 1 = —;
).%'y Y + n.’L’ y( ) \/E
3) (y? —32%)dy + wydr =0,  y(0) =1;
2 2
, Y —2xy—x
)y R ym—— y(1)

XI1.17. Tlo axin mosepxHi o6epTanus Tpeda BiAnLTIhyBaTH HOPMY A3EPKaA-
Ja peduekTopa, o6 BOHO BiAOKMBAJIO HapaJeIbHO A0 3aJaHOT0 HAIPAMY BCI
TIPOMCHI, IO BUXOAATH 3 3AJAHOI TOTKA!

Brasiexa. Po3lVIAHBTE 0CHOBHUH Ilepepis MMoBepxXHi. Bub6epiTh 3ajaHy TOUKY 3a Ioda-
TOK KOOpJAWHAT, a 3aJaHui HaIpAM 3a Bich abCcIuC, TOAl JOTUYIHA IO IOBEPXHI y 6y Ab-AKIA

TOYIl YTBOPIOBaTUMEe OJHAKOBI KYTH 3 BICCIO abCLHC 1 3 pallyc-BeKTOPOM TOYKH JOTHUKY.

§4. Jliminai gudepeHmiaIbHl PIBHAHHA IeplIIoro HopaiKy

p(e)y’ +a(z)y=r(z)
HA3UBAETHCA AHiUHUM TU(DEPEHITIATLHAM PIBHAHHAM MEPIIOro MOPIIKY.

Pipuanns MoxHa posR’azaTu Memodom eapiayii cmasoi, AKUN TIOAATAE B TOMY, IO

CIO9aTKy PO3B’A3YIOTh JiHINHE OTHOPIAHEe PIBHAHHA p(x)y’ +¢(z)y=0, AKe € PIBHAHHAM 3 Bi-
. . " , — | atw)/perds

NOKPEMIIOBAHUMHY 3MIHHUMMY, & TOTIM y HOT0 po3B’a3ky y=Ce PO3TIAIAEMO

C aK PYHKIIIO Big = 1 3HAXOUMO 11, IIi ICTABIAIOYHA L€ PO3B A30K y MOYATKOBE DIBHAHHA.

2°. PiBHAHHA BUTIALY

p(@)y +e(z)y=r(z)y™

1—an

HA3UBAETHLCA PISHAHHAM Depnyaai. 3aMminono z=y PIBHAHHA 3BOJAUTLCA A0 JiHIAHOTO.

XI1.18. 3HaNTH 3arajJbHUN iHTerpa PIBHAHHA:

1)y =34 )y +2Y = —
z x re®
3) y' cosz — ysinx = sin 2x; Hxy' +y=Ilnz+1;
5) (@ +2%)y +ay =1; 6) 2z + 1)y +y =
7y y' +ycosx = sin 2x; &)y —ytgx =ctgm;
0) (L+22)y — 20y = (1 +2%)%  10) 2y’ — 1) = (1 + 22)e"
11) tds — 2sdt = £? Int dt; 12) 22 dy + y(1 — 22)dx = 22 dx;
1 Y
13)y = —— . 4y =—32
)y 2x —y? )y ylny +y —x

X11.19. 3uanTu 3aralbHUN iHTErPaT PIBHAHHA:

Day' +y+ay” =0 2y —zy=—y’e "

3) 2y’ —wy —y? =0, 4y +ay = ay’;

2
5) y' + 2zy = 22393, 6) ' +2% = \/f ;
. . z  costy . .

XI1.20. 3uanTu 3araJpHul inTerpaa PiBHAHNA | YACTKOBUY IHTErPA, AKUNA
3aJ0BOJNLHAEC IIOIATKOBY YMOBY:

d:
1) tzd—Z:2ts—3, s(=1) = 1;
2)y' —ytgr =secr,  y(0)=0;

Il
=2

Y
3) vy’ — T+1 =, y(1)



4) t(1 + ?)dz = (v + xt? — t2)dt, (1) = —

)3y +yt =+ 1, y(l) = -1

) (1 — 22y — 2y = 2y?, y(0) =0, 5;

) A+e)yy =e¥,  y(0)=0.

XII1.21. Cuia TepTd, MO CHOBLILHIOC PYX QUCKA, AKUN 06epTacThCa B piau-
Hi, IPONOPIIAHA KyTOBI MBUIKOCTI 06EPTAHHA . JHAUTU KYTOBY IIBUI-
KICTB O0epTaHHA AUCKA depe3 t ¢, AKII0 IPOTAroM 1 XB IMBUAKICTE 3MEHIIN-
aack Big 3 06/c no 2 o6/c.

XI1.22. Cuna ctpymy I y KOJi 3 eNeKTPOPYIINHOKL CWIOK F, aKTHBHUM
omopoM i 1 caMOIHAYKITi€ [, BUSHAYMAETHCA PIBHAHHAM

7T.
4’

dI
J Ay oy )
a "

3HAUTY 3aM€KHICTH CTPYMY Bif vacy, axmo E = kt, i I =0, xoau ¢t = 0.
XI1.23. Joxix Y (£), oTpUMaHUN 1eIKO0 rady3sio, € CyMow inpecTunin [ (1)
i coxmeanna C(t). B mogeni mpupogHOro 3pOCTAHHA BUPOOHMIITBA BBA-
KAIOTh, 10 MBAAKICTE 30LIBIIIEHHA [OXOY MPOMOPITINHA BEJUYIUHI 1HBECTU-
min bY'(t) = I(t), ne b — xoedinicHT KaAMTATOEMHOCTI IPUPOCTY TOXOIY.
3uantn Qyukuio goxogy Y = Y (), axmo cnoxwmsanma C = 2¢, b = 0,5, a
Y(0) =2.

$5. PiBHAHHA y moBHEX Aud)epeHIiarax

1°. PiBHAHHA BUTIALY P2,y da+Q(z,y)dy=0

Ha3MBa€TbCA TU(depeHIialbHUM PIBHAHHAM y HOBHUX nMudepeHiartax, AKIIO
AP (w.y) _ 0Q(w.y)
oy 9w
3arajJbHUN iHTerpaJ IbOro PIBHAHHA MAaTHMe BUIVIAAL u(z,u)=C, e uw — (QYHKIId,
MOBHUU nudepeHian akoi du=P(z,y)de+Q(z,y)dy.

0o OP(w.y) , DQ(w.y)
2°. Jxmo ——5 £ =50

, TO IHOI]l BJAETBHCA 3HAUTH (bYyHKIIO u(z,y), TaKy IIO
w(z,y)P(z,y)de+pu(z,y)Q(z,y)dy € moBuuM mudepenmanom. o GYHKINIO Ha3UBAIOTL iH-
MEPYIOUUM MHOHCHUKOM.

IHTerpyoIuil MHOXKHUK JIEI'KO 3HaXOMUTHCA Y BUIIAIKAX:

OP(x.y)  OQ(a.y)
1) axmo —2¥ roTER 95 —o(z), To lllﬂ:f & (z) dx;
AP(x.y) ;7()‘(-":.1'1)
2) AKIIO %:\P(y), TO In p=— f P(y) dy.
XI1.24. 3HanTH 3arajJbHAN iHTerpaJ PiBHAHHA:
2
1) (4 — y—2> dr + QEdy = 0; 2) (zcos2y + 1)dx — 2? sin 2y dy = 0;
x x
3)e Ydz+ (1 —ze ¥)dy =0; 4) 2z cos? ydx + (2y — 22 sin 2y)dy = 0;
5) 3z2eVdx + (2%e¥ — 1)dy =0;  6) (322 + 2y)dx + (2x — 3)dy = 0;
xdy y ,
7) evd ¥ — 2y)dy = 0; 8) — = - ~— 1] dx;
) evdz + (ze y)dy )Ig_i_yz 2+ > L
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9 rdr+ydy ydr—axdy
Ve
XI1.25. 3uauTu iIHTEerpyloqnil MHOKHUK 1 PO3B’A3aTH PIBHAHHA:
1) (22 — y)dx + x dy = 0; 2) 2ztgyde + (2% — 2siny)dy = 0;
3) (e2® —y?)dr +ydy =0; 4) (1+ 32%siny)dz — xctgydy = 0;
5) y2dr + (yr — 1)dy =0;  6) (sinz + e¥)dx + cosx dy = 0.

10) ya¥~tdz + 2¥Inzdy = 0.

$6. PiBHAHHSA, He PO3B’A3aHI BIJHOCHO IIOXIJHOL

1°. fAxmo piBHARHA BUNIALY F(z,y,y’ )=0 B IeAKil 061acTi MOXKHA PO3B’A3aTH Bl IHOC-
HO y', Tak MmO y' =f1(z,y)s....,y' =f1.(®,y), TO [le PIBHAHHA MATUMe k 3arajbHUX IHTErpaJiB,
AKI 3a4aI0Th y KOXKHIH TOYII 06JaacTl k IHTerpaibHIX KPHBHX.

OcobTVRVT PO3R’ 430K TIROTO PIRHAHHSA, AKIIO RIH iCHYE, MOYXKHa 3HAWTY, RUKJIKOYURITHT
y' i3 cucreMu piBHAHL F(z,y,y’)=0, %’?{’91):0.

I s ) 3y

2°. PiBuanns Buraany y=7(y’) abo x=F(y’') MOXYTb 6YTH PO3B’A3aHl IUIAXOM BBeje-
HHA IapaMeTpa p=y .

3°. Pieuanua Jlarpamxka y=z¢(y')+¢(y') BBeenuaM napaMmerpa p=y' 3BOAUTHCA 10
JHITHOTO NU(EPEHIIalIbHOrO PIBHAHHA HEPIIOTo MOPAIKY IIoA0 GOYHIN = (p).

4°. Pieusanns Kaepo y=zy'+4¢(y'), ake € 9acTKkoBUM BunajkoM piBHSHHSA JlarpaHika,

z=—'(p
Ma€ 3arajbHUR po3B’A30K y=Cz+(C) 1 0COOIUBAN PO3B’A30K { () .
| y=—p¥' (p)+(p)

XII1.26. Ilo6yayBaTu iHTErpadbHl KPUBI PIBHAHHI y’2 = 4y, AKl TpOXOIATH
4epes Touxy M(1,4).

XI1.27. [lo6yayBaTu iHTerpaabHi KPUBI PIBHAHHA y’2+y = 1, AKi IpOXOIATEH
uepes Touxy M(1,3/4).

XTII1.28. 306pasuTu IHTErpAILHI KPUBI DIBHAHHA my’2 —2yy’ + 42 =0.
XI1.29. Posp'sa3aTu piBHAHHA:

1) ay’? + 22y’ —y = 0; 2) yy'? +($—y)y—x—0
3y’ +yt—1=0; 4)Iyy + (2% = 22y + y?)y' + 22y = dy*;
5) xy'? = 2yy’ + 4z = 0; 6) 2%y’ — 2wyy’ + y® = 22y® + o

Ny +yy —ay—a>=0; 8) y’3 —xy? —y?y +ay® = 0.

XII1.30. Po3p’a3aTu piBHAHHA METOIOM BBEIEHHA MapaMeTpa:

)y=1+y> )y—y+lny7
3)x—y+ey 4) x _1+y,

5) y=y e 6)y(y )=(2—y’)2;
7))y =In(zy" —y); 8) y(1+y™*) =2.
XII1.31. Posp'szaTu piBusuas Jlarpamxa a6o Kaepo:

‘ ‘ 1
1 y=ay” +y% 2)y =2y + —5;
y
7 12 7 1
Ny=ay -y 4)y=$y+yﬁ,
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12

x
5) 2?/:yfy+2? 6)y =y —1+y?

Ny=zy -3y";  8y=az(l+y)+y”
XI11.32. 3mautu KpuBy, JOTHYIHI 40 AKOl yTBOPIOIOTH 3 OCAME KOODAMHAT
TPUKYTHUK IIOmen 2a°.

CF7 TP rr 17T BIATTITIAY TR T TI0T T
Y. CIBHAHHA BUMNIAX 1HOPAAKIBE,

10 JOMYCKAIOTL MOHUXKEHHSA MOPAAKY

1°. Y piBEarHi Buraany F(z,y® ,y*+Y . y"))=0 nonusuTn mopasox MoxHa 3aMi-

2°. Y pIBHAHHI BULIALY F(y,y',...,y("")):o [MOHHU3UTH MOPAJOK MOXKHA 3aMIHOK y' =
1 12

. 5 .
p(y). Toai y"'=p'p, v'"=p"p*+p "piT 1

5
1) y/// = ?727 y(l) = 27 y,(l) = 17 y”(l) = 17
2) y" = 4cos2x, y(0) =0, y'(0) =0
3) y" T2 y(0) =5, y'(0) = 0;
1 T T
D' = cos? z’ y(Z) = 0,52,y (Z) =L
XI1.34. Posp’asaTn piBHAHHA:
1) a®y" + 2%y = 1; 2) yy" +y"” = 0;
3) y" + ¢ tgx = sin 2x; 4) y" + 2y =0;
5)y"zInw =y; 6) y"tgy = 2y'*;
) ay' —y = e"a?; 8) y' +2ay* =0;
9) "y’ =1 10) (1 +2%)y" + 2zy" = 27
d’>s ds
11) 2yy" = % 12) t— 4+ — 4+t = 0;
) 2yy y,2 )dt2+dt+ ;
13) 2yy" =1+ 14) y"tgx =y' + 1.

§8. JliminHl qudrepeHnianbHl PIBHAHHA BUINUX TOPAJKIB
31 cTaJuMu Koe@iIieHTaMu

1°. Pipugmaa suraagsy v +ar1y™ V4 da, 19 +a, y=F(¢) Ha3UBAETHCA JiHiHHEM
mudepenIialLIIM PIBIMIIAM n-I'o TOPAIKY 31 cTaanMu KoedimicirraMu, a pismamt y ™) |
+a1y" " V4ta, 19" +a,y=0 — BiATOBI THUM NiHIHHIM OJHODIJHUM DiBHAHHAM.

2°. 3araJpHON PO3B’A30K JIHINHOTO NudepeHIIalbHOr0 PIBHAHHA n-I'0 MOPAIKY 3a-

MUCYIOTH y BUDJIALL
y=y* +Cry1+Caya+--+Cryn,

ne y* — YacTKOBHU PO3B’'A30K JIHIMHOT'O HeOJHOPigHOro pPiBHAHHA, a Ciyi+Coyst--+
+C ¥y — 3ACAIBLHUN PO3B’A30K BiAIIOBIIHOTO OAHOPIAHOrO piBHAHHA. JIiHINHO He3alexHi
DO3B’A3KH Y1, Y2,..., Yn 3HAXONATH 33 TOMOMOTOI XAPAKTEPUCTUIHOTO DIBHIHHA

E"+ark™ " et a, —1ktan=0.
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KoxnoMmy AlICHOMY KOpeHIO k=a KPaTHOCTI m XapaKTepUCTUIHOT'O DIBHAHHSA Bijmo-

x m—=1_cwx

Bifla€ m pO3B’A3KIB ™", ze™", ..., o e’ a KOXKHIN Iapl KOMILIEKCHUX KOPeHIB k—a+if

a—1 o me—1

cos Bz, xe”" sin Bz, ..., T e** cos Bz, @ X

@ v

— 2m po3B’A3KiB e™* cos Bz, ™ sin Bz, ve’

T gin B

bx.

Xe
YJacTKOBUH pO3B’A30K y* MoxkKe OyTH 3HaAUJeHHH MeTOJIOM Bapiallil cTaluXx.
3°. Memod neosnauenur xwoediuienmie. Skumo npaea JacTUHa JiHIAHOrO AUdepeH-

o

UiAJIBLHOT'O PIBHAHHA n-I'0 MOPAIKY 31 CTAINMHU KoedillieHTaMu Ma€e BUIVIAL P, (z)e™” cos Bz
abo P, (z)e** sin Bz, ge P,,(z) — geAKHUI MHOIOWIEH m-I'0 CTeleHs, TO YaCTKOBHI PO3-
B’A30K y* MOXe OyTH 3HaUJeHWH y BWIVIAIL

y*=2"(QL,. (2)e® cos Bx+Q2,, (z)e™” sin fz) —

KOpCHA a+if (AKIIG BiH € KOPCHCM X@paKTCPHCTHYHOTO PIBHAHHA) abo

bi{ b
0, a Q1,,(z), @2, (z) — 3arajbHi MHOTOYIEHN m-T'C CTENeHA, KoebIllieHTH AKAX 3HaX0IATH

micas MACTAHOBKH y* B PIBHAHHA.

XII1.35. Poss’asaTu piBaann:

1)y’ =2y +y=e*; 2) y" — 4y = 8x3;
3)y”+y—yﬁ—|—2e7 4)y”+3y—9x,
5) ¢’ — 3y + 2y = €% 6)x+k2x_2ksmkt
7y =2y =uze ” 8)y 2y =a? — x;
9 y" +y" =6z +e % 10) y'V — 81y = 276*%;
1) T 4 & = 3t?; 12) y”’ + 8y = e727;
)I+4$+4$_62t; 14) a®% 4 ax = 1;
+ + =e T4 e % + + = 3sinuz;
y/r 5y 6y 2z 16 IV 5y// 4y 3
)y +y' — 2y = 62%; 18)y”+y +2, 5y—250052x
19 v + 2y +y = e%; 20) y"" = 3y" + 3y —y =e”.
XII.35. Po3p's3aTu pIBHAHHA:
2z
Dy +dy = ——; 2)y" -4y +oy = ;
sin 2z Ccos T
€
Ny =2ty =5 4y +ty=tew;
Y Y =T 6) y" + 4y’ + 4y = -0
lnw 1
Ny +4y +dy =~ 8)y' +y=—5—;
. cos® x o
9y +4y = Singx; 10) y" =2y" +y =

§9. Cuctemn JiHINENX Au(eEpeHTIAILHAX PIBHAHDL
31 cTaTuMu KoediiearaMu

1°. Memod surarwuenns nesidomuzs. IIIAX0M BUKIIOYEHHA HEBIJOMUX CUCTEMY 31e-
61JbIION0 MOYXKHA 3BECTH [0 PIBHAHHS BUIIOTO MOPAIKY 3 OTHICIO HEBiZOMOIO (DYHKIIEO.
2°. Po3e’asysanna atnitinux o0nopidnur cucmem 31 cmasumu xoediyienmanu. s

PO3B’A3aHHA CUCTEMM BUTVIAITY
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T1=a11%1+ +a1nTn,

Tp=0n1T1F "+ GpnTn,

(abo B BekTOpHOMY 3amuci i=Ax) Tpe6a 3HAUTH KODEHI XapaKTePUCTHIHOTO DIBHAHHSI

a1 —A a1z a1y,
ai a1z—A ... [ o
an1 [ co Qun—A

KoxnoMy npocToMy JIICHOMY KODeHIO \; XapaKTepHCTHYHOI'O PIBHAHHA BiJIIORITAE
po3B’A30K Civleli? | ne C; — noBimbHa cTada, v' — BIACHHUH BeKTOp MATPHIi A, IO Bij-
MOBila€ ILOMY BJIACHOMY 3HATEHHIO ;.

Sximo mIa KpaTHOro KOpeHA )\ € CTUILKH JiHINHO He3aJeXHWX BJIACHHX BEKTODIB
vl,...,v*, AKa HOro KpaTHICTh, TO HOMY BiANIOBiZac po3B A30K Ciuvle 4. +ChoPet.

Sximo 114 KopeHa A KpaTHOCTI k € Juie m JiHIMHO He3aleXHAX BIACHUX BEKTOPIB, 1
m<k, TO Ille OWH PO3B’A30K, IO BIATOBIAAaE ILOMY A, MOXKHa IIYKATH y BATVAL 100y TKY

MHOT'OYJIeHa cTelleHda k—m—1 Ha eAt

3 HeO3HAYeHUMHU KoedillieHTaMu.

1lTo6 smamTu Hepigomi koedimienTu Tpeba MiACTABUTU el PO3B’'A30K y CUCTEMY.
[IpupiBEABIM KoedimicHTH MOTIGHMX YIEHIB y JIBIM 1 IpaBil YacTHHAX PIBHAHL, OTPH-
MAEMO CUCTEMY JIHIMHMX al'eOpUYHUX DPIBHAHD LWIOA0 UUMX KOGPIUIEHTIB I'd 3HAKAEMO 11
3aTallbHUN PO3B’A30K, AKHU 3ajekaTuMe Bij k—m NOBITBHUX CTATUX.

[IpocTuM KOMITEKCHUM KOPEHAM A=a+if XapaKTePUCTUYHOI'O PIBHAHHA BiANOBigae
nificHa 1 yABHa& YaCTHHEU BeKTopa ve®’(cos ft4isin Bt), me v — BIACHHU BEKTOD, IIO Bif-
NIOBiJa€ ILOMY BIACHOMY 3HaYeHHIO.

3°. JIinitni HeodHopidni cucmemy 3i cmaaumy Koediyienmamu. SIKIO mpaBi 4acTu-
HE JIHINHAX HeoJHOPLAHMX CHCTeM 31 CTaIuMHu KoedilleHTaMH € KBa3lMHOIOIeHAMHE, TO
JaCTKOBUI PO3B’A30K CHCTEMH MOXHA IIYKATH MeTONOM HeBM3HaYeHHX KoedimieHTin. Ile
pPoBUTBHCA 3a TUMHM CAaMHAMU IPaBUIaMM, IO U IS OJHOrO JIHIAHOIO PIBHAHHA 31 CTaIuMK
koedinierTamu. Sximo f;,(t):P,,,,i (t)e“’, ae Py, (t) — MHOTOYWIEH CTemeHs m;, TO 9aCTKOBUU

PO3B 30K CUCTEMH IIYKAaEThCA Y BUTVIALL
i B .
337-:Q§”_*_‘\_(t)e7 N i=1,...,n,

ne Qf”+$(t) — MHOI'OWJEH CTeNeHsA m-—+s 3 HeBlaoMuMHU KoedIIIEHTAMM, m=—maxm;, a s
[ODIBHIOE KPaTHOCT! KODEHsA 7y XapaKTepUCTUIHOrO DIBHAHHA (a0 Hylb, SKIIO ~ HE €
noro koperem). HeBigomi KoedinieHTH MHOT'O4IEHIB BU3HAYAIOTh, IICTABIAIOYMH BUPA3HN
7S HeBiOMUX DYHKIIHN Y CUCTeMY.

Po03B’430K HEOJHOPIAHOI CUCTeMH MOXKHA TaKOXK 3HAWUTH MeToJOM Baplalil CTalux.

XII1.36. Posp’asaTu cucreMu pinioain:

1y &= -y, 2) t=—-x+y+e
T —1y=3c+y; y=x—y+e
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50— 2y +4dx —y = e, T+ 3r+y =0,
3){ T—2y+4r—y 4){ Yy

T+ 8r — 3y = 5e™ y—x+y=0;
R DR S
Ly ==2x+2sht; LY+ 2 +5y=0;
T =1y, -4z +4x—y =0,
7){y:x+et+6_t; 8){gj+4y+4y—24x:16et.
XII.37. Posp’s3aTu cucTemMm nudepeHiaTbHIX pi'BHHHI)Z
1){/1.::2x+y, 2){x.:x—y, 3){/{4—%—2/:0’
Y =3z + 4y; Y=y — 4x; y—x—y=0;
LA P (O] P
r=xz+2z—-Yy, T=x—2y—z,
NL y=z+y— =z, 8) L y=y—x+ =z,
{i?xy; Z=x—z;
M =1, =2 )A=-1) (M =0,2=2X3=-1)
T=x—y—z, T =2xr+vy, T=y—2r—2z,
N<yg=z+y, 10)< gy=x+3y—2z, 1)< y=x—2y+ 2z,
z =3x + z; 2 =2y+ 3z —ux; z=3x— 3y + 5Hz;
M=1LAs=1£2i) (A =2,A3=3+1 M=3A=A=-1)
T =3x—2y—2z, T=2r—y—2z, T =4x —y,
12y y=32—-4y—3z, 13) y=2x—y—2z, 14)< 4=3x+y— z,
z =2z — 4y; z=2z—x+vy; z=x+z.

M=X=2X=-5 (MhM=X=A=1) (M=A=X=2)
XI11.38. Posp’sasaTy JiHinHI HEOZHOPIAHI CHCTEMU:
1){33:y+26t, 2){:t:y—5cost, 5 {9'c:3:v—|—2y—|—465t7
=+t y =27 +y; g =z +2y;

4){1’::21’—431—1-46_%, s {a’::536—3y—i-263t7
¥ = 2x — 2y; y=x+y+5et
6){3’3:x+2y+16tet, 7){56:2x+y+et,

y = 2x — 2y, y = —2z + 2t
8){@:4x—3y+sint, 0 {9’6:296-}—34—1—2&7

y=2x—y—2cost; y =+ 2y — 3ett;
10){“.::2“;_‘”’ .

y =2y —x — 5e’sint.
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XII1.39. Posp’sasaTu cucTeMu piBHAHL METOJOM Bapialil cTaanx
b=y tgt—1, =2y -
Dy +tgt R e
=-x ; =4y — —;
Y g Y Y 37+'€2t+_1
2
t=—4dr -2y + —— .
t_ 1’ = —
3) e 1 4) { r=x—Yy+

3 cost’
§= 6o+ 3y — §=2x—y.

?
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PO341J XIII

OCHOBU TEOPII UMOBIPHOCTEH
t1. EnremenTH KOMGIHATOPUKHA

Hexall MHOXWHa A Mae n eJIeMEeHTIB.

BriopsagkoBaHl MHOXWHM, YTBOPEHI 3 yCIX eJeMeHTIB MHOXXWHUA A, Ha3WBalOTb nepe-
cmanoskamy. KITLKICTL yCIX TepecTaHoOBOK HO3HAYAKTE P, 1 06YUCAKIOTE 3a GOPMYIOI0
P,=n!.

Pizni k-ereMenTHI TAMHOXKMEN MHOKHHA A (0<k<n) HA3WBAIOTL KOMOIHAUIAMY 3 N
eJleMeHTIB 10 k eleMeHTiB. KilbKicTh KoMOGiHAIIll 3 n eleMeHTIB II0 k eJeMeHTIB MTO3Hada-
10Tk €} 1 06YUCIIONTE 32 (HOPMYIO Cf:k'(nn—lk)'

Pisui BuopsgkoBaHi k-ejeMeHTHI i IMHOXUHYM MHOKUHN A (0<k<n) HA3MBAIOTbH PO3-

MIUWEHHAMY 3 n €IEMEHTIB 10 k eJeMeHTIB. KIUIbKICTh PO3MIIIEHb 3 n €JeMeHTIB o k
n!

elleMeHTIB I03Ha4aloTh Aj 1 06YUCIIOITE 3a (GOPMYJIO Ai’:m

XIII.1. 3 micra A B micto B Bege k nopir, y micro C — s popir. I3 micra
B y micto D Bene p mopir, 3 micta C B micto D — n gopir. Micra B i C ne
MOxkHa 3’eqnarn goporamu. CKLILKY PI3HUX ABTOOYCHUX MAPIIDYTIE MOXHA
NIPOKJIacTH MixkK Mmicramu A i D7

XIII.2. Y xokemnoMy kiay0i € 10 ¢opsapais, 8 3axucHUKIB i 3 BopoTapi.
CkinbKky pi3HUX BAPIAHTIB KOMAHAM MOXKE CKIACTH TPEHep, AKIIO HA Mau-
JAHYINK BUXOIATL OJWH BOPOTAp, ABA 3aXUCHUKU 1 Tpu dopBapan’

XIii.3. Y mapmpyrtaoMmy Takci € 12 macaxupiB. Takci pobuts 15 3ymnm-
HOK. CKlIBKOMA ¢HOCO6AME MOXKYTH BUITH MACAKUDH, JAKIIO: a) BCL BOHK
BUXOJATH HA DI3HUX 3YNMUMHKAX; 0) MACAKUPH BUXOIATE SK 3aBrOJHOT
XIII.4. CxigbkoMa cmocobaMi MOXKHA, PO3MICTHTH N PI3HUX IpeaAMeTiB y k
pisHUX AmmKax?

XIII.5. Ckinpkoma cmocobamu Moxua 3 10 ocib BubpaTu KOMICiIO, AKA CKJIa-
TaeThes 3 4 ocib?

XIIL.6. V¥ xiMHATI € n damMnoyok. CKIThbKW € Pi3HUX CIOCOGIB OCBITJIEHHA
xiMaaTH?

XIIIL.7. CximnkoMma cmocofaMu MOXHA BIOPAIKYBATH MHOXUHY 1,2,....n
Tak, MO0 KOXHE MApHe YUCI0 MAJIO TAPDHUN HOMED?!

XIII.8. CkiibkoMma ciocobaMy MOXKHA BIODAIKYBATH MHOXHUHY, AKA CKJa-
NAETBCS 3 1 @JIEMEHTIB TaK, 100 ABa GIKCOBAHI CJEMEHTH He CTOLIA IOPAI?!
XIII.Y. CkimbkoMa CrocofaMy MOXKHA PO3MICTHTH 7. [OCTEH 33 KPYyIVIIM
cToaom?

XIII1.10. IT’aTn aBlakoMmaIiy mMOgATA 3aABKY 118 €KCILTy ATALIIO IIOBOTO Map-
HIPYTY, HA AKOMY MOXYTh HPAIOBATH Juiie a8 kommaHii. CxigpkoMa Cro-
cobamMu MOXHA, ix BubpaTu?
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XIII.11. Bawk Bumyckae KpeIuTHI KApTKW, AKI MAIOTL ABI OYKBU aHDIIN-
CBKOT0 aadasiTy 1 9otupu 1udpu. CKITBKE MOXKHA, BUNYCTUTH KPEeTATHIX
KapToOK, y AKWX: &) BCl OyKBU € pisEHMMHU? 6) BCl undpn € pisHUMHU?

§2. Bunaakosi moaii Ta ixai uMoBipHOCTI

1°. Bunadrosi nodii ma onepayii nad wumuy. J[IBi momii Ha3HBAIOTLCA HECYMICHU-
M, AKIIO MOABA B €KCIEPUMEHTI OJHI€l 3 HUX BUKIIOYAE MOABY IHIIOI. MHOXKHUHY BCiX
MOKJIMBUX HaCJAlAKIB €KCIIEPMMEHTY, KOKHI [Ba 3 AKUX IIONMapHO HECYMICHI, Ha3WBalOTh
NPOCTOPOM eAeMeHMmaprur eunadkosur nodid i noanadarTs Q. Byab-gka BUDAAKOBA IMO-
M € MiAMHOXKUHOI 2.

[Tonisa HABUBAETHCA HEMONHCAUE 010, AKIIO B BUNAIKOBOMY €KCIIEDUMEHT] HEMa€E KO NHOI
eleMeHTapHOl Moil, AKa 1l HaleXUTh. 1101iA HasMBacThCA J0CMO6IPHOI0, AKINO 1l CIPUAE
KOXKHA eJeMeHTapHa I0/1isA, TO6TO BOHA 36Iira€ThCA 3 MPOCTOPOM eleMeHTapHUX IIOIiH.

Cymoro {06’cdnannanm) nogin A ta B HasHBacThCA IO
NAcThCA 3 eleMeHTapHUX MOiH, Mo HalekaTh A abo B.

Hobymxom (nepepizom) nomit A Ta B HaswBaeThea mogia AB (abo ANB), AKa cKaa-
NacTheA 3 elleMeHTapHUX MO, Mo HatexaTh i A 1 B.

Pisnuyern ABOX mogin A Ta B HazWBae€TbCA Taka Hoia A\ B, ska MICTUTH Ti eleMeH-
TapHl mogil, AKl HadekaTh A 1 He HalemaTh B.

Mosito A, AKa € NPOMUAEHHOI O TIOMT A, MOKHA 3ATNCATH y BUTAAM A=Q\ A.

Axmo moaii A Ta B — HecyMicHI, To ANB=4.

Tonii A,As,...A,, YTBOPIOIOTE NOBHY 2pyny (NOEHY CucMemy) MONApHO HECYMICHUX

j=9, KOIH i#j, 1 AfUA2U---UA, =0Q.

nmoJiH, AKIo A;NA

2°. Kaacuune 03naueHHs tmosipwocmi. Hexal MHOXWHA Pe3yJbTaTiB €KCIIepUMEH-
Ty CKJIAJACTLCA 3 n PIBHOMOXKIMBUX eleMeHTapHUX Hogid, TobTo Q={wi,ws,...,wn}. He-
Xall moAil A CIPHUAIOTEL k 3 WX €TeMeHTAPHUX IIOJIH. ﬁMOBipHiCTIo moali A Ha3UBA€THCA
BiJHOWIEHHA KIIbKOCT! PIBHOMOXK/INBUX eJeMeHTapHMX IIOJiH, AKI CIpUAIOThL Hogil A, 10
KIIBKOCT] BCIX MOXJIUBUX PE3YJAbTATIB €KCIIEPUMEHTY, TOOTO

k
P(A)=1.

3°. Cmamucmuuna oyinka nesidomoi dmoeipnocmi. PosrasgaeMo MOCTiJ0OBHICTE n
He3aJeXHUX BUMpPoOyBaHb. Hexanm mogis A B uMX BUOPOOYBaHHAX 3’ABHMIACA m pasis.
3a «mcjoBe 3HaMEHHA HMOBIPHOCTI CTATHCTHYHO CTIMKOl Momii A OpMAMaioTh BiJHOCHY

YacTOTY IOABH Iliel moaii, To6To

m

P(a)="r
4°. Teomempuune o3nauenmna timosiprocms. KO MHOKHWHA MOXKJIUBUX Pe3yJbTa-
TIB €KCIIEPUMEHTY §) € HellepepBHOI0, TO PO3MIAJaTHMEMO II0 MHOXKHHY AK obnacTe Gy
IesIKOMY KoopAuHaTHOMY mpocTopi. Todkamu miel obiacTi € ereMenTapHi mogii. Eaemen-
TapHI NOJil, 3 AKUX CKIANacThCA MOAiA A, YTBOPIOIOTE IeAKY o0IacTb g, npudoMmy gCG.
ﬁMOBipHiCT}O noAii A HasMBaTHUMEMO BiJHOIIEHHA MipH O6JacTi CHPUATAUBUX MOIAIA g OO

Mipu 06JacTi BCIX MOXKJIUBHUX Pe3yIbTATIB eKCIepUMeHTY &, TO6TO

mes g
P(A)= mes G °
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5°. Hmosipwicrny cymu ma dobymuy nodid. ﬁMOBipHiCTL moxii A 3a yMOBH, IO OIS
B Bigbynacs, 0o6IUCIIOEThCA 32 (POPMYIOI0 P(A/B):%. 3 miel popMyaH oTpUMaEMoO
dopMyay 48 06YHCIeHHA UMOBIPHOCTI JOGYTKY ABOX IO

P(AB)=P(B)P(A/B)=P(A)P(A/B).
Axmo moaii A 1 B — uesanexui, Tto P(AB)=P(A)P(B).
Axmo moxpii A Ta B HecyMicHi, TO
P(A+B)=P(A)+P(B).
Nasg nBox poBlabuux moxin P(A+B)=P(A)+P(B)—P(AB).

XIII1.12. I'panpaui KyOUK I AKAAa10TE ABidl. OIUImiTh IpOCTIp edeMerTap-
Hux nogin. Onumites Taxi Bunagxosi noaii: A = {cyma 040k, aki 3’ aBuanCH
nopiBHIOE 7}; B = {mix gac apyroro miikmiaHH:I 3'aBUIOCA 5 040K }; AU B;
AN B; B; A\B; C = {o6uzpa pasu Bunaja KilbKicTh 040K, KpaTHa 6};
D = {sxogroro pasy me sunano 6 ouok}; E = {obuaea pasu Bunamo Giinme,
Hixk 3 ouka}; [’ = {o6uasa pasu BUIATA OJHAKOBA KLIBKICTH 090K }.
XIII.13. Monety miakngamoTs Tpudi. CrocTepe:KyBaHUN PE3YILTAT: MOABA,
repba (') abo uudpu (P) ma Bepxubomy Goui moderu. OuuuiiTs IpOCTIp
eleMeHTapHuX noginn i Ttaki nogil: A = {rep6 Bumap TiIBKM OIHH Dpa3};
B = {xopanoro pasy He sunana umbpa}l; C = {eunano Ginsie rep6is, HIXK
uudp}; D = { rep6 Bunas He MeHwIe, Hix B4l miapsam}.

XIII.14. IIpoBomATE CIOCTEPEKEHHS 38 CPYIOI, AKA CKIAIAECTHCI 3 TOTU-
PLOX ogHOpiAHNX 06'¢KTiB. Koxen 3 HuX 33 9ac CIOCTEPEXEHHA MOXKe Oy TH
BUSIBJIEHUI ab0 HeBUsABIeHHMU. PosruagaioTe Taki mogii: A = {BusamaeHun
TUIBKA OAWH 3 YOTUPBOX 006’€kTiB}; B = {BusBrenun xo4ua 6 ogur 06’€KT };
C = {pusaBneno me memue, Hix aBa o6'e¢xktu}; D = {BuABIEHO caMe gBa
o6’extu}; E = {Buasaeno Titbku Tpu ob’ektu}; F = {Buasieno Bci 4otupn
06’exTu}. 3’AcCyBaTH, AKUM HOIIAM piBHOCHIABHI Takl moaii: AN B; AU B;
BUC; BNC; DUEUF; BN F? Yn s6iraloreca nogil BN F i1 CNF ta
BnCiD?

XIII.15. [docaix monsrae B MiIKWIAHHI IBOX MOHET. PO3MIAIAIOTH Taki
nopii: A = {va nepuiiit moseri Bunas repb}; B = {Ha nepiuin MOHeTI BUIAILA,
uudpal; C = {ua apyriu momeri Bunas repb}; D = {uma gpyrin momeri
sunana uudpa}l; £ = {sunas xoua 6 oaus rep6}; F' = {Bunana xoua 6 oaHa
mudpalt; G = {Bunae ogus repd i ogua undpa}; H = {He BUmamo xK0IHOrO
repba}; K = {Bumago ga rep6u}. 3’acysaTu, AKHM OOAIAM BIAIOBLIAIOTH
raki momil: AUC; ANC; EUF; GUE;GNE; BND; FUK.

XIII.16. Y nidhTi, AKUI 3yIUHAETLCA HA CEMU IIOBEPXaX, € TPU [acakKupiu.
Axi uMoBipHOCTI Takmx momin: 1) yei macaxkupu BUUAYTH HA PI3HUX TOBEP-
xax; 2) ycl macakupu BUAIYTEL Ha I ATOMY IOBepci; 3) yei macaxkupu BULAYTh
Ha, OTHOMY TOBepci?

XIII.17. Habuparo4u nomep renedony, abonert 3abys 1Bl ocTaHH] muppu
1, mamM’aTao4n, WO BOHMU PizHi, Habpas ix HaBMauHa. SIKa UMOBIPHICTE TOIO,
110 aboHeHT Habpap NOTPIGHUN HOoMy HOoMep?

169



XIII1.18. OGuucaiTs UMOBIPHICTE TOTO, MO AHI HApOAXKeHHsa 12 0ci6 npuma-
AYTHh Ha PI3H1 MICAIL POKY.

XIIL.19. ¥ cxkpunbui € 20 gami, Tpu 3 vux 6pakosani. Hasmauus Bubupa-
IOTEL YOTHpH JamMnu. SIKa KMOBIPHICTE TOrO, WO BCl JaMIu Oy Ay Th AKICHAMU?
XIII.20. Po6iTtHuk 3a sMminy Buroropus 20 mzerasen pumoro i 10 geranen
IIEpIIOro FraTyHKy. fKka MMOBIPHICTEH TOro, IO 3 ABOX HABMAHHA BUOPAHNX
netanen: 1) o6uasi 6yIyTh BUIIOTO TATYHKY; 2) 0JHA Oye BUIIOTO, & APyra
TIEPIIOTO TATYHKY; 3) 06uaBl 6y IyTH OAHOTO TATYHKY.

XIII.21. Y ckpumbii mictuthea 10 gamn noryxaictio 100 Bt i 5 mamn o-
ryxuicTio 60 Br, axi 30Bmi me BiapisuaoTbea Mix cobow. flka uMosipHicTs
TOrO, WO ABI HABMAaHHA BUOpaHi erekrpoaamny 6yayTs: 1) mo 100 Br; 2) mo
60 Bt; 3) ogna 100 BT i ogna 60 Br; 4) 06uasi 0aHaK0BOI TOTYXKHOCTI?
XII1.22. Y mapmii 3 20 getanen € 16 crangapTuux. HasMaHHS BUOUPAIOTH
INCTL AeTalJen. SlKa IMOBIPHICTL TOrO, IO cepel BimiOpauux Oyge YOTHPH
CTAHIAPTHI JeTaJ.

XIII.23. V uexy nmpamoors 20 myxqws i 10 xinok. Hasmanns 3a Ta-
GeaLHEMMEI HOMepaMu BiaouparoTs 15 oci6. fka nMmosipHicTE TOrO, MO cepen
Bigibpanux Oy e ’ATh XKIHOK?

XIII.24. BuaaBHUIITBO BIANIPABUIO ['a3€TH Y JBA, MOIITOBI Bl JI/ICHH. Vmo-
BIDHICTL CBOEYACHOT'O OTPUMAHHA IazeT KOXKHUM MOIITOBUM BlTTiTeHHAM
nopieaoe 0,9. fAxa uMoBipHicTs TOTO, mO: 1) 06UABA BiALIICHHS BIACHO
OTPUMAIOTE TazeTy; 2) 06U IBA OTPUMAIOTL MA3ETH 3 BAIIZHEHHAM; 3) OJHE
OTPUMAE Ta3eTH BIACHO, 4 APYTE 3 3AII3HEHHIM?

XIII.25. I3 mapTii, B Akin € 25 AkicHUX 1 5 gedeKTHUX AeTajel, HaBMaHHA
6epyTh Tpu merani. flka nMmosipHicTs TOro, W0: 1) BCl TpU AeTadl 6YAYTH
AKicHi; 2) xo4a 6 ogHA geTanb Gyne skicHa?

XIII.26. Y 1exy € TpuU pe3epBHI IBULYHU. I/uIMOBipHiCTb TOr'O, IO ABULYH
[paloe, OJHAKOBA, Mid BCiX apuryuis i cramoeutsh 0,2, flka nMosipHicTb
TOrO, IO B KOHKPETHUN MOMEHT 9Yacy MPAIOE X0Ua 6 OIUH ABUCYH?
XIII.27. VY mexy € Tpu BepCTATH-ABTOMATH. IU/IMOBipHiCTb TOr'0, MO IPO-
TATOM 3MIHH BEPCTAT Oy 3yNVHEHUN /A 3aMiHW IeTajen, CTaHOBUTH 0,1.
Aka AMOBipHICTE TOrO, mO: 1) xKoneH BepcTaT He Oyle 3yNUHEHUN; 2) 1Ba
BepcTaTy OyAYTh 3yIUHEHL?

XIII.28. IZMOBipHiCTb TOI'C, IO MPOTATCM OJHiel 3MiHU BepCTAT BHUHAE 3
aany, cranouth 0,05. fka IMOBIpHICTL TOrO, IO BEPCTAT BLAIPALIOE TPHU
a3Minn?

XII1.29. CTyneHT mpuUIOB HA 3aTiK, 3HaOUYM 24 nuTamus 3 30, Jki € B
nporpami. flka IMOBIPHICTEL TOTO, IO ¥ BUMIAIKY, SAKIIO BiH HE 3HAE BIAIOBI I
Ha [eplie NIUTAaHHA, CTYJEHT BLAIOBICTH HA Apyre?

XII1.30. AGomenT 3a6yB ocTaHHIO IudpPy HOMEpa TeaedOHy TOMY HaOH-
pae 1i HaBMauHa. SKa UMOBIPHICTE TOrO, 0 UOMY IOBEAETHLCS 3DOOUTH HE
Olapliie, HixK Tpu cupodu?
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XIII.31. CrygeuT marorysas 20 nurass 3 25, ki € B IpPOrpaMi iCIuTy.
Axa AMOBIPHICTE TOrO, MO 3 TPHOX MUTAHB, AKI € B OLIETI, CTYJAEHT 3HAE
BIANOBIAL: 1) TLIBKW Ha OMHE TMTAHHT; 2) TUILKK Ha TBA TUTAHHA; 3) Ha BCl
Tpu UTaHHg; 4) Xo4a 6 Ha OfHE NMUTAHHA; 5) X04a 6 HA ABA MUTAHHA?
XIII.32. B exsaMeHauinHoMmy OlIeTi € TPU IUTAHHA. I/UIMOBipHOCTi TOTO,
1II0 CTYAEHT 3Ha€ BIANOBIAL Ha Ieple, APyTe 1 TPeTe MUTaHH:A, BiAMIOBIIHO
cranoBaaTs 0,9; 0,9: 0.8. fka UMOBIPHICTL TOTO, MO CTYAEHT CKIaje iCIuT,
AKIIO A7 IBOT0 TOTPi6HO BignmosicTu: 1) Ha BCI muTaHHA; 2) X04a 0 HA TBA
NUTaHHA?

XTII1.33. Tpu mocai THUKY HEIAJIEKHO OUH Bl OMHONO BUKOHYIOTE JA€AKI BU-
MIPIOBAHHI. I/UIMOBipHiCTb TOrO, IO MEPIINH JOCIIIHUK JOTYyCTATD MOMUIIKY,
cranosuts 0,1; apyrun — 0,15; Tperin — 0,2. flka UMOBIpHICTE TOTO, 1O X0OUa,
6 OQVH 3 HUX TOMUWINTHCAT

XI11.34. Y madopaTopil € 1Ba KOMI 10TEPH. fIMOBipHiCTB TOTO, IO B 3a]Ja-
HUU Ya¢ KOMI'I0TEP BUKOPUCTOBYIOTH, MopiBHioe 0,8. flka mMOBIpHiCTE TOTO,
mo: 1) 06uaBa KOMII'IOTEPU BUKOPUCTOBYIOTD; 2) TUILKW OAUH BUKOPHCTO-
BYIOTB; 3) X04a 6 OJUH BUKOPHCTOBYIOTH; 4) XKOJeH He BUKOPUCTOBYIOTD !
XIII.35. MmoBipHOCTI TOrO, MO KOKHA 3 TPHOX AETATEH MeXaHI3My Mpa-
LIOBATHME OAMH PIK, BIAIOBIAHO cTAHOBAATE 0,5; 0,6; 0,7. SIka MMOBIpHICTL
TOrO0, M0 MEXAHI3M ¥ IILIOMY IPOIpPAIOE OIUH PIK?

XIII.36. Tpaemi A Ta B rpaiors 3a Takumu mpasuiamu. B pesyasTari
TIEPITIOTO XOAY, AKUU 3aBXK U POOUTH T'paBelb A, BIH MOXe BUTCDATH 3 IMO-
BipHicTIO 0,3; AKIIO X 33 TEPITAM XOA0M A He BUTpaE, TO Xig pOOUTH IpaBerlb
B i moxe purparu 3 imosipuicTio 0,5. Axmo x B we Burpae, To A pobuts
OPYTUR Xim, AKMA MOXKe [IPUBECTH MO0 40 BUrpamry 3 iMoBipaicTio 0,4, ki

HMOBIPHOCTI BUrpaIly AA Cpabuis A ta BY

XIII.37. nasg KOHTPOIIO 33 AKICTIO MPOAYKII 3 KOXHOI MapTii TOTOBUX
BupobiB 6epyTh 100 mTyk. IlepeBipky He BUTPUMYIOTH y cepegHboMy 12
BUpOOIB. fKxa UMOBIPHICTE TOTO, 10 HABMAHHA B3ATUU BUPIO Oy 1€ HEOPAKO-
BauuM? Cxiipku 6yzne GpakoBanux Bupo6is cepen 10 000 eimibpanux?
XIII.38. Cepen 11 000 miTen, AKi HAPOIUINUCA IPOTACOM POKY B IEAKOMY
MicTi, 3apeecTpoBano 6452 xuomunku. OOYMCIITE BIIHOCHY YacTOTY HAPO-
MKEHHA XJIOMYHKIB.

XIII.39. IIpoTsroM gesxoro mepiogy dacy BiIHOCHA 9aCTOTA COHIYHUX THIB
cranoBmia 0,8. Ckirbkn 6y/10 TOXMYPHX JAHIB, AKIIO BCHOTO OY/I0 72 COHMYHI
ami?

XIII1.40. Ilicaa Oypi Ha giaaHm Mix 40 1 70 kimomMeTpaMu TededOHHOI Me-
pexi posipeapca nposin. flka HMOBIPHICTL TOrO, IO BiH po3ipBapcs Mix 45
1 50 xizoMeTpaMu Mepexi?

XIII.41. Ilmomwmua posrpadueHa TAPAJeIbHUME TPAMUMHA, BiACTAHB MiXK
AKAMH TOPIBHIOE a. Ha mmompny HABMAHHA KHIAIOTH MOHETY, PAadiyC SKOL

. a . o
JODIBHIOE T (r < 5) Aka wmosipmicTs ToOro, mo: 1) mMomeTa me mepeTHE
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KOMHY 3 MPAMUX; 2) MOHETA TE€PEeTHE He GLIbIIe, HIXK OJHY CTOPOHY KBAIDa-
Ta’l

XII1.42. (3anada Brodgdona). [lnommua posrpadiena napaiseabHIME TP
MHEMH, BiocTaHb Mixk AkuMu — 2a. Ha 1110 mmonmsy HaBMaHHa KU AT MOJIKY
noBxuHO 2] (I < a). flka IMOBIPHICTB TOrO, II0 MOJKA IEPETHE AKYCH [IPS-
My?

XII1.43. (3aga4a npo aycTpiv.) /IBa CTyAeHTH TOMOBIIUCA TIPO 3yCTPIY.
BBaxamoTh, 10 KOXKEH 3 HUX MOXe NPUATH Ha MICIle 3ycTpidi B iHTepBaJi
gacy [0;7]. CrymeHT, AKMA HpPUUIIIOB HA MICIE 3yCTPIHdl HEPUIMM, EKAE
nporarom [acy t, t < T i uge 3 Micia 3ycTpidi. fIka UMOBIpHICTE TOTO, 10
3yCTpid Biadyaaca?

§3. ddopmya noBHol UMoBipHocTi. Mopmynru Baneca

Hexan mogia A moxe BiZb6yBaTHCA 3 ofHiclo 3 momiun Hiy,Ha,...H,, Ki yTBOPIOIOTL

= DT

S S P S
rpyIly DONapHO HECYMICHHX MOAIHM (TioTe3). Hexau BIOMiI UMOBIpHOCTI P(H;),
[N ¢

. Ta IMOBIpHOCTI HoABK HoAil A B yMoBax mogin H;, Tro6ro P(A/H;), i=1,2,. .. ,n.

Toai UMOBIPHICTE MOABH MOl A 06YHCTIOITL 3a (POPMYJICIO MOBHOI IMOBIPHOCTI
P(A):Z P(H;)P(A/H;).
i=1

HAxuo momsa A BigSyaacs, TO HMOBIPHICTD TOTrO, IO BOHA BiAOYJacsi depes TiNoTe3y
Hj, j=1,2,...,n, 064UNCIIOIOTE 3a GopMyIaMu Baiteca

put; Ay PHDPCAH)

> P(H:)P(A/H;)
i=1
10 GopMyIy HasHBAIOTL (POPMYIOIO MEPEOiHKN UMOBIPHOCTEN TIIOTES.

XI11.44. Y rpymi cuopreMenie € 20 TuKHAKIB, 6 BemocuneancTis 1 4 6iryHn.
MoBipHicTH BHKOHATH KBATIIKAIIINHY HOPMY [IJIS JMKHUKA, BEIOCUIIE[UCTA
ta GiryHa signosigHo cranoBuTk 0,9; 0,8; 0,75, flka UMOBIpHICTBH TOrO, LIO
HABMAHHA BUOPAHUN CTIOPTCMEH BUKOHAE KBamiikaminay mopmy. Bizomo,
110 CHOPTCMEH BUKOHAB KBaJaldikalinay HopMy. fKka IMOBIpDHICTE TOrO, IO
e 6yB BEJIOCUIICIUCT !

XII1.45. Bigomo, mo 5% yeix myx4ams i 0,25% Beix KIHOK € JaTbTOHIKAMIL
Hasmanusa BuOpana 0co6a BUABIWIACH JAJIBTOHIKOM. flka UMOBIpHICTB TOTO,
IO [I€ MYKYWHA, AKIIO MYXKIUH 1 KiHOK OyJI0 HOpiBHY?

XII1.46. Tpu CHrHATIZATOPH IIPAIIIOIOTE HE3ATEIKHO OINH Bif 0gHOTO. WMo~
BIPHOCTI TOrO, IO IIi 1 9ac aBapil CIpalioe mepimuy, IPYrul 1 TPeTid CUrHajIl-
3aTopu, BiAmOBl 1HO cTanoBaaTk 0,7; 0,8; 0,75 BigoMmo, mo mig 1ac aBapil 18a
CHUTHAII3aTOPU He CIOPAIoBaId. f1Ka UMOBIPHICTL TOrO, IO He CIPAIIOBAIH
OPYTUI i TPETId CUTHATIBATOPH?

XI111.47. Tpu nepcTaTn-apTOMATH BEPOOIAIOTL OIIAKOBIL IeTadl, AKi UAYTL
Ha CHiipHMN KOHBeeD. Ilepmmir Bupobmse 25%, apyruir — 35%, tperin — 40%
yciel npoaykmii. Y ixmiil npoaykuii 6pax cTaHOBUTL Bignosiguo 5%, 4%, 2%.
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Hasmauua Bubpana AeTalb BUABMIACH OPAKOBAHOW. SIKa UMOBIPHICTE TOTO,
1[0 BOHA BUTOTORJEHA HA MEPIIOMY BEPCTATI?

XII1.48. Ha aBOxX BepCTaTax BUPOOIAIOTH OQHAKOBI AeTall, AKI UAYTb Ha
CTIILHUN KOHBEED. IU/IMOBipHiCTB TOT'O, MO MEPIIUA BUTOTOBUTE AKICHY JI6-
taab, crapoputh 0,9, apyrun — 0,8, IIpoAyKTUBHICTL IIEPLIOrO BEPCTATA
BABIYl OLIBINA, HIK HPOAYKTUBHICTE Apyroro. [lerann, HaBMaHHA B3ATA i3
KOHBEEPA, BUABWIACL AKICHOW. SIKa MMOBIPHICTL TOr0, IO BOHA BUPOOJICHA,
Ha, IepHIOMY BepCTaTi?

XIII.49. Ty camy onepariio MOXYTbH BUKOHATH POOITHUKN TPETLOrO, “eT-
BEPTOro 1 I’'ATOro po3pagis. ¥ Opuraui 3 10 poOITHUKIB JBOE MAOTE I ATUI
PO3PAL, II'ATEPO — YeTBEPTUH 1 TPOE — TpeTid. PoliTHUKK II’ATOr0 po3pasy
nonyckaroTh 1% 6paxy, weTsepToro — 2%, Tpetsoro — 4%. Ilig 9ac meperip-
KF BUABWIOCH, IO [€TaJb AKiCHA. flka WMOBIpHICTB TOTrO, IO ii BUTOTOBUB
POBITHUK ’'ATOTO PO3PATY?

XITI.50. AreurcTrBO 3i cTpaxyBaHHs aBTOMOOLIIB MOJLIAE BOAIIBR HA TPU
rpymu: rpyma Hy (mamo pusmkye), rpyma Hs (He nyxe 9acTo pusukye) i
rpyna Hjz (ayxke 9acTo puanukye). AreHTCTBO BBaXKa€, IO 3 yeix BoAiiB, AKi
sacTpaxyBaim aBromoGim, 30% wamexurs go rpymmu Hy, 50% — 1o rpynu
Hs i 20% — mo rpymm Hs. I/UIMOBipHiCTb TOrO, IO NPOTACOM POKY BOIIN 3
rpynu H; xod4a 6 OJWH pa3 TMOTPAIuTh B aBapiio, cranosuTs 0,01, Boxgin 3
rpymu Hy — 0,02, a Bogin 3 rpymu Hy — 0,08. Bogin A sacrpaxysas CBOIO
aBTOMAIIMHY 1 IPOTATOM POKY IOTPAIMUB B aBapio. fIka IMOBIDHICTL TOTO,
1o BiH HagexuTh: 1) 10 rpymm Hy; 2) no rpymu Hs; 3) mo rpynu Hs?

84, ITocaigoBHICTL He3adeKHNX BUNpobGyBanb. Popmyaa Beprympil

1°. Crzema FBepwnyaai. Hexall BUKOHYIOTH ceplio 3 n He3aJeXKHWX BUIPOOYBaHb, y
KOXKHOMY 3 AKMX Homis A Moxe BiabyTucs 3 nMmosipHicTIO p. Iloznaummo uepes P, (k)
MMOBIDHICTBL TOT'0, IO B IMX 7 HE3AJEXXKHUX BHUIPOOYBaHHAX MOXia A BigOyJacs k pasis.
1o umosipHicrs MOxHA 0G4ucanTy 38 popmyaow Bepuyiai

o P (k)=Ckphq ", ae  g=l-p.
VIMOBIPHICTDL TOT'O, IO B n HE3AJEKHUX BUIPOOYBAHHAX IMOAII A BIAOGYIeTHCSI He

MeHINe, HiK k1, 1 He 6labime, HiX kz Pa3iB, O0INCIOOTD 33 GOPMYIO0
2

Py (k1 <k<ha)= Y CFp*(1—p)" k.

ﬁMOBipHiCTL TOrOo, IO B n HB3MB)KHIZ)_( %HHp06yBaHHHX noxia A Binbygerscs xoda 6
OfWH pa3, 06IuCIoTh 3a hopMyaoio P, (1<k<n)=1-—g".

Han6inpm nMoBipHa KIIBKICTD ko II0AB oIl A B cXxeMl BepHYII € B IHTepBaIl np—qg<
<ko<np+p.

2°. Anporcumauitni gopmyau Myaspa-Jlanaaca. Y pa3i BeIMKoOi KiIBKOCTI BHIPO-

6yBaHb
P, (k)~ L p(x) ne o(z)= L e_§ = k:fnp.
npq ’ ‘ V271 ’ N
Inrerpanerna dopmyna Myaspa-Jlannaca
1 12 ko—mnp ki—np
P, (k1 <k<ks)m®(z2)—P(z1), e @(m):ﬁfe Tdt, wa=TUE, m=T oo



Bukopucrosyiouu inTerpainbuy (opmyiay Myaspa-Jlamiaca, MoXHa BU3HAYATA UMO-
BIpHICTH TOT'O, IO BiJHOCHA YaCTOTAa IMOABU MOMAil A B n HE3aJNeXKHUX TOCHIAaX BiAXUINTHCI

Bil HMOBIPHOCTI p MOABH Ili€l moAii B 0JHOMY [OCainl He Gidblile, HiXK Ha £>0

r([% <)z2¢(\/%)

nP
Ha6anmxenl gokaiabHy Ta iHTerpaibHy (gopMmyan Myaspa-Jlamiaca 3acTOCOBYIOTE Y

n

BHIAJKY, KOIM p He Iy:Ke Male, IPH npg>9. SIKmo p gyxe Male, TO BUKOPUCTOBYIOTH

Habamxkeny ¢gopmyay Ilyaccona, ska gae Kpaile HabIUKeHHA [IYKaHO! IMOBIpHOCTI

Po(k)==—77 > Ae A=np; P, (k1 <k<ks)me™* Z

XIII.51. 3a JaHUMEU TEXHIYHOTO KOHTPOMO 2% BUTOTOBICHUX BEPCTATIB-
aBTOMATIB NOTPEOYIOTEH J0JATKOBOIO PErYIIOBAHHA, SIKa IMOBIPHICTE TOTO,
110 3 IIECTH BUTOTOBJCHUX BEPCTATIB IIA YOTUPHOX MOTPIOHE AOAATKOBE
pPery.IIoBaHHA?

XIII.52. I/UIMOBipHiCTb TOrO, II0 BEPCTAT-ABTOMAT 3POOHTL CTAHAAPTHY
aetans, cragosuTk 0,9. fka IMOBIPHICTE TOrO0, IO 3 BOCHOMU JeTAJCH IIICThb
Oy AyTb CTAHIAPTHUMU !

XII1.53. 3pobaeno 20 moCTpimB y Iimb. VIMOBIPHICTH BIyYaHHA B IiIb
3 OJHOTO MOCTpiTy cramoBuTh 0,7. Busmadre: 1) HMOBIpHICTH TOrO, L0
Oyme xoua 6 OJHE BIYYEHHS; 2) UMOBIPHICTB TOTO, MO Oyae HE GLIBILIE ABOX
BIAYYAHL; 3) HAXIMOBIPHINTY KLTLKICTE BAYIAHD.

XIII.54. ImoBipHICTE TOrO, MO B 90TUPHOX HEIAICKHNX AOCTIAaX moma A
BiaOygeTwsca xoda 6 ogmH pas, gopismioe 0,9919. Slka mMoBipHicTL mosBm
moxii A B ogHOMY focaigi?

XIII.55. Beauka mapTia BupoGiB MicTuThb 1% Opaxy. CKLIBKEM TOTPIGHO
B3ATH BUPOOIB 3 miel mapTil, mO6u UMOBIPHICTEL HAABHOCTI Cepes HUX X04a 6
0JHOT0 OpakKoBaHoro Bupody 6yaa He MeHmowo, Hix 0,957

XII1.56. Ilig 9ac BUrOTOBJACHEA IITAMIOBAHIX AeTaleh € 5% Opaky. CKlib-
KU TIOTPIGHO B3ATH 3ar0TOBOK, 06 HaniMoBipHime 0ya0 380 akicHUX geTa-
gen?

XIII.57. 3a gamuMmu BigALTy TEXHITHOrO KOHTPOIIO B cepeinbomMy 3% BUTo-
TOBJCHUX BHUPOGIB ¢ HecTaHmmzapTHUMU. Busnauyre mamiMOBIpHINIY KLILKICTDL
crapgapTHuX BUpo6iB y mapTii 3i 150 xeTanen i i IMOBIPHICTE.

XIII.58. IMOBIpHICTE BUT'OTOBJIEHHS CTAHAAPTHOL meTaual craHoBuTh (,95.
Ckinbku feTasen TMOBWHHO OyTW B MapTii, mo6 HamiMoBipHime 6ya10 55 He-
CTAHJAPTHUX JeTaAJen?

XIII1.59. Bigomo, mo 60% pobiTIMKIB AeaKoro 3aB01y MAIOTL CePeIIo 0CBi-
Ty. Aka nMoBipHicTs TOro, mwo 3 500 pobiTaukis 280 6yAyTH MATH CEPEIHIO
ocsiTy?
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XIII.60. Hexan iMOBIpHICTH HAPOMXKEHHA XJaomumka cTanosuThk 0,5. fka
WMOBIpHICTL TOTO, O cepen 200 memorasT Gymge: 1) 100 xromuukis; 2) 90
xnomawkis; 3) 110 xmonuwkis; 4) e menme, mixk 90 1 He Glabme, mix 100
XJIOMTIUKIB?

XIII.61. 3asog Biampasus cunoxkupadeni 5000 Bupodis. ﬁMOBipHiCTb TOIII-
KOIKeHHs BUPOOY B m0posi cramosuTh 0,0002. fAxa nMOBIpHICTH TOTO, 1O
B J10p03i Byae NOWKoIKeHo: 1) Tpu Bupobu; 2) Tiabku oauH BUPI6; 3) He
6iabItie, HiXK Tpu BUPOOGH; 4) 6ibIe HiXK TpU BUpOOU?

XIII.62. 3asoj sigmpasus crnoxusatiesi 1000 mIAMOK MiHEPATLHOI BOIH.
IMOBipHICTE TOrO, WO B A0pO3i ILIAMKA O6yne posbura, cranopuThk 0,003.
Aka UMOBIPHICTE TOTO, MO CHIOXMBAY OTpUMaE: 1) MBI pO3OUTI MIAIIKY; 2)
MeHIle HiX JBl po36uTi miAmky; 3) xoua 6 OJHY PO3OUTY TIAIIKY !
XII1.63. Y Bumajgky MacoBOI'O BUMYCKY JeAKol mponykiii € 4% GpaKy Axa
I/IMOBIPHICTB TOrO, 10 B ua,p'i‘ll 3 625 DmpuulB Bl;;'}xmlcnnu 151;1," OCHOI YaCTOTH
6paKOBAHUX BUPOOIB Bi UMOBIPHOCTI OGpaKy 3a abCOTIOTHOK BEAMIUHOW 0y1¢
He Glabinoo, Hix 0,027

XIII.64. Biggin TeXHIYHOIO KOHTPOJIO TepeBipse 475 BUpobiB. I/UIMOBip—
HiCTH TOTO, 0 BUPi6 € GpakoBanum, cranoBuTh 0,05. Busnayre 3 uUMOBip-
HicTIo 0,9425 Mexi, B AKUX OyJe MICTUTHCA KITbKICTH OpaKOBaHUX BHPOOIB
cepen mepeBipeHux.

XIII1.65. [Tns BU3HAYMEHHS BITHOCHOI 9acTOTH OPAKOBAHOI MPOAYKIIl B3AIN
2500 Bupo6iB, cepel AKUX BUABMIOCH 250 OpakoBanux. 3 iMOBipHicTIO 00,9545
OO0YUCANTY MOXIUBI MeXKi Bi TXUIEHHA BITHOCHOL YaCTOTH OPAKOBAHUX BUPO-
O1B BiJ IMOBIPHOCTI OpaKy B OJHOMY JOCJIiTI.

XIII1.66. Bigomo, mo saBon sunyckae 5% 6paxoBanux BupoOis. Ckiabku
TOTPIGHO mepeBipuTH BUPOOIR, mob 3 iMoBipHicTIo 0,954 BiAXWIeHHS BiAHOC-
HOI YacToTH OpakoBaHUX BUPOOIB Bl HMOBIPHOCTI 6paky 3a abCOMIOTHOIO
BOIMMMHOI He HepeBuIryBaao 4%7

85. BunagkoBl BeJnYnHEHA

1°. Ocwnoeni nowamma. Hexanm Q — npocTip eiqeMenTapHux nogid. Bunajakoporwo
BeIMYMHOIO X Ha3WBalOTh YMCIOBY (YHKIIIO X (w), BUSHAUYEHY Ha MHOXHWHI (2.

PDyHKIIE PO3NOALLY BUIAAKOBOI BeJUYrHN X HA3WMBalOTh GYHKIIW F(z), 2€R, AKY
Bu3Hadae popmyna F(z)=P(X<z).

VIMOBipHICTE ToOro, IO BUMAJKOBa BelWYWHAa X Habyle 3Ha4YeHHA 3 iHTepBaIy [a;b),
06GYUCTIOETHCA 33 (HPOPMYJIOI0

Popuy P(a<z<b)=F(b)—F(a).

Bunagkopa Beanunsa X Ha3sWBAcTLCA NUCKPETHOIO, AKINO BoHa HabyBac CKiHYeHHY

a60 3JiYeHHY KiJbKICTh 3HadeHb. 3aKOH PO3IOLLIY NUCKPETHOI BUIAaJKOBOI BeluduHU X

MOXKHa 3alUCaTH y BUIVIAL TaOJuIll

T, |zi|za|.. [T«

Pi Pr|P2|- | Pn

e prpatetpn =1
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DyHKI0 pO3TOLTY AUCKPETHOI BUMAIKOBOl BEIUYUHU BU3HAYAIOTH PIBHICTIO
Fle)=P(X<a)= Y pi.

fovary, <a
BunagkoBy BeanyunHy X Ha3WBalOTh HeIepepBHOIO, AKINO ICHYE HeBia e€MHa (DyHKIIA

p(z) (MABHICTL poO3NOILTY) Taka, Mo A BClX € R 11 (hyHKIIII0 PO3IO ATy MOXKHA 3aITUCATH

Y BHTJIATI

@

F(a)= [ p(t)at.

—

2°. Hucaost xapaxmepucmurs.
Mamemamuunum cnodisaHHAsM BHIAIKOBOI BeIMYMHU X HAa3HBAIOTh [IMCHE HHCIO,

AK€ BU3HAYAIOTh 3a TaKUMHA (bOpMyJIaMI/IZ

MX= E PRy — A JUCKPEeTHOI BUMAAKOBOI BEIUYUHU,
K
>
MX= f zp(x)de — RId HelepepBHOI BUIIAAKOBOI BEIMYUHIU.

Jucnepciero BUNaqKoOBol BeanduHU X HA3UBAIOTDL IHUCIO
DX=M(X—-MX)2.
YHacTo AuCHepciio BUMNALKOBOI BEIUYUHU MYKAKOTH 33 (POPMYIOI0
DX=MX%-(MX)?.
., X, — HOCIIZOBHICTH He3aJeKHUX, OJHAKOBO PO3IOIIIEHUX BUIIA KO-

BUX BeJMYMH, AKi MalOTh MaTeMaTHYHe cIIoNiBaHHA M Xp=a 1 Iucuepcito DX, =c2, To

Axmo X4,Xs

I3 [

1 1 o
M5 3% J=er D53 X =T
k=1 k=1

Hx MIpy po3CiSHHA BHUNAJKOBOI BeJIWYWHU MOPA[ 3 AUCHEPCIEI0 BUKOPUCTOBYIOTE Ce-

M

pelHe KBanpaTU4YHe BiIXWIEHHA BUIATKOBOI BEIMYHMHU
ox=vDX.
BunagkoBy Beawduny Y Ha3WBalOTh HOPMOBAHOIO, AKIIO MY =0, DY =1. Bunagkosa

BeJIUYIVNHA

€ HOPMOBAHOI BUIIAAKOBOK BEJIUYUHOK).

Iouamxoeum momenmom k-20 nopAdKy BUNATKOBOI BeIMYUHU X HA3UBAIOTL YHUCJIO
ap=a(X), AKe TOPIBHIOE MATeMATHYHOMY CIOJIBaHHIO BHIAJKOBOI BEJMYNHK X+

ap=M(X").

Henmpaabrum momenmom k-20 nopaAdKy BUTAJIKOBOI BeIMUMHN X HA3UBAIOTEH THUCIO
pr=pr{X), AKe TOPiBHIOE MaTeMaTUYHOMY CIOIiBaHHIO k-I'O cTeleHA BiAXWIEHHA BHUIIAJI-
KOBOI BEJIMYMHM BiJ| CBOI'O MATEMATUIHOTO CIIOIBAHHSA

pe=M(X—MX)*.

[enTpasbHi MOMEHTH 1), BUIIAX HOPASKIB MOXKHA BUPA3UTH Yepe3 MOIaTKOBI MOMEH-

TH &1,02,...,05, . HaTpUKIam,
ug:agfozf, ;Lg:a373a1ag+2a?, ;L4:a474a1a3+6afa273a411.

Koegiytenmom acumempii BAIATKOBOI BEIUYIUHN X HA3UBAIOTH THCIO

_ k3
=53
E’NCUECOM BUIIaJKOBO1 BEJINYINHN X Ha3uBaeTbCA YUCIO
Ha
y="—73—3.
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XIII.67. Y mapmii 3 miecTu geTaten € Y0TUPU cTaHgapTHI. HaBMaHHA BU-
Opamu Tpu getaui. IloOGyayBaTH 3aKOH PO3MOALTY AUCKPETHOI BUIIAIKOBOI
BeanviuHN X — KLIBKOCTI CTaHJAPTHUX AdeTajen cepen puOpanux. [lo6yaysa-
TN (GYHKITI0 PO3TOALTY Ta i1 rpadik, MHOTOKYTHUK PO3MOILTY.

XIII1.68. Ilicaa BIANOBIALI CTYIEHTA HA NUTAHHA €K3aMEHAIIMHOI'O OlieTa
€K3aMEHATOP 3aJa¢ NOMY NONATKOBI 3aNWTaHHA. BUKIANAY NPUIHHAEC ONU-
TYBaHHA, AK TLILKYU CTYAEHT He 3HAE BIAMOBIIL Ha 3aaHe MTUTAHH. PIMOBip—
HICTBH TOT'O, IO CTYJAEHT AAaCTh BIAMOBLAL Ha OyIb-fKe TOIATKOBE MUTAHHSI
cranonuts 0,9. IloTpi6uo: 1) ckIacT 3aKOU POSIOALLY BHIAAKOBOL BEINIH-
HE X — KIIBKOCTI JOJATKOBUX IHUTAHDL, AKI BUKIALAY 3a1ACTH CTYIEHTOBI;
2) BM3HAYUTY HAMIMOBIDHINIY KiTBbKICTHL MOMATKOBUX MUTAHL, 33aHUX CTY-
IE€HTOBI.

XI11.69. VmoBipHiCTE TOrO, IO ABTOMAT TIij Yac OIyCKAHHA MOHETH CIpa-
utoe, cranopurb 0,97, Ckaactu 3aKOH PO310ALLY KiIbKOCTI MOHET, OLLYLIEHUX
B aBTOMAT IO TEPIIOTO CIPAIIOBAHHA.

XII1.70. OyHKIA pO3NOALTY BAIATKOBOl BINYNHI X Ma€ TaKUU BULVIAL:

0, x<2,
0,3, 2<2<3,
0,5, 3<z<L4,
1, =>4

F(X) =

OGuucaunrn: 1) P(X > 3,5); 2) P(|X] < 2,5); 3) P(1< X <3).
[MobyayBaTu 3aKOH PO3MOALTY BUMAIKOBOl BEIUIMHNA X .
XIII.71. 3amana GyHKIS pO3NOILIY AUCKPETHOl BUIAIKOBOI BeaUIUHN X

0, <1,

0,25, 1l<z<3,
F(X)y=+<¢ 0,4, 3<x<A4,

0,8, 4<x<5,

1, x>5.

IToOyayBaTu 3aKOH PO3MOILTY IT€l BUIATKOBOL BEJUYWHE. BU3HAMHTH:
1) P(X =2); 2) P2 < X <4).
XIII1.72. Bunakopa BeIUYNHA MAa€ 3aKOH PO3IOILIY
x, |—2|-1| 0| 2| 3
p; 10,110,210,2{0,3|0,2

BusnaquTyn MaTeMaTHYHEe CIIOIBAHHA Ta TUCIIEPCIIO ITi€l BUIA,IKOBOL Be-
JUYUHA.
XIII.73. Bunaagkosa Beanm<dnHa X Ma€ 3aKOH PO3IOILIY
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. | -5] 2] 3] 4
p; 10,4(0,3(0,1]0,2

O6YMCaANTE MATEeMATUYHE CHOMIBAHHA, JUCIEPCIIO Ta CepeaHe KBAapa-
TUYHE BlIXWJIEHHA 1€l BUMIAIKOBOI BEIUINHNA.
XIII.74. BusunauuTu IUCHEPCII0 Ta cepegHe KBAAPATUIHE BiIXWICHHS THC-
KPETHOI BHMAIKOBOI Beqn4uuHn X , AKA Mae TAKAN 3aKOH PO3MOILIY:

1) 2)
z: |4,3]5,1]10,6 z; | 131[140] 160]180
P 10,2]0,3] 0,5 P 0,05/0,1]0,25[0,6
3) 4)
v | —-1] 1] 3 v | =2 1] 2] 5
p: 10,2/0,5(0,3 p: 10,1]0,3(0,2[0,4

XITL.75. O6uucanTn MaTeMATUYHE CIOTIBAHHA BUMATKOBOI BEIUYUHU 7,
AKIIO BiJOMI MATEMATHUYHI crogiBanua X Ta Y:

DNZ=X-2Y MX=2 MY =3.

2) Z=2X+4+5Y, MX =3 MY =2.

3y Z=2X-3Y, MX =-2 MY =4.

4) 2 =2X-5Y MX=2 MY =-3.
XIII.76. [MuckperHa BUMAAKOBA BeImvInHA X HAOYBA€ TPU MOXKJIUBI 3HA-
qeHHA. 1 = 4, x9 = 6 3 iMoBipHOCTAMEU P = 0,5 Ta pe = 0,3 BigIOBIIHO.
Busnadutu 3 Ta ps, akmo MX = 8.
XIIL.77. IuckpeTHA BUMNAIKOBA BEINYNHA HAOYBAE TPU MOXKJIWBI 3HAYEHHS:
1 =-1,29 =1, 23 = 3. Bizomo, mo M X = 0,9, MX? =1,9. Ilo6yzysarn
3aKOH PO3MOILTY ITi€l BUIAIKOBOl BEIUUIUHU.
XIII.78. JuckpeTHa BUMAIKOBA BEIUYUHA 33 aHA 3aKOHOM po3moainy. Bu-
3HAYUTHU MOYATKOBI MOMEHTH IIEPIIOro, APYTOro i TPeTLOr0 MOPAIKIB

1) 2)
X; 1 3 ZT; 1 2 3
pi 10,4]0,6 p; 10,210,5[0,3
3) 4)
x; -1 0 1 T 1 3 4
Di 073 095 092 Dq O,]. 0,3 0,6
5)

i | 2] 3] 5
pi 0,1]0,4[0,5

a

1+ 2’
Oy e WIbHICTIO PO3IOALIY BUIAAKOBOI Benduan X ! BusHaduru:

XIII.79. TIpn axomy 3nadenni napameTrpa a Gynkmia f(x) = T €R

a) QYHKINIO PO3MOALIY BAMAIKOBOI BEJMINHE X ;
0) iMOBIpHICTL OTPAILIAHHEA BUIIAIKOBOI Bemannu B imrepsan (—1;1).
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XIII.80. Tlpu saxkomy s3HaveHHI ¢ QYHKIA

0, <0,
fl@)y=4q asinz, 0<z<m,

\Gﬂ x >

T

6y e IIbHICTIO PO3IOILIY BUIAIKOBOL Beamyauayu X 7 BusmaduTu:
. . , T
a) UMOBIPHICTD, 1m0 X HaOyle 3HAYMEHHA 3 MPOMIXKKY (0; 5),

0) MaTeMaTHIHE CMIOAIBAHHA TA NUCIEPCIIO IIiel BUNAIKOBOI BEINIUHI.
XIII.81. BunankoBa BeaumvuHa 3aaHa (PYHKINEIO PO3IOILTY

[ 0, z<0,
1 —cosx
ﬁ@»:i 5 0<z<m
0, z>mr.
Busuaxduru: -
1) wineHicrs pozmoginy p(x); 2) P (O <zr< 5)
XIII.82. BunaakoBa BeIUYNHA 33 1aHA (PYHKINEIO PO3IOILIY:
0, x<2,
Flz)=4 (z-2)?* 2<a<3,
1, z>3.

Busuaqurn:

1) wineHicTs posmomiay p(x); 2) P(2,5<x<4).
XII1.83. BusnaduTu MaTeMATHYIHE CIIOJIBAHHS 1 JUCIEPCII0 BUIAIKOBOI Be-
guauHu X, AKA 330a€THCSA (PYHKINEID PO3IIOILLY:

0, =<0, (0, x<0,
D Fa)={ & 2) Fla)={ &
r)= —, 0 <4 T) = —, 0 <5
6 o Srsh 957 VST
1, x>4 L1, x> 5
T
0, =<0, 0, 96567
. T
3) F(z) = { "% 0<$§§7 4) F(x) =< —cos3uz, %<x§g7
17 x> ) 1 > —
2 I €z 3
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§6. 3akoHM PO3MOALTY AEAKUX BUNAJKOBUX BEJIUUUH

1°. Binomiaabnutl 3axon po3nodiay. Bunagkopa Beiudnna X, sKka HabyBac 3HaAYEHHA
0,1,2,...,k,...,n 3 AMOBIPHOCTAMH
bk n—k _
P (k)=Cyp"q¢" ", g=1-p

Ha3MBAETLCA PO3MO/ITEHOIO 3a OiHOMiaJIbHUM 3aKOHOM. [lJd BUIATKOBOI BeAUYMHU X, AKa

PO3LOALIEHE 38 OIHOMIAUBHAM 3aKOHOM

M X=np, D X=npq, o =+/"PY,
KoedillleHT acuMeTpil Ta eKcllec MaloTh BUINVIAL
_q-p _1-6pg
B="rmra Y=g -

2°. Baxown posznodiay Iyaccona. Bumaakopa BeanduHa X, Aka HabyBac 3HaYeHHA

0,1,2,... 3 UMOBIpHOCTAMH
A e— A

P.(N)=225"

Ha3WBAETLCA PO3IMOAIIEHO0 3a 3aKOHOM IlyaccoHa 3 mapaMeTpOM A.

A>0,

[na BunagkoBol BeauuuHHM X, fKa PO3MNOAlleHa 3a 3akoHoM llyaccona
1 1
MX=2, DX=), Tua=VA, 3:\—[\, ="
3°. Pienomipnutl 3axon posnodiay. HemepepBHa BullagkoBa BeJIWYIdWHa X, AKa Ha-
6yBac 3HaYEHHA Ha BIAPI3KY [a;b], Mae pPIBHOMIDHHU PO3IIO LI, AKIIO ULILHICTE PO3IIO ALY
p(x) Ma€e BUTIAT

0, z¢asb],
plz)=¢
e zE[a;b].
DyHKIIA pO3MOIITY Ifi€] BUAIKOBOI BeIUYIMHA
0, z<a,
Plz)= ‘}S:Z, a<z<b,
1, x>b.
Nlsia BUNIAMKOBOI BeJUIUHHA X, KA Mae piBHog/{ipHHI‘/’I po3momia Ha [a;b]
_a+tb _ (b a)‘ _b—a
Mx=%2=, DX="55—, cv=5

4°. Moxasnurosut 3aK0H po3nodisy. HenepepBHa BUIIAIKOBa BeJUUNHA X, AKA HaOy-
Ba€ HeBl €MHHUX 3HaYeHb, Ma€ HOKa3HNKOBHU PO3IIOII 3 HapaMeTpPoM A, AKIINO IILIBHICTD
i1 posnmoaity
0, <0,
pl=)— N
AeT M, z>0.
DyHKIiA po3nofiry Iiel BUNaIKoBoi BeIUYUHU Mae BUIVIAL
0, <0,
Fz)=
1—xe M*, z>0.
[lns BUNagKoBOl BeawInHU X, AKA MA€ MOKA3HUKOBUU PO3IIO M1
_1 L _1 e _
MX=x, DX=x3, ox=%,  P=2,  y=6.
5°. Hopmaabnuii posnodia. HemepepBHa BUNANKOBa BeaWdnHa X Mac HOPMAaJdbHUKI
Po3MoAia UMOBIPHOCTEN 3 MapaMeTpaMM a Ta >0, AKIIO ii NIJIBHICTE PO3NOJLIY Ma€e BU-
TIAL

(x—a)?
202

p(w):ﬁe

Te, mo X Mae HOpMATHLHUU PO3IIO I, KOPOTKO 3alUCYBATUMEMO Y BUNVIAML X € N{a,o).
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Jlna BUNaAKOBO! BeUYUHY, AKA Mac HOPMAJILHUHU PO3MOJLI,

MX=a DX:LTZ7 ocx =0, £=0, ~=0, M, X=M,X=a.

)
DyHKIiA po3noginy BUNaTKoBol BeIWIuHU X € N(a,0) Ma€e BUTJIA

F(z)=0* (u) ,

o

m):\/% f 201 @ (—o)=1—8* (2).

—c

P (

VIMOBIpHICTE TOT0, IO BUNIaAKOBa BetnduHa X €N (a,0) HaOye 3HaY€HHA 3 3a0aHOT O

BiAPi3Ka [z1;x2], OOTUCHIOIOTE 38 HOPMYJIOI

P(z1<X <e2)=F(z2)—F(x1)=2* (IQU—ia> - (mlf:a)

NMoBipHICTE TOTO, MO0 HOpMaJbHa BHIAIKOBa BeIWdnHa X BIAXWIAETHCSI BlJ CBOrO
MaTeMaTUYHOT'O CIIOAIBaHHSA MeHIe, HiX Ha &, 0OOUNCIIOITE 3a (GOPMYIOI
o (S
P(| X —a|<e)=2% ( p ) 1.

Jekoan 3aMicTh QyHKII ®* () BUKOPUCTOBYIOTH (DYHKITIIO
x

1 2
@(I):ﬁfe 2,
0
Ouepugno, mo ®* (z)=®(x)+0,5. Toal

T—a
[ea

F(m):tb(

)+0,5, P(|X—al<e)=20(5); P(x1<X<w2)=0 (?) -3 (w%:a)

Hexant e=30. Togi P(|X—a|<30)=P(a—30<X<a+30)=2®(3)~0,9973. OTKe, po3I0-
IileHa 3a HOPMAJbHHUM 3aKOHOM BHIIaJKOBa BeawduHa X 3 iMosipuicTio 0,9973 nHabyBae
CBOIX 3HaYeHb y MPOMIXKKY (a—30;a+30). lle TBepIKeHHA HAa3MBAETHCA HPABUIOM ~TPbOX

cnrm” .

XIII.84. BusnasnTn MaTEMATHTHE CIIOIBAHHA IUCKPETHOI BAMAIKOBOI Be-
auauHn X — KUILKOCTI TAKOIO BUKUAAHHA I1ATH IPAIbHAX KyOUKIB, ¥ KOXK-
HOMY 3 AKX HA TBOX KYOWKAX 3’IBUTLCA MO OTHOMY OWKY, SKIIO 3POOIEHO
OBAJUATH KUIAHD.

XIII.85. O6umcanTn MATCMATATHC CIOMIBAHHA T4 AUCIICPCIIO KiITBKOCTI JIO-
TepeNHUX KBUTKIB, HA AKI BUNALYTh BAUCDAl, AKIIO KymaeHo 40 3 iMoBipHic-
TIO BAT'DAILy KOXKHOI'O 3 HUX, 1Ka cTaHoBUThb 0,05.

XIII.86. O6uucauTy JUCIEPCi0 IUCKPETHOI BUIAIKOBOI BEININHY X — KLIL-
KOCTi mOsAB moAll A B IBOX HE3AJEXKHUX JOCTIIAX, SKIO UMOBIPHOCTI MOABH
noxii B nux pocaigax ograxosi i M X = 0,9.

XIII.87. ABrTo6ycu pyxaioTbCi 3 IHTEPBAJIOM D XB. DBpaxawuu, IO BU-
MMaIKOBA, BEIMTINHA X — YaC OYiKyBaHHA aBTOOyCA HA 3YIUHINI — PO3IOIiIeHA,
PIBHOMIPHO HA OBOMY iHTEpBAaJIi, OOYNCINTH CEPEIHIN IAC OTKYBAHHA 1 qUC-
nepcio dacy ouikyBauas. [lo6ynyBaTu (PyHKIIIO PO3NO/NY BUIAJKOBOI Be-
arauHA X Ta O0YUCANTH UMOBIPHICTD TOI'O, IO YaC OYiKyBAHHA MEPEBUIINTH
3 xB.

XIII.88. Bunajgkosa Beauydnna X Mae PIBHOMIDHUI po3nojin Ha [a;b]. Bu-
spauntu M X, DX, ox. IlobyagyBaTu (pyHKITIO PO3IOILIY.
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XI11.89. Bunankosa Beananua X Ma€ MOKA3HUKOBUYN 3AKOH PO3MOILIY:

1) cxemarmano no6GyayBatu rpadik GyHKII PO3NoaiIy;

2) susrauntn M X, DX;

3) o6uMCaANTE UMOBIPHICTE TOTO, IO IA BUTATKOBA BEIMYUHA, HAOYIE
3HAYEHHA MEHIIOTO, HIXK 11 MaTeMaTUHE CIIOTIBAHHI,

4) pigmykatu P(|X — MX| < 30x.
XII1.90. OG9YuCaAuTE UMOBIPHICTE TOTO, IO HETTEPEPBHA BUMAIKOBA, BEIUTH-
HA, AKA MAa€ MOKA3HWKOBUU 3aKOH PO3NOAiny, HaGyme 3HAYMEHHS 3 iHTepBALY
(a; D).
XIII.91. Busgaduru MaTeMaTUIHE CIOJIBAHHS Ta JUCIIEPCIKO BUIAJKOBOIL
BeamyuuHu X, AKa 3aJaHa (PYHKINEH PO3IOILIY:

1) F(z) =1— e %12, 2) F(x) =1—e72%.
XII1.92. BunaakoBa BEIUYNHA, MAa€ HOPMAJIBHUN 33KOH PO3NOTY 3 mapa-
merpamu a = 0, ¢ = 1. Hopisuanre nmosiprocti P(—0,5 < X < —0,5) Ta
P(1<X <2).
XIIIL.93. MateMaTudHe CTUOTIBAHHSI Ta CEpeIHE KBAADATUIHE BlIXITCHHSI
HOPMAJBHO PO3MOIIIEHOl BUMATKOBOl BEIUIUHE X BIANOBLIHO TOPIBHIOITH
201 5. Obuncantu P(15 < X < 25).
XII1.94. Bumaakoea BeIMYNHA Mae HOPMAJBHUN 3aK0H posnogity N(10;5).
O6uncauTu cumerpuanun moxo M X iHTepBan, y AKUU 3 IMOBIPHICTIO p TO-
TPaANUTh 3HAYEHHA 11i€] BUMATKOBOI BEINYNHA. PO3IVIAHYTH BUIIAIKU:

1) p=0,9974; 2) p = 0,9544; 3)p=0,5.
XIII.95. Y HOpMAThHO posnomiaeHin cykynrocTi 15% anagens X ¢ menm,
Hix 121 40% smadens X Oiabim, Hixk 16,2, OOYACINTH CepeIHE 3HAUCHHA Ta

XTII.96. Terant, BATOTOBIEHY ABTOMATOM, BBAXKATE AKICHOI, AKIIO Bij-
xuneHHa X KOHTPOJILOBAHOTO PO3MIPY Bid 3aJaHOrTO He mepeBuinye 10 M.
TouHICTE BUMOTOBICHHS AETATCH XaPAKTEPUIYETHCA CTAHAPTHUM Bl AXUICH-
HAM 0. BBaxarounm, mo s 1miel TexHodaorii ¢ = 5 1 X Mae HOpMAJIbLHUI
pOsHoAia, 3'AcyBaTH, CKLIBKKM BIOCOTKIB AKICHUX XeTajed BUPOOJIE aBTO-
MaT. flkow moBuHHA 6y THM TOYHICTH BUTOTOBJIEHHM, MO0 BiACOTOK AKICHUX
JeTajen miaBuImmBees 1o 987

XIII.97. KopoGku 3 IIOKOJaJoM IIaKye aBTOMaT. IXHA cepefHs Maca JO-
pisawoe 1,06 xkr. Bigomo, mo 5% xopo6OK MaoTh Macy MeHIny, Hix 1 Kr.
O0uncanTy cepeiHe KBAAPATUYHE BIIXWICHHA, AKIIO Maca KOPOOOK PO3MO-
OIeHa 33 HOPMAJALHAM 3aKOHOM. SIKHMI iX BIZCOTOK Mae Macy OLIbIIy, HiX
940 r?

87. BunmagkoBi BeKTOpH

Hexall y gedkoMy eKCIEepUMEHT] BU3HAUEHO BHUNAJKOBI Beauduun Xi1=X;(w), Xo=
=Xz (w), wory Xpu=X, (w), wcQ. Koxuill ereMeHTapHill moAil MOXKHa MOCTABUTU Yy BiAmO-
BIAHICTH n—BHMIDHUY BUIIaJKOBUK BeKTOp (n—BUMIpHY BUNAJKOBY Beawdury) X (w)=(X1,

X2,y Xp).
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Dynryierw posnodiay n—BUMIPHOTO BHUIIAAKOBOI'O BeKTOpPa Ha3WBalOTh (PYHKIIIO 7
MUCHUX 3MIHHUX 21,Z2,...,25, AK& € HUMOBIPHICTIO TOTO, MO OJHOYACHO BUKOHYIOTHCI n

HEPIBHOCTEN X1<T1,X2<T2,ees Xy <Ti

Tl TRORUMIDHOTO RUTIATKOROTO REKTODA Z=(X.,Y)
F(z,9)=Fz(z,y)=P(X <z,Y <y)=P((X <z)N(Y <y)).

ﬁMOBipHiCTL TOrO, IO BUNaJKOBa TOoYKa (X,Y) HOTpamuTh y NPAMOKYTHHK x1<X <

z2, Y1 S Y S 2, MOXKHa OOYUCIUTH 3a (POPMYJIOI0
P(21<X <a2,y1 <Y <y2)=F(z1,y1)+F(z2,y2)— F(o1,y2) - F(z2,01).

/IBOBUMIDHMHU BUNAIKOBUK BEKTOD (X,Y) HABMBACTHCH JUCKPEMHUM, AKIIO MHOKIHA
MO0 MUKAMBUX 3HAa4eHb G(T,y) € CKIHYE€HHO 00 314€HHO0. 3aKOH PO3LOAILY AUCKpe -
HOT'O BUIAJKOROTO BEKTODA (X, Y) MOXKHa 300pa3UTHA y BUNIAAL Tabauii, B AKIA Iepe-
JideH] MOXJIUBI 3Ha4YeHHA (z;,y;)€G, X=z,;, Y=y; 1 BignoBigHi iMm UMOBipHOCTI p;;=P(X=

=z;,Y=y;), 0 3aJ0BOJLHAIOTE YMOBY
DPILEE
i g

Axuo BigoMHUE 3aKOH POBMOMTY NBOBHMIDHOTO ITHCKpeTHOro BekTopa (X,Y), To

MOXKHa BUBECTH 3aKOHH PO3NOJILIY CKIagoBux X Ta Y
pi=P(X=2)=> pij;  pi=P(Y=y;)=>  pij-
J i

Hexan (X,Y) — IBOBEUMIPHUH NUCKPETHUH BUIALKOBUH BEKTOD. YMOGHUM 3AKOHOM
p03n0diay BUNAJKOBOI CKJAanoBOol X 3a YMOBH, IO CKIajoBa Y Habyla IEBHOTO 3Ha<deH-
HA y;, HA3MBAIOTh CYKYTHICTh yCiX MOMIUBHX 3HaWeHbL X 1 YMOBHUX MMOBIpHOCTeH, AKi
BIJIIOBI JAIOTh MM 3HaYE€HHAM

P(X=ui/Y—y;)— P((X;Ec{/);(/jY):yj)) :%.

Awnanoriuno

P(Y=y;/X=2i)=

pi
YMOSHUM MAMEMATNUYHUM CNOOIBAHHAM BUIATKOBOI CKIagoBol X 3a yMOBH, IO Y

HaOyJa [I€BHOT'O 3HaYEeHHA y;, HA3WBAIOTL THUCIO
1
M(X/YZyj)Zf E TiPij-
Py
i
Amnajnoridso

1
M(Y/X=zi)=7 > wipis
i

Axmo G — aesxa obaacTh Ha ILIOIIKMHI, TO

P(X,Y)EG)= 5S> pij.

3

(a:

v IEG
/IBOBUMIpHMI BUNIAAKOBUN BeKTOD (X,Y) Ha3uBalOTh HenepepsHuM, AKIIO ICHYE TakKa
HEBiI'€eMHa, IHTerpoBaHa 3a KOXHOK 3 KOODIMHAT QYHKINA p(z,y), MO
w oy

F(z,y)= [\ r p(u,v)dudv.

—oe —
Dyuknio p(z,y)>0 Ha3UBAIOTL WiAbHICTNIO PO3N0JIAY UMOBIPHOCTEH BUIIaIKOBOI'O

BeKTOpa (X,Y).
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Axmo BigoMa UIABHICTE PO3MOALTY WMOBIDHOCTEN BHIaLKOBOrO BekTopa (X,Y), To

MOXKHa 3HAUTH MIILHOCT] PO3MOILIY CKIATJOBIX

> >

px(@)= [ plz.y)dy,  pr(v)= [ plz.y)de.

— —
WMOBIpHICTE TOT'O, IO BUNAAKOBA TOYKA MOTPANUThL y 3ajaHy obaacTh G, MOXHA

obuucauTn 3a HOpPMYJI0I0

P((X,Y)eG)= [ [ plz,y)dzdy.
G

Ymosny wiasHicms PO3NOLULY IMOBIpHOCTEN BHIANKOBOI KOMIIOHeHTH X 3a YMOBH,
o KOMIIOHeHTa Y HabyJa IIeBHOI'O 3Ha9eHHA U TakKoro, Mo py (y)>0, BU3HAYAIOTHb 3a
dopmyoI0

PX(T/y):i(Yx—é))-

Amnagnoriduo

anf 2}

HFALHY )

px(x)”

Yumosnum mamemamuunum cnodiganHAM BUMATKOBOI KOMIIOHEHTH X 3a YMOBH, IO

py (y/z)=

Y Babyia MeBHOI'O 3Ha4eHHS y, € YUCIO

M(x/Y=y)= [ apx(zy)de.

Amnagnoriduo

M(Y/X=z)= [ ypy (z,y)dy.
Dyrxnio f(y)=M(X/y) HaznBalOTEL (MYHKIIEI perpecii X Ha Y, a GYHKIIO ¢(z)=
M(Y/z) - dyHKIi€O perpecii Y Ha X.

HovamKosum Mmomermom TOPAIKY m-+mn BHUIATKOBOT'O BekTopa (X,Y) Ha3sWBAaIOTH

2:2: e
Li Yy Pigs
g

niACHe 9UCIO

O =M(X"Y")={ o .
f fw'”'y""p(x’y)dacdy.

—c =
Hucna o, 0=M(X") 1 Qo pn = M(Yn) € BIJTIOBIHUMHM MOYATKOBUMH MOMEHTAMK
ckaagoBux X Ta Y. Bektop (MX,MY)=(a1.0,00.1) HA3BUBAETHCA MAMEMATNUYHUM CNOJI-
6aHHAM, aD0O LEHTPOM PO3CIAHHA BUIIAIKOBOIO BeKTOpa (X,Y).
HenwmpaabHum momernmom MOPAIKY m-+n BHIAIKOBOro BeKTopa (X,Y) HasMBalOTb

TiCHE YHCIO

3D (@i MXY™ (g —MY) " pij,
i

. =M{(X—MX)"(Y-MY)")= e
f f (z—MX)" (y—MY )" p(z,y)dedy.

—oc — ¢

3okpema, p2.0=DX, po.2=DY.

[lenTpaJbHUl MOMEHT w1 1 Ha3UBAIOTL KO6aPiayicio 1 MO3HAYAIOTE

oxy =cov (X,Y)=M{(X—MX)(Y —MY)=M(XY)—(MX)(MY).
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Koediyienmom Kopeasayii KOMIOHEHT TBOBUMIPHOIO BUIIaIKOBOIO BekTopa (X,Y) Ha-

3UBAIOTh YKUCJIO

_cov(X,Y)

PXY = 7@( oy "

Koeapiayitdnorw mampuyero n—BUMIPHOIO BHIATKOBOIO BeKTopa X=(X1,Xu,...,X,)

Ha3WBalOTh CUMETPUIHY AIMCHY MATPHIIO, eIeMEHTAMM AKOl € KoBapiallii

11 012 e T1ln

Z_ 021 022 cee O2p
= s

Tl Tn2 e Onn

A€ 0;;=03;, O;;=COV (X/,‘,,X/,‘):M((X/,‘7MX;)(Y,‘7MY,‘)), U;;:DX,‘,.
Kopeasyiinor mampuyerw n—BUMIPDHOIO BUIAIKOBOI'C BeKTopa X=(X1,X2,...,X.)
HA3UBAETHCA CUMETPUIHA TiMCHA MaTPHUIA, eJeMeHTaMM AKOI € KoedillieHTH KOpesAalii
1 P12 v . Pln
R— P21 1 e P2 7

e Pnl  Pn2 e 1
_ecov(Xi, X))
P Dxi\/DX,

KoedilieHTH KopeJdlii cKIaToBUX X; Ta X;, pij=pji. a4 IBOX BANATKOBAX BEJUIHH X1
1 X2 KoedillieHT Kopemanii
cov (X1,X2)
Ox10X, )
[lna HesaneXHUX BUNAJKOBUX BeIHIUH px,x,=0. (6epHeHe TBepAKeHHA 3araloM

PX1Xg—

HellpaBUJIBHE.

n
Koan BigoMa KoBaplalliiHa MaTpuIf, ANCIEPCII0 BUNAJIKOBOl BEIMTIMHU U:Z e Xy
L=1
069IUCITIOITD 38 (POPMYIOKD

K3 i i
D (Z c;,X;,,) =Z Z CiCyT45,

=1 i=1j=1
ne o;; — KoBapiallii.

XII1.98. 3amaHuil 3aKOH PO3MOILIY IMOBIPHOCTEN TUCKPETHOL IBOBIMIpPHOIL
BI/IHa,E[KOBOi BCJIUYINHU

X\ Y| 26] 30] 41| 50
2,3 0,05/0,12 0,08 0,04
2,7 10,09]0,30[0,11]0,21

HanucaTu 3akoHu pO3NOMNY CKIaI0BUX.
XI11.99. 3amasuil po3mnoaiT UMOBIPHOCTEN AUCKPETHOI TBOBUMIPHOI BUMTA-
KOBOL BEJUIIHI

X\Y| 5] 10] 15
7 0,1710,13]0,25
9 0,10(0,30]0,05

HanwmcaTu 3axk0oHN pO3NOALIY CKIAJOBUX.
XIII.100. 3agana AUCKPETHA ABOBUMIPHA BHIIAJAKOBA BEANYUHA. BUBECTH:
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a) Ge3YMOBHI 3aKOHU PO3MOJLTY CKIATOBUX;
6) YMOBHUY 3aKOH po3mogity X 3a ymoru, 1mo Y = 10;
B) YMOBHMH 3aKOH posnogminy Y 3a ymoen, mo X = 6.

YWX| 3] 6
10 [0,25] 0,1
14 [0,15[0,05
18 [0,32]0,13

XIII.101. 3aganuy 3aKOH PO3MOITY TBOBUMIDHOI TUCKPETHOI BUIIAIKOBOL
BEJIUYUNHUN

Y\X| 4] 7] 10
1,4 |0,15]0,30]0.35
1,8 10,05]0,12]0,03

Hanucaru:
a) 6e3yMOBHI 3aKOHU POAMOALTY BUMAIKOBUX Bemnauua X Ta Y,
0) yMOBHMHA 3aKoH posnoginy X 3a ymosu, mo Y = 1,4;
B) YMOBHHMHM 3aKOH po3nominy Y 3a ymoem, uo X = 7.
XII1.102. 3aganuit pO3MOALI JUCKPETHOTO BUMAIKOBOrO BexkTopa (X,Y)

X\Y] 2] o] 1
1  [0,30[0,15]0,35
2 0,12]0,05 0,03

HanmcaTn 3akonm po3mOALLy BANAIKOBUX BEIXTNH:
a) X +Y:;6) X -Y,;B) XY.
XITI.103. 3agaHui PO3MOILT TUCKPETHOTO BUMAIKOBOTO BekTopa (X, Y)
X\Y| -1 0 1
2 [0,01]0,03]0,06
1 [0,02[0,24]0,09
0,05|0,15|0,16
1 0,03]0,06 | 0,10

Hamumcaru 3axonu posnoginy sunankosux seanaun X + Y, XY,
XII1.104. 3aganun pO3MOALI JBOBUMIPHOTO BUMAIKOBOrO BekTopa (X,Y)
X\Y| 2| -1 0 1
-1 0,01|0,02|0,05|0,03
0,03(0,2410,15]0,06
1 0,06 {0,0910,16 | 0,10

Hanucaru 3akoHN po3noIily BHIALKOBUX BEJUIUH
X+Y,X-Y,2X -3Y,|X|-Y.

XIII.105. VY mexy BUTOTOBIAIOTE HETAJL, AKI COPTYIOTH HA YOTUPHU IPYIIA 34
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BiIXUJICHHSAM IXHBOT'O BHYTPIMIHBOTO TlaMeTpa BT CTAHIAPTY 31 3HAYECHHAM
0,01; 0,02; 0,03; 0,04 MM Ta 3a BIAXWIEHHAM IXHBOTO 30BHIITHBOT'O AlaMeT-
pa Big ctamzapty i3 3"aderuaMm 0,002; 0,004; 0,006; 0,008 MM BiAIOBIIHO.
Posnogia Biagxwiens BHyTpIHBOTO giameTpa X 1 30BHIMHBOTO Y 3a1aHUN
TabaULIeIo

X\ Y[0,01]0,0210,03]0,04
0,002 (0,01 0,02 [0,04 [ 0,04
0,004 [0,03 0,24 [ 0,15 | 0,06
0,006 [ 0,04 0,10 [0,08 [ 0,08
0,008 [0,02 0,04 [ 0,03 [ 0,02

O6YMCANTHE MATEeMATUYHE CIIOMIBAHHA, CEPEIHE KBAIPATUYHE Bl IXUICH-
g X Ta Y i xoedillieHT KOpeIarii MixK HUMHU.
il.

XIi11.106. Bumajgkoeun BekTop (X, Y') 3amaHAN 3aKOHOM PO3TOILILY:

X\Y[ 1] o[ 1
1 0,15]0,30 (0,35
2 0,05]0,05 | 0,10

a) HamucaTu Ge3yMOBHI 3aKOHU PO3MOLTY ckaagosux X Ta Y

0) 3’acyBaTu, 4u 3amexHi ckaagosl X Ta Y

B) obuucaunru umosipuocti P(X =2,V > 0)i P(X > V).
XIII.107. Ilo6yayBaTu QpyHKINIO PO3NOITY BUIAIKOBOIO BEKTOPA, AKUU
3afaHun y 3agadi XI1I11.106.
XIII.108. O6uucauTy KOBapialiiHy MaTPUIEO BANAIKOBOrO BekTopa (X, Y)
i3 sagaqai XII1.106.
XII1.109. /na sunmagkoeoro BekTopa (X,Y) i3 saga4gi XI11.106 mamuca-
TH YMOBHHMM 3aKOH PO3NOALIY BHOAAKOBOI BeawumHm Y 3a ymoBum X = 11
obumcauTu ymoBHe Maremaruyse cuogisands M(Y/X = 1).
XIII.110. 3agana ¢gyHKIia po3noginy sunankosoro sexropa (X,Y)

1-27% =279 427%7Y gxmo x > 0, y > 0,
0, sxmo z < 0, ado y < 0.

Flo,y) = {

BusHauuTy TMOBIpHICTB MOTPAIVIAHHA BUOaAkorol Toukn (X,Y) y mpamo-
KyTHUK, oOMexeHun npavuMu £ = 1, x = 2, y = 3, y = 5. O04mcauru
HIIIBHICTE PO3MOILIY.

XIII.111. 3agana QyHKINA pO3NOILTY BAIAIKOBOIO BEKTOPA

(1 —e™1®)(1 — ™), axmo x > 0, y > 0,
0, axkmo x < 0, abo y < 0.

F(w,y)Z{

O6YuCaUTU MILILHICTL PO3IIOALLY.
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XIII.112. 3agana UJIBHICTD PO3MOIY BUIAIKOBOrO BekTopa (X,Y)

_ C
ple,y) = (22 +9)(y2 + 16)°

O6uucantu C.
XIII.113. 3agana miabHICTL PO3MOAiTY BUOAIKOBOTO BeKTOpa (X, Y)

_ C
p('%.ay) - ($2 +y2 + 1)3
O6uncautu C.
XIII.114. 3agana WIHHICTS PO3HOALLY HCICPCPBHOIO BUIIAJKOBOI'O BCKTO-
pa (X,Y)
play) = Ceme 20’

Obuncautu:

a) cranuu Muoxuuk C;

6) IIIBHOCTI PO3MOJIIY CKIAIOBUX;

B) YMOBHI LIABHOCTI PO3IOALLY CKIANOBUX.
XIII.115. 3agana UiIbHICTL PO3LMOLILY BUIAIKOBOrO BekTopa (X,Y)

>0,

&
<
3
8
@
0
A
E
e}
]
v
<
<

plx,y) =

O6uucanTn MaTeMaTUYIHe CIOMIBAHHS T4 AUCTIEPCio ckaanoBux X ta Y.
XIII.116. 3azana MLILHICTL PO3NOILIY HEMEPEPBHOrO BUMIAJKOBOI'O BEKTO-
pa

2 cosx cosy, AKIO T € [0,%} , Yy € [07 2] )

0, sakmo x ¢ [O,%}, y ¢ [072}.

O6unCcanTy MATEMATUYHI CIIOTIBAHHEA Ta JUCTIEPCIIO CKIAJOBUX, KOBAPIAIIIIO.
XIII1.117. 3agama MALHICTE PO3MIOMLTY BUMIAIKOBOTO BEKTODA,

plz,y) =

1
isin(:z:—l—y), SAKIIO & € [O,g} L, Y€ [0, g] ,

(2,y) =
T o mao g [0.2], e [0.2].

O6umcanTy MATEMATHIHI CIIOAIBAHHA TA JUCIEPCIIO CKIAJOBHX, KOBAPIAIIIO.
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¢8. 3akoH Beaukux uucena. I'pamuydni TeopeMu

Hapegeni HmK4Ye TBepAKeHHs Ta TeOpeMH — Ile CYyTh I'PYIHM 3aKOHIB, AKI 06’caHanl
3aTATRHOK) HAAROK) 30K0H 6EAUKUT YIUCE.
Teopema (mepiBHicTh Mapkosa). SIKmo BunaikoBa BenwdwHa X MOXKe HabyBaTH

JAIIE HBBi,Z[’GMHI/IX 3Ha4deHb | BOHaA Ma€ CKiHIeHHe MaTeMaTUYIHe CHO,I[iBa.HHH, TO

Ves0 PlX<e)>1_ MX
Ve>0 P{X<e)>1 P
3 oCTaHHBOI HEPIBHOCTI OTPUMAEMO, IO

MX

fxmo Bunagkopa peanmuuHa X Mae M(|X]), To

M| X M X
P(Ix|<e)21- LD - px ey <MK,
Teopema (mepiBgicTr Yebumosa). fxmo Bumagkoea Beauwuuna X Mae CKiHYeHHY

IUCIEDCIIO, TO

¥e>0  P(IX—MX|<e)>1- 2%

3 1i€l HePIBHOCTI OTPUMaEMO, 1110
P(IX—MX|>e) < 5
Hexalt e=30. Toni oTpuMaemo
P(IX ~ MX|<30)> $20,8888.

AHaJjoriiso
P(IX - MX|>30)< 0,111,
Hacainku 3 nepiBuocTi Yeburona.
1. Axmo X1,X2,...,X,, — HOCIITOBHICTD MOMAPHO HE3ATEKHUX BUMAJKOBUX BEIUYNH,
MXp=ai, DX,=02, k=1,2,...,, IpPUIOMY IWCIepcii piBHOMIpHO 06MexeHi IucioM M, TO

n

n 1
1 M
Ve>0 I n E Xp—— E ayp | <e ZI—TEQ.
k=1 k=1

2. Axmo MX,=a, DX,=02, k=1,2,...,, TO

n
1 a2
Vex>0 P n E X —a|<e EI—W.
=1
. m .
3. Hexail - — BiJHOCHA YacToTa MOAB MOAIl A B n He3AIXXHUX BHIPOOGYBAHHAX, p

— UMOBIpHICTEL TIOAB TIOJil A B KOXHOMY 3 UMX BUNpoOyBaub. Tomi
m R pq
—— >l—".
P(| 5 —pl<e)zi-ncz
Teopema “le6umioBa (3aKOH BEIUKUX 4HCeN). SIKIIO BHNAAKOBI BEIWYUHM B IO-
caifoBHOCTI X1,X2,...,Xy,... IONapPHO He3aJdeXXHi, a IXHI JUCIepcii o6MeXeHl 3ropu THUM

camuM 4ucjiom C, tobro DX, <C, To

ve>0  him P |1 S koL S kg |<e )

noree =1 k=1
Hacaidor. Axmo Xi1,Xz,...,Xp,... TOCIITOBHICTDL He3AIEKHUX OTHAKOBO PO3IIOAige-
HUX BUNAAKOBUX Beawm4wH, M X, =a, DXL,:U2, k=1,2,...,, TO

¥e>0  lim P{ |+ 3 Xy—a|<e | =1.

n— o0 et
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Teopema Bepnysuai. BigsocHa dacToTa ycHixiB y n He3ale:xKHHUX BHIIPOOYBaHHAX
Bephyuni 36iraeThcst 3a IMOBIPHICTIO IIPH n—+0o 10 UMOBIPHOCTI YCIIXY B OXHOMY BHIIPO-
6yBaHHI, TOOTO

Ve>0 nli_)me<|%—p|<s):1.

IHenTpaibHa rpaHudHa TeopeMma (y dhopmymosanni Jlanynosa). Akmo Xq,Xz,...,

X, ,... BUIAJKOBI BeJIMYMHU He3ajeXHi, 0JHAKOBO PO3MOJijleHi, MaloTh CKIHYeHHI MaTeMa-

TUYHE CHOAiBaHHA M X Ta AWCIepcilo o2, TO AJIA JOBIIEHOTO TiHCHOTO 2

n
1
L3 X —MX ,

. k=1 1 _ iz
lim P red <z | =—7— e 2 dt.
Jim e v

—c

leopeMa JlanyHoBa TBepAUTH, M0 IIPU JOCUTh BEIMKUX n PO3IOALI CTaHAapTU30Ba-
n
LS X, —-MX
n g
k=1

HOT'O CepeJHBOI'O apI/ICbMeTI/I‘-IHOFO n BUIIAJIKOBUX BeJIWYINH Y= TX
N

NpsAMYye 10

HOPMAaJIbHOI'0 HOPMOBaHOT'O po3nominy N(0,1).

XIII.118. Cyma Bcix BKAaIIB y AeaIKOoMy OamKy cTaHoBUTL 20 MJH IPH, a
UMOBIPHICTE TOTO, IO BUMIAJKOBO BUGpAHUM BKIaT He nepesuinrye 10000 rpH,
npopieuioe 0,8. OUiHNTY KiTbKIiCTH BKJIAJTHUKIB.

XIII.119. Iigcrauiis obcayrosye citky i3 18000 mami.

=

MOBIPHICTE BMU-
carmna Koxnol 3 aammn craunonsuTs 0,9, Oninmry IMOBIpIicTL TOro, Mo KiaL-
KICTL YBIMKHYTHUX JAMI BIIPI3HACTLCA Bl CBOTO MATEMATHUYHOO CIOIIBAH-
HA 3a a0COTIOTHOIO BEJUUIMHOW He Oinbiie, Hix Ha 200.

XIII.120. BunagkoBa BeIUHnHa Ma€ 3aKOH PO3IOILTY

X, 1T 2] 3] 4] 5] 6
P, [0,05]0,10(0,25]0,30]0,200,10

ol

Busnauuru P(|X — M X|) < 2). OuinuTu 110 AMOBIDHICTH, BUKODUCTO-
BYIOYUN HEPIBHICTL 1eOuIIoBa.
XII1.121. OuiHnTH IMOBIPHICTE TOT'O, MO KWILKICTL 0OCI0, SKi MAlOThL BUIILY
ocBiTy cepen 800 oci6 BIAPI3HACTLCA Bl CBOTO MATEMATUYHOTO CITOIIBAHHI
MeH1Ie, Hixk Ha 30.
XIII.122, [Tna BU3HAYEHHA CEPEIHBOIO YaCy FOPIHHA eISKTPOJAMIIN 3 Iap-
Tii, Aka cxkaagaeTbea 3 200 OHAKOBUX AMIUKIB, Y3AINA IO ONHIN JAMIIL 3 KOX-
Horo sAmuka. OWHUTH 3HU3Y UMOBIPHICTH TOrO, IO CEPEIHId 4ac COPIHHA
Bigi6panux 200 erekTPOIAMT BiIPI3HAECTHCA Bl CepeIHBOTO Jacy TOPIHHA B
ycint mapTil 3a abCOMOTHOK BEJUYNHOK MEHINEe, HiXK Ha 5 TOJ, SKIIO BiIo-
MO, 110 CepelHE KBaApaTUYHe BIAXWJIEHHA 4Yacy I'OPiHHA IOBLIBHOL JaMId B
KOXKHOMY SIINKY MEHIIe, HiK 7 TOJ.
XII1.123. Cxinbku pasiB mOTPIOHO BUMIPIOBATH J€AKY BEINIUHY, iCTUHHE
3HAYEHHA AKOl JOPIBHIOE ¢, MO0 3 UMOBIPHICTIO He MeHMOK, Hixk 0,95 MoXHA
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6yJ0 TBEPAUTH, IO CepenHe apudMeTHIHe 3HAUEHHSI INX BUMIDIOBAHDL Bil-
PI3HAETHCA BT @ 33 aOCOTIOTHOI BEIMYMMHOI MEHIIe, HIXK Ha, 2, AKIIO CepelHe
KBaAPATUYIHE BIIXWJICHHA KOXKHOTO 3 BUMIDIOBAHD MeHIe, Hixk 107
XI11.124. Hexam UMOBIpHICTE TOrO, WO MOKYIIEO B3YTTEBOIO MATCAZMHY
noTpibui depesuku 40 posmipy cramosuTh 0,15, OmmamTm Mexi BIACOTKA,
nokymiie cepen 2000 BiaBIAyBadiB MAara3uHy, AKMM IOTPIOH] YePEeBUKU, AKIIIO
1l MexXi moTpibHo rapanTysaTu 3 uMosipuicTio 0,98,
XIII.125. [ncnepcia koxkuOl 3 4500 He3aqeKHNX OJTHAKOBO DPO3IIOMIIEHIX
BUNAJKOBUX BEIMYHH AOPiBHIOE 5. OUiHMTH UMOBIPHICTE TOrO, MO CEPEIHE
apudMeTHUYHE IUX BUMAJKOBUX BEIMINH BIAXUIAETHCA Bl CBOI'O MATEMATHY-
HOT'O CHOIIBAHHA 33 a0COMIOTHOK BEINYMHOIO He OLIbIne, Hix Ha 0,04:

a) 3a nonomMorow "episHocTi Yebumona;

6) 3a MOTIOMOTOI0 TIEHTPAIBLHOI MPAHNYHOI TEOPEM.
XIII.126. BuxopucToByroun HepiBHICTL “1eOuIOBa, OLIHWTH UMOBIPHICTD
TOrO, IO BUMAIKOBA BeMWIWHA X BiIXWINTBLCA Bil CBOIO MATEMATHIHOTO
CIIOIBAHHA MEHIIE, HiK Ha TPYU CEePEeIHl KBAPATHYHI BlIXMICHHA.

XIII.127. MMosecTu HepiBHICTE TeOUIIOBA ¥ BUTVIAI
DX
P(X -MX|>e) < —
e
XITI.128. Hexan P(|X —MX| <¢e) > 0,9, DX = 0,009. BukopucTtoBymoiu

TITITOT O 1T ATTTI

1omr. Tal oTT Ty i
IWWTb T1CUMINIUBa, ULIHWTW & SHUASY.

XIII.129. B oceiTuoBalsHy Mepexky BBIMKHYTO napaaensao 20 gamm. Imo-
BipHICTH TOrO0, MO 3a Yac T jgamma 6ymxe BBiMkHyTa cTamoBuTh 0,8. Kopuc-
TYIYUCHL HepipHICTIO Yebumosa, OLIHATA IMOBIPHICTE TOrO, IO a0COMIOTHA
BEIMYWHA PI3HUIT MIX KITbKICTIO BBIMKHYTHUX JaMII i CePETHBOIO KITbKICTIO
BBIMKHYTHX JaMII 33 dac 1 BUABUTHCA: &) MEHIIOW, HiXK 3; 6) HE MEHIIOW,
HIX 3.
XIII.130. IU/IMOBipHiCTB MOABU IOl B KOXHOMY HOCTIAL cTanoBUTL 0,25.
Bukopucroeyrouu nepipaicTh 1e6uona, OUiHUTH IMOBIPHICTE TOIO, IO Ki/Ib-
kicte X moss nogil A mictuThca B Mexax Big 150 xo 250, akmo 3po6aeno
800 gocaimib.
XIII.131. ﬁMOBipHiCTb TIOABU TIOTi1 A B KOXKHOMY TOCTil mopiBHioe 0,5. Bu-
KOPUCTOBYIOYUN HepiBHICTL UeOHUInoBa, OMIHUTH NIMOBIPHICTE TOTO, IO KiIb-
kicte X moss moail A mictuThes B Mexax Big 40 go 60, axmo apobmero 100
HE3aJICXKHIX TOCILIIB.
XIII.132. Cepenus KLILKICTL CIOXHMBAHHA BOAU B HACEJIEHOMY IIYHKTI CTa-
moBuTh 50 000 1 na geub. OMHMTH UMOBIPHICTE TOTO, IO ¥ ILOMY HACEIE-
HOMY IIYHKTI CHOXWUBAHHS BOIU y BIBTOPOK He nepeBummuThb 150 000 g.
XIII1.133. Cepenue CIOXMBAHHS €JeKTPOEHEPril 38 JIUIEHD ¥ AEAKOMY MICTI
cranosmio 360 000 kBr-rox:

a) OUIHMTH IMOBIPHICTL TOrO, MO CIIOXUBAHHA eJAEKTPOCHEpril y JaumHi
HacTynHOrO poky mepesumuTh 1 000 000 kBt rox;
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6) OLIHUTHU TY CAMY UMOBIPHICTB, AKIIO CEPETHE KBATIPATUIHE Bl IXIICH-
HA CTIIOXKUBAHHA €JeKTPoeHeprii B MicTi 3a aunedb cTanoBuio 40 000 kBr-ro.
XIII1.134. WmoBipHicTh meakoi momii A B KOXHOMY BHIpOOyBaHHI 3 cepii

N HEe3aJeXHUX NOCALTIB p = 3 BuxopuctoByioun HepiBHICTL Tebumora,

OLIHUTY UMOBIPHICTL TOrO, IO BIIHOCHA YaCTOTA i€l TOMl BIIXUINTHLCS Bl
il MOBipHOCTI 3a AGCOMOTHON BEIWYUHOW HE OuUIbINe, Hik Ha 0,01, AKIO
6y 1e IpOBEeLeHO:

a) n=9 000 poc.igis;

6) n=75 000 gocaigis.

ITopiBHATH OTpUMAaHIL OIIHKH 3 PE3YILTATAMU 3aCTOCYBAHHS IHTErpaJb-
Hol Teopemu Myaspa-Jlamiaca.
XIII.135. 3a yMOBU IOIEPEIHLOl 33034l 3HANTH HAUMEHINY KiILKICTEL 10OC-
JimiB Tak, mod 3 UMOBIPHICTIO HE MeHIOW0, HiX 0,99, BiTHOCHA 49acTOTa Ol
A Blpxunanace 3a aGCOMOTHOIO BEAMINHOIO B i mMOBipHOCTI HE GlIbIIe, HiXK
Ha 0,01, BUKOpHUCTOBYIOYN:

a) mepiBHicTh Yebuinona,

6) inTerpaasuy Teopemy Myappa-Jlamwraca.
XIII.136. 3a ymosu 3aga4i XII1.134 puzuaduryu rpanniio aGCoOMOTHOL BEJIU-
YMHYU BiAXWIEHHA BiTHOCHOI YacTOTH moMil A Bif il IMOBIPHOCTI, AKOI MOXKHA
CTIOIBATHCA 3 UMOBIPHICTIO, He MeHIow, Hixk 0,99, apodusmu 12 100 goci-
IiB:

a) 3a MOmOMOro0 HepiBHOCTI Hebumosa;

6) nacTocyBarmm iHTErpATRHY Teopemy Myarpa-Jlamnaca.
XIII.137. [l1a BusHAYeHHA CEPEIHLOT'O Hacy TOPIHHA eIeKTPOJAMIIOYOK
y maprii 3i 100 0gHAKOBHX AMWMKIB Y3AAM IO OJHIN JAMIIOHIN 3 KOXHOTO
amuka. OmHITH IMOBIPHICTL TOrO, IO BLIXWICHH CEPEIHLOT0 YaCy TOPIHIEI
JAMIIOYKH B BUOpaHIN CYKYIIHOCTI Bil C€peIHBOr0 Yacy MOPIHHA JaMIOYKKA B
ycin mapTil He mepeBMIIUTL 8 Iof, AKIIO CepeaHEe KBaAPATUHHE BlIXUICHHA
Yacy TOPIHHA eIeKTPOJAMIIOUKT B TAPTIl He mepeButiuThL 10 ro.

Y sanmadax XII1.138 — XII1.141 3axaso 3aKOHE PO3IOILITY TTONAPHO HE3a-
JIEXKHUX BUIAAKOBUX BEIMYMH. 1y MOXHA 3aCTOCYBATH L0 LUUX BUIMATKOBUX
BeJUYMH Teopemy Jebumosa?

XIII.138.
Ln, _\/ﬁ 0 ﬁ
PX,=xz,)| 1/n |1=2/n|1/n
XIII.139.
Ty, —na 0 na
P(X, =,,)|1/(2n?) |1 —-1/n?|1/(2n?)
XIII.140.
T, —na 0 na
P(Xy =wn,) [1/27 |1 - 1/2°7 1 ]1/2"
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XIII.141.

T, —VInn|vinn
P(X,=z,)| 0,5 0,5

XIII.142. VY geakoMy aBTOHAPKY CCPCIHA KUIBKICTL aBTOOYCID, AKl BlA-
TIPABAAIOTE ¥ PEMOHT TICAA MICANSA eKCILTyaTallll Ha MICBKUX MapIIPyTax,
cTaHOBUTE 5. OiiHnTH IMOBIpHicTL mogil A = {micas micals excmryaTanii B
PEMOHT BIANPABIAIOTL MeHIIE, HiXK 15 aBTo0yciB}, Axuio HeMae iHdOpMail
PO JAUCIEDPCIIO.

XI11.143. OuianTy UMOBIpHICTE oAl A 3 momepenHbOl 3a4a<1, AKIIO TUC-
mepcia AopiBHIOE 4.

XII1.144. Y pesyabTaTi Meguaaoro orvsiny 900 ¢TyaeHTIB mepuoro Kypey
BUABWIN, III0 CepelHd Maca CTYIeHTIB Ha 1,2 Kr OLIbINA, HizK cepeaHsd Maca
CTYJIEHTIB MUHYJOTO POKY. UM MOXHA MOACHUTH 1€ BiIXWUJIEHHS BUIAJIKO-
BICTIO, AKIIO CepeIHE KBATPATUYHE BIIXWIEHHSI MACH CTYIEHTIB CTAHOBUTH
8 xr?

XII1.145. BunaakoBa BeinduHa X € cepegHiM apudMEeTUTHAM He3ATEKHIX
1 OHAKOBO PO3MOJIICHUX BUMATKOBUX BEIUNH, AUCTEPCIA KOXKHOI 3 AKUX
cTaHOBUThL 5. CKIIBKEU MOTPIOHO B3ATH TAKUX BEJIUYWH, MO0 BUIMIAIKOBA
BesmauHA X 3 UMOBIPHICTIO He MeHIOow, Hix 0,9973 Bigxmiamacs Big CBOro
MATEMATHYHOTO CIIO/[IBAHHA He Olibire, HiXK Ha 0,017

XIII.146. Bunagkosa Benmnumaa X € cepearim apudmeruaaum 10 000 nesa-
JEXHUX, OTHAKOBO PO3MOJUICHNX BUMAIKOBUX BETUYINH, CepeIHE KBAIDATH-
YHE BIIXWIEHHS KOXHOl 3 HUX CTaHOBUTH 2. flke MaxcmmasbHe BlAXUIEHHA
BeaquurHA X Bif 1 MAaTEeMATUIHOIO CIIOJIBAHHA MOXHA CIIOAIBATUCS 3 HMO-
BIPHICTIO He MEHIO0, Hik 0,95447

XIII1.147. /T BU3HAYEHHA CEPEAHBOTO YACY TOPIHHA TOCTIIKYIOTE MAPTIIO
QIEKTPOJIAMIIOYIOK. SIKuM moBrHEH OyTH 06CcAT BUOIpKH, MO0 3 iIMOBIPHICTIO,
He MeHwmomo, Hix 0,9876 MoxHa O6yJa0 TBEepIUTH, LIO CEPEAHIN Yac TOPIHHA
JAMIIOUKH ¥ BCIM TapTil BIAXUINTBCA BiJl CEPEIHBOTO HYaCy, OTPUMAHOTO B
BuOipi, He Oiablie, Hix HAa 10 roa, AKIO cepeaHe KBaAPATUYIHE BlIXWICHHA
4acy COPIHHA JaMIIOYKH CTaHOBUTE S0 roa?

XII1.148. 3a y™MOBH MOTEPEIHLOl 3aJa4i BUSHAYATH HAUMEHITY KLIBKICTH
EIEKTPONAMIIONOK, AKI Tpeha B3ATU IS TOCTIAXKEHHA, 00 3 IMOBIDHICTIO
0,9973 TBepauTH, WO CePeIHIN Yac TOPIHHA JAMIOYOK B VCIM mapTil BIAXU-
JUTHCA Bl Yacy, OTPUMAHOTO B BHOIPII, He OLIbIIe, HIX HA 5 TOJ.
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PO341J XIV

EJJEMEHTU MATEMATHAYYHOI CTATUCTUKHA
§1. Bapiamingi pagm Ta ixHI XapaKTepHCTHKH

Cmamucmuunum po3nodisom BUOIPKU Ha3MBalOTh IIepeliK BapiaHT z; BapialiiHOTO

pALy 1 9aCTOT m;, AKI IM BIAIOBIJAI0Th

T; |1 X2 | ... | TR

Ny |1 | N2 ... Ny

Emnipuunorno Gynryico po3nodisy BUGIPKA HA3UBAIOTL (PYHKINIO

P {e)=

)

n
e n, — KIIbKICTHb BaplaHT, [0 MEHII, HIXK T, n= E n; — 06’eM BUBIPKH.

i

Hosteonom wacmom Ha3WBAIOTH JaMaHy, BIAPI3KH AKOl 3’€IHYIOTH TOYKM (v1,n1),
(z2,m2), ..., (z1,n1), A€ z; — BaplaHTH BUGIPKHU 1 n, — BiAmOBiAHI IM YacToTH. AHAJIOrIYHO
6ynyeTbCA TONINOH BiHOCHUX YacTOT w,;:%A

IIpu Beankomy 06’eMi BUOIPKH, 110 XapaKTePH3ye HEEPEPBHY BUIATKOBY BEMHHUMHY,
il ereMeHTH 06’€IHYIOTEL Y I'PYIH, NPEACTABIAYN Pe3yILTATUH JOCIIAIB Yy BULALL 3UpPY-
MMOBAHOT'O CTATUCTUYHOrO PALy. [JIA Iboro iHTepBald, B AKOMY MICTHTBLCA BapialliliHUK
pan, po3buBalThL Ha k~\/n IHTEpBaliB, IO He MepeTHHAIOTLCA. [icmozpamoro po3nodi-

AY HA3UBAIOTH cXigd9acTy PIrypy, IO CKIAZAEThCA 3 MPAMOKYTHHKIB, OCHOBAMU AKUX €

. Tinax —Tini . Wi
1H'IepPBadu JOBXAKUHOK h%w, a BUCOTU AOPIBHIOK b TI

Hexalt F(2,0) — pyHKIiA pO3NOLiLy BUNaAKOBOI BeININHY X, K2 XapaKTepUayeTh-
¢ OJHUM MapaMeTpoM O, a z1,z2,...,2, — BHOIPKA Ii€l BUMATKOBOI BEIUIUHA. TOIKOBOIO

OLIIHKOIO ©* HeBIAOMOro MapaMeTpa © BUNaIKOBOI BenInHU X (reHepalbHOI CyKYIHOCTI)
Ha3WBalOThL HabJVKeHe 3HAYEeHHSA IIBOI'O ITapaMeTpa, gKe OnepikKaiu 33 BUOIPKOIO.

Oninka @ mapaMeTpa @ Ha3sWBAETbCA HEIMIUEHOW, AKIIO MOT=0, cnpomoicHoo,
Ak Ve>0 lim P(|O*—0|<e)—1 i efenmusnoio, AKINO BOHa Mae HallMeHIy AUCIepciio
cepen ycix qg;x\;iomeﬂux onigok mapaMerpa O.

Hexall remepajibHa CYKyNHICTL X Mae MaTeMaTUdHe COOAiBaHHA M X, nucrnepciio
DX, cepeiHe KBaIpaTUYHE BIAXWIEHHA o, MOYATKOBI Ta IEHTPAIbHI MOMEHTH (yy, i -
OuinkaMu ux napamMeTpiB 6y 1yTh BlAIOBIIHO BUOIPKOBE CepelHE T, , BUGIPKOBA MUCIIEPCis
D, , BubipKoBe cepefHe KBaIpaTUIHe BIIXUTEHHA o, Ta BUGIDKOBI MOMeHTH o, 1 ul,, AKi

BHU3HAYaKOTHCA piBHOCTﬂMI/I
13

2

_ 1 1 s

To=1 E zing, Di=, E (zi—7p)*ni, oo=VvDa,
=1

i=1

1 13 1 13
PR o « 1 =y
O‘m,*n§ Ty Miy = § (@ =T )" 0.
i=1 i=1

Heswmimenow omnigkoio gucrepcii reHepalbHol CYKYIHOCTI € BUIIpaBieHa BUOGIPKOBA

IucIepcis



YsaBieHHS TPO TOYHICTHL OIIHKMU Ja€ IHTepBal HaMIMHOCTi, TO6TO TaKUU IHTepBaJ
(©0*—6,0%+6), AKUY 3 IMOBIPHICTIO v, 6IM3BKOIO 10 1, HAKpUBae HEBIIOMUE IapaMeTp O
P(O"—5<O<O* +8)=7.

TaTepBan (0¥ —4§,0%+4§) Ha3UBAIOTH IHTEPBAIOM JOBIPH, YUCIO v — HAMIUHICTIO, § —
TOYHICTIO OLIHKHU.

Hexall renepaibHa CYKYIHICTH X PO3IO/IICHa 33 HOPMATbHEM 3aKOHOM. |HTepBalb-
HOIO OLIIHKOIO 3 HaJIMHICTIO v MaTeMaTHIHOI' O CIOJIBAHHA @ 38 BUGIPKOBOIO CEPEelHbOIO T,
€ TaKUP iHTepBal MOBIpH:

1) npu BiZoMOMY CepeIHBOMY KBaJPaTUIHOMY BlIXWIEHH] o I'eHepalbHOI CYKYIMHOCTI
— to — to
Ty — ﬁ<a<xa+\/—?
e 62% — TOYHICTH OIIHKK, n — 06’eM BuUGIpKHU, t — pO3B’A30K PIBHAHHA @(t):%;

2) npu HeBlgoMOMY o

t s t s
To— z/‘i <a<E,+ z/'i ,
n n
e s — BUNpaBIeHe BUOGIpKOBe cepefHe KBaJPaTUYHe BIIXUICHHS, t. , 3HAXOIATE 3 Tab-

auub posnogity CThIOJeHTa IJA 3aJaHOr0 v 1 v=n—1 CTYIEeHA BLIBHOCTI.

IHTepBalbHOIO OIIHKOIO 3 HAaJIMHICTIO v CepelHBbOI0 KBaIPaTHIHOIO BiIXWIEHHA o
HOPMAaJbHO PO3MOAITEHO] TeHepalbHOl CYKYIMHOCTI X 3a BUIPABIEHUM BUOIPKOBUM cepe-
HIM KBaJAPaTUIHUM BiAXWIEeHHAM s € IHTepBal

max{s(1—q),0}<c<s{1l+q),

cyq

T

XIV.1. Piuauin npubyTok 28 depmepis panony cranosus 2,0, 2.3, 2.7, 2.6,
Q26 O DL 97 HQ HQ 9T T He G ar 9L Q2L DT 9L 90 AOK 9 A
L>U’ A’(J’ 447U, At,l’ A’U’ A,U’ A"’ A,l’ A’U’ A,U’ A’U’ A,U’ A’U’ A,l, A,U’ A,U’ 447U’ 417“,[’
2,4, 2,3 Tuc. rpH. BusHauuTu cepenin mpubyTOK, MeIiaHy, MOAY, CEPETHE
KBaIPATUYHE BIIXWIEHHA Ta KOeMIIMeHT acuMeTpil.

XIV.2. 3 reHepaibHOi CyKyIHOCTI 3po0aeno ubipky. [loOy1yBaTu momirox
9acTOT Ta eMINPUYIHY (PYHKIIO PO3MOIITY. 3HANTY HE3MILIEHY OLIHKY CeHe-

PAIBHOL CepenHBbOl

1) 2)
z; [-2[4] 7]9 x; [1] 3] 5] 7]9
ni| 3|8[15[4 n: |8]12]15[19]6
3) 4)
z; [25]26]27[28]29 v [32]33]34]35[36]37[38
ni| 1] 4] 5] 4] 2 n | 1] 3] 4] 6] 5] 2|1

X1IV.3. 3a po3mogiioM BUGIPKY 3HANTH BUOIPKOBY IUCIEPCIIO Ta HE3MIIeHy
OIIHKY AMCHEPCil reHepaabHOl CYKYIHOCTL

1 2

) x; | 340|360 | 375 | 380 ) 2;10,01(0,04|0,08
n;| 20| 50| 18| 12 n; 5 3 2

3) 4)
x; [ 25022804 | 2903 | 3028 z;10,110,5]0,6(0,8
n; 8| 30| 60 2 n;| 5| 15| 20| 10
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5 6
) 2, | 12501275 [ 1280 1300 ) 2:]10,1]0,5]0,7]0,9

n; 20 25 50 ) n; 61 12 1 1

XIV.4. 3a posnoginom BubIpKu MO0y IyBATH eMITIPUYHY (DYHKIIO Ta MiCTO-
IPaMy pPO3MOILTY

1)

[4; %501) | [10;20) | [20;30) | [30;40) | [40;50) | [50;60) | [60;70) | [70;80)
n; 1 2 7 18 12 8 2

2)

[Z5; 2i01) | [18:20) | [20;22) | [22;24) | [24:26) | [26;28) | [28;30) | [30;32) | [32:34)
n; 4 3 3 2 4 7 12 5

XIV.5. Piunun npu6yToK cOpOKa MANPUEMCTE CTAHOBUTL 17, 21, 8, 20, 23,
18, 22,20, 17,12, 20,11, 9, 19, 20, 9, 19, 17, 21, 13, 17, 22, 22, 10, 20, 20, 15,
19, 20, 20, 13, 21, 21, 9, 14, 11, 19, 18, 23, 19 tuc. rpu. Ob6uucauru cepesHin
npubyTOK 1 aucmepcito: 1) masa HearpymnoBaHOl BUOIDKH; 2) AJIA 3UPYIOBAHOL
BuOIpKYU 3 JOBKUHOW iHrepBasy h = 2.

XIV.6. 3uauTu BUGIpKOBE cepeqHe Ta HE3MIIeHy OIIHKY Aucmepcil sa Bu-
6ipkoro 69, 73, 70, 68, 61, 73, 70, 72, 67, 70, 66, 70, 76, 68, 71, 71, 68, 70, 64,
65, 72, 70, 70, 69, 66, 70, 77, 69, 71, 74, 72, ,72, 72, 68, 70, 67, 72, 69, 66, 75,
76, 69, 71, 67, 70, 73, 71, 74, nonepenHbO 3rPYIIYBABIIH ii.

XIV.7. Busnauntu BuUOIpKOBe CepemHe, MUCTIEPCito, KoedilieHT acuMmeTpii
Ta ekciec. [lobyayBaTu rictorpaMmy Ta eMIipu<dHy (PyHKINIO PO3IOILITY

1)

[25;2501) | [61;65) | [65:69) | [69;73) | [73;77) | [77:81)

n; 1 4 5 8 14

[5; 2i41) | 181:85) | [85:89) | [89:93) | [93;97) | [97;101)

n; 9 6 1 1 1

2)
[Zi;@i01) | [49;:52) | [52;55) | [55:58) | [58;61) | [61;64) | [64;67) | [67;70)
n; 3 6 11 19 30 21 10
XIV.8. X — KiIBKICTBH yrof, ykiageHnX Ha (OHIOBIM OIpXKi MPOTACOM

KBapTady, N — KUIBKICTDH Takux 0ipxK. Busnadunry BubipKoBe cepemme, Meri-
apy, MOy, AUCIEPCiIo, cepelHe KBaIpaTHIHe Bl IXMICHHI, KoedIIieHT Bapia-
1111, TOYATKOBI Ta MEHTPAJIbLHI MOMEHTH OO0 YeTBEPTOrO IMOPAIKY, KOedIIieH T
acumeTpil Ta excrec. Ilo6yayBaTu MOJICOH YACTOT TA EMITIPUIHY (PYHKITIO
po3noainy 6ipxK 3a KLIBKICTIO IO

z; 0| 1| 2| 3| 4| 5|6]|7 10
n; 146|971 73 |34 (23106 (3|4(2] 2

oo
Nej
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XIV.9. Posnogin migmpuemIne 3a CepeIHBOMICIYHUM TOXOA0M 331aH0 Tab-
JUTEIO.

[45 Zi41) | [0;500) | [50031000) | [1000;1500) | [1500;2000 | [200052500) | [2500;3000)
5EQ 06 239 39% 147 132

n.:
s

Busuaxuru BubipkoBe cepenne, MeIiany, MOy, JUCIEPCII0, CePeTHE KBa-

ApaTuYHe BiAXWIeHHsA, KOoedillleHT Bapiallii, IOYaTKOBI Ta HEHTPAJbHI MO-
MEHTHU [0 YeTBEPTOrO HOPAIKY, KoedimieHT acumerpil Ta excuec. [lo6yny-
BATHU TICTOTPAMY, eMIIPUIHY (HYHKITIO POITOILTY.
XIV.10. 3uantu iHTepBal 10Bipu 414 OmiHKY 3 HaAinHicTIo 0,99 HeBl10MOTO
MaTeMATUIHOI'O CIIOJIBAHHA ¢ HOPMAJILHO PO3IOILICHOI O3HAKY X TeHepPaIb-
HOI CYKYIIHOCTI, SKIIIO BiIOMI IeHepaIbHe cepeqHe KBaApPaTUIHe Bl AXUICHHA
o, BUOIPKOBE CepeaHe Ty 1 00’eM BUOIPDKH 71

1Yo=4;,7, =10,2; n = 16; 2) 0 =57, =16,8; n = 25.

XIV.11. 3 Beaumkoi mapTii erexTpoaamn 3pobuau BuGipky y 100 qamm. Ce-
penuin ac ropinua nux gamn cragosus 1000 roa. Busmauuru 3 maginHicTOo
0,95 inTepBat JOBIpU AIA CEPeIHLOrO Yacy TOPIHHSA JaMI B yCil mapTil, ak-
1110 cepefHe KBaApaTHIHe BIIXUIEHHA Yacy ropinug Jammou ¢ = 40 rog, i 4ac
TCOPIHHA JAMI PO3MOIIEHIH 38 HOPMAILHUM 3aKOHOM.
XIV.12. BusHadMuTH MIHIMAJIBHAN 0OCAT BUOIPKH, 32 AKIM 3 HAIIMHICTIO ¥
TOYHICTb OIIHKH MAaTEMAaTUYIHOT'O CIOMIBAHHA (4 TeHEPAJBHOI CYKYIHOCTI 33
BUGIPKOBOK CEPeJHBOK CTAHOBUTH A, SKIIO BiOME CEPEJIHE KBANDATHYHE
BIIXWICHHA ¢ HOPMAJBHO PO3IIOILICHOl MeHepATbHOl CYKYITHOCTI:

1) v=0,975, A =0,3, 0 =1,2; 2)y=0,925, A=0,2, 6 =1,5.
XIV.13. 3 rewepaibHOl CYKYIHOCTI 3pOOIEHO BUOIPKY. 3HAUTU IHTEPBAJX
aoBipu 3 HAAiMHICTIO 0,95 1A MATEMATUYIHOTO CIIOIBAHHA (, HOPMAJIBHO PO3-
TIOALIEHOl O3HAKU MeHePAILHOL CYKYITHOCTL

s

1)
| —2[1]2]3[4]5
n;| 2|1]2]2[2[1

2)
2,]1-0,5]-0,4]—0,21010,2]0,6]0,8]1]1,2]1,5
n; 1 2 (1] 1] 1] (1] 2] 1

XIV.14. VY pesyabTaTi TOGIIIKEHHA CTaxKy pobOTH CHIBpOOITHUKIB IIijI-

TIPUEMCTBA OTPUMATN TaKl TaHl

Crax (poku) | 2-6 | 6-10 | 10-14 | 14-18 | 18-22| 22-26 | 26-30
KimpkicTs 1 2 6 33 12 9 3

[lo6ynyBaTu ricTorpaMy Ta eMIIpuYHy (GYHKI PO3MOLLTY. SHAUTH:

a) cepemHiN cTax poBOTH i CepelHe KBAAPATUYHE Bi IXUIEHHST;

0) inTepean noBipu, B AKOMY 3 HagimHicTio 0,9975 MicTHThCA cepeanin
cTax poboTu PoOITHUKIB.

197



B) iHTepBAI MOBIpH, B AKOMY 3 HaginHicTio 0,95 MICTHTBLCA AMCTEpCisa
CTaxy poboTu POOITHUKIB, AKINO CTAXK MAE€ HOPMATBLHUU DO3IIOILI.
XiV.i5. 3a Bubipkow 006CATOM 1 3 HOPMAJHLHO PO3IMOALIEHOI Te€HEPAb-
HOI CYKYTHOCTI 3HAHZEHO BUIIPABJICHE CEPEIHE KBANPATHIHE BlIXWJICHHA S.
3HAUTHU iHTEepBAJX IOBIPH, B AKOMY 3 HagingicTio 0,999 MicTuUThBCA cepemHe
KBaJPATUYHE BIAXWIEHHSA 0 Te€HEPATHHOI CYKYITHOCTI, AKIIO:

Hn=10, s=51; 2y n=2350, s=14.

XIV.16. Piunwn moxig 12 ¢epmepis pano”y cranosus 4,6, 6,1, 10,3, 9,8,
6,7, 12,3, 14,5, 8,7, 9,0, 7,3, 8,8 ta 11,2 Tuc. rpu. Beaxaro4wm, mo goxim pos-
TIOAIEHUN 38 HOPMAJBHUM 3aKOHOM, 3 HaMinHicTIO 0,99 BUsHAYMUTH iHTEpBAT
JIOBIpU AJA TeHepaabHOl qumenepcii.

XIV.17. Tlixg gac OCHUXOJOTIYHUX MOCTITXKEHL HA BHOIPII 3 52 Y0MOBIK 32

omuryBaabuukoM Kerrena (dakrop O) onepxamm Taki 3HAYECHHS CTEHIB:
6 7444544635444 764554446323

44443647547 4564245346345¢64

3a UUMHI TAHIMEI D00y IYBATH IOJIICOH 9aCTOT, eMIIIPUYHY (DYHKIIO PO3-
nominy. Busmaduru Momy, MemiaHy Ta KBAPTWII BAPIAIMHOTO pALY. SHAU-
TH HE3MIIIEH] OI[IHKNA MATeMATUYHOr'O CIIOMIBAHHA, UCIIEPCIl Ta BUIPABJIEC-
He cepeIHbOKBAIPATHYHE BlIXUICHHA TOCTLIXKYBAHOI BUMATKOBOL BEIUINHI.
Busuauntu 3 maginaictio 0,95 inTepBan IOBIpU AIA MATEMATUIHOTO CIIOIi-
BAHHA.
XIV.18. VY gocraigi 3 BUBYEHHA AMILIITYIHO-YACTOTHOI XapaKTePUCTUKU
YCTAJICHIX KONUBAHDL PYKH JIIOIMHE-OICPATODA OICPKATIM TAK] 3HATCHHA aM-
Ty (y Mm)

64 72 60 67 63 65 60 75 51 80 65 62 73 62 71 63 75 66 67 61
55 56 64 61 65 69 65 68 58 62 52 68 72 63 66 62 70 64 71 57
67 60 68 60 60 38 57 60 64 59 64 65 60 59 60 68 66 53 73 63
58 62 63 55 61 45 46 64 72 70 70 63 63 62 62 68 63 67 62 62
69 71 58 60 64 70 73 52 59 54 64 65 70 65 58 52 66 58 66 72
56 55 60 54 59 71 63 55 55 58 66 62 82 54 74 58 71 65 62 65
55 62 75 62 70 64 63 65 70 65 56 58 56 65 62 73 66 55 68 62
62 60 63 68 64 60 71 61 62 55 51 44 73 52 66 60 67 57 62 62
62 60 57 60 58 62 58 52 62 61 61 67 60 53 50 49 59 48 52 54
42 57 51 66 51 56 55 56 54 53 41 55 54 58 51 58 62 62 51 62

3a UMMM JaHUMHU OOV [yBaTH DICTOIPAMY DO3IOALLY, eMIIPUYHY (PYHK-
LI} pO3NOALLYy. BusHaunTu MeiaHy Ta KBapTHIl IHTEPBAJILHOIO BaplalinHo-
O pALY. SHAUTH HE3MIIEeHl OIMIHKA MATeMATUIHOTO CTIOMIBAHHA, AUCTEpPCi
Ta BUMPABJIEHE CEPENHBOKBAIPATUIHE BIAXUICHHS AOCTLIXYBAHO BUMTA,TKO-
BOl BemuuHU. BusaadnTn 3 HaginHicTio 0,95 iHTEepBaT A0BIpH 4JA MATEMAa-
TUYHOTO CTMOIIBAHHA T4 TUCTIEPCIi.
XIV.19. [laa mociaiKeHHA TOXOJIB HACEJICHHA BEIUKOO MICTa Biaib6paHo
1000 cimMen. OTpuMAHO TAKWH PO3MOAIT CiIMEH 38 MICATHUM JOX0A0M {y T'PH.)

198



< 500|500 — 1000 | 1000 — 1500 | 1500 — 2000 | 2000 — 2500 | > 2500
58 96 239 328 147 132

1) BUBHAYMMTH UMOBIPHICTL TOrO, IO CEPENHIN MICAYHUU AOXig CiM'l y micTi
BiAPI3HAETHLCA 33 MOAYJIEM Bifm BHOIPKOBOTO CEPETHBOTO HE OLIbIe, HiXK Ha
45 rpH.; 2) BU3HAYNTHE MeXi, B AKMX 3 HAmiHHICTIO 0,99 MicTUTBCA cepenHin
MICAYHMEM OOXIA CiMeH MicTa; AKMM IOBHHEH OyTH O0CAr BHOIPKM, IIOO i
Mexi raparTyraTn 3 HaginaicTo 0,99737 3) BUAHAYNTM NUMOBIPHICTH TOTO,
o YacTka Manozadesnedenux cimen y wmicrti (10 500 rpH.) BiApi3HAETHCH
32 MOJIYJeM Bifl YACTKM TAKMX CAMUX CiMen y BUGIpII He OuIbIne, HiX Ha
1%; 4) BusmauynTn Mexi, B skux 3 Hagingicrio 0,98 mepebyBae 9acTka Ma-
J03a0e3NeIeHnX CiMeH; AKUM MMOBUHEH OyTH 00cAT BUOipKH, mod m Mexi
rapaaTysaTu 3 HagiugicTio 0,99737

XIV.20. [ag raaysi, axa ckaagaeTbheda 3 1200 mignpueMcTs, 3poOaeHo Bu-
NaJKOBY BHOIPKY, IO MICTUTH 45 HmIANPUEMCTB. 3a BHOIPKOIO 3’ACYBAJIOCH,
0 HA M ATPUEMCTBI B CEPEIHBOMY TPAIOE 77,5 0Ci6 3 cepeaHiM KBaPATH-
YHUM BigxumienHaMm 20 mpamiBHUKiB: 1) xopuctywouunchk 90% imTepBajgoOM I0-
BIpY, OUWIHUATH KLTBKICTH MPAINBHUKIB Ha OJHOMY HiANPHUEMCTBI 1 KUIBKICTH
OPANIBHUKIR Tanyai; 2) kopuctyouuck 95% inrepranoM noripu, ominutu nu-
CIepCiio MpaIliBHUKIB i AIPUEMCTBA Y BCI TaIysi.

XIV.21. IlpamuiBuuky BigaiTy MAPKETHHT'Y OEIKOL (PipMu, OIHIOIOYH ITOIH-
dopMoBanicTL mpo il TWPOAYKINO, OMATAIN HA KOXHIN 3 II'ATH BYJHIL II0
40 oci6. KigbkicTn 0cif, 3HatoMux 3 OPOAVKINEIO (PipMu, BHABIIACL Bim-
nosigno 20, 10, 30, 10 Ta 15 oci6: 1) meTozaMu MOMENTIB 1 MAKCHMAILIIOL
MIPaB JOMOAIOHOCTI OIHUTH, HACKLILKY BiIOMa IpOIYKINA dhipMu; 2) mobyay-
Batw 90% Ta 95% imTeppanu noBipu nua PiBHA IHGOPMOBAHOCTI IPO TPOY-
ko ¢gipmu; 3) kopuctywuncs 95% imTeppBasoM noBipy, OmIHATH KIILKICTE
JIOEeN, K1 3HAIOTh IpOoAyKIioo ¢gipmu cepen 2000 KuTenp KBApTALY.
XIV.22. Cepen 200 npaniBauKis 6anky BuHagkoBo sBubpamm 20 oci6. Ix
cepemHa MICAYHA 3apIiaTa CTaHOBUTH 600 TpH., a 11 cepeHe KBaApATHIHE
Bigxmrendasa — 100 rpu. Beaxaro4u, mo 3apo06iTHA ILIaTa PO3IOALIEHa HOP-
MAaJIbHO, 3 HaginHicTio 0,95 OmIHNTH CepesHIo 3apILIaTy IPAIBHUKIB OAHKY
Ta GHOoHI 3apobITHOI TIATH OAHKY.

XIV.23. 3 maprii, mo ckaagaeTsed 3 8000 TeneBi3opiB, BUAIKOBO BimiGpasan
800. Cepen mux 10% Buabmwinch HesxicHUMH. BusHawwTm Mexi, y AKUX 3
iMoBipHicTIO 0,95 MICTUTBCA TaCTKA AKICHUX TEIEBI3OPIB.

XIV.24. 3a pesyapTaTaMH COLIOJOTIYHOTO onmuTyBamHA cepen 1500 pec-
[OHAEHTIB PEUTUHr MicbKoro roqosu cranosus 30%. BusmaduTm mexi, y
aKkux 3 HagingicTio 0,95 MICTHTLCA PEUTHHT MICLKOro roaou. CKLILKH pec-
TIOHJEHTIB MOTPIOHO OMUTATH, MO0 MOMILIKA COLMIOMOTIIHOTO OIUTYBAHHA He
nepesunrypaia 1% 3 maginmicTio 0,997

XIV.25. TlpoBoaaTs He3adexkHI BUPOOYBaHHA 33 cxemor beprymwr. Bu-
s3HadnTH 3 HagingicTio 0,95 iHTepBas AOBIPHM 41 OIIHKN MMOBIPHOCTI IIOABH
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oIl B OJHOMY €KCIepuMeHTI, AKmo B 60 BUNpOOYBAHHAX TOAIA 3’ ABUIACH
15 pa3is.
§2, IlepeBipKa cTaTHCTUYIHUX CIIOTE3

CTaTUCTHYHUMHY TINOTe3aMH Ha3WBAIOTh MPUIYIIEHHA PO BUNJAA HEBIAOMOIO pO3-
noAiay abo Mpo mapaMeTpH BiJOMUX PO3IOILTIB.

Tlopan 3 OCHOBHOWO rinoTesoi0 Hy, AKY Ha3WBaIOTh HYJIbOBOIO, PO3IVIAJAIOTE ONHY 3
albTepHATUBHUX (KOHKYyPeHTHMX) rimores H;. Bu6ip KoHKypeHTHOI rimoresm BA3HaYa-
€TLCA KOHKpeTHUM (opMyaioBanuaM 3ajadi. [IpaBuio, 3a AKUM BUDPINIYIOTH NPUUHATH
aGo BIAXWANTH TinoTe3y H(, HA3WBAIOTh CTATUCTUYHUM KpUTepieM.

Posrnamemo ABi reHepaibHl CYKyIHOCTI, AKi MalOoTh HOPMaIbHUN po3moaia. Bubipku
3 HUX IIO3HAYUMO BiINOBigHO X=(X1,X2,...,Xn;) Ta Y=(Y1,Y2,....Y,,).

1°. IopisHanuns 080T QUCNEPCIli HOPMAADHUT 2eHEPasbHUT cykynwocmed. Hexan
32 He3aJeXHUMH BUOIpKaMM, 06’¢MU AKUX ni 1 ng, B3ATUMU 3 HOPMAJLHUX IeHePAILHUX
CYKYIIHOCTeH, 3HalJeHi BHUIpaBleHi BUOIpKoBl guciiepcii. [Ipm piBHI 3HAYIyHMIOCTI o MOT-
Pi6HO TIepeBIpUTH HYJBOBY TIMOTE3y TPO PIBHICTEH reHepalbHUX Aucnepciu Hg: DX=DY.

2
KpuTepieMm nepeBipKK HYJLOBOI I'OTE3U € CTATUCTUKA F(‘Mn:z—%, AKa IPU IPABUIBHOCTI
b
OCHOBHOI rinoTesn H, Mac posnogia Pimepa 3 ky=ni—11 kg:n2:1 CTYHEHAMH BUIBHOCTI.
TyT k1 — KIIBKICTB CTYHeHIB BiTbHOCTI BUGIPpKH, AKa Mae GITLITY BUNIpaBAeHy AHUCIePCiio.
Kpuru4asai Todkn 3HaX0IATH 3AJ€XKHO Bl BUIVIATY KOHKYPEHTHOI IMIIOTE3H.

Hi: GiTBIIy AWCIEpCiIo Mae CYyKYIHICTE, BUOIpKa 3 AKOi Mae Gilbllle 3HAYeHHA s2.

3 Tabaunb posnogiry dimepa 3HaAXOAUMO KPUTHUHY TOUKY Fi,=F(a,ki,k2). k-
WO Feoyn <Fkxy,, TO HYJBOBY rirnoresy HpHﬁMaIOTL, AKWO Fipn > Fy, — HYJIBLOBY rinoresy
BIAKUARIOTE (IPUAMalOTh albTepHATUBHY TimoTedy Hip).

Ho:DX#£DY.

Q
2 b
Fesn>Fy), — Hy BigkugaoTs (To6To npunMaoTs Ha).

Y LbOMY BUALAAKY FKI‘:F< kl,kg). Axo Foun<Fgp, 10 Hy LUPUUMAO T, AKLLO 2K

2°. Iopienanna d60T CEPEINIT HOPMAALHUT 2EHEPAALHUL cyKynHocmed npu 6100MuUT
ducnepciaz (Beaunt neaaaeoicni subipruy), Hexall 3a He3aleXKHUME BUGIPKaMH, 00’ €ME AKIX
n1 1 no, B3BATHMHA 3 HOPMaJbHIX He3aleKHUX CyKYIIHOCTeH, 3HalJeHo BUGIPKOBI cepeHi T 1
y. BBaxaeTscs, 1110 reHepaabHi guciiepcii DX 1 DY Bigoml. llpu piBHI 3HAYYITOCTI o Tpeba
TIepeBIPUTU HYJILOBY rinoTe3dy Ho: MX=MY 0po piBHICTb MaTeMATUIHUX CIIOAIBAHL IIUX
PeHepalbHUX CYKYITHOCTEH.

KpurepieMm mepeBipky HYJAbOBOI IIIOTE3M CAYTYE BEIHUIHHA

SAKa 33 YMOBHU IPaBWILHOCTI OCHOBHOI TIMOTE3M Mac CTAHIAPTHAN HOPMAILHHAU DOBIIOALL.
Kputn4si Todku myKaloTh 3aleXKHO Bl BUMVIALY KOHKYPEHTHOI IIIOTe3H.
Hy: MX#£MY.

11—

B nroMmy BEUNagKy KPUTUIHY TOUKY Zy;, IIYKAE€MO 3 YMOBU P(Zyp, )= . I'imoTesy

Hy IpUUMAIOTD, AKIO | Zown|< Zxp, 1 BIAXWIAIOTL B HIIOMY BUIOAIKY.

Hy: MX>MY.
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12«

Kpurtugny To9Kky Zy,, MmykKaeMo 3 yMOBU P(Zy;,)= lNnmoTesy Hy npunMaioTh,

AKIMO Zowun < Zx),, 1 BIIXAIAIOTL B IHIIOMY BHIAIKY.
Hz: MX<MY.
K - - . H(Z 7& T H, i
PUTHIILY TOIKY Zyp, HIyKacMo 3 ymMonu $(Zg,)= 5 - limoresy H, mpumMaloTs,
AKIMO Zewn >—Zrp, 1 BUIXUIAIOTE B IHIIOMY BUNAIKY .
3°. Ilopisnanns 060T CEPEOHIT HOPMAALHUT 2eHEPAIbHUT Ccykynnocmed, ducnepcii
ARuT nestdomi U odnarxoei (maai wesanescni sudipru). Hexall 3a Hesale:KHUMEU BUOIpKa-
MHE, 06’eMU AKUX n1 1 n2, B3ATHMU 3 HOPMAJLHUX HE3aMeKHUX CYKYITHOCTEH, 3HAUIEHO
BUOGIPKOBI cepelHi T 1 ¥ Ta BUNpaBieHi BUOIPKOBI AucIepcii s, s3. ['eHepalbHi guctepcii
HeBiJOMI, ajle BBaXKaeThcs, IO BOHM piBHi. [Ipu piBHI sHadyIoCTI o Tpeba NepeBipUTH
HyJALOBY rimoresy Hop:MX=MY. Sk KpuTepill mepeBipKH HYJILOBOI IiIOTE3H PO3LJIALA-
€THCA BEJINYUHA
T—Y nins(ni+nz2—2)
V(=152 +(na—1)s2, ni+mn2
VA Jsx+L )53

AKa 3a YMOBHU MPaBHIBHOCTI HYJALOBOI TmoTesw Mae po3moaii CThIogeHTa 3 k=ni+na—2

Tenen=

)

CTYIEHAMHU BUILHOCTI. KpUTHYHY 06JIACTDb IMIYKAEMO 3aJeKHO BiJ BUIVIAAY KOHKYpPEHTHOI
TIIOTe3H.

Hi: MX£MY.

3 Tabuauili KPpUTUIHUX TOYUOK DO3moiny CTbIOTEHTA IIYKAEMO fnp.p,(ak). SlKimo
| Tomn | <txs.xp(@,k), TO HyIbOBY rinmoresy Hy NpuAMaioTh. B IHIIOMY BHIAAKY HMPUUMAIOTH
aJbTepPHATUBHY TillOTe3Y.

Ho: MX>MY.

3 TabanIl KPUTUYHUX TOYOK po3moiry CThbIoZeHTa 3HAXOIUMO tnp i {a,k). Flkimo
Tonin <trp.xp(@,k), TO HYJIBOBY TilloTe3y IPUAMAEMO, 1HAKIIE MIPUAMAEMO AJIbTEPHATHBHY
TinoTesy.

Ha: MX<MY.

AKMO Tossn >—tap.xp (a,k), TO HyJIbOBY IiNOTe3y NPUUMAEMO, IHAKIIE TPUMMAEMO AJlb-
TEepPHATUBHY IillOTEe3y.

4°. Kpumepit [lipcona. /1A CTATUCTUYIHOI MEPEBIPKH TINMOTE3W PO Te, IO T'eHe-
pajbHa CYKYIHICTb Mae (hbYHKINI0 posmogiry F(z), 1acToO BUKOPHCTOBYIOTH KpHTepil x2
Ilipcona. BubipkoBe 3HaUeHHA CTATUCTHKHM KPUTEPIIo x> OGUUCIIOETHCH 33 (POPMYI0IO

I

2 (ns—np;)*
Xon =9 B,

npi
i=1

Sxmo mpaBmIbHAa HYIROBa TimoTesa Hy, TO TPW n—oo BUTATKOBA BEIUYHHA X2,
36iraeThbca 1o PO3NOAITY x> 3 k—1 CTyIeHAMH BilbHOCTI. SIKImIo 3a BUGIpKOIO IMYKAIOTh
OLIIHKM HeBIJOMHUX MapaMeTplB (GYHKIIl posnoniry F(wz), To KLIBKICTH CTYIIE€HIB CBOOOIK
m=k—1—s, fe s — KLIbKICTh ITapaMeTPpiB, AKl OLIHIOIOTDH 3a BUOIPKOIO.

[Ipu 3aganmoMy pPiBHI 3HAYYIIOCT] « 1 KIIBKOCTI CTYIEHIB BIIBHOCTI m=k—s—1 3 Tab-
JMIb KPHTMYHOX TOYOK PO3IONIY X 3HAXOJATh KPUTHIHY TOYKY Xip(a,m). Sxro

X(Q\MH<XEI,» To Tinoresy Hy mpuuMaeMo, IHaKIle TPANMAEMO ANbTepHATHBHY TIMOTE3Y.

XIV.26. 3a aBoma HesadexxHUMN BuOipkamm, o6’emu aknx ny = 9, ngy = 16,
AKI 3pOOIEHO 3 HOPMAJIBHUX NeHEPAIbHNX cykKynHocTen X Ta Y, 3HaAWIEeHO
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BUTIpaBIeHi BUGIpKOBI Aucmepcii S2 = 34,02; Sj = 12,15. Ilpu piBHI 3HA-
gymocTi o = 0,01 nepeBipuTy HYyJBOBY I'IOTE3Y PO PIBHICTH I'€HEPAJIBHUX
OUCIEPCi, Ipyu KOHKypeHTHIn rimotesi K : DX > DY,

XIV.27. 3a nBoMa HesaugexkuuMmu Budipkamu, 06’emu axux ny = 14, no = 10,
Kl 3pO0IEHO 3 HOPMAJTLHUX MEHEpAIbHUX cykynHocTen X Ta Y, 3HAWJIEHO
BUTIpaBAeHi BUGIpKOBI gucmepcii S2 = 0,84; 52 = 2,52. Tlpu pieui 3Ha-
qymocTi o = 0,1 mepeBipuTH HYJLOBY TINIOTE3Y MPO PiBHICTH MeHEPATHHUX
OUCIEpPCill, Ipu KOHKYpeHTHIN rimoresi Hy : DX # DY

XIV.28. Bumipomodu Ty CaMy BEIUHUHY JBOMA METOJAMHU, OAEPIKAIH TAKI
pe3yabTaTu:

1 =9,6, 20 =10,0, 23 = 9,8, 4 = 10,2, z5 = 10, 6;

y1 = 10,4, yo = 9,7, y3 = 10,0, yy = 10, 3.

Yu moxua npu piBHI 3HavymocTi 0,1 BRaxaTH, 10 0O0UIBa METON Ma-
IOTh OJAHAKOBY TOYHICTB, AKIIO PE3yJbTaTH 000X BUMIPIOBAHB PO3IOALIEHI
HOPMAJILHO 1 BUGipKuU Hezasexui?

XIV.29. [lna TOPIBHAHHA TOYHOCTI TBOX BEPCTATIB-aBTOMATIB B3ATO MBI
BUbIpKH

[:[1,08]1,10[1,12]1,14[1,15]1,25[1,36]1,38[1,40[1,42]

ly:[1,11]1,12]1,18]1,22[1,33]1,35]1,36]1,38]

IIpm piBmi 3HauymocTi o = 0,1 mepeBIpUTH TIIOTE3y MPO Te, L0 Bep-
CTATH MAKTh OJHAKOBY TOYHICTE, IPXA KOHKYDEHTHIN iIoTesl, 0 TOYHICTh
HEOTHAKOBA.

XIV.30. 3a nBOMa He3aJIeXKHUMU BUGIpKaMu, 00’ eMu axkux n = 45, m = 60,
AKI 3pOBJIEHO 3 HOPMATBHUX TEHEPATBHUX CYKYMHOCTEN, 3HAUIEHO BUGIPKO-
Bl cepemnmi T = 150, ¥ = 160. Bigowmi remepannui gucmepcii DX = 90,
DY = 120. IloTpi6uo npu piBHi 3uauyimocTi o = 0,01 mepeBipUTH HYJILOBY
rimoTesy npm kKouKypenTHin Hy : M X # MY.

XIV.31. 3a gBoMa He3aJeKHUMU MaIuMM BHOIpKaMu, 06'€éMU AKUX N =
=12, m = 18, 3po6/eHIME 3 HOPMAJbHUX IeHEpPAJbHNX CyKymHOcTen X 1
Y, snangeno Bubipkosi cepeaui T = 31,2, ¥ = 29,2 1 sunpasiei gucnepcii
53 =0,84; s = 0,4. IIpu pisri 3HavymocTi a = 0,05 mepeBipUTH HY.THOBY
rinoresy Hy : MX = MY npn xoukyperntrin H, : MX # MY.

XIV.32. Ilpu piBui 3uauaymocti a = 0,05 nepesipuTu HYJLOBY TilIOTE3y
NP0 PIBHICTH IeHEPAJBLHUX CEPEIHIX HOPMAJIBHUX CyKymHOcTen X i Y mpu
KOHKYpeHTHIU rinoresi Hy : M X > MY 3a Takumu BubipkaMu
x;(12,3|112,5/12,8(13,0{13,5 y:112,2(12,3]13,0
n; 1 21 4 2| 1 n;| 6 8 2

XIV.33. Mlogenuunt suropr (y THC. TPH.) ABOX MarasuHIB (pipMU HABEIEHO
B TaOJIUIIAX
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[Meprmn Marasus  Jlpyrun Marasus
x:3,4(3,5(3,7(3,9 yi|3,213,4|3,6
ng| 2| 3| 4] 1|  |ni|l 2| 2| 8

Yu MOXKHA CTBEPAXKYBATH 3 piBHeM 3HA4UymocTi 0,02, mo ix cepani mo-

AUHHI Dl{llupl pas lJlDrll.

X1IV.34. Buxopucroryioun kputrepin Ilipcona npu pieui 3mauyurocti 0,05,
[IEPEBIPUTH, YU Y3LOAXKYECTHLCA TIIOTE3a PO PIBHOMMOBIDHUEI PO3IOALT Ie-
HEPAILHOl CYKYyMHOCTI X 3 3aJaHUM EMIOIPUIHAM PO3IIO JLIOM

1) 2)
w12 [3[4a[5]6[7[8] [w[1] 23 [4][5]6[7]¢8

n; 24125138 [15[10[9[8| [n; [98[113] 11687 |91 ]112]97 |86

XIV.35. Oueparop, 34UTy049d TOKA3HUKY BUMIPIOBAJLHOIO IPUIALY, LeCH-
Tl 9aCTKU TOJLIKK 3UMTYE HAaBMAHHg. Y Tabauill HaBeIeHO KLILKICTL mudp,
SIK1 3aIMCAHO OIEPATOPOM AK AeCATI YaCTKU. UM y3TOMIXKYIOTHCA Il AaHl IpU
pieui sua4ymocti 0,01 3 rimoTes3010 Ipo Te, M0 KOXHA IIIdpa MOXKe 3 ABUTUCA
3 OJHAKOBOI UMOBIPHITIO?

Huppa| 0|12 (3|4 5|6 |7|8|9
Ii mospu |35 |16 15|17 |17|19(11 |16 |30 |24

X1IV.36. Y koxuy 3i 100 mimernen 3pobaeno mo 10 mocrpinis. Pesyasraru
crplabbu HaseseHo B rabuuni

Kinpkicrs nonagans (0123 (4 | 5|16 |7 [8]9]10
Kigskicte mimenen |02 4 (10(22(26(18(12]|4(2] 0

Yy y3romdKyloThCA Il AaHl 3 TIIOTE3010 PO GIHOMHUN 3aKOH PO3IOALTY
npu pisHi 3Havymocti 0,017
XIV.37. Jami npo KIIBKICTH KBITOK Ha KOxkHIE 3 200 POCIMH HABEICHO B
TabInIl
KinpkicTb kBiTOK |3 (4| 5 |6 | 7| &8[9 10|11 |12]13|14 |15
KinbkicTe pocaun |52 1019|2048 |27|25(23|11| 5 | 6 | 5

Yu y3roIXyIOTHCA 11 AaHi 3 TIMOTE3010 IPO PO3MOTia 3a 3akoHoM I[ly-
accoHa 3 mapaMeTpoM A = 9 npu pieai sHadymocTi 0,017
XIV.38. TlpoTarom piBHHX NPOMIXKKIB 4acy B TOHKOMY IIAPI POIYUHY 30-
JIOTA PEECTPYBAIE KLIBKICTh IaCTUHOK 30J0Ta, AKl MOTPAIWIN B IIOJE 30PY
Mikpockomna. PesyabTaTn crocTepeeHb HABEICHO B TadJIHI
KinekicTes wacTunok | 0 1 2 131]1415|6
KinpkicTs mpomixxkis | 112 [ 168|130 |68 32|51 |1

[lepesipuTu npu piBHI 3HaMymocTi 0,05 rinoTe3y Tpo po3moAiT KiTbKOC-
Ti 4aCTUHOK 3a 3akoHOM llyaccoHa.
XIV.39. Yu yaromxyiorbes npu pieai sHagymocti 0,05 naBegeni B Tabmaumi
pe3yJabTaTH! CIOCTEPEXKEHB 34 CEePEeIHbOK TEMIEPATYPOI Y MICTi B KBITHI
npotarom 100 pokie 3 rinoTe3omn Npo HOPMAJLHUN 3aKOH PO3MOALLY cepel-
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HBLOMICAYHO! TEMIEPATYPH Y KBITHI?

T°C| <125 |[12,5:13,0) | [13,0;13,5) | [13,5;14,0 | [14,0;14,5)
n; 10 12 9 10 19

T°C | [14,5:15,0) | [15,0515,5) | [15,5;16,0) | [16,0;16,5) | >16,5
n; 10 9 6 7 8

X1IV.40. Buxopuctosyioun kpurepin [lipcona mpu pisi suaaymmocti 0,05,
MIEPEBIPUTH, YU Y3TOMKYEThCA TIMOTE3a IPO HOPMAJBLHUE 3aKOH PO3MOALTY
reHepaabHOl CYKYTHOCTI X 3 3aaHUM eMITIPUTHUM PO3IMO T1T0M

a) 0) B)
[Iﬁ Ii+1) n; [ﬂﬁz‘; 9€z‘+1) n; (%‘% 9€z‘+1] n;
10; 30) 2 [9:19) 8 (—30; —20]| 20
30; 50) 4 19;29) 7 (—20; —10] | 47
50;70) 6 29;39) |16 (—10;0] |80
[70;90) |10 [39;49) |35 (0; 10] 98
[90;110) | 18 49;59) |15 (10;20 40
[110;130) | 20 59;69) 8 (20;30 16
[130;150) | 16 [69; 79) 6 (30; 40] 8
150;170) | 11 [79; 89) )
170;190) | 7
[190;210) | 5
[210;230) | 1
XIV.41. Ym y3roaxyoTbcda npu pieHI 3HaYymocTi 0,05 3 rimoTe3om mpo
HOPMAIbHAN 3aK0H PO3IMOALLY HaHi PO MACy HOBOHADO [AKEHAX ¥ MOJOTOBOMY
Oy MHKY !
Maca, kr |[2,0;2,6) | [2,6;3,2) | [3,2;3,8) | [3,8;4,4) | [4,4;5,0) | [5,0;5,6) | [5,6;6,2)
KinpkicTn 5 8 35 43 22 15 2

X1IV.42. [lani npo 3MiHY KUIBKOCTI BUPOGICHNX JeTader Ha OIHOrO poGiT-

HUKA B TIOTOYMHOMY POIIl TOPIBHAHO 3 TOTEPEIHIM HABEMEHO B TAOJUII
3MiHa K-CTi ZeT. |[2,0;2,6) | [2,6;3,2) | [3,2;3,8) | [3,8:4,4) | [4,4;5,0) | [5,0:5,6) | [5,6;6,2)
K-cTp pobiTHuUKIB 5 8 35 43 22 15 2

[lepeBipuTu rinoTesy Ipo HOPMAJLHUI XapaKTep PO3MOALLy wiel 3Minu.
XIV.43. 3a Bubipkowo 3 mpukiaany X1V.18 mepeBipuTu rinotesy mpo HOp-
MAJBHUU XapaKTeP PO3MOJLIY TeHePATbHOl CYKYITHOCTI.

£3. Jlimivaa perpecis Ta KOpeJaiia
PosrasHemo ABi Bumagkosi Beamuuau X Ta Y. 3aleXHICTH
Yo =f(2),
JAKa BUpa)ka€ YMOBHe CepelHE BeJIUYUHU Y AK (DYHKIIIO BiJ 3HAYeHb BeIWYMHU X, HA3U-
BalOTb 8UOIPKOBUM PIEHAHNHAM pezpecii Y Ha X.

Bubipkose piBHAHHA IpsaMoi JiHil perpecii Y Ha X Mae BUIVIALT

Ty

Yu=Y+7s T (z—%),
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e ¥, — YMOBHa CepeiHs; z, y — BUOIPKOBI cepefHi o3Hak X Ta Y; o, 1 0, — BUGIPKOBI

cepeHi KBapaTUYIHI BIAXWICHHA, rp — BUOGIPKOBUN KOeIMIEHT KOPeIATTii
s om
Z Z TiYjnij—nTY
i=1j=1

rp= .
- NO, 0y

Bubipkose piBHAHHA TpsaMol diHil perpecii X Ha Y Ma€ BUIVIALT

- oy —
Ty=T+r (y—7).
Y
[MapaMeTpy PIBHAHHA KPHWBOJIHINHOI perpecii MOxKHa 3HAWUTH MeTOAOM HAMMEHIINX
KBaIpaTiB abo IIAXOM IepeTBOpeHHA 3MiHHMX Y Ta X. Hampukaag, perpecis 7,=az’

MokKe OyTH 3BejeHa A0 JdiHIMHOI perpecii In y, =blnz+In e 3MiHHOI In Y Ha In X.

XIV.44. HanucaTtu BubGipkoBe piBHAHHA mpsaMol JiHil perpecii YV ma X 3a

ITaHUMHI

1) 2)
z; 1113415 x;12|13(5]6
v [2|4]4]6 v 33147

XIV.45. Y pesyabrari anaxisy pisHa mexanizanil pobit X (%) 1 npoaykTu-
BHocTi mpari Y (T/ron) aag 14 mianpreMcTB OTPUMATN

z;|32(30|36|40|41|47|56|54|60|55|61|67|69|76
y: 12024 (28130(31(33(34|37|383[40|41|43|45|48

[lo6ynyBaTu piBHAHHA NPAMUX JIHIA Perpecin.
XIV.46. 3a pubipxoio, 3po6IEHO0 3 JBOBUMIPDHOL IeHEPAILHOl CYyKyIHOCTI
(X,Y), ckaaneno KOpeaalinHy TaObauiio. SHAUTY BUOIPKOBI DIBHAHHA OpA-
Mol Jimii perpecil Y na X Ta npsamoi ainii perpecii X #Ha Y Ta 306pasuTn ix
Ha KOOPJUHATHIN ILIOIINHI

1) < 2) %
Y|-1]0|1]|2 X|-1]0(3|6
0131 0121
11216 413|5
2 2|61 6 2|34
3 2 9 3|5
3) < 4) <
Y |2|7(12]17|22|27 Y |12]22)|32 |42 (52|62 |72
110(2 |4 65 1 10| 6 | 2
120 6|2 70 411
130 3 150| 2 75 217142
140 1]10|6 80 1 (25
150 41713 85 416 1
90| 1|5 |82
95111216
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XIV.47. 3a Bubipxow, 3pOoOJeHOn 3 IBOBUMIPDHOI HOPMAJIBHOI MeHEPATBLHOL
cykymHocTi (X, Y), cknageHo Kopesiminay Tabauin. SHANTH BUGIPKOBI PiB-
HAHHA NpAMOl JiHil perpecii Y wa X Ta mpamoi diHii perpecii X Ha Y Ta

306pas3suTH iX Ha KOOPAVHATHIN TUIOIIMHI

1) -
Y [5-15[15-25]25-35]35-45 | 45-55 ] 55-65
1020] 5 7
20-30 20 | 23
30-40 30 | 47
40-50 10 | 11 | 20 6
50-60 9 7 3
2) <
Y 7T0-7T2[72-TA[7TAT6|7,6-7.8]7,8-8,0
215245 5 4
245275 12 8 1
2,75-3,05 5 5
3,05-3,35 1 7
3,35-3,65 12 1
3,65-3,95 1

XIV.48. Posnogia 60 miampueMcTB XiMITHOI TPOMUICIOBOCTI 33, eHEPTro3abe3-
nevenictio mpami Y (kBt-roxn) i pongozabesneyenicrio X (MAH. TPH) 32 1aHUR
Tabaunen. 3HAUTH BUOIPKOBI PiBHAHHSA TpaMoi Jinil perpecii Y ma X

X

Y [045]4,5-9]9-13,5[13,5-18 | 18-22,5
014 | 4 1
1428 4 2
2842 2 8 1
1,2-5.6 1 20 1
5,6-7,0 3 3 3
7,0-8.4 1 3

XIV.49. VY rabauni HaBEIEHO PE3YJILTATH CHOCTEPEXKEHL HAJ [eHEPAILHU-
Mz cykynHocTamMu X Ta Y. 3UpynyBaTH AaHl CIOCTEPEXKEHEL ¥ KOPEIAIINHY
Tabanmpo. 3HanTu BUGIPKOBE PIBHAHHA IPAMOI Jinil perpecii Y ma X
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(57.8) (17,2) (53.8) (16,3
(54,6) (17,9) (53,6) (17,2
(54,8) (18,8) (51,5) (15,8
(51,7) (19,9) (54,0) (15,0
(61,1) (16,0) (50,4) (14,4
(62,3) (17,8) (53,0) (15,
(52,2) (18,8) (53,3) (16,
(49,2) (19,3) (51,6) (14,
(53,9) (16,1) (50,9) (14,
(60,0) (14,8) (52,2) (19,
(56,2) (17,0) (50,5) (15.6)
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21,3
20,3

) (
) (
) (
1) (
17.2) (4
15,6) (4
0) (4
5) (5
2) (4
) (

15,5
13,2
20,2

19,0) (52,2) (19,5)

(55,2) (17,8) (51,1) (18,1) (48,9) (18,2) (44,9) (16,6) (53,3) (19,9)

XIV.50. BuxopuCTOByHOYN METO] HAUMEHIINX KBAAPATIB, 3aNMUCATH DiB-

HAHHA Hapaboditaol perpecii ¥y = a + by + co? sa TaxuMu TaHIMI

1) 2)
z:] -3 |—2[-1]0[1[2] 3 ;] 5 | 10 | 15 | 20 | 25
yi|—10] 0 | 4 |5]4[2]—2| [v:]59,3]59,8[60,1]64,9]70,2
3)
2 ]0[ 2] 4 [ 6810
g 15| —1]—0,5]1,5]4,5]8 5

XIV.51. BukopucToByHOYM METON HAUMEHITAX KBAAPATIB, 3alUCATH PiB-

HAHHA TinepOoTIYHOl perpecii ¥ = a + — 3a TAKUMU TaHUMHI
z

1) 2)

;|2 4 | 6| 12 z;(0,5(1,5]2,5(3,5(4

905,50

8 1511|1212

v: |815.25(3,5]3,25 vs

9

10

XIV.52. 3a ganumu 3agexHOCT] IHTeHcuBHOCTI peakuil U mocalpKyBaHoro
NIpY CTEXKEHHI 33 00'¢KTOM BiI MBUAKOCTI X 06’€KTa BU3HAYUTH IIapaMETPU

perpecii U, = az’
(0,1: 1,05) (0,2; 1,08) (0,4; 0,57) (0.6; 0,56) (0,8; 0,52)
(2:0,22) (4:0.24) (6:0,26) (8 0,15) (10;0,16)
(15: 0,08) (20; 0,1) (25; 0,07) (30; 0,03) (35; 0,08)
(40; 0,08) (45; 0,05) (50; 0,12) (100: 0,06) (200; 0,03)
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JOIOATKM

XZ

Honatok 1
@yHKIisA MIIBHOCTI CTAHIAPTHOI0 HOPMAJIBHOIO PO3NOIITY

o) =—=¢ ?
\V2n
Tabnuys 1
CoTi YacTHHH

X 0 1 2 3 4 5 6 7 8 9
0| 0,3989] 0,3989]| 0,3989| 0,3988| 0,3986] 0,3984| 0,3982]| 0,3980| 0,3977| 0,3973
0,1] 0,3970] 0,3965]| 0,3961] 0,3956| 0,3951| 0,3945| 0,3939]| 0,3932| 0,3925| 0,3918
0,2| 0,3910| 0,3902] 0,3894] 0,3885| 0,3876] 0,3867| 0,3857| 0,3847| 0,3836| 0,3825
0,3] 0,3814] 0,3802] 0,3790] 0,3778| 0,3765| 0,3752|] 0,3739] 0,3725| 0,3712| 0,3697
0,4 0,3683] 0,3668] 0,3653] 0,3637| 0,3621] 0,3605| 0,3589| 0,3572| 0,3555| 0,3538
0,5 0,3521] 0,3503] 0,3485| 0,3467| 0,3448] 0,3429| 0,3410| 0,3391| 0,3372| 0,3352
0,6/ 0,3332] 0,3312] 0,3292] 0,3271| 0,3251| 0,3230| 0,3209]| 0,3187| 0,3166| 0,3144
0,7 0,3123] 0,3101] 0,3079] 0,3056| 0,3034| 0,3011] 0,2989]| 0,2966| 0,2943| 0,2920
0,8 0,2897] 0,2874] 0,2850] 0,2827| 0,2803| 0,2780| 0,2756] 0,2732| 0,2709| 0,2685
0,9] 0,2661] 0,2637] 0,2613] 0,2589| 0,2565| 0,2541] 0,2516] 0,2492| 0,2468| 0,2444
1| 0,2420| 0,2396] 0,2371] 0,2347]| 0,2323| 0,2299| 0,2275] 0,2251] 0,2227| 0,2203
1,1] 0,2179| 0,2155| 0,2131] 0,2107]| 0,2083] 0,2059| 0,2036] 0,2012] 0,1989| 0,1965
1,2] 0,1942| 0,1919| 0,1895] 0,1872] 0,1849| 0,1826| 0,1804] 0,1781] 0,1758| 0,1736
1,3] 0,1714| 0,1691| 0,1669] 0,1647| 0,1626| 0,1604| 0,1582] 0,1561] 0,1539| 0,1518
1,4] 0,1497| 0,1476| 0,1456] 0,1435| 0,1415| 0,1394| 0,1374] 0,1354] 0,1334| 0,1315
1,5 0,1295| 0,1276| 0,1257] 0,1238] 0,1219| 0,1200f{ 0,1182] 0,1163]| 0,1145| 0,1127
1,6] 0,1109| 0,1092| 0,1074] 0,1057| 0,1040| 0,1023| 0,1006] 0,0989| 0,0973| 0,0957
1,7] 0,0940| 0,0925| 0,0909] 0,0893] 0,0878| 0,0863| 0,0848] 0,0833] 0,0818| 0,0804
1,8] 0,0790| 0,0775| 0,0761] 0,0748] 0,0734| 0,0721| 0,0707] 0,0694] 0,0681| 0,0669
1,9] 0,0656| 0,0644| 0,0632] 0,0620] 0,0608| 0,0596| 0,0584] 0,0573] 0,0562| 0,0551
2| 0,0540|] 0,0529] 0,0519| 0,0508| 0,0498] 0,0488] 0,0478] 0,0468| 0,0459| 0,0449
2,1] 0,0440] 0,0431] 0,0422] 0,0413| 0,0404| 0,0396| 0,0387] 0,0379| 0,0371| 0,0363
2,2| 0,0355|] 0,0347] 0,0339] 0,0332| 0,0325| 0,0317] 0,0310| 0,0303| 0,0297| 0,0290
2,3] 0,0283] 0,0277] 0,0270] 0,0264| 0,0258] 0,0252] 0,0246] 0,0241| 0,0235| 0,0229
2,4 0,0224] 0,0219] 0,0213] 0,0208| 0,0203|] 0,0198] 0,0194] 0,0189| 0,0184| 0,0180
2,5 0,0175] 0,0171] 0,0167] 0,0163| 0,0158] 0,0154| 0,0151] 0,0147| 0,0143| 0,0139
2,6/ 0,0136] 0,0132] 0,0129] 0,0126f 0,0122| 0,0119] 0,0116] 0,0113| 0,0110f 0,0107
2,7 0,0104] 0,0101] 0,0099] 0,0096| 0,0093| 0,0091] 0,0088] 0,0086| 0,0084| 0,0081
2,8 0,0079] 0,0077] 0,0075] 0,0073| 0,0071] 0,0069] 0,0067] 0,0065| 0,0063| 0,0061
2,91 0,0060] 0,0058] 0,0056] 0,0055| 0,0053|] 0,0051] 0,0050] 0,0048| 0,0047| 0,0046
3| 0,0044] 0,0043] 0,0042| 0,0040| 0,0039] 0,0038] 0,0037] 0,0036| 0,0035| 0,0034
3,1 0,0033] 0,0032] 0,0031] 0,0030f{ 0,0029| 0,0028] 0,0027] 0,0026| 0,0025| 0,0025
3,2| 0,0024] 0,0023] 0,0022] 0,0022| 0,0021] 0,0020| 0,0020] 0,0019| 0,0018| 0,0018
3,3] 0,0017|] 0,0017] 0,0016] 0,0016| 0,0015| 0,0015]| 0,0014] 0,0014| 0,0013| 0,0013
3,4 0,0012] 0,0012] 0,0012] 0,0011| 0,0011] 0,0010| 0,0010| 0,0010f 0,0009f 0,0009
3,5 0,0009] 0,0008] 0,0008] 0,0008f 0,0008] 0,0007] 0,0007] 0,0007| 0,0007| 0,0006
3,6/ 0,0006] 0,0006] 0,0006] 0,0005| 0,0005| 0,0005| 0,0005| 0,0005| 0,0005| 0,0004
3,7 0,0004|] 0,0004] 0,0004] 0,0004| 0,0004| 0,0004| 0,0003] 0,0003| 0,0003| 0,0003
3,8 0,0003] 0,0003] 0,0003] 0,0003| 0,0003] 0,0002] 0,0002] 0,0002| 0,0002| 0,0002
3,91 0,0002] 0,0002] 0,0002] 0,0002| 0,0002|] 0,0002] 0,0002] 0,0002| 0,0001| 0,0001
4| 0,0001] 0,0001] 0,0001} 0,0001} 0,0001] 0,0001] 0,0001] 0,0001} 0,0001| 0,0001
4,11 0,0001] 0,0001] 0,0001] 0,0001| 0,0001] 0,0001] 0,0001] 0,0001} 0,0001| 0,0001
4,2 0,0001] 0,0001] 0,0001] 0,0001| 0,0000f 0,0000| 0,0000f{ 0,0000f{ 0,0000f 0,0000
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®ynknin Jlanaaca O(z) =

[N

3

|
>

O ——y
[¢]
N

dx

Tabnuys 2

Cori yacTUHU

0

1

2

3

4

5

6

7

8

9

0

0,0040

0,0080

0,0120

0,0160

0,0199

0,0239

0,0279

0,0319

0,0359

0,1

0,0398

0,0438

0,0478

0,0517

0,0557

0,0596

0,0636

0,0675

0,0714

0,0753

0,2

0,0793

0,0832

0,0871

0,0910

0,0948

0,0987

0,1026

0,1064

0,1103

0,1141

0,3

0,1179

0,1217

0,1255

0,1293

0,1331

0,1368

0,1406

0,1443

0,1480

0,1517

0,4

0,1554

0,1591

0,1628

0,1664

0,1700

0,1736

0,1772

0,1808

0,1844

0,1879

0,5

0,1915

0,1950

0,1985

0,2019

0,2054

0,2088

0,2123

0,2157

0,2190

0,2224

0,6

0,2257

0,2291

0,2324

0,2357

0,2389

0,2422

0,2454

0,2486

0,2517

0,2549

0,7

0,2580

0,2611

0,2642

0,2673

0,2704

0,2734

0,2764

0,2794

0,2823

0,2852

0,8

0,2881

0,2910

0,2939

0,2967

0,2995

0,3023

0,3051

0,3078

0,3106

0,3133

0,9

0,3159

0,3186

0,3212

0,3238

0,3264

0,3289

0,3315

0,3340

0,3365

0,3389

0,3413

0,3438

0,3461

0,3485

0,3508

0,3531

0,3554

0,3577

0,3599

0,3621

1,1

0,3643

0,3665

0,3686

0,3708

0,3729

0,3749

0,3770

0,3790

0,3810

0,3830

1,2

0,3849

0,3869

0,3888

0,3907

0,3925

0,3944

0,3962

0,3980

0,3997

0,4015

1,3

0,4032

0,4049

0,4066

0,4082

0,4099

0,4115

0,4131

0,4147

0,4162

0,4177

14

0,4192

0,4207

0,4222

0,4236

0,4251

0,4265

0,4279

0,4292

0,4306

0,4319

1,5

0,4332

0,4345

0,4357

0,4370

0,4382

0,4394

0,4406

0,4418

0,4429

0,4441

1,6

0,4452

0,4463

0,4474

0,4484

0,4495

0,4505

0,4515

0,4525

0,4535

0,4545

1,7

0,4554

0,4564

0,4573

0,4582

0,4591

0,4599

0,4608

0,4616

0,4625

0,4633

1,8

0,4641

0,4649

0,4656

0,4664

0,4671

0,4678

0,4686

0,4693

0,4699

0,4706

1,9

0,4713

0,4719

0,4726

0,4732

0,4738

0,4744

0,4750

0,4756

0,4761

0,4767

0,4772

0,4778

0,4783

0,4788

0,4793

0,4798

0,4803

0,4808

0,4812

0,4817

2,1

0,4821

0,4826

0,4830

0,4834

0,4838

0,4842

0,4846

0,4850

0,4854

0,4857

2,2

0,4861

0,4864

0,4868

0,4871

0,4875

0,4878

0,4881

0,4884

0,4887

0,4890

2,3

0,4893

0,4896

0,4898

0,4901

0,4904

0,4906

0,4909

0,4911

0,4913

0,4916

2,4

0,4918

0,4920

0,4922

0,4925

0,4927

0,4929

0,4931

0,4932

0,4934

0,4936

2,5

0,4938

0,4940

0,4941

0,4943

0,4945

0,4946

0,4948

0,4949

0,4951

0,4952

2,6

0,4953

0,4955

0,4956

0,4957

0,4959

0,4960

0,4961

0,4962

0,4963

0,4964

2,7

0,4965

0,4966

0,4967

0,4968

0,4969

0,4970

0,4971

0,4972

0,4973

0,4974

2,8

0,4974

0,4975

0,4976

0,4977

0,4977

0,4978

0,4979

0,4979

0,4980

0,4981

2,9

0,4981

0,4982

0,4982

0,4983

0,4984

0,4984

0,4985

0,4985

0,4986

0,4986

0,4987

0,4987

0,4987

0,4988

0,4988

0,4989

0,4989

0,4989

0,4990

0,4990

3,1

0,4990

0,4991

0,4991

0,4991

0,4992

0,4992

0,4992

0,4992

0,4993

0,4993

3,2

0,4993

0,4993

0,4994

0,4994

0,4994

0,4994

0,4994

0,4995

0,4995

0,4995

3,3

0,4995

0,4995

0,4995

0,4996

0,4996

0,4996

0,4996

0,4996

0,4996

0,4997

3,4

0,4997

0,4997

0,4997

0,4997

0,4997

0,4997

0,4997

0,4997

0,4997

0,4998

3,5

0,4998

0,4998

0,4998

0,4998

0,4998

0,4998

0,4998

0,4998

0,4998

0,4998

3,6

0,4998

0,4998

0,4999

0,4999

0,4999

0,4999

0,4999

0,4999

0,4999

0,4999

3,7

0,4999

0,4999

0,4999

0,4999

0,4999

0,4999

0,4999

0,4999

0,4999

0,4999

3,8

0,4999

0,4999

0,4999

0,4999

0,4999

0,4999

0,4999

0,4999

0,4999

0,4999
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Tabmuus 3Havens t,

Tabauys 3
v Y v Y
0,95 0,99 | 0,999 0,95 0,99 | 0,999
5] 2571 | 4032 | 6,869 20 | 2,086 | 2,845 | 3,850
6 | 2,447 | 3,707 | 5,959 25 | 2,060 | 2,787 | 3,725
7| 2,365 | 3,499 | 5,408 30 | 2,042 | 2,750 | 3,646
8 | 2,306 | 3,355 | 5,041 35 | 2,030 | 2,724 | 3,591
9] 2,262 | 3,250 | 4,781 40 | 2,021 | 2,704 | 3,551
10 | 2,228 | 3,169 | 4,587 45 1 2,014 | 2,690 | 3,520
11 ] 2,201 | 3,106 | 4,437 50 | 2,009 | 2,678 | 3,496
12 | 2,179 | 3,055 | 4,318 60 | 2,000 | 2,660 | 3,460
13 ] 2,160 | 3,012 | 4,221 70 | 1,994 | 2,648 | 3,435
14 | 2,145 | 2,977 | 4,140 80 ] 1,990 | 2,639 | 3,416
15 | 2,131 | 2,947 | 4,073 90 | 1,987 | 2,632 | 3,402
16 | 2,120 | 2,921 | 4,015 10 ] 1,984 | 2,626 | 3,390
17 | 2,110 | 2,898 | 3,965 | 110 | 1,982 | 2,621 | 3,381
18 | 2,101 | 2,878 | 3,922 | 120 | 1,980 | 2,617 | 3,373
19 | 2,093 | 2,861 | 3,883 0 196 | 2,576 | 3,291
Tabmus 3uavens q, ,
Tabauys 4
n i n v
0,95 | 0,99 | 0,999 0,95 0,99 | 0,999
5| 137 | 2,67 5,64 20 | 0,37 0,58 0,88
61,09 | 2,01 3,88 251 0,32 0,49 0,73
71092 | 1,62 2,98 30 | 0,28 0,43 0,63
8080 | 1,38 2,42 35 | 0,26 0,38 0,56
91071 120 2,06 40 | 0,24 0,35 0,50
10 | 0,65 | 1,08 1,80 45 1 0,22 0,32 0,46
11 | 0,59 | 0,98 1,60 50 | 0,21 0,30 0,43
12 1 0,55 | 0,90 1,45 60 | 0,188 | 0,269 | 0,38
13 | 0,52 | 0,83 1,33 70 | 0,174 | 0,245 | 0,34
14 | 0,48 | 0,78 1,23 80 | 0,161 | 0,226 | 0,31
151 0,46 | 0,73 1,15 90 | 0,151 | 0,211 | 0,29
16 | 0,44 | 0,70 1,07 | 100 | 0,143 | 0,198 | 0,27
17 | 0,42 | 0,66 1,01 | 150 | 0,115 | 0,160 | 0,211
18 | 0,40 | 0,63 0,96 | 200 | 0,099 | 0,136 | 0,185
19 | 0,39 | 0,60 0,92 | 250 | 0,089 | 0,120 | 0,162

210



Kputnuni Touku po3noaiy CThroaeHTa

Tabauys 5

v 0. (IBOCTOPOHHSI KPHTHIHA 00JIACTD) v 0. (IBOCTOPOHHSI KPHTHYHA 00JIACTh)
01 0,05 0,02 0,01 0,1 0,05 0,02 0,01
1 6,31 12,71 31,82 63,66 18 1,73 2,10 2,55 2,88
2 2,92 4,30 6,96 9,92 19 1,73 2,09 2,54 2,86
3 2,35 3,18 4,54 5,84 20 1,72 2,09 2,53 2,85
4 2,13 2,78 3,75 4,60 25 1,71 2,06 2,49 2,79
5 2,02 2,57 3,36 4,03 30 1,70 2,04 2,46 2,75
6 1,94 2,45 3,14 3,71 35 1,69 2,03 2,44 2,72
7 1,89 2,36 3,00 3,50 40 1,68 2,02 2,42 2,70
8 1,86 2,31 2,90 3,36 45 1,68 2,01 2,41 2,69
9 1,83 2,26 2,82 3,25 50 1,68 2,01 2,40 2,68
10 1,81 2,23 2,76 3,17 60 1,67 2,00 2,39 2,66
11 1,80 2,20 2,72 3,11 70 1,67 1,99 2,38 2,65
12 1,78 2,18 2,68 3,05 80 1,66 1,99 2,37 2,64
13 1,77 2,16 2,65 3,01 90 1,66 1,99 2,37 2,63
14 1,76 2,14 2,62 2,98] 100 1,66 1,98 2,36 2,63
15 1,75 2,13 2,60 2,950 110 1,66 1,98 2,36 2,62
16 1,75 2,12 2,58 2,92) 120 1,66 1,98 2,36 2,62
17 1,74 2,11 2,57 2,90 © 1,64 1,96 2,33 2,58
0,05 0,025 0,01 0,005 0,05 0,025 0,01 0,005

0. (OXHOCTOPOHHS KPUTHYHA 00JIACTD)

o (OXHOCTOPOHHS KPUTHYHA 00J1aCTh)
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Kputnusni Touxku po3noainy ®@imepa — CHenexkopa

Tabnuys 6
PiBens 3Hauyniocti a=0,01
k1
k2 1 2 3 4 5 6 7 8 9 10
1| 4052 4999| 5404| 5624 5764] 5859 5928| 5981 6022 6056
2] 98,50] 99,00 99,16] 99,25 99,30] 99,33] 99,36] 99,38] 99,39] 99,40
3| 34,12 30,82 29,46| 28,71| 28,24] 2791| 27,67 27,49 27,34 27,23
4] 21,201 18,00 16,69] 1598 1552 15,21| 14,98] 14,80] 14,66| 14,55
5| 16,26] 13,27 12,06] 11,39 10,97 10,67] 10,46] 10,29] 10,16 10,05
6] 13,75 10,92 9,78 9,15 8,75 8,47 8,26 8,10 7,98 7,87
71 12,25 9,55 8,45 7,85 7,46 7,19 6,99 6,84 6,72 6,62
8] 11,26 8,65 7,59 7,01 6,63 6,37 6,18 6,03 591 581
9] 10,56 8,02 6,99 6,42 6,06 5,80 5,61 547 5,35 5,26
10| 10,04 7,56 6,55 5,99 5,64 5,39 5,20 5,06 4,94 4,85
11 9,65 7,21 6,22 5,67 5,32 5,07 4,89 4,74 4,63 4,54
12 9,33 6,93 5,95 5,41 5,06 4,82 4,64 4,50 4,39 4,30
Pisens 3nauymocri a=0,05
k1

k2 1 2 3 4 5 6 7 8 9 10
1| 161,4] 199,5| 2157 2246 230,2| 234,01 236,8] 2389] 2405| 2419
2| 1851] 19,00f 19,16] 19,25 19,30 19,33 19,35| 19,37] 19,38 19,40
3] 10,13 9,55 9,28 9,12 9,01 8,94 8,89 8,85 8,81 8,79
4 7,71 6,94 6,59 6,39 6,26 6,16 6,09 6,04 6,00 5,96
5 6,61 5,79 5,41 5,19 5,05 4,95 4,88 4,82 4,77 4,74
6 5,99 5,14 4,76 4,53 4,39 4,28 4,21 4,15 4,10 4,06
7 5,59 4,74 4,35 4,12 3,97 3,87 3,79 3,73 3,68 3,64
8 5,32 4,46 4,07 3,84 3,69 3,58 3,50 3,44 3,39 3,35
9 512 4,26 3,86 3,63 3,48 3,37 3,29 3,23 3,18 3,14
10 4,96 4,10 3,71 3,48 3,33 3,22 3,14 3,07 3,02 2,98
11 4,84 3,98 3,59 3,36 3,20 3,09 3,01 2,95 2,90 2,85
12 4,75 3,89 3,49 3,26 3,11 3,00 2,91 2,85 2,80 2,75
13 4,67 3,81 3,41 3,18 3,03 2,92 2,83 2,77 2,71 2,67
14 4,60 3,74 3,34 3,11 2,96 2,85 2,76 2,70 2,65 2,60
15 4,54 3,68 3,29 3,06 2,90 2,79 2,71 2,64 2,59 2,54
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Kputuani Touku posnoxainy y>

Tabauys 7
o ol

M 0,001] 0,01 o005 V 0,001 0,01 0,05
1| 1083] 663] 384 41| 74,74] 64,95 56,94
2| 13,82 o9.21] 599 42| 76,08 66,21] 5812
3] 16,27 11.34] 7.81] 43| 77.42| 67,46] 59,30
4| 18,47 13,28 949 44| 78,75 68,71 6048
5[ 20,52] 15,09] 11,07] 45| 80,08| 69,96] 61,66
6| 2246] 16,81] 12,559] 46| 8140 7120] 62,83
7| 24,32 18.48[ 14,07] 47| 82,72| 72,44] 64,00
8| 26,12] 20,09] 1551] 48] 8404] 7368] 6517
o  2788] 2167] 16,92] 49| 8535 74,92] 66,34
10| 29,59] 23.21] 1831] 50| 86,66] 76,15 67,50
11| 31,26] 24,72 1968 51| 87,97] 77,39 68,67
12| 32,01 26,22 21,03 52| 89,27 7862] 6983
13| 34,53] 27,69] 22,36] 53] 90,57] 79,84 70,99
14| 36,12| 29,14| 2368 54| 91.87] 81,07 7215
15| 37,70] 30,58] 2500 55| 93,17] 82,29] 7331
16| 39,25] 32,00] 26,30] 56| 94,46] 8351 7447
17| 40,79 33,41 27,59] 57| 9575] 84,73] 7562
18| 42,31] 34,81 2887] 58] 97,04] 85095 76,78
19| 43,82 36,19] 30,14] 59| 98,32] 87,17] 77,93
20l 4531| 3757| 3141] 60| o99.61] 8838 79,08
21] 46,80] 3893] 3267] 61| 100,89] 8959 80,23
22| 48,27| 4029 3392 62] 102,17] 9080 8138
23] 49,73] 4164] 35.17] 63| 103,44] 92,01 8253
24]  s51,18| 42,98 36,42| 64| 104,72 93,22 83,68
25] 52,62| 44,31 37,65] 65| 10599 9442 8482
26] 54,05 4564] 3889 66| 107,26] 9563 8596
271 55,48 46,96 40,11] 67| 10853 9683 87,11
28] 56,89 4828 41,34] 68| 109,79] 98,03 88,25
20| 58,30] 4959 4256] 69| 111,06] 99.23] 89,39
30] 59,70 5089 43,77 70| 112,32 10043] 90,53
31] 61,10 52,19 4499 71| 11358 10162] 9167
32| 62,49] 53,49] 46,19 72| 114,84] 102,82] 92,81
33| 63,87] 54,78 47.40] 73| 116,09] 104,01 93,95
34] 65,25 56,06] 48,60] 74| 117,35 105,20 95,08
35| 66,62 57,34] 49,80] 75| 118,60] 106,39] 96,22
36| 67,99 58,62] 51,00 76| 119,85] 107,58 97.35
37] 69,35] 59,89 52,19 77| 121,10] 108,77] 98,48
38] 70,70] 61,16] 53,38] 78| 122,35] 109,96 99,62
30| 72,05 62,43 54,57] 79| 123,59] 111,14| 100,75
40| 73,40 63,69 55,76] 80| 124,84 112,33 101,88
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lonarok 2
HMeski komauau Maple 8

Komanmu y Maple 8 zaBepuryioThesa Kpankoio 3 KOMOIO ab0 IBOKPAIIKOIO.
lIBokpanka 03HAYAE, MO KOMAHIA Mae OyTH BUKOHAHOIO, aje Pe3yabTar ii
BUKOHAHHSA HE TPe(a BUBOANTH HA €KPAH.

Bupasu y Maple 8 samucymors Ak 1 B OLIBIIOCTI MOB IPOIPAaMyBAHHA.

a — 3bsin x? . R
Hanpuknan, Bupas ————— 3ajaeTbcsa KOMaH 1010 (a-3*b*sin(x"2))/
€* + 3 cos 2z '
(exp(x)+3*cos (2*x)) ;. /lng cpOIIeHHs BUPA3iB BUKOPUCTOBYIOTH KOMAaH-

oy simplify, aprymeHToM $fIKOI € crpouyBaHui Bupas. [lns oGumcieHHs
HaOIIMRKCHOIO 3HAMCHHA BUPA3y BUKOPUCTOBYIOTH KoMaHny evalf. Hampn-
kaad, evalf (Pi,100) ; BuBeae Ha expad 100 3HaKiB 4uCaa, 7.

SHAUTH PO3B’A30K PIBHAHHA, ab0 CHUCTEMM DIBHAHL MOXKHA KOMAHIOK
solve. Hampukaan, solve(x"3-5*x"2+6=0,%X); 3HAXOIUTHL PO3B SI3KH PiB-
HanHa x° — 522 + 6 = 0, a xomauga solve({5xx-3%y=5, 2*x+7*y=b},
Sx — 3y =5,
2+ 7y = 0.

[l1a pos3B'a3yBaHHd 3aJa4 JIHIAHOL aarebpu Tpeba CIOYATKY 3aBaHTa-
JKUTH BiATOBIIHNT MMakeT KOMaHmow with(linalg);

Marpuiio A posMipHOCTI m X 1 3a1ae Koman1a matrix. Hanpuknan, ko-
Maujga A:=matrix(3,4,[5,7,-2,4,3,-5,0,2,5,7,-1,2]); 3a1a€ MATPUIIIO

{x,y}); — pO3B’A3KM cuCTeMU DIBHAHD {

5 7 =2 4
A=[3 -5 0 2
5 7 -1 2

Onepanil fogaBaHHA MATPHUIL T4 MHOXKCHHA MATPHINL HA THCIO 3aIIM-
CYIOTDL 34 OOMOMOIOIO 3BMYAMHNX 3HAKIB apudpMeTUIHUX omepaiin. Hampu-
Kaaj, A+B;-B;-2B+3*A; A-x*E;. MHOXEHHA MaTPUIL MO3HAYAETHCA 3HAKOM
&*. Hanpuknan, A&*B; B&*A; Ak*A&*A+5%A%*A-3+A+5*E;. Busectu na ex-
DPaH MATPUIIO MOXKHA KOMAHAOK evalm.

Busnauynnk kBagpaTtuol marpuni C' obuncaiooTs koMauaow det(C) ;.
[l1s 3naxomkenus MaTpuil, obepaenol 10 marpuni C, MOXHA BUKOPUCTATH
xoManay inverse(C); abo xomanay C~(-1);. Baacui 3maveHHs MaTpPHIL
3HAXOAWTH KOMaHZa eigenvalues, a BIACHI BEKTOPU — eigenvectors.

s samamus Gyukmil cayrye komauaa —>. Hampukman, komauga f:=x-

>exp(5*sin(x)); 3agae dyukiio f(z) = "7, komanga F:=(x,y)->(x-
T —

y~3)/ (x+3*y) ; — dyuxnio F(z,y) = e a KOMaHa z:=x->piecewise
z Y

x—5, z € (—3;5],
z+3, z ¢ (—3;5].

g mobyposu rpadikis GyIKIiN BEKOPUCTOBYIOTL HAKET, MO 3ABAIITA-
KyeTbesa komaunow with(plots) ;. Komamga plot(f(x),x=a..b); 6yaye
rpagik ¢yukuil y = f(z) na upomixky [a;b]. Komanga polarplot(r(t),

(x<=5 and x>-3,x-5,x+3); — dyukuiio z(z) = {
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t=0..2xPi); Gyaye rpadik ¢yskuil r = r(p) y TOTAPHUX KOOpINHATAX.
Komanna plot (£ (x,y) ,x=a..b,y=c..d); Oyaye TOBEPXHIO, AKA € I'padIKOM
¢yuxuii z = f(z,y) Ha TpAMOKYTHHUKY [a;b] X [¢; d].

[lna o6YMCAeHHST TPAHUID TOCTIJOBHOCTEN 1 (HDYHKIIN MOXHA BUKOPUC-
Tatn koMaHay limit. Komanga limit((1+14n) “n,n=infinity); obumc-

1
JIIOE TPAHUI0 MOCAIIOBHOCTL X, = <1+ —) , koamu n — oo. Komanga
n
3
73—
limit((x~3-8)/(x"2-4),x=2); obuncmawe lim2 e a xkoMmaHgu limit(
rT—2 r° —
abs(x-1)/sin(x -1),x=1,left); 7ta limit(abs(x-1)/sin(x-1),x=1,rig

ht) . DL |l —1] . . |z — 1]
; — OQHOCTOPOHHI rpaHumi lim ————— .
A p panmtl 2o sin{z — 1)  z—140sin(x — 1)

Mlas obumcaenuas noxigHuxX (YHKIN BUKOPUCTOBYIOTH KOMaHay diff.
Tak komanma diff (x"2*cos(iln(x)) ,X); O0MMCIIOE HMOXITHY 34 & (PYHK-
mii y = 22 coslnx, mocrigoHicTs KOMaE g:=x->diff(x"2*cos(1n(x)),
x$2); g(1); — napyry moxigmy miei dyukuii B Touni x = 1, a, Hampu-
K1an, komagaa diff ((x"2+y~2) *exp(x-y) ,x$2,y$3) ; — wacTUHHY TOXiI-

P ((z? + y?)e” V)
0x29y3

Komanga int ciyxuThb 0ia OO0YUCIEHHS AK HEBU3HAYEHUX, TAK 1 BU-
sHaveHux iHTerpanais. Hampukaan, komauga int ((x+3)*sin(2x/3) ,x) ; 06-

YUCAI0€ HOBU3HAYICHUHN 1HTETPAT f(x + 3) sin ga; dx, a xomanga int ((x"3-

2
2%x+5)* exp(-x),x=0..2); — BusHaveHun inTerpan [(z? — 2z +5)e~" dx.
0

e}
s . . P . -
SO01KHUH HERJAACHUU IHTEr DA f 72 dr 064YMCIOITL KOMAHA0K int (x°2
0

*exp(-x~2),x=0..infinity) ;. Kparui inTerpamum Moxua OGIUCAUTH TMICIA
iX momepeIHBOrO 3BeIeHHS 10 MOBTOPHUX. Hanpuxaam, komanga int (int (x*
y,y=—sqrt{(4-x"2)..sqrt{4-x"2)),x=-2..2); 004uciwe UOABIMHUKA 1H-
Terpadg ff xy dxdy.
24y2<4
Cymy 361KHOTO DALY MOXKHA OOUUCAUTHE 33 MOMOMOTOI0 KOMAHIU Sum.
Hampuxmaan, komaaga sum((-1) "n/n~2, n=1..infinity); o09UCIUTE CYMy
n _ n
pany - ( 12) ~
=~ n
[1a po3B’A3yBaHHA 3BUYIANHUX AN(EPEHIIAJLHUX PIBHAHL CAYyT'YyE KO-
MaHja dsolve. Hampuxian, mio6 3HAUTH 3arajbHUN PO3B’A30K DIBHAHHA
zy” +z(y)? —y = 0, J0CTATHRO BMKOHATH KOMaHAy dsolve(x*diff (y(
x),x$2) +xx (diff (y(x) ,x)) "2-diff (y(x),x)=0);, a komanga dsolve( {X*
diff (y(x),x$2)+x* (diff (y(x),x))"2-diff(y(x),x)=0,y(2)=2,D(y) (2)
=1},y(x)); mae 3Mory s3HaiTu po3s’a30k Bignosiguol sagadi Kowi gasn npo-
T0 PIBHAHHA.
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